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PREFACE 


T HIS book has been designed with two objects in view. The first is the 
development of applications of the fundamental processes of the theory of 
functions of complex variables. For this purpose Bessel functions are admirably 
adapted; while they offer at the same time a rather wider scope for the appli¬ 
cation of parts of the theory of functions of a real variable than is provided by 
trigonometrical functions in the theory of Fourier series. 

The second object is the compilation of a collection of results which would 
be of value to the increasing number of Mathematicians and Physicists who 
encounter Bessel functions in the course of their researches. The existence of 
such a collection seems to be demanded by the greater abstruseness of properties 
of Bessel functions (especially of functions of large order) which have been 
required in recent years in various problems of Mathematical Physics. 

While my endeavour has been to give an account of the theory of Bessel 
functions which a Pure Mathematician would regard as fairly complete, I have 
consequently also endeavoured to include all formulae, whether general or 
special, which, although without theoretical interest, are likely to be required 
in practical applications; and such results are given, sq far as possible, in a 
form appropriate for these purposes. The breadth of these aims, combined 
with the necessity for keeping the size of the book within bounds, has made 
it necessary to be as concise as is compatible with intelligibility. 

Since the book is, for the most part, a development of the theory of func¬ 
tions as expounded in the Course of Modern Analysis by Professor Whittaker 
and myself, it has been convenient to regard that treatise as a standard work 
of reference for general theorems, rather than to refer the reader to original 
sources. 

It is desirable to draw attention here to the function which I have regarded 
as the canonical function of the second kind, namely the function which was 
defined by Weber and used subsequently by Schllifli, by Graf and Gubler and 
by Nielsen. For historical and sentimental reasons it would have been pleasing 
to have felt justified in using Hank el’s function of the second kind; but three 
considerations prevented this. The first is the necessity for standardizing the 
function of the second kind; and, in my opinion, the authority of the group 
of mathematicians who use Weber’s function has greater weight than the 
authority of the mathematicians who use any other one function of the second 
kind. The second is the parallelism which the use of Weber’s function exhibits 
botween the two kinds of Bessel functions and the two kinds (cosine and sine) 
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of trigonometrical functions. The thiixi is the existence of the device by which 
interpolation is mode possible in Tables I and III at the end of Chapter XX, 
which seems to make the use of Weber’s function inevitable in numerical work. 

It has been my policy to give, in connexion with each section, references 
to any memoirs or treatises in which the results of the section have been 
previously enunciated; but it is not to be inferred that proofs given in this 
book are necessarily those given in any of the sources cited. * The bibliography 
at the end of the book has been made as complete as possible, though doubtless 
omissions will be found in it. While I do not profess to have inserted every 
memoir in which Bessel functions are mentioned, I have not consciously omitted 
any memoir containing an original contribution, however slight, to the theory 
of the functions; with regard to the related topic of Riccati’s equation, I have 
been eclectic to the extent of inserting only those memoirs which seemed to 
be relevant to the general scheme. 

In the case of an analytical treatise such as this, it is probably useless to 
hope that no mistakes, clerical or other, have remained undetected; but the 
number of such mistakes has been considerably diminished by the criticisms 
and the vigilance of my colleagues Mr C. T. Preece and Mr T. A. Lumsden, 
whoso labours to remove errors and obscurities have been of the greatest 
value. To these gentlemen and to the staff of the University Press, who have 
given every assistance, with unfailing patience, in a work of great typographical 
complexity, I offer my grateful thanks. 


G. N. W. 


August 21, 1922. 


PREFACE TO THE SECOND EDITION 

To incorporate in this work the discoveries of the last twenty years would 
necessitate the rewriting of at least Chapters XII—XIX; my interest in 
Bessel functions, however, has waned since 1922, and I ara consequently not 
prepared to undertake such a bask bo the detriment of my other activities. 
In the preparation of this new edition I have therefore limited myself to the 
correction of minor errors and misprints and to the emendation of a few 
assertions (such as those about the unproven character of Bourget’s hypo¬ 
thesis) which, though they may have been true in 1922, would have been 
definitely false had they been, made in 1941. 

My thanks are due to many friends for their kindness in informing me of 
errors which they had noticed; in .particular, I cannot miss this opportunity 
of expressing my gratitude to Professor J. R. Wilton for the vigilance which 
he must have exercised in the compilation of his list of corrigenda. 

G. N. W. 


March 31,1941. 
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CHAPTER I 


BESSEL FUNCTIONS BEFORE 1826 

1* * * § 1. Riccati's differential equation. 

The theory of Bessel functions is intimately connected with the theory of 
a certain type of differential equation of the first order, known as Riccati’s 
equation. In fact a Bessel function is usually defined as a particular solution 
of a linear differential equation of the second order (known as Bessel’s equation) 
which is derived from Riccati’s equation by an elementary transformation. 

The earliest appearance in Analysis of an equation of Riccati’s type occurs 
in a paper* on curves which was published by John Bernoulli in 1694. In 
this paper Bernoulli gives, as an example, an equation of this type and states 
that he has not solved it~f". 

In various letters* to Leibniz, written between 1697 and 1704, James 
Bernoulli refers to the equation, which he gives in the form 

dy = yydtc + xxdx, 

and states, more than once, his inability to solve it. Thus he writes (Jan. 27, 
1697): “ Vellem porro ex Te scire nurn et hane tentaveris dy = yydx + xxdx. 
Ego in mille formas transmutavi, sed operam meam improburn Problema per- 
petuo lusit.” Five years later he succeeded in reducing the equation to a linear 
equation of the second order and wrote § to Leibniz (Nov. 15, 1702): “Qua 
occasione recordor aequationes alias memoratae dy = yydx + aPdx in qua nun- 
quam separare potui indeterininatos a sc invicem, sicut aequatio maneret 
simpliciter differentials: sed separavi illas reducondo aequationem ad hane 
differentio-differentialem|| ddy:y = — a: 3 dx 3 .” 

When this discovery had been m.ade, it was a simple step to solve the last 
equation in series, and so to obtain the solution of the equation of the first 
order as the quotient of two power-aeries. 

* Acta F. nidi tor urn puhlicata Lipsiae, 105)4, pp. 40G—487. 

t “ Eato propoeita aequatio differential^ haec aftZ.r + ijhlx — a"dy quao an per Beparationein 
indeterminatarum conatrui possit nondum tentavi” (p. 480). 

See I^eibnizcm gemmdlte Werkt, Dritte Folge (Matliomatik), in. (Hallo, 1855), pp. GO—87. 

§ Ibid. p. 85. Bernoulli’s procedure was, effectively, to take a new variablo u defined by the 
formula 

1 du 

u dx~y 

in the equation dy/dx = x a + j/ 2 , and then to replace u by y. 

|| The connexion between this equation and a special form of Bessel’s equation will be seen 
in §4-8. 


W. B. F. 
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And, in fact, this form of the solution was communicated to Leibniz by 
James Bernoulli within a year (Oct. 3, 1703) in the following terms*: 

“Beduco autem aequationem dy—yydx+oMcdcc ad fractionem cujus uterque 
terminus per seriem exprimitur, ita 



ip 8 a? T x n a& x 10 

3 ~ 077 + 3.4. 7 ■ 8.11 ~ 3.4.7.8.11.12 [ 15 + 3.4.7 .~Ol'.'~18.16.10.10 

iC 4 X s x n ' x m 

1 “374 + 3.4.7.8 3.4.7.8.11.12 + 3.4. 7.Ol . 12.15.18 


- etc. 


- etc. 


quae series quidem actuali divisione in unam oonflari possunt, sod in qua 
ratio progressions non tarn facile patescat, soil. 

_ a? a 7 2a 11 13a; 15 „ 

y ~ 3 + 3.3“ 7 + 3.3.3.7.11 + 3.3.373 5“ 777.11 + 

Of course, at that time, mathematicians concentrated their energy, so far 
as differential equations were concerned, on obtaining solutions in 'finite terms, 
and consequentlyJam.es Bernoulli seems to have received hardly the full credit 
to which his discovery entitled him. Thus, twenty-two years later, the paperf, 
in which Count Riccati first referred to an equation of the type which now 
bears his name, was followed by a note| by Daniel ‘Bernoulli in which it- was 
stated that the solution of the equation§ 

aas n dx + uudx = bdu 

was a hitherto unsolved problem. The note ended with an announcement, in 
an anagram of the solution: “Solutio problematis ab Ill. Riccato pmpo.sito 
oharacteribus occultis involuta 24a, 6b, 6c, 8 d, 33c, 5/, 2 g, 4 h, 33 i, iU, 21m, 
26n, 16o, 8p, 5 q, 17 r, 16s, 25 1, 32 u, 5a, By, +, -, ——, ±, =, 4, 2, 1." 

ThS anagram appears never to have been solved; but Bernoulli published 
his solution|| of the problem about a year after the publication of the anagram. 
The solution consists of the determination of a set of values of n, namely 
— ± 1), where m is any integer, for any one. of which the equation is 

soluble in finite terms; the details of this solution will be given in §§ 4'1,4-11. 

The prominence given to the work of Riccati by Daniel Bernoulli, combined 
with the fact that Riccati’s equation was of a slightly more general type than 


* BeeXcibnizena gesamellie Werke, Dritte Polge (Mathematik), m. (Halle, 1855), p. 75. 
t Acta Ertiditorum, Suppl vm. (1724), pp. 66-78. The form in which lticoati took the 
equation wob 

x m dq=du+uudx : </, 

where q=x*. 

X Ibid. pp. 78—76. Daniel Bernoulli mentioned that solutions had been obtained by three 
other members of his family—John, Nicholas and the younger Nicholas. 

§ The reader should observe that the substitution 

b dz 

u — __ _ 

zdx 

gives rise to an equation which is easily soluble la series. 

|| Exercitationes quaedam mathematics (Venice, 1724), pp. 77—80; Acta Eruditorum 1726 
pp. 465—478. ’ 
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John Bernoulli’s equation* has resulted in the name of Riccati being associated 
not only with the equation which he discussed without solving, but also with 
a still mor8 general type of equation. 

It is now Customary to give the namef fficcabi’s generalised equation to 
any equation of the form 

^=p+%+ijy, 

where P, Q, H are given functions of x. 

It is supposed that neither P nor ft is identically zero. If U=0, the equation is linear; 
if P=0, the equation is reducible to the linear form by taking \jy as a new variable. 

The last equation was studied by Euler J; it is reducible to the general 
linear equation of the second order, and this equation is sometimes reducible 
to Bessel’s equation by an elementary transformation (cf. §§ 3'1, 4*3, 4’31). 

Mention should be made here of two memoirs by Euler. In the first § it 
is proved that, when a particular integral y x of Riccati’s generalised equation 
is known, the equation is reducible to a linear equation of the first order by 
replacing y by y 1 + l/u, and so the general solution can be effected by two 
quadratures. It is also shewn (ibid. p. 59) that, if two particular solutions are 
known, the equation can be integrated completely by a single quadrature; and 
this result is also to be found in the second|| of the two papers. A brief dis¬ 
cussion of these theorems will be given in Chapter IV. 

1 * 2 . Daniel Bernoulli's mechanical problem. 

In 1738. Daniel Bernoulli published a memoirf containing enunciations of 
a number of theorems on the oscillations of heavy chains. The eighth ** of 
these is as follows: “ De figura catenae uniformiter oscillantis. Sit catena AG 
uniformiter gravis et perfecte flexilis suspensa de puncto A, eaque oscillationes 
facere uniformes intelligatur: pervenerit catena in situm AMF ; fueritque 
longitudo catenae = l : longitudo cujuscunque partis FM — x, sumatur n ejus 
valorisi*f ut fit 

. I 11 l* l 4 l 6 . . A 

n 4mn 4.9n 3 4.9.16n* 4.9.16.25n- s 

* See James Bernoulli, Opera Omnia, ix. (Geneva, 1744), pp. 1054—1067; it is stated that the 
point of Biocati’s problem is the determination of a solution in finite terms, and a solution which 
resembles the solution by Daniel Bernoulli is given, 

t The term • liiccati’s equation ’ was used by D’Alembert, Hist, de I’Acad. R. des Sci. de Berlin, 
xix. (1708), [published 1770], p. 242. 

I Institutiones Calculi Integralu, n. (Petersburg, 1769), § 881, pp. 88—89. In connexion with 
the reduction, see James Bernoulli’s letter to Leibniz already quoted. 

§ Novi Comm. Acad. Petrop. vni. (1760—1761), [published 1768], p. 82. 

|| Ibid. ix. (1762—1768), [published 1764], pp. 168—164. 

If “Theoremata dfe osoillationibus oorporum filo flexili oonnexorum et catenae vertioaliter 
auspensae,” Comm. Acad. Sci. Imp. Petrop. vi. (1732—8), [published 1738], pp. 108—122. 

# * Loc. cit: p. 116. 

ft The length of the simple equivalent pendulum is n. 
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Ponatur porro distantia exfcremi puncti F ab linea' verticali = 1, dico fore 
distantiam puncti ubicunque assumpti M ab eadem linea verticali aequalcm 

1 x ±. xx _ __ __ , , .» 

n 4<nn 4.. 9n s 4.9.16a 4 4.9.16.25n° ° C ‘ 

He goes on to say: “ Invenitur brevissimo calculo n = proximo CHJDl /.... 
Habet autem littera n infinites valores alios.” 

The last series is now described as a Bessel function* of order zero and 
argument 2 \/(a:/n)j and the last quotation states that this function has an 
infinite number of zeros. 

Bernoulli published-}- proofs of his theorems.soon afterwards; in theorem 
viil, he obtained the equation of motion by considering the forces acting on 
the portion FM of length x. The equation of motion was also obtained by 
Eulerj many years later from a consideration of the forces acting on an element 
of the chain. 


The following is the substance of Euler’s investigation: 

Let p be the line density of the ohain (supposed uniform) and lot T bo the tension at 
height x above the lowest point of the chain in its undisturbed position. Tim motion bring 
transversal, we obtain the equation 8T=g P 8x by resolving vertically for an dement „f 
chain of length 8x. The integral of the equation is T-gpx. 

The horizontal component of the tension is, effectively, T(dg/dx) where ,, is tin- (hori¬ 
zontal) displacement of the element; and so the equation of motion is 


pbx 


cPv 


= 8 




If we substitute for T and proceed to the limit, we find that 


cPv 

di*' 


d 

' 9 dx ’ 


If / is the length of the simple equivalent pendulum for any one normal vibration we 
write ’ 

where A and £ are constants ; and then n (x/f) is a solution of the equation 

d ( dv\ v . 
dxVd~x) + f = °* 

If x//=u, we obtain the solution in the form of Bernoulli’s series, namely 

v=l - u + Jl _ , a 4 

1 1.4 1.4.9 1.4.9.16~"“ 

* '» °“°° S Ua "* 111 «*»“<" /««.■»»., or, occasionally 

TfimTTmZio ’ “■ Om.p- W. «o..o Mao,. 

! tii. (1784—5), [published 1740J, pp. 102-178 

took toweSht o'nltt Tot f 81 »' [P “ bli “ h<,d 1784 J' *'P- 1^-177. Eulor 

distance (not twice the dietsncel fall h** ^ f ’ &nd he defined IJ to bt; lhti weusiire of the 

notation 1,., been follo^Tn £ tat l“rO ,b ^ er “" lJr in 11 

p and S (for d). * P "‘ fr0m lhe “f Moance of , and the introduce.. 
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nv 2 ’ w ^ er0 ^ an d 

D are constants. Since y is finite when .v=0, U must be zero. 

If a is the whole length of the chain, y *=0 when x = a, and so the equation to determine/ is 


1 - 


>+ 


, + ...= 0 . 


11.4/’ 2 1.4.9/* 

By an extremely ingenious analysis, which will be given fully in Chapter xv, Euler 
proceeded to shew that the three smallest roots of the equation in ajf are 1*445795, 7*665H 
and 18*63. [More accurate values are 1*4457965, 7*6178156 and 18*7217517.] 

In the memoir* immediately following this investigation Euler obtained the general 

solution (in the form of series) of the equation («^--j + r=0, but his statement of the 

law of formation of successive coefficients is rather incomplete. The law of formation had, 
however, been stated in his Institutions* Calculi fntcyralini, ii. (Petersburg, 1769), £ 977, 
pp. 233-235. 

1 * 3 . Eulers mechanical problem. 

The vibrations of a stretched membrane were investigated by Euler* in 
1764. He arrived at the equation 

1 cBz _ d' 2 z 1 dz 1 d?z 
e l dt- dr' 1 + r dr + r 1 d<f>-' 

where z is the transverse displacement at time t at the point whose polar 
coordinates are ( r , </>); and e is a constant depending on the density and 
.tension of the membrane. 

To obtain a normal solution he wrote '* 

z = u sin (art + -d)sin (ft(j> + B), 

where a, A, ft, B are constants and u is a function of r ; and the result of 
substitution of this value of £ is the differential equation 

d*u 1 du f cl 3 ft-\ _ 

dr 8 r dr \. e 3 r 3 ) U 

The solution of this equation which is finite at the origin is given on p. 256 
of Euler’s memoir; it is 

_« 3 r n _., .._ _ 1 

2 (?i + 1) e‘- 2.4 (n + I )(n + 3)e 4 ”* J ’ 

where n has been written§ in phice of 2/0 + 1. 

This differential equation is now known as Besscd’s equation for functions 
of order ft ; and ft may have || any of the values 0, 1 , 2, .... 

Save for an omitted constant factor the series is now called a Bessel 
coefficient of order ft and argument ar/e. The periods of vibration, 27r/a, of a 

* Acta Acad. Petrop. v. para 1 (Mathematical, (1781), [published 1784], pp. 178—190. 

+ See also §§985, 936 (p. 187 et seq.) for the solution of an associated equation which will be 
discussed in § 3*52. 

t Navi Comm. Acad. Petrop. x. (1704), [published 1760], pp. 248—200, 

§ The reason why Euler made this chauge of notation is not obvious! 

|| If 1 3 were not an integer, the displacement would not be a one-valued function of position, 
in view of the factor sin (ftfl + B). 


rMl-sr 
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circular membrane of radius a with a fixed boundary* are to be determined 
'from the consideration that, u vanishes when r = a. 

This investigation by Euler contains the earliest appearance in Analysis of 
a Bessel coefficient of general integral order. 


1*4. The researches of Lagrange, Carlini and Laplace. 

Only a few years after Euler had arrived at the general Bessel coefficient 
in his researches on vibrating membranes, the functions reappeared, in an 
astronomical problem. It was shewn by Lagrangef in 1770 that, in the elliptic 
motion of a planet about the sun at the focus attracting according to the law 
of the inverse square, the relations between the radius vector r, the mean 
anomaly M and the eccentric anomaly E, which assume the forms 

M = E - e sin E, r — a (1 - ecos E), 
give rise to the expansions 


E=M+ 2 A n sin nM, -asl+le 3 -!- £ JB n cos nM, 

»=i a »=i 

in which a and e are the semi-major axis and the eccentricity of the orbit, and 

A =2 v (-)” t w THll ” > ~ ] e w+ * m _ 9 2 (-)” (n + 2w) n n '™ l ~ u e n 

"moo + *»)!’• n “ m Zo 2 tt+snt m! (n + m)! 

Lagrange gave these expressions for n = 1, 2, 3. The object of the expansions 
is to obtain expressions for the eccentric anomaly and the ratlins vector in 
terms of the time. 


In modem notation these formulae are written 

A n =z 2J n (ne)fn, B n = — 2 (e/n) J n ' (we). 

It was noted by Poisson, Connamance des Tern, 1836 [published 1833], p. 6 that 

2L= - 1 ^2. 

" n de ’ 

a memoir by Lefort, Journal de Math. XL (1846), pp. 142-162, in which an error made by 
Poisson is corrected, should also be consulted. 


A remarkable investigation of the approximate value of A n when n is lame 

m u V to Cariini * ; thou gk the analysis is not rigorous (and it 

would be difficult to make it rigorous) it is of sufficient interest for a brief 
account of it to be given here. 


, pp. 56—96, and Chreo, Quarterly 


Of. Bourget, Ann. Sei. de V$cole norm. sup. m. 

Journal, xxi. (1886), p. 298. 

**’* (17W) ' [publi,hed 17711 »• 20i ~™- 

coi. .Tor y y -. T tZr i by ,,oobi ’ *■«*• “«• w. 

reprinted in Hath. Am. xm. (im), pp. PaP< ’” ! by S ° h,il ” or dat » d 1M«. 
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It is easy to shew that A n is a solution of the differential equation 

< a ‘^+' d £-n*(l-'* ) A u =0. 

Define u by the formula A n =2n n ~ 1 e/ xuU jn ! and then 


(^^+« 2 ^ + <w-n i! (l -« a ) = 0. 


Hence when n is large either u or v? or dujde must be large. 

If u=0 (n a ) we should expect u l and dujde to he 0 (% 2 °) and 0 (n a ) respectively; and 
on considering the highest powers of n in the various terms of the last differential equation, 
we find that a=l. It is consequently assumed that u admits of an expansion in descending 
powers of n in the form 

u = nun + + thin +..., 

where « 0 , u 2 , ... are. independent of n. 

On substituting this series in tho differential equation of the first order and equating to 
zero the coefficients of the various powers of ?!, we find that 


Mo 2 = (l-« 2 )/e a , « (u 0 ‘ + 2u ij u 1 ) + it 0 =0, ... 


where ?<</«= dujde ; so that «,,*= + 


V(l-« 2 ) 


»1 = 



and therefore 


I ude = n jlog * r _ ^ ± V( 1 - e*) +1J - £ log (1 - e 2 ) +..., 

and, since the value of A n shows that Jude -yilog^c when < is small, the upper sign must 
be taken and no constant of integration is to be added. 


From Stirling’s formula it now follows at once that 


^__e n exp f n J (1 -j 2 )} 

* ~ n/(W) ■ »* (1 ->)* {1 + V(1-~€ a j}» ’ 

and this is the result obtained by Carlini. This method of approximation has boon carried 
much further by Moissel (see § 8*11), while Cauchy* has also discussed approximate 
formulae for A n in the case of comets moving in nearly parabolic orbits (see § 8'42), for 
which Carlini’s approximation is obviously inadequate. 


The investigation of which an account has just been given is much more 
plausible than the arguments employed by Laplace j" to establish the corre¬ 
sponding approximation for B n . 

The investigation given by Laplaco is quite rigorous and the method which 
he uses is of considerable importance when the value of B n is modified by 
taking all the coefficients in the series to be positive—or, alternatively, by 
supposing that e is a pure imaginary. But Laplace goes on to argue that an 
approximation established in the case of purely imaginary variables may be 
used ' sans crainte ’ in the case of real variables. To anyone who is acquainted 
with the modern theory of asymptotic series, the fallacious character of such 
reasoning will be evident. 

* Comptes JRendus, xxxvrn. (1864), pp. 990—993. 

t Micanique Celeste, supplement, t. v. [first published 1827]. Oeuvres, v. (Paris, 1882), 
pp. 486—489. 
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The earlier portion of Laplace’s investigation, is based on the principle 
that, in the case of a series of positive terms in which the terms steadily in¬ 
crease up to a certain point and then steadily decrease, the order of magnitude 
of the sum of the series may frequently be obtained from a consideration of 
the order of magnitude of the greatest term of the series. 

For other and more recent applications of this principle, see Stokes, Proc. Crnib. Phil. 
Soe. vi. (1889), pp. 362—366 [ Math, and Phys. Papers, v. (1905), pp. 221—225], and Hardy, 
Proo. London Math. Soo. (2) ir. (1905), pp. 332-^-339; Messenger, xxxiv. (1905), pp. 97—101. 
A statement of the principle was given by Borel, Acta Mathematica, xx. (1897), pp. 393— 
394. 

The following exposition of the principle applied to the example considered 
by Laplace may not be without interest: *• 


The series considered is 


n <i)_ 2 s ^+ 2m ) ftn + 

> — 2 i o* +4m , 


2m—2 -» + 2m 


'w—o 2* +8m f»! (n + m)'. 


in whioh n is large and e. has a fixed positive value. The greatest term ia that for which 
m—ft, where /t is the greatest integer such that 

4ft (n + p) [n + 2/x - 2) ^ (n + 2/t) nV, 
and so jx is approximately equal to 

Now, if u m denotes the general term in B n V\ it is easy to verify by Stirling’s theorem 


that, to a first approximation, where 

* log g=» - 2 *J(l + e 3 )/(n-e 8 )- 

Henco R„( 1 )^u^{l-|-2g + 2g 4 + 2g 0 + ...} 

. ^ . ' ~2^ s /{»r/(l-g')}, 

since* q is nearly equal to 1. 

Now, by Stirling’s theorem, 


and so 


V>~{ : 


« B_1 exp {n\/(l + e s )} 
7m 2 {l+V(l + « a )} n ’ 

a^l + e 2 )!^ e* exp {«v r (l+ c2 )} 
irw 3 j (l + ^l + e 2 )}" ‘ 


■The inference which Laplace drew from this result is that 

6 a )\~k e n exp {u\/(l — s 3 )} 


B n ~ - 


V 


7 nr 


{1 + V(1 - e 2 )}” 


This approximate formula happens to be valid when e < 1 (though the reason 
for this restriction is not apparent, apart from the fact that it is obviously 
necessary), but it is difficult to prove it without using the methods of contour 

30 2 

* The formula 1 + 2 2 q* VI ”7(1 -?)} may be inferred from general theorems on series; 
i—o 

cf. Bromwioh, Theory of Infinite Series, § 51. It is also a consequence of Jacobi’s transformation 
formula in the theory of elliptic functions, 

M0b) = (-ir)-H 3 (0| — T-i); 


see Modem Analysis, § 21-SI. 
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integration (cf. § 8'31). Laplace seems to have been dubious as to the validity 
of his inference because, immediately after his statement about real and 
imaginary variables, he mentioned, by way of confirmation, that he had 
another proof; but the latter proof does not appear to be extant. 


1 ' 5 . The researches of Fourier. 

In 1822 appeared the classical treatise by Fourier*, La Thdorie analytique 
de la Ghaleur ; in this work Bessel functions of order zero occur in the dis¬ 
cussion of the symmetrical motion of heat in a solid circular cylinder. It is 
shewn by Fourier (§§ 118—120) that the temperature v, at time t, at distance 
x from the axis of the cylinder, satisfies the equation 

dv _ J£ (d*v 1 dv\ 
dt CD \dx? x dx) ’ 

where K, C, D denote respectively the Thermal Conductivity, Specific Heat 
and Density of the material of the cylinder; and he obtained the solution 


v = e' 


-mt 


2 2 **" 2 2 . 4 “ 


g 3 af 


2 a . 4 2 .6 2 

where g = mOD/K and m has to be so chosen that 


; + ... 


hv 4- K (dvfdx ) = 0 

at the boundary of the cylinder, where h is the External Conductivity. 

Fourier proceeded to give a proof 307—309) by Rolle’s theorem that 
the equation to determine the values of in has j* an infinity of real roots and 
no complex roots. His proof is slightly incomplete because he assumes that 
certain theorems which have been proved for polynomials are true of integral 
functions; the defect is not difficult to remedy, and a memoir by HurwitzJ 
has the object of making Fourier’s demonstration quite rigorous. 

It should also be mentioned that Fourier discovered the continued fraction 
formula (§ 313) for the quotient of a Bessel function of order zero and its 
derivate; generalisations of this formula will be discussed in §§ 5*6, 965. 
Another formula given by Fourier, namely 


a J , « 4 a" 

2 2 + 2\ 4“ ~ 2 2 74*7 6 a + 



sin x) dx, 


had been proved some years earlier by Parseval§; it is a special case of what 
are now known as Bessel’s and Poisson’s integrals (§§ 2'2, 2'3). 


* Tho greater pint of Fourier’s researches was contained in a memoir deposited in the archives 
of the French Institute on Sept. 28, 1811, aud crowned on Jan. 6, 1812. This memoir is to be 
found in the Mhn. de I’Acini, dcs Sci., iv. (1819), [published 1824], pp. 185—565; v. (1820), 
[published 1820], pp. 158—246. 

t This iB a generalisation of Bernoulli’s statement quoted in § 1’2. 

Math. Ann. xxxm. (1889), pp. 246—266. 

8 Mem. den savant (Urange.ru , i. (1805), pp. 689—048. .This paper also contains the formal 
statement of the theorem on Fourier constants which is sometimes called Parseval’s theorem; 
another paper by this little known writer, MSm. des savant Strangers, i. (1805), pp. 879—898, con¬ 
tains a general solution of Laplace’s equation in a form involving arbitrary functions. 
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The expansion of an arbitrafy function into a series of Bessel functions of 
order zero was also examined by Fourier (§§ 314—320); he gave the formula 
for the general coefficient in the expansion as a definite integral. 

The validity of Fourier's expansion was examined much more recently by Hankel, 
Math. Am. viil (1876), pp. 471—494; SchlSfli, Math. Ann. x. (1876), pp. 137—142; Dini, 
Serie di Fourier, i. (Pisa, 1880), pp. 246—269; Hobson, Proc. London Math. Soe. (2) vii. 
(1909), pp. 369—388; and Young, Proc. London Math. Soe. (2) xviii. (1920), pp. 163—200. 
This 1 expansion will be dealt with in Chapter svm. 


1 * 6 . The researches of Poisson. 

The unsymmetrical motions of heat in a solid sphere and also in a solid 
cylinder were investigated by Poisson* in a lengthy memoir published in 1823. 
In the problem of the sphere f, he obtained the equation 


where r denotes the distance from the centre, p is a constant, n is a positive 
integer (zero included), and R is that factor of the temperature, in a normal 
mode, which is a function of the radius vector. It was shewn by Poisson that 
a solution of the equation is 

r w+1 j cos (rp cos «o)sin an+1 to do> 

Jo 

and he discussed the cases n = 0, 1, 2 in detail. It will appear subsequently 
(§ 3*3) that the definite integral is (save for a factor) a Bessel function of 
order n + $. 

In the problem of the cylinder (ibid. p. 340 et seq.) the analogous integral is 


X n I cos (hX cos to) sin 3 ” tod to, 

Jo 

where n =» 0,1, 2,... and X is the distance from the axis of the cylinder. The 
integral is now knowti as Poisson’s integral (§ 2*3). 

In the case n = 0, an important approximate formula for the last integral 
and its derivate was obtained by Poisson (ibid., pp. 350—352) when the variable 
is large; the following is the substance of his investigation: 

LetJ Jo (i)** - f cos (<fc cos eo) dec, J 0 '(k)— — - f cos <o sin (k cos <d) da>. 

■ n J o ir J 0 

Then «7 0 (k) is a solution of the equation 

+ 4F)^ =a 

* Journal de Vliloole R. Poly technique, xu, (oahier 19), (1828), pp. 249—408. 

t Ibid, p, 800 et eeq. The equation was also studied by Plana, Mem. deUa R. Aecad. delle Sci. 
di Torino , xxv. (1821), pp. 632—684, and has since been studied by numerous writers, some of 
whom are mentioned in § 4‘8. See also Poisson, La Thforie Math/matique de la Chaleur (Paris, 

‘ 1836), pp. 866, 869. ' 

X See also B6hrs, Proc. London Math. Soc. v. (1874), pp. 186—187. The notation J 0 (k) was 
not used by Poisson. 
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When k is large, 1/(4 k z ) may be neglected in comparison with unity and so we may expect 
that J 0 (k)sjk is approximately of the form A cos A+.Bsin k where A and B are constants. 

To determine A and B observe that 
1 /■* 

cos k . «/ 0 (k) - sin k. J 0 ' (£)=- I {cos 2 cos (2k sin 2 £o>)+sin 3 cos (2 k cos 2 £<»)} da>. 

Write rt - co for a in the latter half of the integral and then 

2 [* 

\k.J 0 (k)- sin k. J Q ' (k) = - / cos 2 cos (2k sin 2 £<o) da> 

IT J 0 


COS i 


2V2 rV(2A) / 

*—-n / 1 ) cos ardx, 

njkj o \ 2k) 

and similarly sin k . J 0 (k) + cos k. J 0 ' (k) ™ J ^ ^ sin uPdse. 

lira ( V(2&) x*.dx= f MC0B .v*.di'=iJ(tir), 

*-*•«> j o \ 2k) am J 0 am 1 


But 

k-*-cc 

by a well known formula*. 

[Note. It is not easy to prove rigorously that the passage to the limit is permissible; 
the simplest procedure is to appeal to Bromwich’s integral form of Tannery’s theorem, 
Bromwich, Theory of Infinite Series, § 174.] 


It follows that 


cos k. J a (k) - sin k . J 0 ' (k) = (1 +**), 


sin k . J 0 (k) + cos k. J 0 ' (k) « 

where and ^*-►0 as k-*~oo ; and therefore 

l 


J(rrk) 


(! h>?fc), 


J ° ® " J(nk) K 1 + 008 k + + Sil1 *1 

1 


w w 


J(rrk) 


[ - (1 sin £+(l + rj k ) cos k\ 


It was then assumed by Poisson that J 0 (k) is expressible in the form 

V(^)[( jl+ ^ + ^ + '") 008i+ ( a+ * + §r+•••)““*]’ 

where A =B= 1. The series are, however, not convergent but asymptotic, and the validity 
of this expansion was not established, until nearly forty years later, when it was investi¬ 
gated by Lipschitz, Journal fUr Math. lvi. (1859), pp. 189—196. 

The result of formally operating on the expansion assumed by Poisson for the function 

fP 1 

J 0 (k) *J(irk) with the operator 1 ’ a 


4 & 


-cos 


,[“2.1 .B-\A , 2.2£"-(l. 8 + *) iT , 2.ZH"-(2.Z+$A" , “] 

*|_ & k* + k* J 

. , 2.2d" + (1.2+£)ir . 2.3^" + (2.3 + i)B" 1 1 

+ 8mA V & ' + ' " & " + ** J’ 

* Cf. Watson, Complex Integration and Cauchy’s Theorem (Camb. Math. Tracts, no. 15,1914), 
p. 71, for a proof of these results by using contour integrals. 
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and so, by equating to zero the various coefficients, we find that 

f '! jP A A"'*a ^ ^ 

8 B ’ A 2.8 2 ^ A 2.3.83 


B, ... 


I 5 ’"' 8 ^’ 2 _ s 2 A * 2.Z~& A '“ 


and hence the expansion of Poisson’s integral is 

^ ^ 005 tf » ~ (i/K 1 -4 - + a .I: w + •••) “ 3 * 

, /, . 1 9 9.25 , \ . ,1 

+ V 1 + B£ 2.8 8 /fc 2 2.3.8 3 P + 

But, since the series on the right are. not convergent, the researches of Lipschitz and 
subsequent writers are a necessary preliminary to the investigation of the significance of 
.the latter portion of Poisson’s investigation. 

It should be mentioned that an explicit formula for the general term in the expansion 
was first given by W. R. Hamilton, Trans. R. Irish Acad. xix. (1843), p. 313; his rasult 
was expressed thu,s : 


- [ cos (2)3 sin a) da— - 77 ~ * [03“ w ([“i ]’ 1 ) 2 (40)“ n cos (2)3—Jnir - i^r), 
tt J v V( w W»=o 

and he desoribed the expansion as semi-convergent; the expressions [ 0 ] _B and [ — i]" are 
to be interpreted as Ijn 1 and ■{•*&) (~f) •••■( —«+i)- 


A result of some importance, which was obtained by Poisson in a subsequent 
memoir*, is that the general solution of the equation 


dh/jrJL 

da? 


— h*y 


is 



e -ftjfOOS mdoo + 



g-toCOSu l 0 g s j n 2 ^ fa, 


where A and B are constants. 


It follows at once that the general solution of the equation 


1 dy 

da? x dx 


— h s y — 0 


is y = A ( e -#<S008 “ da> + Bj e - ^ 008 " log (a sin a o>) dec. 

.'0 Jo 

This result was quoted by Stokesf as a known theorem in 1850, and it is 
likely that he derived his knowledge of it from the integral given in Poisson’s 
memoir; but the fact that the integral is substantially due to Poisson has 
been sometimes overlooked £ 

* Journal de- vAcole R. Poly technique, xn. (oahier 19),' (182S), p. 476. The corresponding 
general integral of an associated partial differential equation was given in an earlier memoir, 
ibid, p. 227. 

f Oamb. Phil, Trans, ix. (1866), p. 188], [ Math. and Phys. Papers, iu. (1901), p. 42], 

t See EncyclopSdie des Sci . Math. n. 28 (§53), p. 213. 
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1*7. The researches of Bessel. 

The memoir* in which Bessel examined in detail the functions which now 
bear his name was written in 1824, but in an earlier memoirf he had shewn 
that the expansion of the radius vector in planetary motion is 


- = 1 •+• 16 s + 2 B n cos >iM, 

a »-i 


€ f ^ • # 

where B n =-- sin u sin (nu — ne sin u) du; 

W 7 T J o 


this expression for B n should be compared with the series given in § 1*4. 

In the memoir of 1824 Bessel investigated systematically the function If 
defined by the integral J 

If 2n 

If — 008 (J lu ~ k S1EL U ) d lL 

ITT Jo' 


He took h to be an integer and obtained many of the results which will be 
given in detail in Chapter n. Bessel’s integral is not adapted for defining the 
function which is most worth study when h is not an integer (see § 10T); the 
function which is of most interest for non-integral values of h is not If but 
the function defined by Lommel which will be studied in Chapter ill. 

After the time of Bessel investigations on the functions became so numerous 
that it seems convenient at this stage to abandon the chronological account 
and to develop the theory in a systematic and logical order. 

An historical account of researches from tho time of Fourier to 1858 has liecn compiled 
by Wagner, Bern Mittheiltinge, n, 1894, pp. 204—266; a briefer account of tho curly history 
was given by Maggi, Atti della It. Accad. del Lincei , ( Tmnsunti ), (3) iv. (1880), pp. 259—263. 


* Berliner A bit. 1824 [published 1826J, pp. 1—52. The date of this memoir, “ Untersuchung 
dus Theils dor plane tarisclien Stiiruugen, welcher aus dor Bewegung dor Sonne entsteht,” is 
Jan. 29, 1824. 

f Berliner Abh. 181(1—17 [published 1819], pp. 49—55. 

;]; Thin integral occutb in tho expansion of the eccentric anomaly; with the notation of § 1*4, 

hA u = 2i” ne , 

a formula given by l’oisson, Vonnamaucc den Terns, 1825 [published 1822], p. 383. 



CHAPTER II 

THE BESSEL OOEPFIOIENTS 

21. The definition of the Bessel coefficients. 

The object of this chapter is the discussion of the fundamental properties 
of a set of functions known as Bessel coefficients. There are several ways of 
defining these functions; the method which will be adopted in this work is to 
define them as the coefficients in a certain expansion. This procedure is due 
to Schlomilch*, who derived many properties of the functions from his defi¬ 
nition, and proved incidentally that the functions thus defined are equal to the 
definite integrals by which they had previously been defined by Bessel f. It 
should, however, be mentioned that the converse theorem that Bessel’s inte¬ 
grals are equal to the coefficients in the expansion, was discovered by Hansen l 
fourteen years before the publication of Schlbmilch’s memoir. Some similar 
results had been published in 1886 by Jacobi (§ 2*22). 

The generating function of the Bessel coefficients is 

e *H). 

It will be shewn,that this function can be developed into a Laurent series, 
qua funotion of t; the coefficient of P 1 in the expansion is called the Bessel 
coefficient of argument z and order n, and it is denoted by the symbol J n (z) } 
so that 

(1) = 2 1PJ n (z). 

m ftaa-tOO- 

To establish this development, observe that e*** can be expanded into an 
absolutely convergent series of ascending powers.of t; and for all values of t, 
with the exception of zero, can be expanded into an absolutely conver¬ 
gent series of descending powers of t: When these series are multiplied 
together, their product is an absolutely convergent series, and so it may be 
arranged according to powers of t; that is to say, we have an expansion of the 
form (1), which is valid for all values of z and t, t = 0 excepted. 

* ZeiUehrift fUr Math ; wid Phyt, n. (1857), pp. 187—165. For a somewhat similar expansion, 
namely that of e* 0080 , see Frollani, Mem . Soc. ItaL (Modena), xvin. (1820), p. 508. It muBt be 
pointed out that Sohlflmiloh, following Hansen, denoted by J tt% what we now write as J n (2z); 
but the definition given in the text is now universally adopted. Traces of Hansen’s notation 
are to ’be fonnd elsewhere, e.g. Bchlafll, Math. Ann . m. (1871), p. 148. 

t Berliner Abh. 1824 [published 1826], p. 22. 

$ Ermittelung der Absoluten Stdr ungen in Ellipse# von beliebiger Exeentrieit&t und Neigung , 
i. theil, [Schriften der Sternwarte Seebuxg: Gotha, 1848], p. 106. See also the French transla¬ 
tion, Memoirs tw la determination da perturbation! abeoluet (Paris, 1845), p. 100, and Leipsiger 
Abh. xi. (1865), pp. 250—251. 
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2 * 1 , 2 * 11 ] 


If in (1) we write — 1/^ for t, we get 

5 (-t)-*J n (z) 

«- -30 


= 2 
n- —oo 

on replacing n by — n. Since the Laurent expansion of a function is unique *, 
a comparison of this formula with (1) shews that 

(2) J-n ( z ) — ( — ) ft Jf. {?)> 

where n is any integer — a formula derived by Bessel from his definition of 
J n (z) as an integral. 

From (2) it is evident that (1) may be written in the form 

(3) e Mt-vo = J 0 (*) + 2 {P+ 


A summary of elementary results concerning J n (z) has been given by Hall, The Analyst , 
l. (1874), pp. 81—84, and an account of elementary applications of these functions to 
problems of Mathematical Physics has been compiled by Harris, Amet'ican Journal of 
Math, xxxiv. (1912), pp. 391—420. 

The function of order unity has been encountered by Turri&re, Nouv. Ann. de Math. (4) 
ix. (1909), pp. 433—441, in connexion with the steepest ciuves on the surface z*=*y (5.r 3 —y% 


211. The ascending series for J n ( z ). 

An explicit expression for J n (z) in the form of an ascending series of powers 
of z is obtainable by considering the series for exp (%zt) and exp ( — i^zjt), thus 

% (\z) r F * (-I zyntr™ 
r=o ri , ;> =o m\ 


exp \\z(t— 1/01 


When n is a positive integer or zero, the only term of the first series on the 
right which, when associated with the general tenn of the second series gives 
rise to a term involving t n is the term for which r = n + m; and, since n > 0, 
there is always one term for which r has this value. On associating these 
terms for all the values of m, we see that the coefficient of t n in the product is 

2 (H n+m 

( n + m) ! m ! 

We therefore have the result 


( 1 ) 


J n {z) 


m=o m ! (n + m )! ’ 


* For, if not, zero could be expanded into a Laurent series in t, in whieh some of the 
coefficients (say, in particular, that of t m ) were not zero. If wo then multiplied the expansion by 
an d integrated it round a circle with centre at the origin, we should obtain a contradiction. 
This result was notioed by Cauohy, Vomptes Rend us, xm. (1841), p. 911. 
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where n is a positive integer or zero. The first few terms of the series are 
given by the formula 


* 


(2) J»(*) 2 n ! | 1 2M.(n+l) + 2M.2.(n + l)(»+2) J 


In particular 

(3) 


Jo («) 1 2 s + 2 a . 4 s 


z 6 


+ 


2 a . 4 a . 6 2 

To obtain the Bessel coefficients of negative order, we select the terms in¬ 
volving t ~■" in the product of the series representing exp (\zt) and exp (— ^z/t), 
where n is still a positive integer. The term of the second series which, when 
associated with the general term of the first series gives rise to a term in t~ n 
is the term for which m = n + r ; and so we have 

J m- i ft** - <-*»>**• 

r! (n + r)! ’ 

whence we evidently obtain anew the formula § 2T (2), namely 

J-n {&) — ( — ) n Jn (^). 

It is to be observed that, in the series (1), the ratio of the (m + l)th term 
to the mth term is — ^z a /{m (n + m)}, and this tends to zero as in. oo , for all 
values of z and n. By D’Alembert’s ratio test for convergence, it follows that 
the series representing J n (z) is convergent for all values of z and n t and so it 
is an integral function of z when n — 0, + 1, + 2, ± 3,.... 

It will appear later (§ 4'73) that J n (z) is not an algebraic function of z 
and so it is a transcendental function; moreover, it is not an elementary 
transcendent, that is to say it is not expressible as a finite combination of 
exponential, logarithmic and algebraic functions operated on by signs of 
indefinite integration. 

From (1) wc can obtain two useful inequalities, which are of some import¬ 
ance (cf. Chapter xvi) in the discussion of series whose general term is a 
multiple of a Bessel coefficient. 

Whether z be real or complex, we have 

oo I 1 ? j am 

(ft + Wl)! 




and so, when n Ss 0, we have 


! | l£*l 2OT 

rnZo rn ! (n + 1) T 


(4) 


Jn («)|< 


n 1 


exp 


fii*n 

\n +1/ 


Z 1 ^ 

1 exp (i 


n! 


a ). 


This result was given in substance by Cauohy, Comptes Rendus, xm. (1841), pp. 687, 
854 j a similar but weaker inequality, namely 

was given by Neumann, Theorie der Bessel 3 schen Functionen (Leipzig, 1867), p. 27. 
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By considering, all the terms of the series for J n (z) except the first, it is 
found that 

(*) a+e, 


where 


I ^ k exp 


expCjr | | a ) — 1 

u+l/ n + 1 


It should be observed that the series on the right in § 2*1 (1) converges uniformly in 
any bounded domain of the variables z and t which does not contain the origin in the 
2 -plane. For if A and R are positive constants and if 

the terms in the expansion of exp (\zt) exp (^s/2) do not exceed in absolute value the corre¬ 
sponding terms of the product exp ($Ra) exp (£/2/d), and the uniformity of the convergence 
follows from the test of Weierstrass. Similar considerations apply to the series obtained 
by term-by-term differentiations of the expansion 2 t*J n (z), whether the differentiations he 
performed with respect to z or t or both z and 2. 


2*12. The recurrence formulae. 

The equations* 

(1) Jn-1 ( z ) + Jn+i if) — Jn ( z )i 

* ' ♦ 

(2) Jn-\ ( z ) — Jn+i ( z ) ~ »i ( z )t 

which connect three contiguous functions are useful in constructing Tables of 
Bessel coefficients; they are known as recurrence formulae. 

To prove the former, differentiate the fundamental expansion of § 21, 
namely 

0 i*v-m = | t n J n (z), 

n as — 00 

with respect to t ; we get 

i*(l + l/*“)« W< '~ v<) - S nt u ~ l Jn (z), 

W= - T> 

so that 

\z(l + l/t>) t t n Jn(z)= 2 nt n -'J»(z). . , 

n= — oo «=— » 

If the expression on the left is arranged in powers of t and coefficients of t n ~ x 
are equated in the two Laurent series, which are identically equal, it is evident 
that 

^ Z {t F (z) ■+■ Jn-\ l C®)} = uJ n ( Z), 

which is the first of the fonnulaef. 

* Throughout the work primes are used to denote the derivate of a funotjpn with respect to 
its argument. 

j- Differentiations are permissible because (§ 2*11) the resulting series uniformly convergent. 
The equating of coefficients is permissible because Laurent expansions are unique. 


W. B. F. 


2 
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Again, differentiate the fundamental expansion with respect to z ; and then 

»*=-00 

so that %(t~ l/t) % t»J n (z)= 2 t n J n '(z). 

na= — oo -oo 

By equating coefficients of t n on either side of this identity we obtain formula 
(2) immediately. 

The results of adding and subtracting (1) and (2) are 

(3) sJn(z) + nJ n (z) = zJ n -i 0), 

(4) zJ n '(z)-nJ n (z) = - zJw (z). 

These are equivalent to 

(5) (*»./„ (*)!-*»/« (*x 

(6) ^ (*-" J n (2)) = - J w (4 

In the case n~ 0, (1) is trivial while the other formulae reduce to 

(7) J 0 ' (z)--Jj(z). 

The formulae (1) and (4) from which the others may be derived were discovered by 
Bessel, Berliner Abk. 1824, [1828], pp. 31, 35. The method of proof given here is due to 
SohlOmilch, Zeitaohrift fiir Math, und Phya. ii. (1857), p. 138. Sohlomilch proved (1) in 
this manner, but he obtained (2) by direct differentiation of the series for J n (z). 

A formula which Sohlomilch derived (ibid. p. 143) from (2) is 

( 8 ) ' £ (-r r C m .J 1M+lm (^, 

where r 0 m is a binomial coefficient. 

By obvious inductions from (5) and (6), we have 

( d \ m 

( Z )} = Jn-m (z), 

( d \ m 

M ^ WH (-)»>2T-"-™J n+m (*), 

■where n is any integer and wi ia any positive integer. The formula (10) is due 
to Bessel (ibid. p. 84). 

As an example of the results of this section observe that 
zJ x (z) = 4J 2 (z) — zJ % (z) 

— 4/ s (z) — %J<(z) + zJ s ( z ) 


= 4 I (-V'-W* <*) + (-)* m J* +1 (m) 

n=l 

*='4 S (-) n ~'nJ m (z), 

• "- 1 

since zJ alf+l (z) -*~ 0 as N-+ oo, by § 211 (4). 
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2 - 13 , 2 - 2 ] 

The expansion thus obtained, 

(11) zJ x (z) = 4 2 (-) n ~ l nJ in (z), 

«-i 

is useful in the developments of Neumann’s theory of Bessel functions (§3 - 57). 

2*13. The differential equation satisfied by J n ( z ). 

When the formulae § 2*12 (5) and (6) are written in the forms 

J z {z n Jn (*)} = Z n Jn -1 (s), J z {z'~ n Jn-i (*)} = “ Z^J n (z), 
the result of eliminating J n -\ ( z ) is seen to be 

£ [*"" £ {z " J " wl ] “ “ W- 

that is to say 

Js { Z '~ n + nz ~ nJn (*)} = “ zl ~ nJ n (z), 

and so we have Bessel’s differential equation * 

(1) »• +* dJ ff ] +<■* - «*> (*) “ 0. 

The analysis is simplified by using the operator $ defined as z ( djdz ). 
Thus the recurrence formulae are 

0^ H" m) J n (#) = zJ , i _ l ( z), — n + 1) J H _j ( z ) = zJ n ( 2 ), 

and so 

- n + 1) [2~ l + n) J „ (z)} = - zJ n ( z), 

that is 

z~ l - ?l) (& + «) J n ( Z) = - zj n ( Z ).' 

and the equation 

(S 2 - n 2 ),/,* (s) = - z-J n (z) 
reduces at once to Bessel’s equation. 

Corollary. The .same differential equation is obtained if J n + i( s ) is eliminated from the 
formulae 

(■» + n + 1 ) J n + 1 ( 2 ) = zJ n ( 2 ), (. 9 -?;) ( 2 ) = - zJ n +1 ( 2 ). 

2 2. Bessel’s integral for the Bessel coefficients. 

We shall now prove that 

(1) J n (z)= ~ I cos ( 11 B — z sin 6) dQ. 

Ztt 0 

This equation was taken by Bessel f as the definition of J n (z), and he 
derived the other properties of the functions from this definition. 

* Berliner Abh. 1824 [published 182C], p. 84; see also Frullani, Mem. $oc. Ital.,(Modem), xvin. 
(1820), p. 604. 

f Ibid. pp. 22 and 86. 


2—2 
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It is frequently convenient to modify (1) by bisecting the range of in¬ 
tegration and writing 2 tt - 6 for 0 in the latter part. This procedure gives 

1 f v 

(2) /„ (e) = — J cos ( nd — z sin 0)dd. 

Since the integrand has period 27 t, the first equation may be transformed 
into 

1 rZn+a 

(3) Jn(*) = 2 n J cos (nd-z sin 0)d6, 
where a is any angle. 

To prove (1), multiply the fundamental expansion of § 2T (1) by <~ n ~ l and 
integrate* round a contour which encircles the origin once counterclockwise. 

We thus get 

1 4^) n — 

2 7riJ -oo 27rt J 

The integrals on the right all vanish except the one for which m — n; and 
so we obtain the formula 

( 4 ) 

Take the contour to be a circle of unit radius and write t = e~ i0 , so that 9 
may be taken to decrease from 27r + a to a. It is thus found that 

■Sir+a 


(5) J n (*) = 2W 

a result given by Hansen t in the case a = 0. 

In this equation take a = — it, bisect the range of integration and, in th© 
former part, replace 0'by — 6. This procedure gives 
1 f v 

/.(«)- 2 - J {e«'(« 9 - E8in0 ) + e -i(ne-zsin fl)j t (0 

and equation (2), from which (1) may be deduced, is now obvious. 

Various modifications of Bessel’s integral are obtainable by writing 

If* j ft 

J n (g) = - cos n6 cos (z sin 9) dd + - sin nd sin (z sin 6) dd. 

IT J 0 7TJo 

If 9 be replaced by tt — 6 in these two integrals, the former changes sign when. 
n is odd, the latter when n is even, the other being unaffected in each case ; 
and therefore 

1 r» # _ 

J n {z)~~ sin n6 sin (z sin 0) d$ 

(6) g fi* . . (n odd), 

= - sin nd sin (z sin 0) dd 
tt Jo , 


* Term-by-term Integration is permitted because the expansion is uniformly convergent on the 
contour. It is convenient to use the symbol J ta+) to denote integration round a contour encircling 
the point a onoe counterclockwise. 

t Emittelung der absolute*. Stftrungen (Gotha, 1848), p. 105. 
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(n even). 


If 6 be replaced by \tt - v in the latter parts of ( 6 ) and (7), it is found that 
^ Jn W = ~ “ 1} f o cos n v Bm(zcoat))df} (n odd), 

J n (*) = - (-)* n I o cos W 17 cos (* cos r,) dr) (n even). 

The last two results are due substantially to Jacobi* 


that 


[Note. It was shewn by Parseval, MSm. des savans Strangers, 1 . (1805), pp. 639_648, 


a 2 „4 
1 4 - ° 


1 [v 

„ J 0 °08(esln«)*?, 


2 a 2 a . 4 2 2 2 .4 2 .6 2 ’ 

and so, in the special ease in which «=0, (2) will be" described as Panmat, integral. It 

led ?ni!T I '’ 1 “ I 2 '* t h f* tW ° integml ra P"» nt »tioDB of namely Bessel's integral 
and Poissons integral heoome identical when n-O, so a speoial name for this case is 
justified.] 

„ 0 : ™f der : iJ1 find ifc interesting to obtain (after Bessel) the formulae § 2'12 (l) and 

2*12 (4) from Bessel’s integral. 


2'21. Modifications of ParsevaVs integral. 

Two formulae involving definite integrals whioh are closely connected with Parseval’s 
integral formula are worth notice. The first, namely 

W •MvV-y 8 )}^ J\voob *cos(2 3m0)cW, 

mdue to Bessett. The simplest method of proving it is to write the expression on the 
right in the form 

1 /> 

—- J e j/ooB0-t-ugln0 dfl 

2tt J * 

expand in powers of y cos d+iz sin 0 and use the formulae 

J _ ^ (y cos Q + iz sin +» d6=0, J ^(y ooa 0+iz sin dd - ( >y a _ e a )n . 

the formula then follows without difficulty. 

The other definite integral, due to Catalan +, namely 

( 2 ) J 0 (2t <Jz) - ^ J* «<»+*> cob 0 0 os {(1 - *) sin 

is a special case of (1; obtained by substituting 1 -s and 1+z for s and y respectively. 


Journal filr Math. xv. (1836), pp. 12-18. [Ges. Math. Werke, vi. (1891), pp. 100-1021- the 
integrals actually given by Jacobi had limits 0 and x with factors 1/x replacing the factors 2/x. 
See also Anger, Neueste Schriften der Naturf. Ges. in Danzig, v. (1855), p. 1, and Oauohv 
Comptes Rendus, xxxvin. (1854), pp. 910—913. * 

t Berliner Abh., 1824 [published 1826], p. 37. See also Anger, Neueste Schriften der Naturf. 
Ges. in Danzig, v. (1855), p. 10, and Lommel, Zeitschrift fitr Math, tend Phys. xv_(1870), p. 15l] 
t Bulletin de I'Acad. R. de Belgique, (2) xxu. (1876), p. 988. 
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Catalan’s integral may be established independently by using the formula 

so that 


)+) 

(* + i)T“S f* r exp 

by taking the contour to be a unit circle ; the result then follows by bisecting the range o 
integration. 

2*22. Jacobi’s expansions in seines of Bessel coefficients. 

Two 'series, which are closely connected with Bessel’s integral, were dis 
covered by Jacobi*. The simplest method of obtaining them is to writ* 
t = ± in the fundamental expansion § 2T (3). We thus get 

fl ±tesin6 = / 0 (z) + X (± 1)» {e nie + (-)» e~ ni6 }J n ( 2 ) 

n=l 

=*J 0 (z) + 2 X J m (z)coa 2nd ± 2i 2 J m+l (z) sin ( 2 a + 1 ) 6. 

»=1 n=0 

On adding and subtracting the two results which are combined in this formula 
we find 

00 

(1) cos {z sin 6) — J 0 ( 2 ) + 2 2 J m ( 2 ) cos 2nd, 

n — 1 

(2) sin(z 8 in 0 )= 2 2 J m+1 (z) sin {2n + 1 ) 9. 

n® 0 

Write \ir— 7) for 6, and we get 

(3) cos 0 cos t}) = J 0 (z) + 2 X (-)” Jm 0) cos 2 n? 7 , 

n — 1 

(4) sin (z cos 7]) = 2 2 (~) , ‘ t / 2 n+ 1 (^)cos( 2 ?M- 1 ) 17 . 

n=0 

t 

The results (3) and (4) were given by Jacobi, while the others were obtained later bj 
Angerf. Jacobi’s procedure was to expand cos (s cos 7 ) and sin (z cos 17 ) into a series 0 : 
cosines of multiples of 17 , and use Fourier’s rule to obtain tho coefficients in tho form ol 
integrals which are seen to be associated with Bessel’s integrals. 

In view of the fact that the first terms in ( 1 ) and (3) are not formec 
according to the same law as the other terms, it is convenient to introduce 
Neumann’s factor X e, l; which is defined to he equal to 2 when n is not zero 
and to he equal to 1 when n is zero. The employment of this factor, which 

* Journal filr Math, xv. (1836), p. 12. [Qes. Math. Werke, vi. (1891), p. 101.] 
t Neueste Schriften der Naturf. Gts, in Danzig, v. (1866), p. 2. 

$ Neumann, Theorie der Bessel'schen Fuuctionen (Leipzig, 1867), p. 7. 


J 0 (2t s tz) ■■ 


z m 


_i_ 2 — / 

~m“o (m !) 2 2iri m=0 m I J 

= ~.7 

2tti J 


■(o+) 


exp 


i_ = J_ f 
J 


( 0 +) 


t-m-i tfdt, 
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will be of frequent occurrence in the sequel, enables us to write (1) and (2) in 
the compact forms: 

00 

(5) cos (z sin 6) = X e 2n J m (z) cos 2 nd, 

n»0 

00 

(6) sin (s sin 0) = % Wsin (2» + 1)^. 

M = 0 

If we put 6 = 0 in (5), we find 
(*0 1 = S *^i»i (#)• 

fl = 0 

If we differentiate (5) and (6) any number of times before putting 8 = 0, we 
obtain expressions for various polynomials as series of Bessel coefficients. We 
shall, however, use a slightly different method subsequently (§ 2'7) to prove 
that z m is expansible into a series of.Bessel coefficients when m is any positive 
integer. It is then obvious that any polynomial is thus expansible. This is a 
special case of an expansion theorem, due to Neumann, which will be investi¬ 
gated in Chapter xvr. 

For the present, we will merely notice that, if (6) be differentiated once 
before 8 is put equal to 0, there results 

(8) ■*= 2 e.H +1 (2n + 1) J. M+X (z), 

n=o 

while, if 8 be put equal to \n r after two differentiations of (5) and (6), then 

(9) z sin z = 2 {2 a ( z ) - 4 a J A (z) + 6 s J B (z) — ...}, 

(10) z cos z = 2 |l a i/j (z) — 3 a J 3 (z) + 5 s J s ( z ) — ...}. 

These results are due to Lommel *. 


Note. The expression oxp {\z (t - 1/0} introduced in 4} 2T is not a generating function 

00 

in the strict sense. The generating function t associated with t n J n (e ) is 2 f n t n J n (s). 

![■»() 

If this expression be called S, by using the recurrence formula § 2T2(2), wo have 

f=K ( -0 

If we solve this differential equation we got 

(11) S=e^ z (t + e hs{t-Vt) J 

A result equivalent to this was given by Bronke, Bull. American Math. Soc. xvi. (1910), 
pp. 229—230. 


* Studicn ilber die Bessel’schen Functionen (Leipzig, 1868), p. 41. 

t It will be seen in Chapter xvi. that this is a form of “ Lommel’s function of two variables." 
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2*3. Poisson’s integral for the Bessel coefficients. 

, Shortly before the appearance of Bessel’s memoir on planetary perturbations, 
Poisson had published an important work on the Conduction of Heat , in the 
course of which he investigated integrals of the types f 

I" cos (z cos 6) sin 4 "-*- 1 Odd, cos (z cos 0) sin 8 " 6d0, 

where to is a positive integer or zero. He proved that these integrals are 
solutions of certain differential equationsJ and gave the investigation, which 
has already been reproduced in § 1*6, to determine an approximation to the 
latter integral when z is large and positive, in the special cast? n — 0. 


We shall now prove that 

(D J » W “ l,3.5..'(2 B -l K/.’°° a (2C0S 6) 8i "” tM 


- 


cos (z cos 0) sin 2H OdO ; 


and, in view of the importance of Poisson’s researches, it seems appropriate to 
describe the expressions on the right § as Poissons integrals for J n (c). In the 
case n= 0, Poisson’s integral reduces to ParBeval’s integral (§ 2'2 ). 

It is easy to prove that the expressions under consideration are equal to 
J n (s); for, if we expand the integrand in powers of z and then integiato 
term-by-term||, we have 


■i (x ■ -I oo /_ \m gton rrr 

- cos (z cos 6) sin 8 " Odd = — % ■ ■ - r r- | cos u,H 6 sin 2 " Odd 

ttJo K ' rr Wi =o (2m)l Jo 

« (_)»»,&*» 1.3.5 ... (2w — 1). 1.3.5 ... (2w - 1) 

“* »5o (*2m)i ' rrw^iin + 2 ill) 


= 1.3.5 

and the result is obvious. 


(-T 


(2to 1) ^ 2»+wh m i -p v n )! ’ 


* Jdumal de VJ&cole R. Poly technique, xn, (cahier 19), (1823), pp. 249—403. 
t Ibid. p. 293, et eeq. j p. 340, et eeq. Integrals equivalent to them had previously boon 
examined by Euler, Inst. Calc. Int. it. (Petersburg, 1769), Ch. x. § 1030, but Poisson's forms are 
more elegant, and liis study of them is more systematic. Bee also § 3*3. 
t B.g. on p. 800, he proved that, if 


22=r"+ 1 j*' 

then E satisfies the differential equation 


oos (rp cos u) sin 2 ^ 1 w dw, 


d*E n(n+l) _ 


-/?E. 


§ Nielsen, Handbuch der Theorie der Cylinderfunktionen (Leipzig, 1904), p. 61, oalls them 
Basel's second integral , but the above nomenclature seems preferable. 

II The series to be integrated is obviously uniformly convergent; the procedure adopted is duo 
to Poisson, ibid. pp. 814, 840. 
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r. 

Jo 


qui ooa o gij]^ Qdd = I cos {z cos 6) sin 271 6d6\ 

J 0 

this is evident when we consider the arithmetic mean of the integral on the 
left and the integral derived from it by replacing 6 by x — 6. 

We thus get 

f (•+3‘r<i) f,'+~’ dlfm * dt ' 


( 2 ) 


A slight modification of this formula, namely 

(3) J. W = r e '" (1 - * 

has suggested important developments (cf. § 6*1) in the theory of Bessel 
functions. 

It should also be noticed that 

(4) f cos (z cos 6) sin 2 ” Odd = 2 f cos (# cos 0) sin M 6d0 

Jo Jo 

rh* 

= 2 1 cos (z sin 6) cos” 1 Qdd, 

Jo 

and each of these expressions gives rise to a modified form of Poisson’s integral. 

An interesting application of Bessel’s and Poisson’s integrals was obtained 
by Lommelf who multiplied the formula 


cos 2nd = 1 (—)* 


4 w 8 {4n 2 — 2 9 } ... {4» 9 — (2m — 2) 2 } . 


(2m)! 


sin 3w 6 


by cos (z cos 6) and integrated. Ifythus follows that 
w > * l ) 2 m .ml 


m ~0 


2*31. Bessel’s investigation' of Poisson’s integral. 

The proof, that J n (z) is equal to Poisson’s integral, which was given by 
BosselJ, is somewhat elaborate; it is substantially as follows : 

It is seen on differentiation that 


d 

dS 


cos 6 sin 9 " -1 6 cos (z cos 6) — „ ■ sin 2n+I 6 sin (z cos 6) 

2n + l 


(2 n — 1) sin 8 ’ 1 * -2 6 — 2 n sin 87 * 6 + 


2n H~ 1 


sin"* 49 6 


'J cos (z cos 6), 


* Poisson aotually mado the statement (p. 293) concerning the integral whioh contains 
B i n aiH-i q j but, as ho points out on p. 840, odd powers may be replaced by even powers throughout 
his analysis. 

j Studien Uber die BcsseVechen Functional (Leipzig, 1868), p. 80. 

% Berliner Abb. 1824 [published 1826], pp. 36—87. Jaoobi, Journal fiir Math. xv. (1886), p. 18, 
[Gee. Math. Werke , vx. (1891), p. 102], when giving his proof (§ 2-82) of Poisson’s integral formula, 
objected to the artificial character of Bessel's demonstration. 
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and hence, on integration, when n^l, 

(2 n — 1 )J cos (z cos 0) sin 8 ” - * ddd — 2nJ cos (z cos 0) sin 8 ” Odd 

+ - ■ - \ f cos (z cos 6) sin 3 ”* 2 ddd - 0. 
2 » + lJo 

If now we write 

T in + Zr^ll 006 008 6) 9d> 3 * 

the last formula shews that 

z<f) (n — 1) — 2 n<f> ( n ) + z<f> (n + 1) = 0, 
so that 0(n) and J n (z) satisfy the same recurrence formula. 

But, by using Bessel’s integral, it is evident that 

4 * (0) = *A) (s)j 


<f) (1) = ~J cos (z cos d) sin 2 ddd — — ^ J jsin (s cos 0) 
1 

= - sin (z cos 6) cos Odd — — J(z) — ( z ), 

rrrJo ' 

and so, by induction from the recurrence formula, we have 

4>(n)~J„ (z), 

when n » 0,1, 2, 8, .... 


sin ddd 


2 32. Jacobi's investigation of Poisson's integral. 

The problem of the direct transformation of Poisson’s integral into Bessel’s 
integral was successfully attacked by Jacobi*; this method necessitates the use 
of Jacobi’s transformation formula 

fin -1 ainsn-a g i. 3 .5 ... (2n - 1) . . 

-——— = (-)”- 1 -^- 1 sin nd t 

dp n1 w n 

where p = cos 0. We shall assume this formula for the moment, and, since no 
simple direct proof of it seems to have been previously published, we shall 
give an account of various proofs in §§ 2*321—2*323. 

If we observe that the-first n—1 derivates of (1 — p 2 ) n ~^ with respect to 
p, vanish when p — ± 1, it is evident that, by n partial integrations, we have 

z n j cos (z cos 0) sin*” ddd = z n J cos (zp). (1 - /u. 3 )”-* dp 

rl /7n f\ _ 

= (-)” J i COS (zp - \nir) -- dp. 

* Journal filr Math. acv. (1880), pp. 12—18. [Oes. Math. Werhe, vi. (1891), pp. 101—102.] See 
also Journal de Math. i. (1886), pp. 195—196. 
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2-32- 2-321] 


If we now use Jacobi’s formula, this becomes 
1.3.5 ... (2?t —1) 


if 1 , ■ .dainnd 

•J_i eos^-pw) 


dfi 


= 1.3.5... (2 n — 1) I cos (z cos 6 - ^nw) cos nddO 
Jo 

= 1.3.5... (2n — 1) irJn (z), 

by Jacobi’s modification of § 2*2 (8) and (9), since cos (z cos 6 — \mr) is equal 
to (—)4» cos (z cos 6) or (-)4< n-1 > sin (z cos 6) according as n is even or odd; and 
this establishes the transformation. 

2*321. Proofs of Jacobis transformation. 

Jacobi’s proof of the transformation formula used in § 2*32 consisted in deriving it 
as a special case of a formula due to Lacroix*; but the proof which Lacroix gave of 
his formula is open to objection in that it involves the use of infinite series to obtain 
a result of an elementary character. A proof, based on the theory of linear differential 
equations, was discovered by Liouville, Journal de Math. vi. (1841), pp. 69—73; this 
proof will be given in § 2*322. Two years after Liouville, an interesting symbolic pi*oof 
was published by Jloole, Camb. Math. Journal , in. (1843), pp. 216—224. An elementary 
proof by induction was given by Grunort, Archie der Math. uml Phys. iv. (1844), pp. 104— 
109. This proof consists in shewing that, if 

then B n + 1 = (l-/i a ) « (rt-1) J*e n dp, 

and that ( - ) H ~ 1 1.3.6 (2 n — 1) (Bin nd)jn satisfies the samo recurrence formula. 

Other proofs of this character have bcon given by Tudhunter, Differential Calculus 
(London 1871), Ob. xxvni., and Crawfordt, Proc. Edinburgh Math. Soo. xx. (1902), 
pp. 11—16, but all tlieso proofs involve complicated algebra. 

A proof depending on the use of contour integration is due to Schltifli, Ann. di Mat. (2) 
v. (1873), pp. 201—202. The contour integrals are of the type usod in establishing 
Lagrange's expansion; and in § 2*323 we shall givo tho modification of Schliifli’s proof, 
iii which tho use of contour integrals is replaced by a use of Lagrange’s expulsion. 

To prove Jacobi's formula, differentiate by Loibni/.’ theorem, thus: 

( — )“ ~ 1 h ‘ 

1.3.5... (2n- l)dg.” 


{(l- M )»-i(l+p)«-lf 


2" 1 ~ 


V 1 ( _ r (" - h) (»-S) - («- wi .+ 4) n _ u y«+i fi 

} n ~ l m g.® ...(i»+4) u k H 


= 2 ( - ) m ‘iiJV*m+i( H i n W) s “ + 1 (cos ifl/* 2 ' 1-2 "* -1 
m -- (I 

— Hin ( 2 /t X A 0 ), 

and tliiH is the transformation required J. 

* Truitt' du Calc. I tiff. x. (I’ariH, 1810, 2nd edition), pp. 182—183. See also a note written by 
Catalan in 1808, Mini, tie la Sac. It. den Sci. dc Liege, (2) xii. (1885), pp. 312—310. 

■(• Crawford attributes tho formula to Rodrigues, poHsibly in consequence of an inoorreot state¬ 
ment by Frenet, Iiceucil d'Kxercieea (Paris, 1806), p. 03, that it is given in Rodrigues’ dissertation, 
Cor reap, aur TEcole It. Poly technique, in. (1814—1810), pp. 301—885. 
j I owe this proof to Mr C. T. Preece. 
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2*322. Ziouville’s proof of Jacobis transformation. 

The proof given by Liouville of Jacobi’s formula is as follows: 
Lety«(l-/t s ) w ~^ and let D be written for d(dp\ then obviously 
(1-p 8 ) Dy+($n-\) ny=*0. 
Differentiate this equation n times; and then 


but 

so that 
Hence 


(1 — fi 2 ) D n+1 y— fiD n y+oi i l) n ~ x i/ =0: 

D*~ 1 y—Aainn6+BQOBnd, 


where A and B are constants; sinoe D n ~ 1 y is obviously an odd function of 6, B is zero. 
To determine A compare the coefficients of 6 in the expansions of Z n ~ i y and A sin nd in 
ascending powers of 6. The term involving 6 in D n ~ l y is easily seen to be 

(zm) n l 1) (2»-3)... 3.1. & 

so that —.3.B... (2n-l), 


and thence we have the result, namely 

dfa-tsinSn-ifl 1.3.5...(2n-l) . - 

---s=(_)»-i-^ - >. sin n $' 

dfi n 1 ' n 


2*323. SchUytia -proof of Jacobis transformation. 

We first recall Lagrange’s expansion, which is that, if z~\u+hf (z), then 


so that *-<») frlS ^0)]. 

subject to the usual conditions of convergence*. 

Now take /(«)■- i(1 -8 s ), <j>' ( 0 ) 

it being supposed that (z) reduces to J{1 - p 2 ), i.e. to sin 6 when A-»-0. 

The singularities of z qua funotion of h are at h <=• e ±ie ; and so, when 6 is real, the ex¬ 
pansion of a /(1 —a 2 ) in powers of h is convergent when both | h | and | z | are less than unity. 

Now 0 ={l-^(l- 2 /iA+ h 3 )}/h, 


and so 

Hence it follows that 


3s 1 „ (l^he-U^-il-he* 6 )* 

dji** J(l-2fji+wy .hi 


(_)n- 


dt n ~t Bin 2n_1 $ . 


2* -1 .(» —1)1 dy. n ~ l 
pansion of ^/(l — &•). {dzjdfi) in powers of h. But it is evident that 


is the coefficient of A" -1 in the ex- 


/f 3s (l-Aa")‘-i-(l-As- ie )-V - 1.3.6... (271-1) 

hT n Z.i 2.4.6... (2n) • i A * 

and a consideration of the coefficient of A 51 " 1 in the last expression establishes the truth of 
Jacobi’s formula. 


Of. Modern Analysis, § 7*82. 
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2 33. An application of JacobUs transformation. 

The formal expansion 

I m ^ qq 

J # / (cob x) cos nxdx = ^2 (-)»« m /»+») (co 8 «) <fo, 

in which a m is the coefficient of <•**> in the expansion of J,(t)/JM) in as¬ 
cending powers of t has been studied by Jacobi*. To establish it, integrate 
the expression on the left n times by parts; it transforms.(§ 2'32) into 

1 f" 

075...(2n-l) JA' n> *' C0S siQ "*d«, 
and, when sin“« is replaced by a series of cosines of multiples ofx, this becomes 


2~4.fi 1 ..,2,0 /„> ( °° 8 •) [ X - STT 00S 2* + 


(^^TTK^^2) cos4a; “■•• , 


dx. 


We now integrate/<*>(co.«) cos 2®, /«(cosa')cos 4*. ... by parts, and by 
con inual repetitions of this process, we evidently arrive at a formal expansion 
of the type stated: When /(cos*) is a polynomial in cos*, the proofs 
obviously terminates and the transformation is certainly valid. 

To determine the values of the coefficients a w in the expansion 
J /(cos *) cos nxdx = / s (-)»a„/i“+«»i (cos c) d* 

w 0 ?n-0 ^ 

thus obtained, write 


/(cos #) as (-)*« cos (* cos #), (-)**-» sin (* cos x), 
according as w is even or odd, and we deduce from § 2-2 (8) and (9) that 

J n (t) ((-)’*/ (i)}, 

so that a m has the value stated. 


It has been stated that the expansion is valid when /(cos x) is a poly¬ 
nomial in cos#; it can, however, be established when /(cos#) is merely re¬ 
stricted to be an integral function of cos#, say 

* 6„ cos”# 

«-0 n ! ’ 


provided that Jin^| b n j is less than the smallest positive root of the equation 

J 0 (t) = 0, the investigation of this will not be given since it seems to be of 
no practical importance. 


* Journal /Ur Math. xv. (1836), pp. 26-26 [G«. Math. Werke, vi. (1891), pp. 117-1181 See 
also Jacobi, A»tr. Nach. xxvm. (1849), col. 94 [Gen. Math. Werke, vxx. (1891), p. 174]. 
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24. The addition formula for the Bessel coefficients. 

The Bessel coefficients possess an addition formula by which J n {y + z) 
may be expressed in terms of Bessel coefficients of y and z. This formula, 
which was first given by Neumann* * * § and Lommelf, is 

(1) «/«& + *)= 1 Jmiy) J a— m (*)• 

OT — -00 

The simplest way of proving this result is from the formula § 2‘2 (4), which 
gives 

1 f(0+) 

j n I r?l “ 1 ei ^ {l ~ ytl dt 

1 cio+) 00 

=is! 

1 fS f(°+) 

= 5—. t J m (y ) dt 

Zltl - oo J 

00 

= S Jm(y) Jn—m(J)> 

m --oo 

on changing the order of summation and integration in the third line of the 
analysis; and this is the result to be established. 

Numerous generalisations of this expansion will be given in Chapter xi. 


2 6. Hansen's series of squares and products of Bessel coefficients. 

Special cases of Neumann’s addition formula were given by Hansen:f as 
early as 1843. The first system of formulae is obtainable by squaring the 
fundamental expansion § 2T (1), so that 

£ trJ r (z)\\ £ t™J m (z)\. 

By expressing the product on the right as a Laurent series in t, and equating 
the coefficient of t n in the result to the coefficient of t n in the Laurent ex¬ 
pansion of the expression on the left, we find that 

J n (2z)=* £ Jr(z)Jn-*(z). 

ra — oo 

In particular, taking n = 0, we have§ 

(1) J 0 (2s) = (z) + 2 £ (-f J r * {z) - £ (-y €r «/ r 9 (s). 

r=l r=0 

* Theorie der BeneVechen Functionen (Leipzig, 1867), p. 40. 

f Studienilber die BessePschen Functionen (Leipzig, 1868), pp. 26—27; see also Sohl&fli, Math. 
Ann. m. (1871), pp. 186—187. 

t Ermittelung der absoluten Stdrungen (Gotha, 1848), p. 107 et seq. Hansen did not give (4), 
and he gave only the speoial case of (2) in which n=l. The more general formulae are due to 
Loimnel, Studien Uber die BessePachen Functionen (Leipzig, 1868), p. 881 

§ For hrevity, J H S (*) is-written in plaoe of (J n (e)} 9 . 
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2*4—2*6] 


From the general formula we find that 

(2) J n (2^) = 2 J r (z') Jn—r (z) + 22 ( ) r J r (#) tTn-f-r (#), 

r=0 r=l 

when the Bessel coefficients of negative order are removed by using § 2*1 (2). 
Similarly, since 

{ £ rj r (M)\\ £ (-rt™j m (z)\ 

^r=-oo J -oo J 

= exp {£« (t - 1 ft)} exp tyz (- t + 1 ft)} 

= 1 , 

it follows that 

(3) J 2 {z) + 2 2 Jr (z) = 1, 

r=l 

an oo 

(4) 2 (-) r J r (z)J Bn -^ r (z) + 22 «7f (#) Jan+r (z) = 0. 

r-0 r-1 

Equation (4) is derived by considering the coefficient of i* 71 in the Laurent 
expansion; the result of considering the coefficient of t 8,1+1 is nugatory. 

A very important consequence of (3), namely that, when x is real, 

(5) |«/«(0)|<1, \J r (ai)\ *!/</% 
where r = 1, 2, 3, .... was noticed by Hansen. 


2'6. Neumanns integral for «/„ a (z). 

It is evident from § 2‘2 (5) that 

J n ( Z ) = -L [ W nff)dff ) 

ITT .1 -jr 

and so 

J n 2 ( Z )=^\ V f W e ni l*++' |8lnS+8in0, 

To reduce this double integral to a single integral take new variables defined 
by the equations 

6 — <f> = 2%, <9 + 0 - 20 ’, 

so that 

3 (X« 

It follows that 

J n * (z) = ™ jj e 3 ”** e-' J '* Bin 't’ 00S x dx d0, 
where the field of integration is the square for which 

~ _7r ^X — 0^ 7r > —7r<% + 0^vr. 

Since the integrand is unaffected if both % and 0 are increased by tt, or if % 
is increased by n r while 0 is simultaneously decreased by 7 r, the field of inte¬ 
gration may evidently be taken to be the rectangle for whioh 

0 ^ ^ $ TT, - 7T ^ 0 ^ tt. 
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Hence 

d n * (#) = 2~- s f*f e sni *- slZflln 1 " 00s * df dx 

1 f* 

= -^(2, cos 

If we replace % by ? 0, according as is acute or obtuse, we obtain tin* 
result 

0) Jifi?) — - f Jm (2s sin 0) d6. 

TT.'O 

This formula may obviously be written in the form 

^ ^ n3 ( z ) — ~J dan (% z siu 6) dO, 

which is the result actually given by Neumann*. If was derived by him by 
some elaborate transformations from the addition»theorem which will be given 
in §112. The proof which has just been given is suggested by tin* pn»of of 
that addition-theorem which was published by Graf and Gublerf. 

eo tain a different form of the integral if we perform the int egrat ion 
with respect to x instead of with respect to f. This procedure gives 

(*) ~ ( do (2« sin yjf) dylr, 

so that “* 

^ J * & “ 2^ f_ v ( 2z sin ) cos 2 nyfr d^r 

' * v J 0 (2* sin f) cos 2 nyfr difr, 
a result which SchlafliJ attributed to Neumann. 


2*61. Neumann’s series for J n * ($), 

T ndiagthe b — ....«... 

tit ^ ” d ‘ hen "*»*>« term-by-fcerm, Ne.„nunn§ I 

(z) = 1 f * J (~)”» 8 j n an+am q 

»-o ml(2n + m)I ^ 

= ^ (~) m (2 n + 2m) 1 * )»n+sm 

»“° mt^2n+ ?n)l + m )j ja • 

t EiZriLv i» s ”“ r (I f ^ M«), J. 70. 

“•* h ^ ^ i teStSf 41,15 •** - STpuo. 
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This result was written by Neumann in the form 

/]\ j 3 ( z \ _ (¥ z ) m h, TjZ* __ TjZ 1 

{ ) n{ ) ~ (nlf [ I (2n + 1) + 1,2 , (2w + 1) 
where 


[ I (2n + 1) ' 1.2. (2w + 1) (2n + 2) 
_ 2n + 1 

2 2?i + 2 ’ 

(2w + 1) (2w + 3) 

4 (2n + 2)(2n + 4)’ 

r p (2n + 1) ( 2n + 3) (2 n + 5) 

1 B — (2n + 2.) (2n + 4) (2n + 6) * 


This expansion is a special case of a more general expansion (due to 
Schlafli) for the product of any two Bessel functions as a series of powers with 
comparatively simple coefficients (§ 5’41). 


2’7. tSchlomilch’s expansion of z m in a series of Bessel coefficients. 

We shall now obtain the result which was .foreshadowed in §2'22 con¬ 
cerning the expansibility of z in in a series of Bessel coefficients, where m is any 
positive integer. The result for m— 0 has already been given in § 2*22 (7). 

In the results §2'22(1) and (2) substitute for cos 2nd and sin(2»+ 1)0 
their expansions in powers of sin a 0. These expansions are* 

c°B 2 nd = 2 0 (-)* (2 «r, 

8i „ < 2) ‘ +1 ) 9 - \ A (-)* ? (2 8111 e)K+> - 

The results of substitution are 

(coa <8 a in e) = j, w + 2 f j m o«) j lyy < 2 sin e) “] ■ 

I “ (»«-A ^ «(A (-)■ ! < 2 sin ^‘l • 

If we rearrange the series on the right as power series in sin 0 (assuming 
that it is permissible to do so), we have 

/ • /v. ( r / N « " r / J . * (-)*(2sin0) !W f ^ 2w..(n+s—1)! r J 

oc»(«m«)=|4(*) + 2 2y»(*)|+ - ,, s); ' {£ J -«}- 

2 (-)»(2ain 0) sa+1 f “ (2n +1) . (n + s)! r . 

sm(*8in0)= X ~ ~/o—~~TT|—1 2--. — / - -L-- L J m+1 (z )\. 

«=o (2 a* +1)! („-• (»“*)! J 


W. B. V. 


Cf. Hobson, Plane Trigonometry (1918), §§80, 82. 


3 
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If we expand the left-hand sides in powers of sin 0 and equate coefficients, 
we find that 


l-Ji(j) + 2 X «/*>(*), 




= 1,2,3,...) 


«rV“- « 2n.(n + «-l)! r , . 

(l*r« = J 4 ( - 2 ” + („ ) j|”|' f8)1 -W(*)■ (• -0,1, 2,...) 

The first of these is the result already obtained; the others may be com¬ 
bined into the single formula 


( 1 ) 


(W“- S + — m („-l, 2, 3,...) 

♦t*o nl 


, The particular cases of (1) for which m — 1, 2,3, were given by Schlomilch*. 
He also shewed how to obtain the general formula which was given explicitly 
some years later by Neumann j - and LommelJ. 


The rearrangement of the double series now needs justification; the rearrangement is 
permissible if we can establish the absolute convergence of the double series. 

If we make use of the inequalities 


I * / an+1 ( 2 ) | < exp (i | * | 8 ), (»>«), 

nth the series for sin (z sin 6) we see that 

« <2n + l).(n+f)l, r » 12sin0 I 2 * +1 - |* 2 |*» 


« sinh(|«sm0|) exp ($| 2 |*), 

and so the series of moduli is convergent. The series for cos (a sin 6) may be treated iu 
a similar manner. 


The somewhat elaborate analysis which has just been given is avoided in 
Lommel’s proof by induction, btit this proof suffers from the fact that it is 
supposed that the form of' the expansion is known and merely needs verifica¬ 
tion. If, following Lommel, we assume that 


n=0 


(m+ 2n). (m + n —1)1 


' m+*n 


(*), 


* Zeitaehrift fiir Math . und Phys. n. (1867), pp. 140—141. 
t Theorie da' Bessel'schen Functionen (Leipzig, 1867), p. 88. 

t Studien {Her die BesteFtchen Functionen (Leipzig, 1868), pp. 86—86. Lommel’s investigation 
is given latex in this section. 
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[which has been proved in § 2-22 (8) in the special case m = 1], we have 




^ (m + 2 n ). (m + n — 1)! 

n=0 71! 


\z J TO +an (#) 


W n-i| »I (n — 1)! 

— V (tw + ri) 1 /•. r , 

«-! la 8 '^m+an (2) + $£ t/ wl +87 t , ( . 8 (#)} 


__ y (to + 1 + 2n ) . (to 4- n)! T / s 
n t o ~nl "m-ri+vn \Z). 

Since (m + »)l Jm+ in ( z)/n\-*-0 as n -*• oo , the rearrangement in the third 
me of the analysis is permissible. It is obvious from this result that the in¬ 
duction holds for to a* 2, 3, 4, .... 


An extremely elegant proof of the expansion, due to A. 0. Dixon* is as follows:— 

Let ? be a complex variable and let « be defined by the equation so that when 

i describes a small circuit round the origin (inside the circle 1 1 1 = 1), « does the same. 

We then have 


(&) m = 


2U1+1 


! Mo+) 

Hr* J 


m 1 r 
2 m + i ui ] 


u m 1 exp (zju) du 


(°t) 1 ft H m 

exp(-i .0-1/0}. ±=Jr* 


-sh r' <-»(«-1/0) d , 


n ! 


_ " (m + 2»).(m-Ht-l)! 

„to" 7A! ■'«+*.(*)» 

when wo calculate the sum of the residues at the origin for the last integral; the inter¬ 
change of the order of summation and integration is permitted because the series converges 
uniformly on the contour ; and the required result is obtained. 

[noth. Whon m is zero, ~ has to bo replaced by 


2*71. Schlomilch'a expansions of the type 2n>'J n (z). 

The formulae 

( 1 ) 2 (22 P {ir,) 

**=1 TO=0 2,11 

(2) l (2?»+ l)‘4’+i J tn+l (z)= I + 

in which p is any positive integer [zero iucludod in (2) but not in (1)] and is a numeri¬ 
cal coefficient, are evidently very olosely connected with the results of § 2-7. The formulae) 

* Messenger, xxxn. (1908), p. 8; a proof on the same lines for the case m=l had been pre¬ 
viously given by Kapteyn, Nieuw Archief voor Wiskunde , xx. (1898), p. 120. 

3—2 
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were obtained by Sohldmilch, 
gave, as the value of 

(3) 


Zeittchrift filr Math, und Pkys. n. (1857), p. 141, and he 
Wj») <* w ( -? nC^m-MY 


where is a binomial coefficient and the last term of the summation is that for whioh k 
is £*n-1 or £(m—l). To prove the first formula, take the equation § 2*22 (I), differentiate 
2p times with respect to 0, and then make 6 equal to zero. It is thus found that 


2 {-y 2 Jjjn (z) 

*=i 


~d%> cos (z sin 8) 




L dP* 


" ( - yn jpn sj n 2m 
m=o (2wi)! _|fl=0' 


The terms of the series for which m>p t when expanded in ascending powers of d, 
contain no term in and so it is sufficient to evaluate 


r C& P ( - )» l 2 8 " 1 sin *” 1 81 V 2 m |~ flip 

[d&lo (8») ! l-o = m lo (2 m )! t£ 0 { (Sp JJ»-o 

(*»-**>• 

since terms equidistant from the beginning and the end of the summation with respect to 
k are equal. The truth of equation (1) is now evident, and equation (2) is proved in a 
similar manner from § 2-22 (2). 

The reader will easily establish the following special cases, which were stated by 
SchlOmilch: 

11 8 J u (z) +3 s J s (z)+5* J & (t)+ ...=$ (*+*»), 

(4), | (s)+4® J 4 (*)+6*.7 a (*)+... 

V2.3.4 J s (*)+4. 5.6 J 6 (*)+6.7.8 J" 7 (*)+... 


2*72. Neumann's expansion of zF* as a series of squares of Bessel coefficients. 

From SchlcJmilch’s expansion (§ 2*7) of as a series of Bessel coefficients 
of even order, it is easy to derive an expansion of as a series of squares of 
Bessel coefficients, by using Neumann’s integral given in § 2’6. 

Thus, if we take the expansion 


v (2m + 2n).(2m+n —1)! r /n . 

{z sm a) - ^ - - */m+»i(2*Bin0), 


and integrate with respect to $, we find that 


t r 

so that (when m > 0) 


i + ).(2m + »-l) ! .. 

Jo o n 1 m+n 


0 ), 





(ffll) 1 I (2m + 2tt).(2m + w~l)! r . 

(2m) ! n =o tT\ J nt+n ^J‘ 
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This result was given by Neumann*. An alternative form is 

( 2 ) 

and this is true when m — 0, for it then reduces to Hansen’s formula of § 2*5. 


/i vim (*»!)• S. r(n + m) r . . 

^ “(2w)! ^ m ne *T(n-m + l) Jn 


As special oases, we have 

/ 1 00 
(z* = k 2 


(3) 


<»• 4?i 2 J n * (z), 


1. 


** = 6~~Z s f n • 4 n* (47i 2 - 2 s ) «7 n 2 (a), 

a . ^ n=2 

afl . Ilf-'-** 2 « n . 4n 2 (4n« - 2 s ) (4n a - 4 8 ) ^ (a), 
4.0.0 n ~8 


If we differentiate (1), use § 2*12 (2) and theu rearrange, it is readily found that 

<« jr w ., ww , 

an expansion whose existence was indicated by Neumann. 


Leipziger Beriehte, xxi. (1869), p. 226. [Math. Ann. ni. (1871), p. 686.] 




CHAPTER III 


BESSEL FUNCTIONS 


3*1. The generalisation of Bessel’s differential equation. 


The Bessel coefficients, which were discussed in Chapter II, are functions 
of two variables, z and n, of which z is unrestricted but n has hitherto been 
required to be an integer. We shall now generalise these functions so as to 
have functions o? two unrestricted (complex) variables. 

This generalisation was effected by Lommel*, whose definition of a Bessel 
function was effected by a generalisation of Poisson’s integral; in the course 
of his analysis he shewed that the function, so defined, is a solution of the 
linear differential equation which is to be discussed in this section. Lommel’s 
definition of the Bessel function J v (z) of argument z and order v wasf 

Jv (z) - J*cos (z cos 6) sin 2 *' 8d6, 

and the integral on the right is convergent for general complex values .of v 
for which R(v) exceeds — Lommel apparently contemplated only real 
values of v, the extension to complex values being effected by HankelJ; 
functions of order less than — ^ were'defined by Lommel by means of an ex¬ 
tension of the recurrence formulae of § 2’12. 

The reader will observe, on comparing § 3*3 with § T6 that Plana and 
Poisson had investigated Bessel functions whose order is half of an odd integer 
nearly half a century before the publication of Lommel’s treatise. 

We shall now replace the integer n which occurs in Bessel’s differential 
equation by an unrestricted (real or complex) number§ v, and then define a 
Bessel function of order v to be a certain solution of this equation; it is of 
course desirable to select such a solution as reduces to J n (z) when v assumes 
the integral value n. 


We shall therefore discuss solutions of the differential equation 


which will be called Bessel’s equation for functions of order v. 


* Studien ilber die BeseeVschen Fwnctionen (Leipzig, 1868), p. 1. 

+ Integrals resembling this (with v not necessarily an integer) were studied by Dnhamel, Courts 
& Analyse, n, (Paris, 1840), pp. 118—121. 

t Math. Amt. i. (1869), p. 469. 

§ Following Lommel, we use the symbols v, n to denote unrestricted numbers, the symbols 
«, vi being reserved for integers. This distinction is customary on the Continent, though it has 
not,yet come into general use in this country. It has the obvious advantage of shewing at a 
glance whether a result is true for unrestricted functions or for functions of integral order only. 
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3*1] 


Let us now construct a solution of (1) which is valid near the origin; the 
form assumed for such a solution is a series of ascending powers of z, say 

32 c m z*+ m , 

«t=>0 

where the index a and the coefficients c m are to be determined, with the pro¬ 
viso that c 0 is not zero. 

For brevity the differential operator which occurs in (1) will be called V,, 
so that 

( 2 ) 

It is easy to see that* 


V„ 2 c m z a + m = 2 c, n {(a + m) a - v*}z a + m + 2 c m z* +m+a . 

m=0 >«=0 m=0 

The expression on the right reduces to the first term of the first series, 
namely c 0 (a 3 — v 2 ) z*, if we choose the coefficients c w so that the coefficients of 
corresponding powers of z in the two series on the right cancel. 

This choice gives the system of equations 

' Ci {(a + l) 3 — v 2 } =0 

Ca j(a + 2) z — i/ 8 } +c 0 =0 

Cj {(a 4- 3) 3 - 1 / 3 } + Ci =0 


| c m {(a + mf - v 1 } + = 0 


If, then, these equations are satisfied, we have 

(4) V„ 2 c m z a+m — G 0 (a a — tr s )zf l . 

»»-o 

From this result, it is evident that the postulated series can be a solution 
of (1) only if a= + v; for c 0 is not zero, and z* vanishes only for exceptional 
values of z. 

Now consider the equation in the system (3) when m > 1. It can be 
written in the form 

c m (a-i/+m)(a+r + wi) + <W-« = 

and bo it determines c m in terms- of c m _a for all values of in greater than 1 
unless a — v or a+ v is a negative integer, that is, unless —2i/ is a negative 
integer (when a = — p) or unless 2v is a negative integer (when a = v). 

We disregard these exceptional values of v for the moment (see §§ 3T1, 
3‘5), and then (o + w) 3 — v 3 does not vanish when m —1, 2, 3, .... It now 

* When the constants a and c m have been determined by the following analysis, the series 
obtained by formal processes is easily seen to be convergent and differentiable, so that the formal 
procedure actually produces a solution of the differential equation. 
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follows from the equations (3) that Ci = c s = c 8 = ... = 0, and that is ex¬ 
pressible in terms of Co by the equation 

(-)*' 


Cam 


C 0 


(a — v + 2)(a — v + 4) ... (a-j» + 2m)(a+v + 2) (a + v + 4)... (a + v+2 m) 
The system of equations (3)- is now satisfied; and, if we take a = v, we see 
from (4) that 

(-)”(&*)”” 


( 5 ) 


Co*” 


1 + % --- 

OT -i m I (v +1) (v + 2) ... (v + m) 


is a formal solution of equation (1). If we take a — — v, we obtain a second 
formal solution 

~i + i {-pair 

m-i m\(—v + !)(-*/ + 2)... (-v + ra)_ 


( 6 ) 


Cog-* 


In the latter, c/ has been written in place of c 0 , because the procedure of 
obtaining (6) can evidently be carried out without reference to the existence 
of (5), so that the constants Co and c Q ' are independent. 

Any values independent of z may be assigned to the constants c 0 and c 0 / ; 
but, in view of the desirability of obtaining solutions reducible to J n (g) when 
v -*■ n, we define them by the formulae* 

1 , 1 

T(-r + l)- 


0) 


C 0 — 


Co 


2-r(v+iy 

The series (5) and (6) may now be written 


» (-)«* (^z) v+am 

71=0 m! r (v + m +1)’ 


| (-) OT (^)~ t ' +am 
n-0 mir(— v + w + l)‘ 


In the circumstances considered, namely when 2v is not an integer, these series 
of powers converge for all values of z, (z = 0 excepted) and so term-by-term 
differentiations are permissible. The operations involved in the analysis f by 
which they were obtained are consequently legitimate, and so we have obtained 
bwo solutions of equation (1). 

The first 'of the two series defines a function called a Bessel fwnction of 
order v and argument z, of the first hind%\ and the function is denoted by 
the symbol J „ (z). Since v is unrestricted (apart from the condition that, for 
the present, 2v is not an integer), the second series is evidently J_„ (z). 

Accordingly, the fwnction J v {z) is defined by the equation 

(~) m (\z) v+!m 


( 8 ) 


«/■„(*)= t 


r(v + m +1) ‘ 

It is evident from § 2‘11 that this definition continues to hold when v is a 
positive integer (zero included), a Bessel function of integral order being 
identical with a Bessel coefficient. 

* For properties of the Gamma-funotion, see Modem Analysis, ch. xn. 
t Which, up to the present, has been purely formal. 

t Functions of the second and third kinds are defined in §§8*5, 8-54, 8-57, 8*6. 
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An interesting symbolic) solution of Bessel’s equation has been given by Cotter* in the 
form 

[\+* v D~ l s-* v ~ l ZT V + 1 ]" 1 (Az v +Bz~ v ), 

where D=d/dz while A and B are oonstants. This may be derived by writing successively 

[.D (zD - 2v) +z] z v y— 0, 

\zD -2v + D~ l z\z v —2vB, 

zD(z- y y) + g- 2v D~ 1 z v+l y= -2 v Bz~\ 
z- v y+l)- 1 B~ i, ’- l D- 1 z v+l y=A+Bz-*'’, 
which gives Cotter’s result. 

311. Functions whose order is half of a/n odd integer. 

In § 31, two cases of Bessel’s generalised equation were temporarily omitted 
from consideration, namely (i) when v is half of an odd integer, (ii) when v is 
an integerf. It will now be shewn that case (i) may be included in the general 
theory for unrestricted values of v. 

When v is half of an odd integer, let 

jt/3 = (r + £)*, 

where r is a positive integer or zero. 

If we take a = r + ^ in the analysis of § 31, we find that 
jci. 1 (2r 4- 2) =0, 

jcitt .m(m + 2r+l) + c,»_ a = 0, v n> ) 


^ {c„t .m(m + 2r+l) + c,»_ a = 0, (w>l) 

and so 

(2) __ 

w “ 2.4... (2m). (2r -t- 3) (2r + 6)... (2r + 2m +1) ’ 

which is the value of c^ n given by § 31 when a and v are replaced by r 4- 

If we take 

i 

c °'2r+rf (r + f)’ 

we obtain the solution • 

* 

,„=oml F (r + m +1) ’ 

which is naturally denoted by the symbol «/ r +j ( z ), so that the definition of 
§ 31 (8) is still valid. 

If, however, we take a = — r — the equations which determine c m become 

(3) fc 1 .l(-2r) =0, ( W >1). 

W \c m .m(rn-l-2r) + c 7n ^ = 0. ' ' 

As before, c u c 8 ,..., c 8r _ , are all zero, but the equation to determine Car+i is 

0 • Cqt+ i + Car—i = -0, 

and this equation is satisfied hy an arbitrary value of Ca,. +J ; when m>r, c m+l 
is defined by the equation 

. _ _ (~’)i mr ~ r Car+i _ 

° 2m+1 (2r -f- 3) (2r + 5) ... (2wt + 1). 2.4 ... (2 m- 2r)* 

* Proc. Ii. Irish. Acad, xxvii. (A), (1909), pp. 157—161. 
f The oases combine to form the case in whioh 2v is an integer. 
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If J v {z) be defined by § 3*1 (8) when y = — r — the solution now con¬ 
structed is* 

c 0 2~ r "' i r (I - r) J_w| (?) + (W+i2 r+i r (r + f) J r+i ( 2 ). 

It follows that no modification in the definition of J v (z) is necessary when 
y-±(r + J); the real peculiarity of the solution in this case is that the 
negative root of the indicial equation gives rise to a series containing two 
arbitrary constants, c fl and c». +1 , i.e. to the general solution of the differential 
equation. 

3*12. JL fmdamental system of solutions of Bessel's equation. 

It is well known that, if y x and y a are two solutions of a linear differential 
equation of the second order, and if y{ and yi denote their derivates with 
respect to the independent variable, .then the solutions are linearly inde¬ 
pendent if the Wronskian determinant f 

Vi 3 1* 

yi yi 

does not vanish identically; and if the Wronskian does vanish identically, 
then, either one of the two solutions vanishes identically, or else the ratio of 
the two solutions is a constant. 

If the Wronskian does not vanish identically, then any solution of the 
differential equation is expressible in the form y x + Ca y 2 where Cj and c a are 
constants depending on the particular solution under consideration; the 
solutions y x and y 3 are then said to form a fundamental system. 

For brevity the Wronskian of y x and ( y, will be written in the forms 

BBMyn y a }, 

the former being used when it is necessary to specify the independent variable. 
We now proceed to evaluate 

If we multiply the equations 

V„ {z) = 0, V„ J„ ( z) — 0 

by J v (z) ) J_y (z) respectively and subtract the results, we obtain an equation 
which may be written in the form 

/_(*)}]-o. 

* In connexion with series representing this solution, see Plana, Mem. delta 12. Accad. delle 
Set. di Torino , xxyi. (1821), pp. 519 —688. 

| For references to theorems concerning Wronskians, see EncyclopSdie dee Sci. Math. ii. lfr 
(§ 28), p. 109. Proofs of the theorems quoted in the text are given by Forsyth, Treatise on 
Differential Equations (1914), §§72—74. 
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IU*). J-, (*)} = -, 
8 


3-12] 

and hence, on integration, 

( 1 ) 

where 0 is a determinate constant. 

To evaluate C, we observe that, when v is not an integer , and \z\ is small, 
we have 

J. W - rjj^T) l 1 + 0 (*’)). J.' (*)- (i + o (**)], 

with similar expressions for J-„(z) and (z); and hence 

1 1 


J, w (*) - j_ w j; (m )=j | F( - 


+ i)r(-») r(»)r(-»+ij 

2 sin V7T _ , . 

+ 0 (z). 


+ 0(z) 


TTZ 


If we compare this result with (1), it is evident that the expression on the 
right which is 0(z) must vanish, and so* 

(2) ,/-.,{*)]= 2Bm " 7r 


7 TZ 


Since sin m r is not zero (because v is not an integer), the functions J v (z), 
J— v (z) form a fundamental system of solutions of equation § 31 (1). 

When v is an integer, w, we have seen that, with the definition of § 2T (2), 

J-n (?) — (~) n J n ( z ) I 

and when v is made equal to — n in § 3‘1 (8), we find that 

t /,x _ £ (-y(\z)-»+»» 

~ n {S) - m i 0 m! r(- n + m + 1) * 

Since the first n terms of the last series vanish, the series is easily reduced to 
(—) n J n (z), so that the two definitions of J_ M (z) are equivalent, and the 
functions J n (z), J~ n (z) do not form a fundamental system of solutions of 
Bessel’s equation for functions of order n. The determination of a fundamental 
system in this case will be investigated in § 3 63. 

To sum up, the function J„(z) is defined, for all values of v, by the 
expansion of § 31 (8); and J v (z), so defined, is always a solution of the equation 
V v y = 0. When v is not an integer, a fundamental system of solutions of this 
equation is formed by the functions J„ ( z ) and ,/_„ ( z). 

A generalisation of the Bessel function has been effected by F. H. Jookson in his 

researches on “basic numbere.” Briefly, a basic number [»] is defined as , where pis 

the base, and the basic Gamma function r p (v) is defined to satisfy the recurrence formula 
r P (r + l)=M. r p (r). 

The basic Bessel function is then defined by replacing the numbers which occur in the 
series for the Bessel function by baBio numbers. It has been shown that very many theorems 

* This result is due to Lommol, Math. Ann. iv. (1871), p. 104. He derived the value of C by 
making z -+■ oo and nBing the approximate formulae which wjill be investigated in Chapter vn. 
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concerning Bessel functions have their analogues in the theory of basic Bessel functions, 
hut the discussion of these analogues is outside the scope of this work. Jackson’s main 
results are to be found in a series of papers, Proa. Edinburgh Math. Soc. xxi. (1903), pp. 
66-72; xxn. (1904), pp. 80—86; Proa. Royal Soc. Edinburgh, xxv. (1904), pp. 273—276; 
Trans. Royal Soc. Edinburgh , xli. (1905), pp. 1—28, 106—118, 399—408; Proc. London 
Math. Soc. ( 2 ) I. (1904), pp, 361—366; ( 2 ) jpc. (1905), pp. 192—220; ( 2 ) m. (1905), pp. 1—23. 

The more obvious generalisation of the Bessel function, obtained by increasing the 
number of sets of factors in the denominators of the terms of the series, will be dealt with 
in § 4'4. In connexion with this generalisation see Cailler, Mint. de la Soc. de Phys. de 
Genbve, xxxrv. (1905), p. 354; another generalisation, in the shape of Bessel functions of two 
variables, has been dealt with by Whittaker, Math. Ann. lvil (1903), p. 351, and P<$rhs, 
Oonptes Rendus, olxi. (1915), pp. 168—170. 


313. General properties of J v (z). 

The series which, defines J v (z) converges absolutely and uniformly* in any 
closed domain of values of z [the origin not being a point of the domain when 
JK (i») < 0], and in any bounded domain of values of v. 

For, when |vl N and \z\ <; A, the test ratio for this series is 

cl 

m(v + m)\ m(m — N) * 

whenever m is taken to be greater than the positive root of the equation 

m % - mN — l A 4 = 0. 

This choice of m being independent of v and z, the result stated follows from 
the test of Weierstrass. 

Hence f J v (z) is an analytic function of z for all values of z (2 = 0 possibly 
being excepted ) and it is an aunalytic function of v for all values of v. 

An important consequence of this theorem is that term-by-term differen¬ 
tiations and integrations (with respect to z or v) of the series for J v (z) are 
permissible. 


An inequality due to Nielsen J should be noticed here, namely 


( 1 ) 


where 




w 


R (!+*)> 


r(v+i) 


and | i»o+l j is the smallest of the numbers } y +1 j, j ?+2 j |/-f 31 } .... 

This result may be proved in exactly the same way as § 2*11 ( 5 ); it should be com¬ 
pared with the inequalities which will be given in § 3-3. 

Finally, the function z v , which is a factor of J v (z), needs precise specifica- 

* Bromwich, Theory of Infinite Series, § 82. 
f Modem Analysis, § 6-8. 

t Math. Atm . nn. (1899), p. 280; Nyt Tidssfrift, n. B (1898), p. 78; see also Math. Arm. tv. 
(1902), p. 494. 
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tion. We define it to be exp (v log z) where the phase (or argument ) of z is 
given its principal value so that 

— 7r < arg z % 7 r. 

When it is necessary to “continue” the function J u (z) outside this range of 
values of arg z, explicit mention will be made of the process to be carried out. 


3 ' 2 . The recurrence formulae for J v (z). 

Lommel’s generalisations* of the recurrence formulae for the Bessel co¬ 
efficients (§ 2*12) are as follows: 

< J ) + 

z 

( 2 ) J(z) — J v +i (z) = 2J V ' (z), 

(3) zJJ (z) + vj v (Z ) as zJ v _ l (z), 

( 4 ) zJJ (z) — vj v {z) = - zJ v+1 ( z ). 

These are of precisely the same form as the results of § 212, the only difference 
being the substitution of the unrestricted number v for the integer n. 

To prove them, we observe first that 

- \z v J (mV = - 1 

dz 1 " dz 2 K+3m . m ! T (v + m +T) 

w ^_ ym j+am 

= w =0 2’"" 1+2TO . m! r (v + m) 

^Z'Ju-fz). 

When we differentiate out the product on the left, we at once obtain (3). 
In like manner, 




V (~) m z im 

dz m =0 2 v+a,n . m 1 r (v + ?n +T) 


CO 

2) 

»B=1 


2^+am-i. — 1)! T(v + m -f 1) 


* z zrn+\ 

= 2'+»h-».to! r(v + m + 2) 

= -z--J v+1 (z), 

whence (4) is obvious; and (2) and (1) may be obtained by adding and sub¬ 
tracting (3) and (4). 


Stildien ilber die BeaaeV achen Functionen (Leipzig, 1868), pp, 2, 6, 7. Formula (8) ■was given 
vrhen v is half of an odd integer by Plana, Mem. della R. Acead. dclle Sci. di Torino, xxvi. (1821), 
p. 583. 1 1 
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We can now obtain the generalised formulae 

(5) (i= 

(6) 

by repeated differentiations, when m is any positive integer. 

Lommel obtained all these results from his generalisation of Poisson's 
integral which has been described in § 3* * * § 1. 

The formula (1) has been extensively used* in the construction of Tables 
of Bessel functions. 

By expressing J v - X (z) and J x _ v (z) in terms of J± v ( z ) and J'± v (z) by (3) 
and (4), we can derive Lommel’s formulaf 

(7) J.O) (*) + 0) J,_, (*) = 

from formula (2) of § 8*12. 

An interesting consequence of (1) and (2) is that, if Q v (z) s JJ* (z), then 

( 8 ) Q v -i{z)-Q v +x(z) = ~ QJ{*) 

Z 

this formula was discovered by liommel, who derived various consequences of it, Studien 
ilber die Beasd’schen Functional (Leipzig, 1868), pp. 48 et seq. See also Neumann, Math. 
Ann. Hi. (1871), p. 600. 


3 * 21 . Bessel functions of complex order. 

The real and imaginary parts of the function J v+ill (x), where v, \l and x 
are real, have been discussed in some detail by Lommel;}:, and his results were 
subsequently extended by B6cher§. 

In particular, after defining the real functions K Pth (x) and S Vi>l (x) by the 
equation || 

• ( 4 

(a-) = p + ^ + £) rTJ) ^ + l ^' ,M 

Lommel obtained the results 


a) 

( 2 ) 

( 3 ) 


df 

da 8 


{2T„ iU (a?) ± iS Vtlt {x)} + \K Pifl (x) + 


2 (v ± ifi,) 4-1 d 


fa (®) i — 0, 


~ -2"k inif) 4* K (x\ 

8y+ x ,(l if) — Sy, n if) 4 "S y t fi ( X), 


* See, e.g. Lommel, Milnchener Ahh . xv. (1884—1886), pp. 644—647. 

f Math. Ann. it. (1871), p. 105. Some associated formulae are given in § 8’OS. 

$ Math. Ann. m. (1871), pp. 481—486. 

§ Anna,!* of Math. vi. (1892), pp. 187—160. 

|| The reason for inserting the faotor on the right is apparent from formulae which will be 
established in § 3*8. 
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with numerous other formulae of like character. These results seem to be of 
no great importance, and consequently we merely refer the reader to the 
memoirs in which they were published. 

In the special case in which v — 0, Bessel’s equation becomes 


d'y^dy 


+ s -r- + (z a + y?) y = 0; 


dz^ dz 


solutions of this equation in the form of series were given by Boole* many 
years ago. 


3'3. LommeVs expression of J v {z) by an integral of Poissons type. 

We shall now shew that, when R (v) > - £, then 

(1) J v (z) = J o cos (z cos 6) sin ^OdO. 

It was proved by Poisson f that, when 2v is a positive integer (zero in¬ 
cluded), the expression on the right is a solution of Bessel’s equation; and 
this expression was adopted by LommelJ as the definition of J v (z) for positive 
values of v + 

Lommol .subsequently proved that the function, so defined, is a solution of Bessel’s 
generalised equation and that it satisfies the recurrence formulae of § 3 2; and ho then 
defined J v (s) for values of v in the intervals ( —|, — ^)i (— if, -$), (-{, ... by suc¬ 

cessive applications of $ 3‘2 (1). 

To deduce (1) from the.definition of J v (z) adopted in this work, we trans¬ 
form the general term of the series for J v (z) in the following manner: 

(~) m ($*)*_•_ ( -^(Ig)” z m ' r {v + 4) T (m + £) 

vn 1 P {y + in + 1) P (v -I- ^ ) T (h ) (27 n )! P {y + 7?i -f-1) 


provided that R(v) > — 

Now when R(v)^\, the series 

“ (~) m z m 

w«i (2w)! 


= <=£<**)’ 


^-J(l _ t yn -1 


converges uniformly with respect to t throughout the interval (0,1), and so’it. 
may be integrated term-by-term; on adding to the result the term for which 


* Phil. Tram, of the Royal Sac. 1844, p. 239. See also a question set in the Mathematical 
Tripos, 1894. 

f Journal de V Scale It. Polytechnique , xn. (oahier 19), (1823), pp. 300 et seq., 840 ct seq. 
Strictly speaking, Poisson shewed that, when 2 y is an odd integer, the expression on the right 
multiplied by Jz is a solution of the equation derived from Bessel’s equation by the appropriate 
ohauge of dependent variable. 

£ Studien ilbcr die BeeteVschen Punctionen (Leipzig, 1808), pp. 1 et seq. 
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w=0, namely J — ^dt, which is convergent, wo find that, whom 
R(v)>b 

T f.\ -ML f V - 0"“’H ,u 

/ ’ w 'r(v+i)rfl)j„' ! L?„-(I m)T~ r ft ' 


whence the result stated follows by making the substitution t niii 3 0 itnd 
using the fact that the integrand is unaffected by writing 7 r — 0 in jilaon of tl 

Wljen — ^<i2(v)<J, the analysis neoessary to establish the bust <*<| nation in a l it * Jr* 
more elaborate. The simplest procedure seems to be to take tlio uerinn with t in- liiv.1 two 
toms (Knitted and integrate by parts, thus 

3 

*-* ( 2 m)! Jo n=aP + f ( 2 m)! J 0 Z ■ *" 

J'o*+i.U-i ( 2 m) 1 ' ^ " /J | ( 

J 0>+'i <(! I„i, (2m) | '■ 1 '- 1 / l/ ' 

-fW; l-)"*- ,. <r -)i 

J 0 U- 2 (2m)! ^ ^ / r/ '* 

on integrating by parts a second time. The intern}™™* . 

integration in the second line of analysis is permissihh! ^ J* “ ,> * i 

convergence of the serias. On adding the inJmL ° account of th«> umftTiiiitv - f 
{whichareeoovergent), h ™ » • 

It follows that, when R(v)>-^ then 


r /_x (ia) v /1 

r (v + J) T (1) l 0 ?'* d ~ O'* cos {* (1 _ 


*)*} 


Obvious transformations of this result, in addition 

(S) p 

r ( y +i)r(i)i 0 (1 ~ cos (zt) dt, 

(3) = _(|f£ 

r (* + i) r (J) J _p “ COS (*$) 

(4) /„(*)=—JifL f 1 , 

r (" + i)r (i)J J 1 e^dt, 

to) j y (z)= ^_ _fiIT 

r (* + i) T ($) j 0 cos (* cos 0) sin 2 *' 

< 6 * Mi r- 

_ , ■ r <»+i) rJ, 

tat formula obtained by a partial in. .■ 

v, of (6) ' namely 

issometime a. r(l, + i)r <i> 81111 (*'«»'9)'cos Bd0 

lme,USeW;iti8 ^ d »lywbenfe W>i . 


to (1), are the following 
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An expansion involving Bernoulliau polynomials has been obtained from (4) by Nielsen* 
with the help of the expansion 

in which <f) n (£) denotes the nth Bernoullian polynomial and a = izt. 

[Note. Integrals of the type (3) were studied before Poisson by Plana, Mem. ddla R. 
Accad. dellc Sci. di Torino , xxvi. (1821), pp. 519—538, and subsequently by Kummer, 
Journal ftlr Math. xn. (1834), pp. 144—147; Lobatto, Journal fHr Math. XVII. (1837), pp. 
303—371 j and Duhamol, Cours d'Analyse, n. (Paris, 1840), pp. 118—121. 

A function, substantially equivalent to J v (s), defined by the equation 

J (yn, x) = f (1 — r a y A cos vx. dv, 

J o 

was investigated by Loramel, Archiv dcr Math, und Phys. xxxvil. (1861), pp. 349—360. 
The converse problem of obtaining the differential equation satisfied by 

/ J P e zv (v-af 1 (v-py- 1 dv 

was also discussed by Lomtnel, Archie dcr Math, und Phys. XL. (1863), pp. 101—126. In 
connexion with this integral see also Euler, Inst. Calc. Int. II. (Petersburg, 1769), § 1036, 
and Petzval, Integration dor linearen Differentialgleichungen (Vienna, 1851), p. 48.] 


3*31. Inequalities derived from Poisson’s integral. 

From § 3 3 (G) it follows that, if v bo real and greater than — ■£, then 


(l) ! J v (z) | <; Y(}+f) r(f) j„ exp 1 7 WI Bina ’' 6d6 


i>+i) 


exp!/(«)(. 


By using the recurrence formulae § 3*2 (1) and (4), we deduce in a similar 
manner that 


( 2 ) 

(3) 


I •/.(*)!< 

•A/ ('*) 


(^y 


r(v + i) 

.. ! I 
>2 i r(y)! 


1 + 
1 + v 


KWI 


(v + l)(v+ Si) I 


exp \I{z)\ 


v{v +1) 


exp \I(z)\ 


(-f 


(v>- £)• 


By using the expression*)* [2/(i tz )}* cos z for «/_$ ( z ) it may be shewn that 
(1) is valid when v — — -J. 

These inequalities should be compared with the less stringent inequalities 
obtained in §3T3. When v is complex, inequalities of a more complicated 
character can be obtained in the same manner, but they are of no great im¬ 
portance. 


* Math. Ann. lix. (1904), p. 108. The notation used in the text iB that given in Modem 
Analysis , § 7*2; Nielsen uses a different notation. 

f The reader should have no difficulty in verifying this result. A formal proof of a more 
general theorem will be given in § 8'4. 


W. B. F. 


4 
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3‘32. Gegeiibauei's generalisation of Poisson’s integral. 

The integral formula 

in which G n v (t) is the coefficient of a n in the expansion of (I — 2 at + a i )~ v m 
ascending powers of a, is due to Gegenbauer*; the formula is valid when 
R (v) > — ^ and n is any of the integers 0,1, 2, .... When n = 0, it obviously 
reduces to Poisson’s integral. 

In the special case in which v — \, the integral assumes t^e fonn 

(2) J n+i (e) m (-i) n (J~^ e* 008 & P n (cos 6) sin Odd', 

this equation has been the subject of detailed study by Whittakert- 
To prove Gegenbauer’s formula, we take Poisson’s integral in the form 

and integrate n times by parts ^ the result is 

Now it is known thatj 

at* -r(V+i)r(2i+»)— (1-() 

whence we have 

(3) J (s) * ‘O’* • ^ (% v ) • n • Qs Z ) V f 1 girt Q _ v(f) fa 

[) ^ ' r(i/ + i)r<i)r(2» + n)J-i (1 

and Gegenbauer’s result is evident. 

A symbolic form of Gegenhauer’s equation is 

<*) (-<r<V (a) : 

this was given by Rayleigh § in the special case v = h. 


The reader will find it instructive to establish (3) by induction with the aid of the 
recurrence formula 

* Wiener SiUmgsberichte, ucyn. (2), (1873), p. 203; ra*. (2), (1873), p. 15.. Bee also Bauer, 
■MUnchener Bitzungeberichte, v. (1876), p. 262, and 0. A. Smith, Oiornale di Mat. (2) xn. (1905), 
pp. 865—878. _ The function G n v (l) has been extensively studied by Gegenbauer in a series of 
memoirs in the Wiener Bitzungeberichte ; some of the more important results obtained by him are 
given in Modern Analysis, g 15*8. 

t Proc. London Math . Soc. xxxv. (1903), pp. 198-206. See §§ 6‘17, 105. 

$ Of. Modem Analysis, g 15*8. 

g Proc. London Math. Boo. iv. (1878), pp. 100, 268, 
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A formula whioh is a kind of converse of (4), namely* 


(5) 


*C (P a +« 2 )) ! 


r(v-p+i) 


(4y* 


^(/> a +«V r(r + l)(p 2 +«*)^ ^ 
in which P~ li denotes a generalised Legendre funotion, is duo to Filon, Phil. Mag. (6) vi. 
(1903), p. 198; the proof of this formula is left to the reader. 

3*33. Gegenbauer’s double integral of Poisson’s type. 

It has been shewn by Gegenbauerf that, when R (y) > 0, 

(1) J v («r) = Jp j jj J J exp [iZ cos 9 — iz (cos (f> cos 9 + sin <f> sin 9 cos njr)] 

sin 21 ' -1 "yjr sin 81 ' 9d^ d9 , 

where ■or 8 = Z* + z* — 2 Zz cos <f> and Z, z, <f> are unrestricted (complex) variables. 
This result was originally obtained by Gegenbauer by applying elaborate in¬ 
tegral transformations to certain addition formulae which will be discussed in 
Chapter XI. It is possible, however, to obtain the formula in a quite natural 
manner by means of transformations of a type used in the geometry of the 
sphere J. 

After noticing that, when z — 0, the formula reduces to a result which is 
an obvious consequence of Poisson’s integral, namely 

J v ( Z) — f e ix<,,0H6 sin 2 *' 6. I sin 81 ' -1 vlr drJr, 

IT 1 \V) .'() .*<> 

we proceed to regard and 9 as longitude and colatitude of a point on a 
unit sphere; we denote the direction-cosines of the vector from the centre to 
this point by (l, m, n) and the element of surface at the point by dco. 

We then transform Poisson’s integral by making a cyclical interchange of 
the coordinate axes in the following manner§ : 

(ur) = J j e i ' arM> ' 6 sin 8 *' 9 sin 2 ''- 1 \jrd9dyjr 

-Q&1 ff e ™ n m»-'dco 

~ n-r (v)J J m>0 m (ico 

= —f [ e M n 2v ~' doi 
ttP (v)J j 

(|ct) v rt* n* 

7tT ( V ) 


r I* f** . 

gMT Hill 0 COS * C0S 3^ -1 ff gi n Qfo 

J 0 J 0 


* It is supposed tlmt 

Wz V + 
sy ~ r (i*-/t+i) ‘ 

t Wiener Sitzmigaberichte, i.xxiv, (‘2), (1877), pp. 128—129. 

X Thin method is effective in proving numerous formulae of which analytical proofs wore 
iven by Gegenbauer ; and it seems not unlikely that he discovered these formulae by the method 
l question ; of. §§ 12'12, 12-14, The device is UBed by Beltrami, Lombardo Reiuliconli, (2) xnt. 
L880), p. 828, for a father different purpose. 

§ The symbol JJ W ^ 0 means that the integration extends over the Rurface of the hemisphere on 
hioh 7ii is positive. 


4—2 
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Now the integrand is an integral periodic function of i/r, and so the limits of 
integration with respect to yfr may be taken to be a and a + 2tt, where a is an 
arbitrary (complex) number. This follows from Cauchy’s theorem. 

We thus get 

ctwY' r* /‘°+s ,r • . - 

J„ (or) = -fr/i I ainflcos^cos*" -1 8sin 8dyfrdo 

Wl (V)J o J a 

=s -- >v^ \ [ I e ^Bin«°°8 (++*) C0S sr-i 8 sin 6d^rd6. 
irl (j/)Jo Jo. 

We now define a by the pair of equations 

■w cos o » Z rf cos <j>, w sin a = z sin <f>, 

so that 

(Aw)” [b* f®* . . /.-j 

J v (gi) i = ^ r ^ j J exp [t (Z—z cos <f>) sin 0 cos -v/r - iz Bin <f> sin yfr sin 8] 

cos*’’ -1 8 sin OdyjrdO. 

The only difference between this formula and the formula 

Jv (ur) = J j exp [im sin 8 cos cos *" -1 8 si n 8d^r dd 

is in the form of the exponential factor; and we now retrace the steps of the 
analysis with the modified form of the exponential factor. When the steps are 
retraced the successive exponents are 

i(Z — z cos <p)l — iz sin <f> . m, 
i(Z—z cos <f>)n — iz sin <f>. I, 
i (Z—z cos <f>) cos 8 — iz sin <fi cos yp' sin 6. 

The last expression is 

%Z cos 8 — iz (cos <p cos 6 + sin <f> sin 8 cos -ty), 
so that the result of retracing the steps is 

(£«■)" .[* f* 

7 rT(v) J o J o er P ^ 008 8— iz (cos <£ cos 0 + sin </> sin 0 cos ^)] 

sin 9 ” -1 yfr sin 8 " 8dyjrd8, 

and consequently Gegenbauer’s formula is established. 

The device of using transformations of polar coordinates, after the manner of 
this section, to evaluate definite integrals seems to be due to Legendre, M4m, de VAcad. des 
Sci., 1789, p. 372, and Poisson, Mfan. de VAcad. dee Sci. iil (1818), p.126.] 


3’4. The expression of J±( H+ ±y(z) in finite terms. 

We shall now»deduce from Poisson’s integral the important theorem that, 
when v is half of an odd integer, the function J v (z) is expressible infinite t&ims 
by means of algebraic and trigonometrical functions of z. 

It will appear later (§ 4‘74) that, when v has not such a value, then /„ (z) 
is not so expressible; bnt of course this converse theorem is of a much more 
recondite character than the theorem which is now about to he proved. 
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[Nora. Solutions in finite terms of differential equations associated with 0 s ) were ob¬ 

tained by various early writers; it was observed by Euler, Mxac. Taurinenau t, in. (1762— 
1765), p. 76 that a solution of the equation'for (z) is expressible in finite terms; while 

the equation satisfied by z* (?) was solved in finite terms by Laplace, Conn, des Terns. 
1823 [1820], pp. 246—257 and Mdcanique Cileate , v. (Paris, 1825), pp. 82—84; by Plana, Mem. 
della R. Accad. delle Sci. di Torino , xxvi. (1821); pp. 533—534; by Paoli, Mem. di Mat. e 
di Fis. (Modena), xx. (1828), pp. 183—188; and also by Stokes in 1850, Trans. Camb. Phil. 
Soc. ix. (1856), p. 187 (Math, and Phys. Papers, 11 . (1883), p. 356]. The investigation 
which will now be given is based on the work of Lornmel, Studien liber die BeaaeVtchen 
Functionen (Leipzig, 1868), pp. 51—56.] 


It is convenient to restrict n to be a positive integer (zero included), and 
then, by § 33 (4), 

<*)=r«“ (i - 

_(w +t r r<« s ir — dr(1 - p )*l l 

n\sjir L ,“0 £ r+l dt* J—!* 

when we integrate by parts 2 n + 1 times; since (1 - P) n is a polynomial of 
degree 2 n, the process then terminates. 

To simplify the last expression we observe that if d r (l—t s ) n /dt r be cal¬ 
culated from Leibniz’ theorem by writing (1 — (1 — t) n (1 + t) n , the only 

term which does not vanish at the upper limit arises from differentiating n 
times the factor (1 —t) n , and therefore from differentiating the other factor 
r — n times ; so that wo need consider only the terms for which r > n. 


Hence 


and similarly 

It follows that 

(^) n+i 


_ f _v» n »■ n l 2 ‘"~' 
dV J,„ _C ’ ' r ” (2»-r)l 

d'a-jri _ ( _ )r -„ 0 


in ,‘r+i Oun-r r | 

• / -« <*> “ 'U~ L ( - ),,+l * £ 


1 


and hence 

0 ) Jn+i (*) = ^2ttz) 

This result may be written in the form* 


r-.„3 , ' +1 .(r-H)!(2n-r)! 


n i r - n ~ l Jn + r)! . 3 v (-iY' n ~' (n + r) \ 

,r„ r ! (?i —?■)!(2 z) r r n, r ! (n - r) ! ( 2z)‘' J 


/ 2 \*r . <i," (—V . (n+2r)! 

(2) ^n+i (*) =( 7r2 ) [ sm (* ~ £ ,,7r ) r ~, (2r)! (ii — 2r)i (2z)- r 


. , , (-/.(f + ar+l)! 

+ COS (z — | H7T) - Q ^ rTI y n - ^.„ iy ; T ^r- 1, 


* A compact method of obtaining thin formnla is given bv de la Yalloe Poussin, Ann. tic lu 
Soc. Sci. de. Bruxelles, xxix. (11)05), pp. 140—143. 
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In particular we have ■ 

(3) = smz, *); 

the former of these results is also obvious from the power series for Jj (z). 
Again, from the recurrence formula we have 

d 


-w «=(-)« ^ ( 2 4J‘ ^ wi. 


anfl hence, from (1), 

« ” ^».(«+r)! » (-jTZd » + ’•)' 

,r« r! (n—r)l (2^/ ,“o f!(« — r)!(2«y 

But, obviously, by induction we can express 


«n+i 


d \ n e ±iz 


(±) 

\zdz) 


as a polynomial in ljz multiplied by e ±ft , and so we must have 

e ±* l (±i)’-"(n + r) ! I d ygg. 

r-o rl(n — r)! (2$) r V' \zdz) z 5 

fof, if-not, the preceding identity would lead to a result of the form 

e iz <f> 1 {z)-e- u <f) 3 (z) = 0, 

where fa (z) and <j> % (z) are polynomials in 1 jz\ and such an identity is obviously 
impossible*. 

Hence it follows thatf 

e iz £ i r ~ n .(n + r)i | (~2)^.(n + r) l 

r «=o »’l (n — r) 1 (2 z) r rl (n — r) 1 (2«v 

= (~) n z n +'[ 

= (-) tt (27r^./_ n _ J (4 

Consequently 

(4) 11-U s I (-»+“.(tt + r) 

V(2j«)L .■-or!(n-r)!(2a)’- + r!(»-r)l(2»)' 

* 01. Hobson, Squaring the Circle {Cambridge, 1918), p. 61 : 
t From the series 


y*o rl(n — r)\(2z) T 

d y e* 4- e~** 
\zdz) z 




it is obvious that 


r (i) #>«•o4 • f-... (wi — J) 1 

2 \* 




cos e. 
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3*41] 

and hence 


(5) J_„_ i 


2 \* 


«-(=) 


<in 


i / , 1 , v (—) r . (ft + 2r)! 

|_ C0S (# + imr) i o (2 ; ) |^_ 2r)r( 2^ 


— sin (z + ^rnr) 2 

)—o 


(—) r .(n + 2r + 1)! 


In particular, we have 


(2r+l)!(»t-2r-l)l(2^« 


(6) •/-,(*)= (J~)‘cos*, ^W = 0(-“'- 8 “*)• 

We have now expressed in finite terms any Bessel function, whose order is 
half of an odd integer, by means of algebraic and trigonometrical functions. 


The explicit expression of a number of theso functions can be written down from 
numerical results contained in a letter from Hermito to Gordan, Journal fur Math . lxvi. 
(1873), pp. 303—311. 


3*41. Notations for functions whose order is half of an odd integer. 

Functions of the types «/±(» 4 p (<*) occur with such frequency in various 
branches of Mathematical Physics that various writers have found it desirable 
to denote them by a special functional symbol. Unfortunately no common 
notation has been agreed upon and none of the many existing notations can 
be said to predominate over the others. Consequently, apart from the summary 
which will now be given, the notations in question will not be used in this work. 


In his researches on vibrating spheres surrounded by a gas, Stokos, Phil. Trims, of the 
Royal Soc. ciiViit. (IRG8), p. 451 [Math, arid Pkys. Papers, iv. (1004), p. 306], made use of 
the sorios 

1 4 _ n ( n +1 ) 4. (n-l)n(u + l)(n + 2 ) 

H.tmr 2.4. (bar) 2 


which is annihilated by the operator 


d* 
dr * 



n (?i + l) 

1* “ 


This series Stokes denoted by the symbol/,, (r) and ho wroto 


r^ n = S u o ~ i»"f n (r) + SJ (- r), 

where »S'„ and Sf are zonal surface harmonics; so that \f/ a is' annihilated by the total 
oitcrator 

d 2 2 d , n (« +1) 
dr 1 r dr r J 

and by the partial operator 

•1 r) 1 


ii f , . D ’ 

f/“ r cr r- sin 6 c6 ( do 


+ hi-. 


In this notation Stokes was followed by Rayleigh, Pror. London Math. Son. iv. (1873), 
pp, <)3—103, 253- 283, and again Pror. Royal Soc. i.xxn. (1003), pp. 40—41 [Scientific 
Papers, v. (1912), pp. 112-114], ajuirt from the comparatively trivial change that Rayleigh 
would liftvo written/„ (bar) where Stokes wrote/„ (r). 
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In order to obtain a solution finite at the origin, Rayleigh found it necessary to take 
SJse(-)* +1 S n in the course of his analysis, and then 


*n=(-4)* +1 mS n (£)* J n+i ( mr ). 


It follows from § 3*4 that 




e~ tr /»(« ’) 


/. 3 \ n e~ ir 
\ rcr) r ’ 

[e - «■ + 1 / w (ir) +e <r i->‘- 1 / n (-ir)]. 


and that ,/(27rr) 

In order to have a simple notation for the combinations' of the types e* ir f n (± ir) which 
are required for solutions finite at the origin, Lamb found it convenient to write 




s* 


2(2u+3) ,2.4.(2n+3) (Stot+fi) 
in bis earlier papers, Proo. London Math. Soo. sm, (1882), pp. Bl—66; 189—212; xv. 
(1884), pp. 139—149; xvl (1885), pp. 27—43; Phil Tram, of the Royal Soc. clxxiv. (1883), 
pp. B19—549; and he was followed by Rayleigh, Proo. Royal Soc. lxxvii. A, (1906), 
pp. 486—499 [Scientific Papery v. (1912), pp. 300—312], and by Love*, Proc. London 
Math. Soc. XXX. (1899), pp. 308—321. 

With this notation it is evident that 

■ r -+* «-< ■-+ 1 • 3 - 6 v < 2n+1 > • ( a )" nr ' 

Subsequently, however, Lamb found it convenient to modify this notation, and accord¬ 
ingly in his treatise on Hydrodynamics and also Proc. London Math. Soc. xxxii. (1901), 
pp. 11—20,120—150 he used the notation t 




,D- 


2 * 


1.3.5 ... (2n+l)L 2(2n+3) T 2.4(2re+3) (271 + 5 




/ d \* s’"** 

and he also-wrote /»<*)»( -jgjj 

so that *.(*)---- - i+i * , «M*)---*+*-.1 

while Rayleigh, Phil. Tram, of the Royal Soc. ccm. A, (1904), pp. 87—110 [Scientific Papers, 
v. (1912) pp. 149—161] found it convenient to replace the symbol f H ( i ) by Xn ( 2 )- Love, 
Phil. Trans, of the Royal Soc. ccxv. A, (1915), p. 112 omitted the factor ( —) n and wrote 


& / \ ( d Y« - ** , t \ ( d \ n sin 2 


while yet another notation has been used by Sommerfeld, Ann. der Physik und Chemie , (4) 
xxvni. (1909), pp. 665—736, and two of his pupils, namely March, Ann. der Physik und 
Chemie, (4) xxxvn. (1912), p. 29 and Rybczyfiski, Ann. der Physik und Chemie , (4) xli. 
(1913), p. 191; this notation is 

8 -r ’ 

and it is certainly the best adapted for the investigation on electric waves which was the 
subject of their researches. 

* In this paper Love defined the Sanction E n (z) as .8 ... (2n-l) —- > tut, as 

dz J z 

stated, he modified the definition in his later work. 

t This is nearer the notation UBed by Heine, Handbuch der Kugelfunctionen , i. (Berlin, 1878), 
p. 82; except that Heine defined \p n (z) to be twice the expression on the right in his treatise, bat 
not in his memoir. Journal fUr Math . exty , (1869), pp. 128 — 141. 
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Sommerfeld’s notation is a slightly modified form of the notation used by L. Lorenz, who 
used v n and v n +(- ) n tw n in place of and £ n ; see- his memoir on reflexion and refraotion 
of light, K. Danske Yidenskabemes Selskabs Skrifter, (6) Vi. (1890), [Oeuvres scientifiques, i. 
(1898), pp. 406—502.] 

3*6. A second solution of Bessel’s equation for functions of integral ordei\ 

It has been seen (§ 312) that, whenever v is not an integer, a fundamental 
system of solutions of Bessel’s equation for functions of order v is formed by 
the pair of functions J v (z) and J~ v (z). When v ia an integer (— n), this is no 
longer the case, on account of the relation Jl n ( z ) == (-r) n J n (z). 

It is therefore necessary to obtain a solution of Bessel’s equation which is 
linearly independent of J n (z)\ and the combination of this solution with J u (z) 
will give a fundamental system of solutions. 

The solution which will now be constructed was obtained by Hahkel*; 
the full details of the analysis involved in the construction were first published 
by Bdcherf. 

An alternative method of constructing Haukel’s solution was discovered by Forsyth; 
his procedure is based on the general method of Frobenius, Journal fUr Math, lxxvi. (1874), 
pp. 214—235, for dealing with any linear differential equation. Forsyth’s solution was 
contained in his lectures on differential equations delivered in Cambridge in 1894, and it 
has since been published in his Theory of Differential Equations, iv. (Cambridge, 1902), 
pp. 101—102, and in his Treatise on Differential Equations (London, 1903 and 1914), 
Chapter Vi. note 1. 

It is evident that, if v be unrestricted, and if n be any integer (positive, 
negative or zero), the function 

J v {z)-(-y x J- v {z) 

is a solution of Bessel’s equation for functions of order v ; and this function 
vanishes when v — n. 

Consequently, so long as v f n, the function 

(z) - (- )” J- V {z) 

v — n 

is also a solution of Bessel’s equation for functions of order v ; and this function 
assumes an undetermined form \ when v — n. 

We shall now evaluate 

» v-n 

and we shall shew that it is a solution of Bessel’s equation for functions of 

* Math. Ami. i. (I860), pp. 469-472. 

t Annals of Math. vi. (1892), pp. 85—90. See also Niem Oiler, Zeitschrift filr Math, und Phys. 
xxv. (1880), pp. 65 -71 

J The essence of Hankel'fl investigation ia the construction of an expression which satisfies 
the equation when v ia not an integer, which assumes an undetermined form when v is equal to 
the integer ?i and which haH a limit when 
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order n and that it is linearly independent of J n (g) ] so that it may be taken 
to be the second solution required* * * § . 

It is evident that 

J*( Z ) ~ (Z) _<Tv (g ) — Jn(z) _ , yj J-y (g) — J_ 5l (z) 

v—n v—n ^ ' v -n 

_ \ dJ v (z) , n dJ„ v (z) ~ 

L K } da J a 

as v^n, since both of the differential coefficients exist f.. 

Hence 

]j[ m 0 s ) ~ (~) n J -* ( g ) 

v n V *— 71 

exists j it is called a Bessel function of the second kind of order n. 

To distinguish it from other functions which are also called functions of 
the second kind it may be described as HankeVs function. Following Hankel, 
we shall denote it by the symbol^ Y»(*) so that 


(1) Y n (» = lim r ^)-(-)^- ^)i ; 

V — 71 J 

and also 

( 2 ) 


It has now to be shewn that Y„ (g) is a solution of Bessel’s equation. 

Since the two functions J± v (z) are analytic functions of both z and v, the 
order of performing partial differentiations on J± v (z) with respect to z and v 
is a matter of indifference §. Hence the result of differentiating the pair of 
equations 


V v */±„(g) = 0 

with respect to v may be written 


„df_dJ ±v (z) 
dz a dv 


fL ( Z ) 

dz dv 


4- (g 2 — v 2 ) 


dJ± v (z) 

dv 


2vJ ±v (z) = 0. 


When we combine the results contained in this formula, we find that 


V, 


f , n 3 J~ v fzf 

dv ' ~dv 


~ 2v [J v (z)-(-) n J_ v {z)\, 


* T ^ e reader will realise that, given a solution o£ a differential equation, it is not obvious that 
a limiting form of this solution is a solution of the corresponding limiting form of the equation. 

t See § 3-1. It is conventional to write differentiations with respect to z as total differential 
coefficients while differentiations with respect to v are written as partial differential coefficient*. 
Of course, in many parts of the theory, variations in v are not contemplated. 

t The symbol F,(*), which was actually used by Hankel, is used in this work to denote a 
function equal to 1/ir times Haakel’s function (§ 3-54). 

§ See, e.g. Hobson, Functions oj a Beal Variable (1921), §§ 312, 313. 
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dJ v (z) 

dv 




dJ - v (z) 
dv 


= (v 2 -n Q ) 


d J v( Z ) / Vl ZJ-V (zj 
dv ~ar~ 


+ 2v{J v (z)-(-)»J_ v (z)}. 

Now make v All the expressions in the last equation are continuous 
functions of v, and so we have 


V ' 

v n 

• ^ 


^ J v (z) _ dJ_ v py 

dv w dv 


= 0, 


where v is to be made equal to n immediately after the differentiations with 
respect to v have been performed. We have therefore proved that 
(8) V n Y „P) = 0, 

so that Y„p) is a solution of Bessel’s equation for functions of order n. 

It is to be noticed that 

Y_„ (z) = lim (~)~ n J-u{z) 

v + n 

= lim ~ J » (*) 

fJL ->■ H — JA + 11 

whence follows a result substantially due to Lommel*, 

W y.„ «-(-)» y, .(*). 

Again, 

Y„P) = 


dJ v ( z) 

d J- v ( z)~ 

_ dv J 

dv 


while, because J v (z) is a monogenic function of v at v = 0, we have 


~dJ_ v (zf 


dJJzf 

Lo 

dJ v ( z)~ 

dv J 


[JK-Oj 


dv 


and hence it follows that 
(5) Y 0 p) = 2 


dJ v (z) 

~df~ 


A result equivalent to this Vas given by Duhamelf as early as 1840. 

3*51. The expansion of Y n (z) in an ascending series. 

Before considering the expansion of the general function Y. u (z), it is con¬ 
venient to examine the function of order zero because the analysis is simpler 
and the resulting expansion is more compact. 

We use the formula just obtained, 


Y n p) = 2 


d j * (~) m (\z) v+2hl \ 

L dv | w=0 m\ I> + m+l)!j 


v=0 


* Stnclien iiber die Bessel’schen Functionen (Leipzig, 1868), p. 87. Lommel actually proved 
this result for what is sometimes called Neumann’s function of the second hind. See § 3-58 (8). 
f Cours d’Analyse, u. (Paris, 1840), pp. 122—124. 
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and the result of term-by-term differentiation is 

Y ‘W = 2 [Jo ml r(J+ITl) | log <**> ~ r„ log r (» + » + b}] 


where yjr denotes, as is customary, the logarithmic derivate of the Gamma- 
function *. 


Since 0 <(m.+1) <m when m = l, 2, 3, ... the convergence of the aeries for Yo(z) 
may be established by using D’Alembert’s ratio-test for the series in which ^ (m+1) is 
replaced by m. The convergence is also an immediate consequence of a general theorem 
concerning analytic functions. See Modem Analysis, § 5*3. 


The following forms of the expansion are to be noticed: 


(1) Y„ (*) - 2 S ( [log (4 *) - f (» +1)). 

»t-0 \ m ') 


(2) 

>og xwv.(.) yy t(«+Dj 

> 

oo / _ \m (A?\rm n 1 

(3) Y„ (,) = 2 { 7 + log (1*)} J. (*) - 2 S±-LMJ- jj + - 

i) 

+... -i — 
raj 

The reader will observe that 



*Y 0 (*)4-(log2~ 7 )J„(*) 

is a solution of Bessel’s equation for functions of order zero. The expansion of 
this function is 


ao (_\n 

(log*) i K ->- 


■ 2 
m=l 


(m !) 2 


11, ,1 

7 + 5 + >" H— 

12 m 


This function was adopted as the canonical function of the second kind of order zero by 
Neumann, Theorie der Bessel’schen Functionen (Leipzig, 1867), pp. 42—44; see § 3'57. 

But the series was obtained as a solution of Bessel’B equation, long before, by .Euler f. 
Euler’s result in his own notation is that the general solution of the equation 

.r xody+x dx dy -(- gxPy 5#®=0 


is 


_ 10 °V ^ +e tc. 

V V? 1.8n s T 1.8.27 >i' 1.8.27.64,1° 

+A . 4.a *. !x 

+ “ «r + 1.4»i** 1.4.9»i»^ + 1.4.9.16n*^ etC> ’ 


* Modern Analysis , Ck. xn. It is to be remembered that, when m is a positive integer, then 

^(l)=- 7 , ^{m + l)='j + | + ... +i-7, 

where y denotes Euler’s constant, 0'5772157_ 

f Inst. Gale. Int. n. (Petersburg, 17(59), §977, pp. 233—285. See also Acta Acad. Petrop. v. 
(1781) [published 1784], pars x. Mathematics, pp. 186—190. 
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where A and a are arbitrary constants. He gave the following law to determine successive 
numerators in the first line: 

6 = 3.2-1.0, 22=5.6-4.2, 100=7.22-9.6, 

548 = 9.100-16.22, 3528 = 11.548 - 25. 100 etc. 

If 2(^ + 4 = 

\l + 2 +,M+ «ij ml’ 

this law is evidently expressed by the formula 

3*62. The expansion of Y n (z) in an ascending senes and the definition of 
%(*)■ 

We shall now obtain Hankel’s* expansion of the more general function 
Y n (a), where n is any positive integer. [Cf. equation (4) of § 3‘6.] 

It is clear that 

(-) ,n (^) v+am 


dJ v (z) 

dv 


, i d - 

JM«.0 dv 


m\ F (v + m + 1) 


= % 


(1 g\y+vm 

j !iog(^)-+(«'+- + D) 


i 1 


■1. 


n+m) 


oo / _Xt» (X g\n+im 

when v-*~n, where n is a positive integer. That is to say 

The evaluation of [3 J_„ (z)/dv] u - n is a, little more tedious because of the pole 
of -*|r (- v + m + 1) at v — n in the terms for which m = 0,1, 2,.. n — 1. We 
break the series for J_„ (z) into two parts, thus 

r /..xV 1 (-) m a*)-'' +vn 5 

bT-om! r(— v + m + 1) + man m ! r(-v + m + 1)’ 

and in the former part we replace 


b y 


!>- m) sin (v — m ) ir 


T(— v + m+ 1) 

Now, when 0 ^ ra < n, 

~d_ { {\z)~ v+im T jv — m) sin (v - m) ir 
_dv { it 

= [(i^)T +8m T(v-m) 

[tt -1 yfr (v — m) sin (v—m)7r + cos (v—m) ir —tt - 1 log (^z) sin (v— m)7r}]„_ n 
— {k z )~^** rA r (n — m) cos (n — m) 7 r. 


)].. 


Math. Arm. 1 . (1869), p. 471. 
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Hence 
"9 J- v 


dv 


that is to say 

(2) n^Mf) 


H = rt)“ 

ran m »0 


-)» r (n - m) (j^)~ ?t+at>t 


m 


dv 


j p=« 


00 / \i»/ l*y-»+sm. 

+ Jn (_ log (W +♦(-»+"+« 1- 

C ' - ml m +( } »!(» + «)I 


m=0 


x {log(^)-^ (m +1)}, 

when we replace m by n + m in the second series. 

On combining (1) and (2) we have Hankel’s formula, namely 


,5i+2m 


(3) Y n («) = -'t 1)1 + t ( - 

/ w=o ml ' m =om\(n + m)\ 

x {2 log a) — i/r (m +1) — “^(w + m 4- 1)} 

= 2 (y + logd*)!S 1 ( -- ~ ^f- 1 - )! (^)"‘ 


m=0 


m! 




= o m! («. + m) ! 


1 1 2 


m 1 1 1 2 


n + m 


In the first term (m~0) of the last summation, the expression in j } is 

11. 1 

t- + 5 + ...+-. 

12 n 

It is frequently convenient (following Lommel*) to write 
so that 

(5) % (■»)— J, 0 mVr^+i+i> flog 2 +f (y +»■+ 1 )); 

when v is a negative integer, ( z ) is defined by the limit of the expression 

on the right. 

We thus have 

(6) Y n (a) = 2 J n (z) log a + g. {z) + (-)" (z). 

.The complete solution of jc^p+ay=0 was given in the form of a series (part of which 

contained a logarithmic factor) by Euler, Inst. Calc . Int. ii. (Petersburg, 1769), §§ 935, 
936; solutions of this equation are 

afi Jj (2a*a^), Yi (2ai^i). 


Euler also gave (ibid. §§ 937, 938) the complete solution of -^+ay=0; solutions of 
this equation are 

a* J 3 (4 a* a£), ®* Y s (4a* a*). 

* Studien ilber die BesseVschen Functional (Leipzig, 1868), p. 77. 
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3*63. The definition of Y v (z). 

Hitherto the function of the second kind has been defined only when its 
order is an integer. The definition which was adopted by Hankel* for un¬ 
restricted values of v (integral values of 2v excepted) is 

( 1 ) Y,(z) = ZTre-'< J ^ )COS ‘Z- J -’ (z) . 

w x ’ sin2w 

This definition fails both when v is an integer and when v is half of an 
odd integer, because of the vanishing of sin 2v r t r. The failure is complete in 
the latter case; but, in the former case, the function is defined by the limit 
of the expression on the right and it is easy to reconcile this definition with 
the definition of § 3*5. 

To prove this statement, observe that 


lim Y„ {z) ss lim 


7re vni v — n J v (z) cos vtt — J_ v (z) 


— (—) n lim 


= Y n (z) + lim 


cos VTT sin vtt v — n 

J v ( z ) COS VTT — «/_„ (z)~\ 


= Y n (4 

and so we have proved that 

( 2 ) 


v — n 

(—) n COS VTT ■ 

v — n 


j 

-jvw] 


lim Y v {z) — Y n (z). 


It is now evident that Y „(z), defined either by (1) or by th; limiting form 
of that equation, is a solution of Bessel’s equation for functions of order v both 
when (i) v has any value for which 2v is not an integer, and when (ii) v is an 
integer: the latter result follows from equation (2) combined with § 3*5 (3). 

The function Y v (z), defined in this way, is called a Bessel function of the 
second kind (of Hankel’s type) of order v ; and the definition fails only when 
v + J is an integer. 


Note. The reader should bo careful to observe that, in spite of the ohange of form, the 
function Y w (z), qua function of v, is continuous at v = n, except when z ia zero; and, in 
foot, J v (z) and Y, (z) approach then’ limits J n (z) and Y„ (z), as v-*-n, uniformly with 
respect to z, except in the neighbourhood of z«=»0, where n is any integer, positive or negative. 


3*54. The Weber-Schl&fli function of the second kind. 

The definition of the function of the second kind which was given by 
Hankol (§ 3*53) was modified slightly by Webert and SchlafliJ in order to 
avoid the inconveniences produced by the failure of the definition when the 
order of the function is half of an odd integer. 

* Math. Ann. i. (1809), p. 472. 

\ Journal /Ur Math, lxxvi. (1878), p. 9; Math. Ann. vi. (1878), p. 148. These papers are 
dated Sept. 1872 and Oat. 1872 respectively. In a paper written a few months before these, 
Journal filr Math. lxxv. (1878), pp. 75—105, dated May 1872, Weber had used Neumann’s 
function of the seooud kind (see §§ 8*57, 3'58). 

J Ann. di Mat. (2) vu. (1875), p. 17; this paper is dated Oot. 4, 1872. 
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The function which was adopted by Weber as the canonical function of the 
second ]dnd is expressible in terms of functions of the first kind by the formula* 

J v (z) COS V7T — ( z ) 

sin vi r 

(or the limit of this, when v is an integer). 

Schlafli, however, inserted a factor ^ 7 r; and he denoted his function by 
the symbol K, so that, with his definition, 

K. 0)=w 

sm V7T 

Subsequent writers, however, have usually omitted this factor e.g. Graf 
and Gubler in their treatise *1*, and also Nielsen, so that these writers work with 
Weber’s function. 

The symbol K is, however, used largely in this country, especially by 
Physicists, to denote a completely different type of Bessel function (§ 37 ), 
and so it is advisable to use a different notation. The procedure which seems 
to produce least confusion is to use the symbol Y v {z ) to denote Weber’s function, 
after the manner of Nielsen J, and to adopt this as the canonical function of 
the second kind, save in rare instances when the use of Hankel’s function of 
integral order saves the insertion of the number tt in certain formulae. 

We thus have 


( 1 ) 


Y v ( z ) = ( z ) 008 VK ~ J-y (z) _ cos vt r 

sin V7r 7 re viri ' ^ ’ 


( 2 ) 


Y n (0 = lira = I y (,\ 

v~*-n sm vir 7 r 71K ' 


[Note. Schl&fli’s function has been used by Bdcher, Annals of Math. vi. (1892), 
pp. 86 90, end by McMahon, Annals of Math. vin. (1894), pp. 57—61; ix. (1895), 
Schafheitlin and Heaviside use Weber’s function with the sign changed, so 
that the function which we (with Nielsen) denote by Y v (z) is written as - Y v (.) by 
Schafheitlin^ and (when v=n) aa -<?„{*) by Heaviside 

Gray and Mathews sometimes If use Weber’s function, and- they denote it by the 
symbol Y n . J J 


* Weber’s definition was by an integral (sea § 6-1) which is equal to this expression; the 
expression (with the factor inserted) waB aotually given by Sohlafii. 

t Emleitung in die Theorie dir BesseVschen Funktionen, l (Bern, 1898), p. 84 et sea 

i„a!J "TVi f °° 0ti0 ° 8 ' Writ " tte Mmb8r a. order ae on 

aes tnua 1 (z)Hanibmh del- Theorie der CyUndtrfuuMimin (Leipzig, 1904), p. 11 There 

a no ‘“ io,l ' “ 4 w> M,er ” “***—* 

“ d ° ,her wwb! ^ ™ * 

I) Proc, Royal Soc. nxv, (1893), p. 138, and Electromagnetic Theory, n. (Loudon 18991 n 255- 
a ehangem sign has been mad, il-om hie Paper., n. (LonL, 1M uT ’ 

II A Treatise on Bessel Functions (Loudon, 1895), pp. 66_66. 
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Lommel, in his later work, used Neumann’s function of the second kind (see § 3'57), but 
in his Stitdien liber die BemVschen Functionm (Leipzig, 1868), pp. 86—86, he used the 
function 

■j^r 7 n (z) +{</' (#-f £) + log 2} J n («r), 

where F u (z) is the function of Weber. One disadvantage of this funotion is that the 
presence of the term yfr (n+%) makes the recurrence formulae for the funotion much more 
complicated; see Julius, Archives Nlerlandaises, xxvm. (1896), pp. 221—226, in this 
connexion.] 


3* * * § 65. Heine's definition of the function of the second kind . 

The definition given by Heine* of the function of the second kind possesses 
some advantages from the aspect of the theory of Legendre functions; it 
enables certain generalisations of Mehler’s formula (§ 5'71), namely 

lim P n (cos 6jn) = J 0 (0), 

to be expressed in a compact form. The function, which Heine denoted by 
the symbol K n (z), is expressible in terms of the canonical functions, and it is 
equal to — ^7rF n (z) and to — n (z) ; the function consequently differs only 
in sign from the function originally used by Schlafli. 

The uso of Heine’s function seems to have died out on the Continent many years ago; 
the function was occasionally used by Gray and Mathews in their treatise t, and they term 
it ff H (z). In this form the function has been extensively tabulated first by Aid is t and 
Aireyjj, and subsequently in British Association Reports, 1913, 1914 and 1916. 

This revival of the use of Heine’s function seems distinctly unfortunate, both on aocount 
of the existing multiplicity of functions of the second kind and also on aocount of the fact 
(which will become more apparent in Chapters Vl and vn) that the relations between the 
functions «/„ ( z ) and Y n (z) present many points of resemblance to the relations between the 
cosine and sine; so that the adoption || of J n (z) and G n (z) as canonical functions is com¬ 
parable to the use of cosz and —\ir siuz as canonical functions. It must also be pointed 
out that the symbol G n (z) has been used in senses other than that just explained by at least 
two writors, namely Heaviside, Proo. Royal Soc. uv. (1893), p. 138 (as was stated in § 3‘64), 
and Dougall, Proc. Edinburgh Math. Soc. xvin. (1900), p, 36. 

Note. An error in sign on p. 246 of Heine’s treatise has been pointed out by Morton, 
Nature, lxiii. (1901), p. 29; the error is equivalent to a change in the sign of y in formula 
§ 3‘61 (3) supra. It was also stated by Morton that this error had apparently been oopied 
by various other writer's, including (as had been previously noticed by GrayT) J. J. Thomson, 
Recent Researches in Electricity and Magnetism (Oxford, 1893), p. 263. A further error 

* Flandbuch der Kngel/unctionen, i. (Berlin, 1878), pp. 186—248. 

f A Treatise on Bessel Functions (London, 1896), pp. 91, 147, 242. 

% Proc. Royal Soc. lxvi. (1900), pp. 32—43. 

§ Phil. Mag. (6) xxn. (1011),-pp. 668—668. 

|| Erom the historical point of view there is something to be said for using Hankel’s function, 
and also for using Neumann’s funotion; but Heine’s funotion, being more modern than either, 
has not even this in its favour. 

f Nature, xnx, (1894), p. 869. 


W. B. F. 


6 
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noticed by Morton in Thomson’s work seems to be due to a most confusing notation employed 
by Heine; for on p. 246 of his treatise Heine uses the symbol K 0 to denote the function 
called - F 0 in this work, while on p. 248 the same symbol JT 0 denotes - \ir (F 0 - iJ 0 )> 

3*56. Recurrence formulae for Y v (z) a/nd Y v (z). 

The recurrence formulae which are satisfied by Y v {z) are of the same form 
as those whioh are satisfied by J v (z) ; they are consequently as follows: 

(1) 

(2) Y^(*)-7, v {z)~27S(z), 

(3) zYy (z) + vY v (z) = zY v ^ (z), 

(4) zYJ (z) - vY v (z) = - zY u+1 (z), 

and in these formulae the function Y may be replaced throughout by the 
function Y. 

To prove them we take § 3*2 (3) and (4) in the forms 

if we multiply these by cot vir and cosec vn r, and then subtract, we have 

^7,(z)}=z-7^{z), 

whence (3) follows at once. Equation (4) is derived in a similar manner from 
the formulae 

^ [z~ w J v (, z )} = -z~ v J v+l (z), , ~ {z~ v J_„ {z)} = sr v ( z}. 

By addition and subtraction of (3) and (4) we obtain (2) and (1). 

■ The formulae are, so far, proved on the hypothesis that v is not an integer; 
but since F„ (z) and its derivatives are continuous functions of v, the result of 
proceeding to the limit when v tends to an integral value n, is simply to 
replace v by n. 

Again, the effect of multiplying the four equations by ’ire vvi sec vi r, which 
is equal to 7re (I,±1),rt ' sec (y ± 1) v, is to replace the functions F by the functions 
Y throughout. 

In the case of functions of integral order, these formulae were given by Lommel, 
Studim liber die BeeseVsohen Functionen (Leipzig, 1868), p. 87. The reader will find it 
instructive to establish them for suoh functions directly from the series of § 3‘62. 

Neumann’s investigation connected with the formula (4) will be discussed iu § 3‘58. 
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3*57. Neumanns fwnction of the second kind. 

The function which Neumann * adopted as the canonical function of the 
second kind possesses the advantage that it is represented more simply by 
integrals of Poisson’s type than the functions of the second kind which have 
been hitherto discussed; but this is its only merit. 

We first define the function of order zerof, which will be called F (0) (z ). 

The second solution of Bessel’s equation for functions of order zero being 
known to contain logarithms, Neumann assumed as a solution the expression 

Ms) log z 4- w, 

where w is a function of z to be determined. 

If this expression is to be annihilated by V 0j we must have 
V 0 w = _ V 0 \ J o (z) log z} 

= — 2zJq(z). 

But, by §212 (11), 

— 2 Z Jo (z) = 2 Z Ji (z) = 8 2 (—/an ( Z ) | 

and so, since V 0 J m (z) = 4n a if), we have 

V 0 w = 22 (-) , ‘ _1 V 0 J M (z)/n 
1 

= 2V. 5 (-)-■ J m (*)/»; 

«=.l 

the change of the order of the operations 2 and V„ is easily justified. 

Hence a possible value for w is 

2 2 J an (g)j n , 

1 

and therefore Neumann’s function F (0) ( z ), defined by the equation 

(1) 7» (*) = J . (*) log « + 2 2 (-)”-• , 

n -1 

is a solution of Bessel’s equation for functions of order zero. 

Since w -*■ 0 as z -+■ 0, (the series for w being an analytic function of Z near 
the origin), it is evident that J Q (z) and F 10 > (z) form a fundamental system of 
solutions, and hence Y 0 (z) is expressible as a linear combination of J 0 (z) and 
Y {0) (z ); a comparison of the behaviours of the three functions near the origin 
shews that the relation connecting them is 

(2) F<°* (z) = $Y„ (z) + (log 2 - y) (z). 

* Theorie der Bessel’schen Functionen (Leipzig, 1867), pp. 42-—14. 'Neumann calls this funotion 
Bessel’s associated function, and he describes another function, O n ( z ), as the funotion of the second 
kind (§0-1). But, because 0* (i) is not a solution of Bessel’s equation, this description is un¬ 
desirable and it has not survived. 

t Neumann’s funotion is distinguished from the Weber-SohlMi funotion by the position of the 
suffix which indicates the order. 


5—2 
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3 * 671 . The integral of Poisson's type for Y* ( 2 ). 
It was shewn by Poisson* that 

gtocbsu i 0 g (a ^qS w ) dco 


l 


is a solution of Bessel’s equation for functions of order zero and argument x ; 
and subsequently Stokes obtained an expression of the integral in the form of 
an ascending series (see § 3*672). 

The associated integral 


— P* cos {z sin 6 ). log (4z cos® 6) dO 
irj 0 


was identified by Neumannf with the function Y w ( 2 ); .and the analysis by 
which he obtained this result is of sufficient interest to be given here, with 
some slight modifications in matters of detail. 

Prom § 2*2 (9) we have 

2. — — f cos ( z cog ff) cog 2 n6d&, 

n nnrJo N 7 

and so, if we assume that the order of summation and integration can be 
changed, we deduce that 

2 s = i f i ' coa ( SO o8 0 )$ de 

1 n ir) 0 ««i n 

2 fi* - 

= — - I cos (z cos 8 ). log (4 sin* 8) dd ; 

* 

from this result combined with Parseval’s integral (§ 2*2) and the definition of 
Pw {ss), we at once obtain the formula 

(1) Y m (f) — ~f C0B (2 coa 8). log (4z sin 2 * * * * * * 9 8) dd, 

from which Neumann’s result is obvious. 


The change of the order of summation and integration has now to be examined, 
because 2» -1 cos 2 nB is non-uniformly convergent near 0=0. To overcome this difficulty 

we observe that, since 2 (— J^{z)jn is convergent, it follows from Abel’s theorem J that 


S (-Man(*)/»■ 

n*»l 


= lim 2 (■ 

a-*.X-0 »=1 


Ya n Jvn (*)/»= lim - 2 [*" OOS (<cos a 008 dd. 
a-^1— 0 W 0 ^ 


* Journal de Vl&cole if. Polytechnique , xn. (oahier 19), (1828), p. 476. The solution of an 
associated partial diflerential equation had been given earlier (ibid. p. 227). See also Dnhamel, 
Coun <P Analyst, n. (Paris, 1840), pp. 122—124, and Spitzer, Zeitschrift ftir Math, und Phys. n. 
(1867), pp. 166—170. 

t Theorie der BesseVschen Functional (Leipzig, 1867), pp. 46—19. See also NiemSller, Zeit- 
sekriftjUr Math, und Phys . xxv. (1880), pp. 65—71. 
t Cf. Bromwioh, Tlieory of Infinite Series, g 61, 
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Now, since a is less than 1, 2 (a n cos 2 nff)jn does converge uniformly throughput the 
range of integration (by comparison with 2a 11 ), and so the interchange is permissible; that 
is to say 


2 “ f . a .a n cos 2nd , A 

- 2 | cos (si cos 8) -n0« 

ft m«*l J o ft 


2 [h* . . " a» COS ! 

' — I cos (s cos 8) 2 - 

"•Jo »-i ft 


■d0 


Hence we have 

um ip* 

W-l ft a-^l-O^Jo 

We now proceed to shew that* 


I /i* 

-- / cos (a cos 5) log (1 — 2a cos 20+a 2 ) dd. 

II J 0 


cos (2 oos 8) log (1 - 2 a oos 28 +a a ) e£0. 


fiir 

lim f cos (2 cos 0) {log (1 - 2a cos 2(3+a 2 ) - log (4a sin 2 0)}d0=O. 
a'*‘1—0 Jo 

It is evident that 1 — 2a cos 28 +■ a 2 -4a sin 2 0»(1 ~a) 2 > 0, 

and so log (1 - 2a cos 20+a 2 ) ^ log (4a sin 2 8). 

Hence, if .4 be the upper bound + of | oos (z oos 8) | when 0^0 £iir, we have 

’In- 


i/: 


cos (2 cos 8) (log (1 - 2a cos 20 + a 2 ) - log (4a sin 2 8)} dd 


f Jrr 

< A I {log (1 - 2a cos 20 4- a 2 ) - log (4a sin 2 0)} dd 
Jo 

. fin- f _ " a u GOH 2?i0 , ....... . J 

**A I {-2 2 - .+ log (1/a)*— 2 log (2 Bin 0)1 dd 

J o l * fc i ft ; 


log(l/a)-*-0, 


= ^ttA log (1/a), 

term-by-term integration being permissible since a<l. Henoe, when a<I, 

I f 

/ cos (2 cob 0) {log (1 - 2a cos 20 + a 2 ) - log (4a sin 8 8)}dd 

I J o 

as a-*-l -0; and this is the result to bo proved. 

Consequently 

2 -—‘-^=- lim - f* cos (z oos 0). log (4a sin 2 0) dd 
ft a-^l-0"-J 0 

1 fi" 

= - - / cos (2 cos 0). log (4 sin 2 0) dd, 

"■Jo 

and the interchange is finally justified. 

The reader will find it interesting to deduce this result from Poisson’s integral for J v (z) 
oombiued with § 3*6 (5). 


3*572. Stokes' series for the Poisson-Neumann integral. 

The differential oquation considered by Stokes} in 1850 was -f- i «i 2 y=0, where 

in is a constant. This is Bessel’s equation for functions of order zero and argument ime. 
Stokes stated (presumably with reference to Poisson) that it was known that the general 
solution was 

/ hr 

(0+ JJ Jbg (z sin* 0)} cosh (ms oos 0) dd. 

0 

* The valne of this limit was assumed by Neumann, 
t If 2 is real, A = 1; if not, A ^ exp {1 1 ( 2 ) |}. 

$ Trans. Gamb. Phil. Soc. ix. (1856), p. [88]. [Mathematical And Physical Papers, ni. (1901), 
p. 42.] 
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It ia easy to see that, with Neumann’s notation, the value of the expression on the right 
is 

\ir {C—D log (4tm)} J 0 (imz) +Z) F(°) (imz). 

The expression was expanded into a series by Stokes ; it is equal to 

oo «2n / W 

((7+-Dlogs) J 0 (itm)+S,I> 2 -tx-tt I cos 21 * dlogsin Odd, 
n =0 > J o 

and, by integrating by parts, Stokes obtained a recurrence formula from which it may be 
deduced that 

i + i„ (i + i+...+ i)}. 

3'68. Neumann's definition of (s). 

The Bessel function of the second kind, of integral order n, was defined by 
Neumann * in terms of F <0) (z) by induction from the formula 

jyim ( z \ 

(1) z ~~ dz ~ n7{n) = ~ zY{n+1) («)» 

which is a recurrence formula of the same type as § 2T2 (4). It is evident 
from this equation that 

(2) 7»'(*) = (-, 

Now F ( °) (z) satisfies the equation 

21 (i $)’ Tm W + 2 (;&) yw «+« = o; 

d 

and, if we apply the operatorf to this equation n times, and use Leibniz’ 
theorem, we get 

(3) * (aF 7 ",< 2 >+(*»+*) {aiF'r* »+ (£fr* » - o, 

and so 

28 (55) i 4 ""” 71 "’ W) + (s»+2) (-—j (*))+*-r« (*)=o. 

This equation is at once reducible to 

W v n r< n >(z) = o > 

and so F n > (z) ia a solution of Bessel’s equation for functions of order n. 

Again, (3) may be written in the form 

d , 

* _n_1 i r(n+1) (*)}-(2 n + 2) r** 7(«+» ( z ) + z -ny» ^ = 0j 

* Theorie d*r BmeVzchm Functionen (Leipzig, 1867), p. 51. The funotion is undefined when 
its order ib not an integer. 

t The analysis 1 b simplified by taking so that 

d d 
xdz~ df 
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iY ^'' w +& - rw (*)- o, 


dz z 

whence we obtain another recurrence formula 


(5) 5 + nY* (z) = zY {n ~ 1] (z). 

When Ave combine ( 1 ) with (5) we at once deduce the other recurrence 
formulae 

( 6 ) F ,n ~ I) (z) + F< w+1 > («) = — F<"> (*), 

z 

(7) F<"-» (*) - F< n+1 J (*) = 2 —. 

Consequently F (n) (s) satisfies the same recurrence formulae as J n (z), Y n {z) 
and Y n (^). It follows from §3*57 ( 2 ) that 

( 8 ) F<"> (*) - i-rr F n (a) + (log 2 - 7 ) /»<#) 

= £ Y * <*) + ( l og 2-7)1/* ( 4 ' 


A solution of the equation V n (y)~0 in the form of a definite integral, which reduces’to 
the integral of § 3-571 when ?i=0, has been constructed by Spitzer, Zcitsohrift filr Math, 
und Phys. in. (1868), pp. 244-240; of. § 3-583. 


3*581. Neumann's expansion of F (n) (z). 

The generalisation of the formula § 3‘57 ( 1 ) has been.given by Neumann*; 


( 1 ) 


where 


F« n) (z) - J n (z) {log ^ - aw| 


n-l 
— 2 


tn -=>0 


111 ,1 

s * = I + 2 + 8 + - + »’ 


= 0 . 


J m {z) 

(n — in). m ! z n ~ m 

- (-)»»-> (n+‘2m) r 


(4. 


To establish 
the equations 

( 2 ) 

(3) 


this result, we first define the functions L n ( z ) and U n (z) by 

r/ v r/N1 2»-, n - 1 ,ni J m (z) 

L » W - W l0 S * - - mT m! ’ 

rr / \ r / \ 1 v (”)"* + 2m) r / \ 

U " (*) - 5,1 J " W + “m (ttTST /n+ ”“ 


so that F (0) (s) = L 0 (z) — U 0 (z), 

We shall prove that L n (z) and U n (z) satisfy the recurrence formulae 
(4) Zn+J (z) = - Ln (z) + ( njz) Ln (z), Nn+I (*) = “ Uf (z) + (n/z) U n (z), 
and then (1) will be evident by induction from § 3’58 (2). 


* Theorie der Betsel'schen Functioned (Leipzig, 1807), p. 52. See also Lommel, Studied ilber 
die Bessel'schen Functioned. (Leipzig, 1868), pp. 82—84; Otti, BemMittheilungen, 1898, pp. 84—85; 
and Haentzschel, Zeitachrift fUr Math, und Phys. xxxl. (1886), pp. 25—88. 
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d fA.Wl n i or . d K»W) r <M«) ■g d (J-Wl 

dz\ z n ) ^ dz\ ) tP* 1 m „o(w — m).m\dz\z m m ) 


It is evident that 


IT T ,N, , Jn&) J n v X Lr \ 

= ? L-Jn. W loff 2 + V + ro !o (^-m) - .mi f <" “ m > 

» 1 f_ W log , + 0L±iW£) + "i 1 £^j»! {1 + _ 

L * «i*o ml (. »- 


*7"m C 2 ) _j_ J w+i (^)ll 


-n-m+i 


grt-m 

Jm (&) 

TO+lf 


m 


_ £^w (*) 


j^nd the first part of (4) is proved. To prove the second part, we have 
d (Z7n(*)) d [J n (z)\ 5 (-) m (w+2m) d f/n+Mn^)) 

■ TzY~^~) 'dz\^ r ) m »i m{n + m) (&■( z n j 

(~r 


•_«„^#+A i 


{wJ W m-i (*) “ (« + m) Jn+m+i (*)} 


= -a 


n+x- g 
(Z) 


z n na im(n + m) 

l ( z ) _i. J / \m r /*\ fL 4. 

z n *Zi ^ W j m + n + m + i 


— *** W+l 
Z n 

and the second part of (4) is proved. It follows from § 3'58 (2) that 

YW(z)-L n (z)+U n (z) 


y<n+») (z) - I w (z) + (g) d 

tP ~ dz 


}■ 


and since the expression on the right vanishes when n = 0, it is evident by 
induction that it vanishes for all integral values of n. Hence 

7< n > (z) - L n (z) — U n (z), 

and the truth of equation (1) is therefore established. 

3*582. The power series for U n (z). 

The function U n (z), which was defined in § 3*581 (3) as a series of Bessel 
coefficients, has been expressed by Schl&fii* as a power series with simple 
coefficients, namely 

To establish this result, observe that it is true when n.=* 0 by §3*51(3) and 
.§ 3*57 (1); and that, by straightforward differentiation, the expression on the 
right satisfies the same recurrence formula as that of § 3*581 (4) for U n (z ); 
equation (1) is then evident by induction. 

Noth. It will be found interesting to establish this result by evaluating the coefficient 
of (jj*) n+am in the expansion on the right of § 3*681 (3). 


Math. Aim. m, (1871), pp. 148—147. 
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3*582—3*6] 

The reader will now easily prove the following formulae: 

(*) = (v- log 2} J n (*) - U n (z), 

( 3 ) 7in) (*) = L n (z) + % (z) + (log 2 -y}J n (z), 

(4) i^y n (z) = L n (z) + %(z). 


3*583. The integral of Poisson's type for PM (g). 

The Poisson-Neumann formula of §3*571 for F(°)(s) was generalised by Lommel, 
Studien ilber die BmeVsehen Functions. (Leipzig, 1868), p. 86, with a notation rather 
different from Neumann’s; to obtain Lommel’s result in Neumann’s notation, we first 
observe that, by differentiation of Poisson’s integral for J v (*), we have 
dJ v [z) 2 (it)* [i* 

~T V - J 0 cos (**)oos 5 "' 6 {kg(*cos* 0)- + („+$)} dd, 

and so, from § 3*582 (3), 

F(W> (*>" r J^ coa( * ain W 00 **** {iogoos»d-^(n+i)- y }^+4,(«), 

and hence, since ^ (i) - ^ (1) - 2 log 2 => - y - 2 log 2, we have the formula 

2 /* ^7T 

(1) r< n) (z) - j r — ^ j oos (z sin 6) cos 8 ” 6 log (4 oos a Q) dd 

in which it is to be remembered that L n (z) is expressible as a finite combination of Bessel 
coefficients and powers of z. 


3*6. Functions of the third kind. 

In numerous developments of the theory of Bessel functions, especially 
those which are based on Hankel’s researches (Chapters vi and vii) on.integral 
representations and asymptotic expansions of J v (z) and Y, (z), two combina¬ 
tions of Bessel functions, namely J v (z) ±iY„(z), are of frequent occurrence. 
The combinations also present themselves in the theory of “Bessel functions 
of purely imaginary argument” (§ 3’7). 

It has consequently Beemed desirable to Nielsen* to regard the pair of 
functions J„(z) ± i Y v (z) as standard solutions of Bessel’s equation, and he 
describes them as functions of the third kind; and, in honour of Hankel, 
Nielsen denotes them by the symbol H. The two functions of the third kind 
are defined by the equations f* 

(1) H™(z) = J,(*) + iY,(*), E™ (z) = J,(z)-iY,(z). 

From these definitions, combined with § 3'54 (1), we have 


(2) (z) = 


,T..(z)-e-^J,(z) 


% Sin VTT 


Bf(z) 


J„ v {z ) -e vH J v (z) 
— i sin vir 


When v is an integer, the right-hand sides are to be replaced by their limits. 

Since /„(*) and F„(s) satisfy the same recurrence formulae ($3‘2, 3'66), 
in which the functions enter linearly, and since the functions of the third kind 


* O/versigt over det K. Dawks Videnskabemes Selskabs Forhandlinger, 1902,.p. 125. Hand- 
Irnch der Theorie der Cylinderfunktionen (Leipzig, 1904), p. 16. 
t Nielsen uses the symbols Hf{z), Hf (z). 



74 


THEORY OF BESSEL FUNCTIONS [CHAP. HI 

axe linear functions (with constant coefficients) of J, (a) and 7, (a), it follows that 
these same recurrence formulae axe satisfied by functions of the third kind. 
Hence we can at once write down the following formulae: 

(8) = 


V+l ' / g y 

rd) /»\ it(]) 


•W- ^.rW-fffiW-2 






dz 


(6) «=<>«, 

//zrO) 




cfe 


( 6 ) * 




(7) 


ok 


■<w*w 




’-■fff’w. 


ok 

<w?w 

S ' 

*'*? «=o. 


-■sf («), 


(8! u,i?J I) '»)=o, 

(10, (^)”f£^l-. f - ) .£S SL W (*y **«h ■ , 

\zdzj ( ** / * > gy+n , I—}=(-) m 


r(B) 

»+wt 

3 V+TO 


M 


n J^nn SSarT . 86 ™^ 0o “ 8iMs . ** J«W. (») xnnr. (1887), p. 268; (6) xrv. 

(1907), pp. tm-^mlSwn^Paper,, it. (1804), p. 280; y. (1912), pp. 410-418], has used the 

symbol A (a) to denote the function which Nielsen oalls * niH (i) (z). 

* " 3 ' 61 ' - Reto,lma meeting the three kinde of Bemel function. 

It is easy to obtain the Mowing set of formulae, which express each 

to^^onhe f r £?“* ° f 9tW tW ° kind8 - The ***** observe 
to some of the formulae are supply the definitions of the functions on the 

■^ W +££W _*-.(*)-r.fsloosrw 

^ sini^r 


( 1 ) .A„(x) = 


OXU. 17 7r 

( 2 ) , W+8-^gyw r„(s)cos w -r.(s) 

" sillier ’ 

(3) V (.) (*)coa vnr — J_ v (z) (*) 

sin vtt 2t~ -'» 

(4) V , (z) - J A?) - 4-y Cg) cos ^7T ( e )-e-^ ff w ( z ) 

sin vtt ~ “* --” v ' 

(«) ff<» <*) = 

i sin wtt 

( 6 ) 


2i 

_ 7 -.„(*)-e-”*r„(V> 

sin K 7 T. J 

sin w 


l 81H I/7T 

From (5) and (6) it is obvious that 
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3*62. Bessel functions with argument — z and ze mvi . 

Since Bessel’s equation is unaltered if z is replaced by — z, we must expect 
the functions J ±v (—z) to be solutions of the equation satisfied by J ±v (z). 

To avoid the slight difficulty produced by supposing that the phases of 
both of the complex variables z and — z have their principal values*, we 
shall construct Bessel functions of argument ze m,ri , where m is any integer, 
arg z has its principal value, and it is supposed that 

arg (ze m,H ) = mw 4- arg z. 

Since J v ( z)\z v is definable as a one-valued function, it is obviously con¬ 
venient to assume that, when the phase of z is unrestricted, J v {z) is to be 
defined by the same convention, as that by which z v is defined; and accordingly 
we have the equations 

(1) J v (ze mri ) = e n ™ J v (z), 

(2) J_ „ (ze mvi ) = e-' n ™ (z). 

The functions of the second and third kinds will now be defined for all 
values of the argument by means of the equations § 3‘54 (1), § 3*6 (1); and 
then the construction of the following set of formulae is an easy matter: 

(3) F„ (ze m ™) -e~ mv1ti Y v (, z ) +• 2i sin mmr cot mr J v (z), 

(4) F_ „ (ze" lri ) = e ~ myvi F_„ (z) •+■ 2i sin mvrr cosec vir J v (z), 

(5) H {1 \ze m ^) = H w (z) - 2e -"* J v ( s ) 

= ain(l-i»)p7r H ( X) _ e _ w< s inwi/7r R{i) 

sini/7r v v ' sinim- » v h 

(6) {ze m ^)^e- m ^H w {z)+ J v (z) 

w , v sini/7r 

= «in(l-fm)v7r hW evnl si n mmr ^ (1) 

sin^ 7 r v \ t sini/ 7 r v v ' 


Of these results, (3) was given by Hanked, Math. Ann. vm. (1875), p. 454, in the special 
case when m— 1 and v is an integer. Formulae equivalent to (5) and (6) were obtained by 
Weber, Math. Ann. xxxvii. (1890), pp. 411, 412, when m=l; see § 611. And a memoir 
by Graf, Zeittchrift ftir Math, und Phya. xxxvm. (1893), pp. 115—120, contains the general 
formulae. 


3*63. Fundamental systems of solutions of Bessel’s equation. 

It has been seen (§ 3*12) that J v (z) and J- v if) form a fundamental system of 
solutions of Bessel’s equation when, and only when, v is not an integer. We shall 
now examine the Wronskians of other pairs of solutions with a view to deter¬ 
mining fundamental systems in the critical case when v is an integer. 


For Arg (-*)- Arg i =f t, according as 1 (s) $ 0. 
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It ia clear from § 3‘54 (1) that 

[J v (z), Y v (z)} ■= - cosec vir. ®2R {/„ (s), «/_„ ( 2 )} 

7TS' 

This result is established on the hypothesis that v is not an integer; but con¬ 
siderations of continuity shew that 

(1) [J v (*), Y v (V)} =s 2/(7re), 

whether v be an integer or not. Bence J* (z) and Y v (z) always form a funda¬ 
mental system of solutions. 

It is easy to deduce that 

( 2 ) 

* zcobvtt 

and, in particular*, 

(8) Y,(i)}-8/* 

When we express the functions of the third kind in terms of J. (z) and 
Y, (z), it is found that 

(4) Jffi {B? (z), H? (z)} -(. e ), 7, (*)} - - 4»/(*■#), 

so that the functions of the third kind also form a fundamental system of 
solutions for all values of v. 

Various, formulae connected with (1) and (3) have been given by Basset, Proc. London 
Math. S<h j. xxi. (1889), p. 65; they are readily obtainable by expressing successive differ¬ 
ential coefficients of J,(z) and Y y (z) in terms of /„(*), /„'(*), and Y v {z\ jy (z) by re¬ 
peated differentiations of Bessel’s equation. Basset’s results (of which the earlier ones 
are frequently required in physical problems) are expressed in the notation used in this 
work by the following formulae: 

(5) J ¥ <*) Y " (z) - JV (z) J y " (z)~ - \ 

irz 

(e) J,' (.) r," (z)- t; (*) j." ( 2) _ l (i_fj), 

(V) j. («) r (z)-r. w _l(!^?_ 1 ) i 

(8) JJ («) 37" (,)- 7; (,) J’" ( .) =. 1, (?£ _ i), 

(9) t;« jr «=- 

irz \ a* a 4 ) ’ 

(10) /, (.) 7,**>(,)-Y, (,).«W(*)_ * A_S?!±3\ 

irz \ e*J 

(u) j.' (*) r,(>'i(«)- jy (.) j;w(,)_ _ lf*±“irl_ !r!+? +l \ 

irz \ r a a J ' 

Throughout these formulae F, may be replaoed by J_ y if the expressions on the right 

are multiplied by -siuvjr; and /„ F„ may be replaoed by ^throughout if the 
expressions on the right sure multiplied by - 2 i. v * 

* Of. Lommel, Math. Ann. iv. (1871), p. 106, and Haniel, Math. Ann. vnx. (1875), p. 457 . 
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An associated formula, due to Lommel*, Math. Ann. iv. (1871), p. 106, and Hankel, 
Math. Ann. vm. (1875), p. 458, is 

(12) J„(z) F r+1 (*)-* +l («) 

7TZ 

This is proved iu the same way as § 3‘2 (7). 

3*7. Bessel functions of purely imaginary argument. 

The differential equation 

( 1 ) ^+*^-(S + v») !/ = 0, 

which differs from Bessel’s equation only in the coefficient of y, is of frequent 
occurrence in problems of Mathematical Physics; in such problems, it is usually 
desirable to present the solution in a real form, and the fundamental systems 
</„ (iz) and «/_„ (iz) or J v ( iz ) and Y v (iz) are unsuited for this purpose. 

However the function e~^ vvri J v (iz) is a real function of z which is a solution 
of the equation. It is customary to denote it by the symbol /„ (z) so that 

» (1 z \v+*nt 

(2) L W “ «?o ml "f(7+#r+i) • 

When z is regarded as a complex variable, it is usually convenient to define 
its phase, not with reference to the principal value of arg iz, as the consideration 
of the function J v (iz) would suggest, but with reference to the principal value 
of arg z, so that 

' /„ (z) = «/„ (ze^), (— 7r < arg z £ tt), 

/„ ( z ) = e iuni J v (ze~^ ai ), (in- < arg z ^ tt). 

The introduction of the symbol /„ ( z ) to denote “the function of imaginary 
argument ” is due to Bassetf and it is now in common use. It should be men¬ 
tioned that four years before the publication of Basset’s work, NicolasJ had 
suggested the use of the symbol F v (z), but this notation has not been used by 
other writers. 

The rolntiva positions of Pure and Applied Mathematics on the Continent as compared 
with thiH country are remarkably illustrated by the fact that, in Nielsen’s standard 
treatise noither the function I* (z), nor the second solution E v (z), which will be defined 
immediately, is even mentioned, in spite of their importance in physical applications. 

The function I- V (z) is also a solution, of (1), and it is easy to prove (cf. 
§312) that 

( 8 ) 

* Lommel gave the corresponding formula for Neumann’s function of the scoond kind. 

•j- Proc. Camb. Phil. Soc. vi. (1889), p. 11. [This paper was first published in 1886.] Basset, 
in this paper, defined the function of integral order to be i +n J n [iz), but he subsequently changed 
it, in his Hydrodynamics, n. (Cambridge, 1888), p. 17, to that given in the text. The more 
recent definition is now universally used. 

+ Ann. Sci. de VJtlcole norm. sup. (2) xi. (1882), supplement, p. 17. 

§ Handbuch der Theorie der Cylinderfunktionen (Leipzig, 1904). 
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It follows that, when v is not an integer, the functions T v {z) and I~ v (z) form 
a fundamental system of solutions of equation (1). 

In the case of functions of integral order, a second solution has to be con¬ 
structed by the methods of §§ 3*6—3 - 54. 

The function K n (z), which will be adopted throughout this work as the 
second solution, is defined by the equation 

(i) lim . 

»•*» “. L. ^ w _ 

An equivalent definition (cf. § 3*5) is 
(5). . .. • 

It may be verified, by the methods of § 3‘5, that K n (z) is a solution of (1) when 
the order v is equal to n. 

The function K v (z) has been defined, for unrestricted values of v, by 
Macdonald 111 , by the equation 


( 6 ) = 

smi/w 

apd, with this definition, it may be verified that 

(7) K n (z) = lim K v (z). 

r-*-n 

It is easy to deduce from (6) that 

(8) K v {z) — \ f rn^ >nA H v (iz) = ^7rie~ iyH s[.l (iz). 

The physical importance of the fimction K v (z) lies in the fact that it is a 
solution of equation (1) which tends exponentially to zero as z oo through 
positive values. This fundamental property of the function will be established 
in § 7-23. 


The definition of K n (z) is due to Basset, Proc. Camb. Phil. Soc. vi. (1889), p. 11, and 
his definition is equivalent to that given by equations (4) and (5); the infinite integrals by 
which he actually defined the funotion will be discussed in §§ 6-14, 6-15. Basset subse¬ 
quently modified his definition of the function in his Hydrodynamics , ir. (Cambridge, 1888), 

pp. 18—19, and his final definition is equivalent to -i-, ^ 

2 n+1 L Ov <Sv Jr—»' 

In order to obtain a function which satisfies the same recurrence formulae as /„ («), 
Gray and Mathews in their work, A Treatise on Bessel Functions (London, 1895), p. 67, 
omit the factor 1/2*, so that their definition is equivalent to 

ir a/_„(*) di v (zT\ 

2|_ 0v dv Jv=n * 

The only simple extension of this definition to functions of unrestricted order is by the 
formula 

Kr (*) S-Jir OOt V7T {/_„(*)-(*)}, 

* Proc. London Hath. Soc: xxx. (1899), p. 167. 



BESSEL JUNCTIONS 


79 


3*71] 


(cf. Modem Analysis, § 17*71) but this function suffers from the serious disadvantage that 
it vanishes whenever 2v is an odd integer. Consequently in thiB work, Macdonald’s 
function Will be used although it has the disadvantage of not satisfying the same recur¬ 
rence formulae as J v ( z ). 

An inspection of formula (8) shews that it would have been advantageous if a factor £»r had 
been omitted from the definition of E v (z); but in view of the existence of extensive tables 
of Macdonald’s function it is now inadvisable to make the change, and the presence of the 
factor is not so undesirable as the presence of the corresponding factor in SohlSfli’s function 
(§ 3*54) because linear combinations of I v (z) and K v (e) are not of common occurrence. 


3'71. Formulae connected with I v (z) and K v (z ). 

We shall now give various formulae for I v (z) and K v (z) analogous to 
those constructed in §§3*2—3*6 for the ordinary Bessel functions. The proofs 


of the 

formulae are left to the reader. 



(1) 

I v -\ (z) ~ 7i<+i (z) = 

II 

(z) - K v+1 (z) = 


(2) 

I V— 1 ( z ) + Iv+1 ( z ) = 

= 2 TJ (z), 

K v -\ (z) + K v+ 1 ( z ) = 

-sx/w, 

(3) 

Zly {Z) + Vl V (z) = 

zlv—l {z\ 

zK„'{z) + vK v (z) = 

- zK v ~ x (z). 

(4) 

zlj (z) - vl v (z) - 

Zly +1 {Z\ 

zKJ (z) - vK v (z) = 

- zK v+l (z), 

5) 


- m h-m{z), 

&»*<•»-<■ 

-)m Z r-m Ky _ m ( z)t 

(6) 

( d r n 5 Liill - it ±»j£) 

\zdz) { z v J *' +m ’ 


Ym 77p+m (z) 

' z v ~ +m 5 

0) 


k:(z)=-k 1 (z), 


(8) 

I—n (^) = 7,i (z), 

K„ v 

{z) = K v (z). 



The following integral formulae are valid only when R (v + £) > 0 : 


(9) 


(l*)’ 


/,(*) = r'(V+iyr'(i") fo cosh ^ 008 6) * inived6 

- i> _ +f|V(i) Ij 1 ~ r) "‘ 0081,1 <*>* 

- %<!)/> 


r(» + i>r(i) 
M 

r (v +r (^) J o 


e i3c<w0 s i n aK QdQ 
I 

- n; + tfri»jr~ h ( * 008 d)B " 1, ’ ed9 

y-t cosh (zt) dt. 


(», + *) r(*). 

_2 (h z Y _ _ f'd _ ay 

i> + 4)TG)V ; 
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These results are due to Basset. We also have 

(10) I n+i ( Z ) = _!_ [| <zl r t 1 + Ill 

V(2vra) |_ r.« r!(n- r)! (2a)' 


[CHAP, m 


( 12 ) 

(13) 

< 11 ) 

(15) 


06 ) 

(17) 

(18) 

(19) 

( 20 ) 


+ /_)«+] e ~z v (n + r )\ ^ 

,-„rU-n -ry.az)'}' 


(11) (a) = 1 _ [„ i ±Y(n± r)l_ 

v (2 tT£t) [_ r=J orl(n-r)! (2^) r 


+ {—\n e -z ^ (w + r)! 

r=o t\ (n — r) \ (2z) r _ 


*»*(*)=(~) V» 2 - fa+r )' 

\as«/ (u —r)!(20) r ' 

*• w= " log < w • 7 «« + i * (*■+1), 

" M = 0 ml (£*)«-»» 


•+(.)«* 2 (^y* 4 * fl /1 . 

m=o w!(n+m)l ^ 0 ®^)""^( m + l)~i^(nH-m+l)} J 
(*) = _ I J' gzaoa 6 (log (2ar sin* 6) + 7 } d8, 

I v {ze m ^)=d m ^I v ( z ) i 

K v (z^rri) = ^^ sinmvTT 

sin w "' '• 

®IAW IT, (*))=-1/a, 

4 (*) 4) + j„ +1 (j) if, w _ 1/fc 

The mtegral involved in (16) hen heen diecueetd by Stota (of. § 3 672). 

memoir “Zra Tleoriedw hfobffi “heu'PertT" “ ” er8 dia0UBSe<i b 7 Riemann in hie 
** - k 

A,dn, Pro,, ny, M a,K Soc. o f Japan, ( 3 , „. (l^^Uw ^ * °“ 116; ‘ md by 

were need ^ ^1“ eqUati ° M ( 10 >“ nd ( 12 ). 

and he added yet another notation to. thoee deeiiW L § 3 . 4 I 1 (1895) ’ PP 77-91 J > 
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3*8. Thomson's functions ber (z) and bei (z) and their generalisations. 

A class of functions which occurs in certain electrical problems consists of 
Bessel functions whose arguments have their phases equal to \ir or £ 7 r. 

The functions of order zero were first examined by W. Thomson*; they 
may be defined by the equation f 

(1) ber («) + i bei (x) = J n (xi fi) = / 0 (x fi), 

where x is real, and ber and bei denote real functions. For complex argu¬ 
ments we adopt the definitions expressed by the formulae 

(2) ber ( z ) + i bei ( z ) = J 0 (zi i) = /„ {z V ± i). 

Hence we have 


(3) 

(4) 


ber (z) ■■ 


, a * * ) 4 aw 

(21)* (4!) a 


bei (z) — 


(ll) 9 (31) 9 (5 !) 9 


Extensions of these definitions to functions of any order of the first, second and 
third kinds have been effected by Russell]: and Whitehead§. 

The functions of the second kind of order zero were defined by Russell by 
a pair of equations resembling (2), the function /„ being replaced by the 
function K 0) thus 


(5) ker (z) ± i kei {z) = 7f 0 (# i)- 

Functions of unrestricted order v were defined by Whitehead with reference 
to Bessel functions of the first and third kinds, thus 


(6) ber„ (z) ± i bei„ (z) = J v (ze**™), 

(7) her v ( z ) ± i hei„ ( z ) — H v w (ze ±iiri ). 

It will be observed that|| 

(8) ker (z) = — hei (z), kei ( z ) = ^7r her (z), 
in consequence of § 3*7 (8). 

The following series, due to Russell, are obtainable without difficulty: 

(9) ker (x) = — log(^) . ber (z)+ bei ( z) 

5 {-T(W m 


+ 2 


0 1(2™)1)’ 


•^r(2»» + l), 


* Presidential Address to the Institute of Electrical Engineers, 1889. [Math, and Phye. 
Papers , in. (1890), p. 492,] 

f In the ease of functions of zoro order, it is customary to omit the snfllx which indicates 
the order. 

X Phil. Mag. (6) xvn. (1909), pp. 524—552. 

§ Quarterly Journal, xui. (1911), pp. 310—342. 

|| Integrals equal to ker ( z ) and kei (z) occur in a memoir by Hertz, Ann. der Phytik und Ohemie, 
(8) xxn. (1884), p. 450 [Gee. Werke, 1 . (1896), p. 289]. 


W. B. F. 


6 
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— log (%z ). bei (z) — far ber (z) 


I 

{(*».+!)!}■ 


^ ( 27714 - 2 ). 


It has also been observed by Russell that the first few terms of the expansion of 
ber* («) -f-bei 2 (e) have simple coefficients, thus 


(H) 


ber 2 (a)+-bei 2 (s) = 


1 . (W , &)* . Ml 1 

^ 2l'4.4i6 2 .61 + 


8 2 .9r 


but this result had previously been obtained, with a different notation, by Nielsen (of. 
§ 6*41); the coefficient of (fa)*” 1 in the expansion on the right is 1 /[(m !) a . (2m)!]. 


Numerous expansions involving squares and products of the general 
functions have been obtained by Russell; for such formulae the reader is 
referred to Russell's memoir and also to a paper by Savidge*. 

Formulae analogous to the results of §§ 3 - 61,3*62 have been discussed by 
Whitehead; it is sufficient to quote the following here: 

(12) ber__„ (z) = cos vir . ber„ (z) — sin w . [hei F (z) — bei„ (*)], 

(13) bei_ v (z) = cos vnr. bei v (*) + sin vtt . [her F (z) - ber„ («)], 

(14) her_„(z) = cos vir . her* ( z) — sin vir . hei v (z), 

(15) hei_„ (z) ** sin vir . her* (z) + cos vir . hei„ ( 5 ). 

The reader will be able to construct the recurrence formulae which have 
been worked out at length by Whitehead. 


The functions of order unity have recently been examined in some detail 
by B. A. Smith f. 


3*9. The definition of cylinder functions. 

Various writers, especially SonineJ and Nielsen§, have studied the general 
theoiy of analytic functions of two variables (z) which satisfy the pair of 
recurrence formulae 

(1) «■«(*)+»«(*)--»■,(#), 

z 

( 2 ) ^,-1 <*> - <9+* (*) - w: (z), 

in which z and v are unrestricted complex variables. These recurrence formulae 
are satisfied by each of the three kinds of Bessel functions. 

Functions which satisfy only one of the two formulae are also discussed by 
Sonine in his elaborate memoir; a brief account of his researches will be given 
in Chapter x, 

* Phil. Mag. (8) xix. (1910), pp. 49—58. 

f Proc. American Soc. of Civil Engineer*, xlvl (1920), pp. 375—425. 

t Math. Ann. xjx. (1880), pp. 1—80. 

§ Handbvch der Tlieorie der Cylinderfunktionen (Leipzig, 1904), pp. 1, 42 et teq. 
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Following Sonine we shall call any function $?„ (z), which satisfies both of 
the formulae, a cylinder function. It will now be shewn that cylinder functions 
are expressible in terms of Bessel functions. 

When we combine the formulae (1) and (2), we find that 


(3) 0) + v'tfy (. z ) = z%^ (z), 

(4) (z) - v% (z) = - z% +l (z), 
and so, if ^ be written for z ( d/dz ), we deduce that 

(5) (* + v)<@ v (z) = zW v - 1 (z), 

( 6 ) - v) <$ v (Z) = - Z r $ v+l (z). 


It follows that 


that is to say 

(7) 


(a* - v*) % (z) = (*-*) (z)} 

= z(Sr — V+ 1 ) r 4 v - x ( Z) 

= - z iC S\ (z), 

V v K(z) = 0 . 


Hence c $ v (z) — a v J v ( z ) + b v Y v ( z), 

where a„ and b v are independent of z, though they may depend on v. 
we substitute in (3) we find that 


When 


a> v J v _i (z) -f KY V _ X (z) s (z) + 6„_ 1 F W _ 1 (z), 

and so, since (z)/ Y v _ x ( z ) is not independent of z, we must have 

ct v — U|/_], — b v — j. 

Hence ci„ and b v must be periodic functions of v with period unity; and, 
conversely, if they arc such functions of v, it is easy to see that both (1) and 
(2) are satisfied. 

Hence the general solution of (1) and (2) is 

(8) Yo v (z) = nr, ( v ) J v ( z ) + or a (v) Y v (z), 

where or, (v) and or B (v) are arbitrary periodic functions of v with period unity. 
It may be observed that an equivalent solution is 

(9) W, (z) = or 3 („) H* (z) + or, (v) ff w * (z). 


A difference equation, which is more general than (1), has been examined by Barnes, 
Messenger, xxxiv. (1905), pp. 52—71; in certain circumstances the solution is exprosaible 
by Bessel functions, though it usually involves hypergeomotric functions. 

Note. The name cylinder function is used by Nielson to denote J v ( 2 ), Y v ( 2 ), II(z) 
and H V W ( 2 ) as well as the more general functions dismissed in this section. This procedure 
is in accordance with the principle laid down by Mittag-Leffler that it is, in general, 
undesirable to associate functions with the names of particular mathematicians. 

The name cylinder function is derived from the fact that normal solutions of Laplace’s 
equation in cylindrical coordinates are 

(cf. § 4'8 and Mod&'n Analysis, § 18*5). 


6—2 
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■writers*, following Heinet who called J n {z) a Fourier-Bmel function, call J n {z) 

< function, 

)ugh Bessel coefficients of any order were used long before the time of Bessel 
3,1'4), it seems desirable to associate Bessel’s name with them, not only because 
icome generally customary to do so, but also because of the great advance made by 
o the work of his predecessors in the invention of a simple and compact notation 
functions. 

Bessel’s name was associated with the functions by Jacobi, Journal filr Math. xv. 
(1830), p. 13 [Ges. Math. Werke,yi. (1891), p. 101]. “Transcendentium /** naturam varios- 
que usus in determinandis integralibus definitis exposuit ill. Bessel in commentatione 
celeberrima.” 

A more recent controversy on the -imma to be applied to the functions is to be found in 
a series of letters in Mature, lx. (1899), pp. 101,149, 174; lxxxi. (1909), p. 68. 

* E.g. Nicolas, Ann. Sci. de Vflcole norui. sup. (9) xi. (1882), supplement. 

t Journal filr Math. lxxx. (1868), p. 128. Heine also seems to be responsible for the term 
oylinder function. 



CHAPTER IV 

DIFFERENTIAL EQUATIONS 


4*1. Daniel Bernoulli's solution of Riccati's equation. 

The solution given by Bernoulli* of the equation 

(1) ^ = a*» + i>y 

consisted in shewing that when the index n has any of the values 


0 ; 


-V- 


-Jf, -tf; 


while a and b have any constant values'}*, then the equation is soluble by 
means of algebraic, exponential and logarithmic functions. The values of n 
just given are comprised in the formula 


( 2 ) 


4 m 

2 vi ± 1 ’ 


where m is zero or a positive integer. 

Bernoulli’s method of solution is as follows: If n bo called the index of the 
equation, it is first proved that the general equation J of index n is transformable 
into the general equation of index N, where 


(3) 


JV = - 


n + 1 


and it is also proved that the general equation of index n is transformable 
into the general equation of index v, where 

(4) v — - n — 4. 

The Riccati equation of index zero is obviously integrable, because the 
variables are separable. Hence, by (4), the equation of index — 4 is integrable. 
Hence, by (3), the equation of index — jj is integrable. If this process be con¬ 
tinued by using the transformations (8) and (4) alternately, we arrive at the 
set of soluble cases given above, and it is easy to see that these cases are 
comprised in the general formula (2). 

* Exercitatiancs quaedam vinthemattcae (Vernon, 1724), pp. 77—HO; Acta lintditorum, 1725, 
pp. 473—475. The notation used by Bernoulli has boon slightly modified; and in thiii analysis 
n is not restricted to be an integer. 

f It is assumed that neither a nor b is zero. II oithor were zero tho variables would obviously 
be separable. 

$ That is, the equation in which a and b have arbitrary values. 
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4*11. Daniel Bernoulli’s transformations of Riccati's equation. 

x^ow that the outlines of Bernoulli’s procedure have been indicated, we 
proceed to give the analysis by which the requisite transformations are effected. 
Take § 4*1 (1) as the standard equation of index n and make the substitutions 


z”+' 
n 4-1 



[Not®. The aubstitutions are possible because — 1 is not included among the values of 
n. The faotor n+l in the denominatoi was not inserted by Bernoulli; the effect of its 
presence is that the transformed equation is more simple than if it were omitted.] 


The equation becomes 

J ld¥_ b 

Y*dZ~ a+ Y>z n ’ 

that is 

AY 

where N — — n/(n + 1); and this is the general equation of index N. 

Again in § 4*1 (1) make the substitutions 

The equation becomes 

where v = — n — 4; and this is the general equation of index v. 

The transformations described in § 4*1 are therefore effected, and so the 
equation is soluble in the cases stated. But this procedure does not give the 
solution in a compact form. 


4*12. The limiting form of Riccati's equation, with index — 2. 

When the processes described in §§41, 411 are continually applied to 
Riccati’s equation, the value to which the index tends, when m oo in 
§ 41 (2), is — 2. The equation with index — 2 is consequently not soluble by 
a finite number of transformations of the types hitherto under consideration. 
To solve the equation with index — 2, namely 


( 1 ) 


dy a , „ 


write y — vjz, and the equation becomes 


dv , „ 

z ~r= a + v + bv s ] 


and this is an equation with the variables separable. * 

Hence, in this limiting case, Riccati’s equation is still soluble by the use 
of elementary functions. 
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This solution was implioitly given by Euler, Inst. Calc. Ini. n. (Petersburg, 1769), § 933, 

1 d 

p. 185. If we write (of. § 4*14) y =» , the equation which determines rj is 



which is homogeneous, and consequently it is immediately soluble. 

Euler does not seem to mention the limiting case of Riccati’s equation explicitly, 
although he gave both the solution of the homogeneous linear equation and the transforma¬ 
tion which connects any equation of Riccati’s type with a linear equation. 

It will appear subsequently (§§ 4'7—4 , 75) that the only cases in which 
Riccati’s equation is soluble in finite terms are the cases which have now been 
examined; that is to say, those in which the index has one of the values 

Oj ~f~§> ~§; •••> — 2, 

and also the trivial cases in which a or b (or both) is zero. 

This converse theorem, due to Liouville, is, of course, much more recondite 
than Bernoulli’s theorem that the equation is soluble in the specified cases. 


4‘13. Euler's solution of Riccati's equation. 

A practical method of constructing a solution of Riccati’s equation in the 
soluble cases was devised by Euler*, and this method (with some slight changes 
in notation), will now be explained. 

First transform Riccati’s equation, § 41 (1), by taking new variables and 
constants as follows: 

(1) y ~ v/bi ab = — c*, n = 2q-2; 
the transformed equation is 

(2) ^ + rf - c'z 2 *-* = 0 ; 

and the soluble cases are those in which l/q is an odd integer. 

Define a new variable w by the equation 


(3) y = czfl-' + 

so that the equation in w is 

... d?w . „ _ dw 

(4) 


1 dw 
w dz ’ 


^ + 2 csfl~ l 4- (7 - 1) afi~*va ~ 0. 


A solution in series of the last equation is 
provided that 


w = 2 A r z~ <ir , 

r a 0 


A r 


(2 gr + q + 1)(2 qr + q- 1 ) 

8 qc(r +1) 

* Nov. Comm. Acad. Petrop. via. (1760—1761) [1768], pp. 8—63; and ix. (1702—--1768) 
[1764], pp. 154—169. 
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and so the series terminates with the term A m z~ qin if q has either of the values 
± l/(2m + 1); and this procedure gives the solution* examined by Bernoulli. 

The general solution of Ricoati’s equation, which is not obvious by this method, was 
given explicitly by Hargreave, Quarterly Journal , vn. (1866), pp. 256—258, but Hargreave’s 
form of the solution was unneoessarily complicated; two years later Cayley, Phil. Mag. (4) 
xxxvl (1868), pp. 348—351 [Collected Papers, vn. (1894), pp. 9—12], gave the general solu¬ 
tion in a form which olosely resembles Euler’s particular solution, the ohief difference between 
the two solutions being the reversal of the order of the terms of the series involved. 

Cayley used a slightly simpler form of the equation than (2), because he took oonstant 
multiples of both variables in Riccati’s equation in such a way as to reduce it to 


( 6 ) 


d V,‘ 


,a — 2 _ o. 


4*14. Oayley's general solution of Riccati’s equation. 

We have just- seen that Riccati’s equation is reducible to the form 

dr] 


dz 


+ 17 9 - c a $*«-■* « 0 , 


given in § 4**13 ( 2 ); and we shall now explain Cayley’s f method of solving 
this equation, which is to be regarded as a canonical form of Riccati’s 
equation. 

When we make the substitution! rj = d (log v)/dz, the equation becomes 

d*v 


( 1 ) 


dsP 


— = 0; 


and, if TJ 1 and U 2 are a fundamental system of solutions of this equation, the 
general solution of the canonical form of Riccati’s equation is 

() n ~ q l u l +o,n, • 

where C x and G t are arbitrary constants and primes denote differentiations with 
respect to z. 

To express TJ l and U a in a finite form, we write 

v = w exp (csfl/q), 

so that the equation satisfied by iv is § 4*13 (4). A solution of this equation 
in w proceeding in ascending powers of z q is 

i ?- 1 (g~l)(3g-l) 


■g*®.+ 




7(2-1) 1 .g(«-i)*g(2fl-i) 

—(g-l)(8g-l)(5g-l) ■ 

g( ? -l)2 ? (2 ? -l)3 ? (3 ? -l)^ + -’ 
and we take XJ x to be exp (czfl/q) multiplied by this series. 

* "When the index n of the Riooati equation is - 2, equation (4) is homogeneous. 

\ Phil. Mag. (4) xxxvi. (1868), pp. 848—851 {Collected Papers, vn. (1894), pp. 9—12]. Of. also 
the memoirs by Euler which were cited in § 4*18. 

$ This is, of course, the substitution used in 1702 by James Bernoulli; of. § 1*1: 
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Now equation ( 1 ) is unaffected by changing the sign of c, and so we take 
U 1) D’ i = ex^(±cz^/q)\lT -j — afl + - ~ 

L ?(?-!) Q (? - 1) H ( 2 2 -1) 

(q - 1) (3g - 1) (5g — 1) I 

+ q(q-l)2q(2q-l)Hq(2 q -lf** + "‘]’ 

and both of these series terminate when q is the reciprocal of an odd positive 
integer. Since the ratio Ui : U a is the exponential function exp ( 2 czfl/q) 
multiplied by an algebraic function of 2 $, it cannot be a constant; and so 
TJ U t/j form a fundamental system of solutions of ( 1 ). 

If q were the reciprocal of an odd negative integer, we should write 
equation ( 1 ) in the form 


whence it follows that 


’? = ^l°g (7^1 + V*Vi)> 


where and 72 are constants, and 
Vi> F a = *exp(T cz*/q) 1 ± csfl + 


_(q±im± 1 L 

qiq + VZqVq + l) 0 ^* 


The series which have now been obtained will be examined in much greater 
detail in §§ 4*4—4*42. 

The reader should have uo difficulty in constructing the following solutions of Riooati’s 
equation, when it is soluble in finite terms. 


Equation 


Values of U l , U% 


(i) (dr]jdz)+rj i (ii) (iii) ’=-\ 

(ii) (dr) Idz )+ rf=*z ~ 4/8 

(iii) (dt)ldz)+T)' i °=e~ m 


exp (±«) 

(1 ^ 3sV*) exp (± 3z vs ) 

(1 + fiz^ 0 + exp (+ 5 z m ) 



Equation 

Values of V u V 2 

(dr) jdz) +^ a = z~* 

(d7j!dz)+i a =z-W 

(dv/ckj+rj^z-W 

z exp(± 1/x) 

z (l + 3z _,/a ) exp( + 3z~ 1 / 8 ) 

z(l + 5z -1 / 6 +^z -2 / 5 ) exp(±5z~t' 6 ) 


It is to be notioed that the series Di, U% (or Vu F„ as the case may be) are supposed 
to terminate with the term before the first term which has a zero factor in the numerator; 
see § 4*42 and Glaisher, Phil. Tram, of the Royal Soc. olxxii. (1881), p. 773. 
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amTZ g « «e Summer, Journal far Hath. xn. 

Dy taking ff -S in (1), and so it is not included among the soluble cases 

■ 4*15. Schl&fli's canonical form of Uiccati's equation. 

The form of Riccati’s equation which was examined by Schlafli* was 

du 


( 1 ) 


dt 


= 


to the form of § 413(2) by tak “« - • ~w 

To solve the equation, Schlafli wrote 


and arrived at the equation 


s.fti jjyy 

dt ■ 


t T# +( - a+v >%-y=‘Q 


If t . J(a,*) = 2 *» 

Mwir(o+ffl + i)’ 

the general eolation of the equation in y is 

2/ = th# (a, *) + c^ir^F (- a, *). 

The solution of (1) i s then 

OqA'Ca, t) + (_ a , £) * 

^"d^toTso^hat ;r i0Q “ d “ - ‘Hus 

to exhibit the connexion between Cayle/TsSC sSs^uin^ 
Norn. The function <f >: *, defined as the series 


, a i 

l+? + i. 


“* .+, 1 


..... * 2's(»+l) + B.3-^ + l)(j +2 j + -. 

tMrnnt.de f>? Legendre, 

Later the function was studio /wi,» A-tr i . > P roof that tt is irrational, 

fragment in his Math. Papers (London, 1882),^ 346 ^ 34 a ^ GMord; 866 a P 08 thumous 

aeriee (§ 1-1) i 8 to bfilsoc^ted se ° th *“ Bemouffl-, solution in 

t This notation shouid be ** *** —• 
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4 * 15 , 4 - 16 ] 

It is obvious that J v (*)=(£«)»- F(v, - £* 2 ), 

and it has recentlyJjeen suggested* that, because the Sohl&fii-Clifford notation simplifies 
the analysis in the discussion of certain problems on the stability of vertical wires under 
gravity, the standard notation for Bessel functions should be abandoned in favour of a 
notation resembling the notation used by Schlafli-Clifiord:—a procedure which seems com¬ 
parable to a proposal to replace the ordinary tables of trigonometrical functions by tables 
of the functions 

g a* “ * n 

n—0 O)!’ n~o (2»4-1)!’ 


4*16. Miscellaneous researches on Riccatis equation, 

A solution of Ricoati’s equation, which involves definite integrals, was given by Murphy, 
Trans, Camb. Phil. Roc. ni. (1830), pp: 440—443. The equation whioh he considered is 


du 

dt 


+ Au i =Bt m , 


and, if a be written for l/(m+2) and A~ l d (logy)jdt for u, his solution (when ABa 2 = 1) is 
y<=\t j ^ h~ l [(f)(h) exp ( t l l a /h)+<f> (1/A) exp (Ai 1 / 0 )] dh, 


where 


( f > (h)<=ehh 


-r 

Jo 


e~ h h a ~ 1 dh= 2 


A" 


na oa(ct + l) (a + 2)... («+«)* 


If 1/A be written for A in the second part of the integral, then the last expression given 
for y reduces to nit multiplied by the residue at the origin of h~ l cp (A) exp ( t l ! a /h ), and the 
connexion between Murphy’s solution and Sohliifli’s solution (§ 4-16) is evident. 

An investigation was published by Challis, Quarterly Journal , VII. (1866), pp. 61—58, 
which showed how to oonnect two equations of the type of § 4 - 13 (2), namely 


j4ij 2 =c l a*9- # , 


in one of which l/q is an odd positive integer, and in the other it is au odd negative 
integer. This investigation is to be associated with the discovery of the two types of 
solution given in § 4'14. 

The equuti on ~ + — + be n m 2 - cz’"=0, 

dz z 

which is easily transformed into an equation of Riocati’s type by taking z n ~“ + 1 and z°w as 
new variables, was investigated by Rawson, Messenger, vn. (1878), pp. 69—72. He trans¬ 
formed it into the equation 

dv a 4- a 

- ~ y+be m - a y 3 -cz li+a =0, 

by taking bu^czP/y; two such equations are called cognate Riccati equations. A somewhat 
similar equation was reduced to Riccati’s type by Brassinne, Journal de Math. xvi. (1861), 
pp. 266—256. 

The connexions between the various types of equations which different writers have 
adopted as canonical forms of Riccati’s equation have been set out in a paper by Greenhill, 
Quarterly Journal, xvi. (1879), pp. 29-1—298. 


* Greenhill, Engineering, ovn. (1919), p. 884; Phil. Mag. (6) xxxvm. (1919), pp. 601—628; 
see also Engineering, oix. (1920), p. 851. 




92 THEORY OF BESSEL FUNCTIONS [CHAP. IV 

The reader should also consult a short paper by Siacci, Napoli Rendiconti ', (3) vn. 
(1901), pp. 139—143. And a monograph on Eiocati’s equation, which apparently contains 
the majority of the results of this chapter, has been produced by Feldblum, Warschau 
Univ. Naoh. 1898, nos. 5, 7, and 1899, no. 4. 


4*2. The generalised Riccati equation. 

An obvious generalisation of the equation discussed in § 4T is 

(i) ^=P+Qy+Rtf, 

where P, Q, R are any given functions of z. This equation was investigated 
by Euler*. It is supposed that neither P nor R is identically zero; for, if 
either P or R is zero, the equation is easily integrable by quadratures. 

It was pointed out by Enestrtim, EncyclopMie deg Sd. Math. ii. 16, § 10 , p. 75, that a 
special equation of this type namely 

nxxdso-nyydx+xxdy=xydx 

was studied by Manfredius, De constructions aequationum differential-urn primi grains 
(Bologna, 1707), p. 167. “Sed tambn haec eadem aequatio non apparet quomodo construi- 
bilis sit, neque enlm videmus quomodfi illam integremus, nee quomodo indeterrainatas ab 
invicbm separemus.” 


The equation (1) is easily reduced to the linear equation of the second 
order, by taking a new dependent variable u defined by the equation f 


( 2 ) 


_1 d log at 


y '~ R dz 

The equation then becomes 
dht 
dd* 

Conversely, if in the general linear equation of the second order, 

dht , du _ 


(3) 


(4) 


r. , 1 dR) du *n ^ 
Q + Bdi\^ + PSu = 0 - 


(where p 0> p lt p* are given functions of z), we write 
( 5 ) u=se Svsz ) 

the equation to determine y is 


( 6 ) 


dy == _pa_p i 
dz p a p 0 


y-y\ 


which is of the same type as (1). The complete equivalence of the generalised 
Riccati equation with the linear equation of the second order is consequently 
established. 


The equations of this section have been examined by Anisimov, Warschau Univ. Nach. 
1896, pp. 1—33. \Jakrhuch tlber die Fortsohritte der Math. 1896, p. 256.] 

* Nov. Comm. Acad. Petrop. vm. (1760—1761) [1768], p. 82; see also a short paper by W. W. 
Johnson, Ann. of Math. xu. (1887), pp. 112—115. 

f This is the generalisation of James Bernoulli's substitution (§ 1-1). See also Euler, Inst. 
Calc. lnt. n. (Petersburg, 1769), §§ 881, 852, pp. 88,104. 
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4*21. Euler's theorems concerning the generalised Riccati equation. 

It has been shewn by Euler* that, if a particular solution of the 
generalised Riccati equation is known, the general solution can be obtained 
by two quadratures; if two particular solutions are known the general 
solution is obtainable by a single quadrature f. And it follows from theorems 
discovered by Weyr and Picard that, if three particular solutions are known, 
the general solution can be effected without a quadrature. 

To prove the first result, let y 0 be a particular solution of 

f^P + Qy + Rf, 

and write y=y ii +l/v. The equation in v is 

^- + (Q + 2Ry,)v + R = 0, 

of which the solution is 

v exp {/(Q + 2j Ry 0 ) dz } + fR exp {f(Q + 2Ry 0 ) dz }. dz = 0, 
and, since v - l/(?/ —y 0 )» the truth of the first theorem is manifest. 

To prove the second, let y 0 and y x be two particular solutions, and write 

y-yi 

The result of substituting (y, w - y 0 )/(w - 1) for y in the equation is 

y 0 -?A dw iv dy x _ 1 ffoo_ P , , p ( W® ~ 2A> \ 3 

(w -l) 9 dz + w - 1 dz w -1 dz v w - 1 \»-l j’ 

and, when we substitute for ( dyjdz ) and (dy 0 /dz) the values P + Qy x + Ry? 
and P+Q 1 / 0 + Ry*> the last equation is reduced to 

1 dW n n 

so that w = c exp | J(Ry 0 - Ry x ) dz), 

where c is the constant of integration. Hence, from the equation defining w, 
we see that y is expressed as a function involving a single quadrature. 

To prove the third result, let y„ and y, be the solutions already specified, 
let y fl be a third solution, and let o' be the value to be assigned to c to make 
y reduce to y 2 . Then 

yj-j 0 = c_ y B -y 0 

y-y\ d ' y-i-yd 

and this is the integral in a form free from quadratures. 

* Nov. Comm. Acad. Petrop. vtit. (1760—1761) [1768], p. 32. 

+ Ibid. p. 69, and ix. (1762—1768) [1764], pp. 163—164. See also Minding, Journal fUr 
Math. xn. (I860), p. 861. 
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It follows that the general solution is expressible in the form 

(*)+/»(*) 

V %(*)+/<(#)’ 

Hence it is evident that, if y„:y„ y B , y 4 be any four solutions, obtained by 
giving 0 the values G 1} (7„ O t , C 4 respectively, then the cross-ratio 

(y»--y«)(y«“-y4) 

iyi-y*)(ys-y*) 

is independent of z\ for it ie equal to 


( fi-CeXg-g) 

(c>~c 4 )(c 8 -c a y 

In spite of the obvious character of this theorem, it does not seem to have 
been noticed until some forty years ago*. 

Other properties of the generalised Riccati equation may be derived from 
properties of the corresponding linear equation (§ 4*2). Thus Raffy f has #i von 
two methods of reducing the Riccati equation to the canonical form 


rhtL 

as+*-*(0; 

these correspond to the methods of reducing a linear equation to its normal 
form by changes of the dependent and independent variables respectively. 

Various properties of the solution of Riocati’s eauation in w hi„h p n r> 
functions have been obtained bv C J D Will r ^ j * > Qi & are ratumul 

Autonne, Comptee Rendus, xcvl^'^831 Math._xxv. (1843), pp. 83-37; 

Fae. des Sci. de Marseille, xil (1002), pp. l_21 h PL' 7 228 , Ann. do In 

The behaviour of the solution near sin BTilari am nf p a d u i 

(2)-^(1905),“ at hy 
The equation of the second order whose primitive is of the type 

C 1 Cl + Cs £2 + C 3 ^3 * 

where c b c 2 , 03 are constants of integration (which i« «„ n \ • 

pnimtive of the Biccati equation), has^n studied hv V ^ V1 ° US geaeralisatio » «f the 

«• Band by Aa * * <*» to/. ,l„ 

and Compta Mendut, cixxyu. ( 1903 ), pp , 1033— 1035 "^' ® 4 - 0MI - (1900), pp. 210 - 217 ; 

Weyr, Abh. bShm. Get. Wits, ffi) vin lomii 

* *”?• ( 2 ) "• ( 1877 ), ip- M "“: '• P ' 80 ■ Ann. mi. 

<«med, » devoted to the theory of .urfeee. end t «2 “ ’ ,h “ 1 > «» result i, eon- 

equation has various applications. curves—a theory in whioh lticoati’s 

f Norn. Ann. de M ft th. (4) n. (1902), pp . 529-545 
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4*3. Various transformations of Bessel's equation. 

The equations which we are now about to investigate are derived from 
Bessel’s equation by elementary transformations of the dependent and inde¬ 
pendent variables. 

The first type which we shall consider is* 


( 1 ) 


dhi 

dz* 


— c*u = 


_ p(p+l) 


u, 


where c is an unrestricted constant. The equation is of frequent occurrence 
in physical investigations, and, in such problems, p is usually an integer. 


The equation haB been encountered in the Theory of Conduction of Heat and the 
Theory of Sound by Poisson, Journal do VfScole Polytechnique,' xn. (cahier 19), (1823), 
pp. 249—403; Stokes, Phil. Trans, of the Royal Soc. 1868, pp. 447—464 [Phil. Mag. (4) 
xxxvi. (1868), pp. 401—421, Math, and Phys. Papers, IV. (1904), pp. 299—324]; Rayleigh, 
Proo. London Math. Soc. IV. (1873), pp. 93—103, 253—283 [Scientific Papers , I. (1899). 
pp. 138, 139]. The special equation in which _p = 2 occurs in the Theory of the Figure of 
the Earth; see Ellis, Camb. Math. Journal, II. (1841), pp. 169—177, 193—201. 


Since equation (1) may be written in the form 

* a + * — {cV+(p + £) 2 j ■ uz~i « 0, 

its general solution is 

(2) u — (ciz). 


Consequently the equation is equivalent to Bessel’s equation when p is 
unrestricted, and no advantage is to be gained by studying equations of the 
form (1) rather than Bessel’s equation. But, when p is an integer, the solu¬ 
tions of (1) are expressible “in finite termsf” (cf. § 3 4), and it is then 
frequently desirable to regard (1) as a canonical form. The relations between 
various types of solutions of (1) will be examined in detail in §§ 4’41—4*43. 


The second type of equation is derived from (1) by a transformation of 
the dependent variable which makes the indicial equation have a zero root. 
The roots of the indicial equation of (1) are p + 1 and - p, and so we write 
u = vz ~ p ; we are thus led to the equation 


(3) 


dh 

dz % 


2 p dv 
z dz 


ch = 0 , 


of which the general solution is 

(4) v = zf+tfflp+i (ciz ). 


* Bee Plana, Mem. della R. Accad. delle Sci. di Torino, xxvi. (1821), pp. 519—588, andPaoli, 
Mem. di Mat. e di Fis. della Soc. ltaliana delle Sci. xx. (1828), pp. 188—188. 

t This was known to Plana, who studied equations (1) and (5) in the paper to which reference 
has just been made. , 
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Equation (3), -which has been studied in detail by Bach, Arm. Sci. de VJ&cole nwm. sup. 
(2) nr. (1874), pp. 47—08, occurs in certain physical investigations ; see L. Lorenz, Ann. 
der Physik und Ohemie, ( 2 ) xx. (1883), pp.‘ 1 —21 [Oeuvres Saientifiques , I. (1898), pp. 371— 
396]; and Lamb, Hydrodynamics (Cambridge,. 1906), §§ 287—291. Solutions of equation (3) 
in the form of continued fractions (o£ §§ 5*6,9 ‘65) have been examined by Catalan, Bulletin 
de VAcad. R. de Belgique, ( 2 ) xxxi..(1871), pp. 68 —73. See also Le Paige, ibid, (2) xli. 
(1876), pp. 1011—1016, 935—939. 

Next, we derive from (3), by a change of independent variable, an equation 
in its normal form. We write z = fijq, where q = l/(2j3 +1), the equation then 
becomes 

/-7suj ■ 

(5) 

and its solution is 

( 6 ) 

When a constant factor is absorbed into the symbol the solution may be 
taken to be 

^1/(25) (w ^/30- 

Equation (5), which has already been encountered in § 414, has been studied by Plana, 
Mem: della R. Accad. delle Soi. di Torino , xxvi. (1821), pp. 519—538; Cayley, Phil. Mag. 
(4) xxxvi. (1868), pp. 348—351 [ Collected Papers, vir. (1894), pp. 9—12]; and Lommel, 
Studien fiber die BesseVschen Functioned (Leipzig, 1868), pp. 112—118. 

The system of equations which has now been constructed has been dis¬ 
cussed systematically by Glaisher*, whose important "memoir contains an 
interesting account of the researches of earlier writers. 

The equations have been studied from a different aspect by Haentzschel *f" 
who regarded them as degenerate forms of Lamp’s equations in which both of 
the invariants g % and g 3 are zero. 

The following papers by Glaisher should also be consulted: Phil. Mag. (4) xmr. (1872), 
pp. 433—438; Messenger , vul (1879), pp. 20—23; Proo. London Math. Soc. ix. (1878), 
pp. 197—202. 


It may be noted that the forms of equation ( 1 ) used by various writers are as follows: 


, .._*(*+!).. . 
dg+y = — £5-y> 

(Plana), 

<PR n(n+1 ) D 

dr* -^ Rx= r» R 

(Poisson), 

<Pu s jo(p + l) 

(Glaisher). 

Equation (5) has been encountered by GreenhillJ in his researches on the stability of a 
vertical pole of variable oross-section, under the action of gravity. When the oross-section 
is constant, the special equation in which is obtained, and the solution of it leads to 

Bessel functions of order ±^. 

* Phil. Traris. of the Royal Soi. olxxh. (1881), pp.759—828 ; see also a 
bridge and Dublin Math. Journal, re.. (1854), pp. 272—290. 
t Zeitschriftfilr Math, und Phy*. xxxi. (1886), pp. 25—83. 
t Proc. Oamb. Phil Soc. iv. (1883), pp. 05—73. 

paper by Curtis, Oam- 



4 * 31 ] 


DIFFEBENTIAL EQUATIONS 


97 


4*31. Lommel’s transformations of Bessel’s equation. 

Various types of transformations of Bessel’s equation were examined by 
Lommel on two occasions; his earlier researches* were of a somewhat special 
type, the laterf were much more general. 

In the earlier investigation, after observing that the general solution of 


( 1 ) 

( 2 ) 


d?y 2v — 1 dy 
~d$ z dz 


+ y = 0 


y = z vC @ v {z\ 


Lommel proceeded by direct transformations to construct the equation whose 
general solution is zP v ~ ar d> v { r iiP), where a, /3, 7 are constants. His result, 
which it will be sufficient to quote, is that the general solution of 


(3) z* + (2a -2/3v + l)z~ + \&y*z* + a (a - 2#*)} « = 0 
is 

(4) u = z* v ~ a c $ v (yz*). 


When /3 = 0 , the general solution of (3) degenerates into 

M= 2 -“(c 1 + 6 ’ a loga); 

and when y = 0, it degenerates into 

U**z~ a - (< 3 1 + 2^ v ) 

unless p v is zero. 

The solution of (3) was given explicitly by Lommel in numerous special eases. It will 
be sufficient to quote the following for reference: 


(B) 

cPu Idu /„ .. 

u— < & v (s 2 ). 

<«> 

d'u du l f i/*\ 

2 df + dz + '4\ l ~ z) U ~° ; 


(7) 

cPu . du 1 

s ( i? +(1 ~ v) dz + 4 Ue=:0; 

zi v % (fa). 

(8) 

dftu ,, . du 1 

u = gi V C $ v (i yjg). 

(0) 

^ +(3V ^- Sm=0 ; 

U=zi ( $uw) (?**)• 

(10) 

1 tPu , 

*M ±U ~ 0; 

u = 2 * (fa), zi (fa*). 

(11) 

d l u 

u=zi fa), zfr (§&!). 


An account of Stokes’ researches on the solutions of equation (11) will be given in 
§§ 6-4, 10*2. 

* Studien ilber die Bessel'schen Functionen (Leipzig, 1868), pp. 98—120; Math. Ann. in. 
(1871), pp. 476—487. 

t Math. Ann. xiv. (1879), pp. 610—586. 


W. B. P. 


7 
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Lommel’s later researches appeared at about the same time as a memoir 
by Pearson*, and several results are common to the two papers. Lommel's 
procedure was to simplify the equationf 

<**1 y/x(*)l Zv-ld{yfx(z)} y 
d{f(z)} a t(*) dyjr 0 ) %{e) ’ 

of which the solution is (§ 4‘3) 

(12) y~x( z ){^ W^vWK*)!- 

On reduction the equation becomes 


Now define the function <£ (z) by the equation 

<f>(z) Tjr (z) '^(z) x( z ) 

It will be adequate to take 
(14) <j> (z) = yjr' (z) \x {z)\ z (V" (*)} a,,_1 - 

If we eliminate x ( z )> ^ is apparent that the general solution of 

cik\ d *y d v , f 3 1 4>"(*) 

K ; dz * <f>(s) dz _r [4 \<p(z)\ 2 <f>(z) 


3 ff"(*))‘ , 1 W 
2 yjr {z) 


+ 5^ +( ’ fr,w -’' ,+i) i7(i)i 


y (*)l a 


y = o 


IS 


(ie) . 

As a special case, if we take 0 (z) = 1, it is seen that the general solution of 


IS 


(18) 


y = Vty (*)W (*)} • r $ v (*)}. 


Next, returning to (13), we take % ( z) = [yjr (z)}*-*, and we find that the general 
solution of 


00 ) 


is 


( 20 ) 


y={^(z)Y r & v hK*)}. 


Messenger , ix. (1880), pp. 127—181. 


t The (unctions x (*) and \p [e) are arbitrary. 
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The following are special cases of (17): 

(21) ‘g + ( e *_„.) 2 , = 0; « 

(22) ^ + tHz^. y = 0; y-rfr,(«■*). 

The independent researches of Pearson proceeded on very similar lines 
except that he started from Bessel’s equation instead of^rom the modified 
form of it. The reader will find many special cases of equation (17) worked 
out in his paper. 

A partial differentialjequation closoly connected with (7) and (8), namely 

, .du du 

has l>een investigated by Kepinski, Math. Ann. ixr. (1906), pp. 397—406, and Myller- 
Lebedeff, Math. Ann. lxvi. (1909), pp. 326—330. • The reader may verify that Kepinski’s 
formula 

/I -p {-^-1 * 

is a solution, when f(w) denotes an arbitrary function of to. 

The special case of the equation when -1 was also investigated by Kepinski, Bull, 
int. de VAcad. des Sei. de Oracovie, 1906, pp. 198—205. 


4*32. Malmst&n's differential equation. 

Twenty years before Loimnel published his rosearchos on transformations of Bessel’s 
equation, Malmstdn* investigated conditions for tho integrability in finite terms of the 
equation 

0 ) 

which is obviously a generalisation of Bessol’s equation; and it is a special case of § 4\31 
(15). 

To reduce the equation, Mahnstcn chose now variables dofinod by the formulae 

where p and q are constants to bo suitably chosen. 

The transformed equation is 

We choose p and q so that this may reduce to the equation of § 4’3 (1) considered by 
Plana, and therefore we take 

2pg ~q + \+</r = 0, (m+2)q = 2, 

so that p— -j>r- f tn. 

The equation then reduces to 

d?u[ _4A g g{4a+ (l -r)»}-n 

d^ L(m+2)» + " 4f* J ' 

* Camb. and Dublin Math. Journal, v. (I860), pp. 180—182. The case in which 5=0 had been 
previously considered by MalmBt6n, Journal filr Math, xxxix. (1860), pp. 108—116. 

.7—2 
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By § 4*3 tbia is integrable in finite terms if 

^{4«+(l-r) 2 }-J«^(rt+l) } 
where n is an integer; so that 

( 2 ) m-b 2 — ± ——-^F . 

The equation is also obviously integrable in the trivial cases A — 0 and m~ -2 . 


4*4. The notation of Pochhammer for series of hypergeometric type. 

A compact notation, invented by Pochhammer* and modified by Barnesf, 
is convenient for expressing the series which are to be investigated. We shall 
write now and subsequently 

(a)» * a (a +1) (a + 2) ... (a + n - 1), (a) 0 = 1. 

The notation which will be used is, in general, 

W (ft ft ft * n n - . _ V ( a *)n • • • ( a p) n z n 

pFq( *\ " Pu P " "" Pq ’ n!o »K pMPik-Mn ‘ 

In particular, 

F (a • 0 • e \ — I + ^ * jl. z a I ( ft )» *3 . 

*»,(«, p,») 1+ l|(p) 1 a+ 2i ( p) a I +3i( /J ),^ + - 

5 ( tt )n n 

.to »!(/>)» ’ 

The functions defined by the first three series are oalled generalised hyper¬ 
geometric functions. 

It may be noted here that the function jjP, («; p ; z) is a solution of the 
differential equation 

*©+<?-*>£-«y= 0 ’ 

and, when p is not an integer, an independent solution of this equation is 


z 1 p . & (a — p + 1; 2 - p ; z). 

It is evident that 

M*)= T c^ Ty Ji'A’>+i; 

Various integral representations of functions of the types 0 F Si qF 3 have been studied 
by Pochhammer, Math. Ann. xll (1893), pp. 174—178,197—218. 

* Math. Ann. xxxvi. (1890), p. 84; mvm. (1891), pp. 227, 586, 587. Of. § 4-15. 
f Proc. London Mg,th. Soc. (- 2 ) v. (1907), p. 60. The modification due to Barnes is the insertion 
of the suffixes p and q before and after the F to render evident the number of sets of factors. 
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4*41. Various solutions in series. 


We shall now examine various solutions of the equation 


d* c - 


u, 


and obtain relations between them, which will for the most part be expressed 
in Pochhammer’s notation. 


It is supposed for the present that p is not a positive integer or zero, 
and, equally, since the equation is unaltered by replacing p by —p - 1, it is 
supposed that p is not a negative integer. 

It is already known (§ 4r3) that the general solution* is (ciz), and 

this gives rise to the special solutions 

. o-Fi (p + 1; i ; s~ p ■ 0 Fi (I - p ; i c 2 * 9 )- 
The equation may be written in the forms 


d»(ue* ez ) + d(ue* cz ) = p(p + 1 ) , 

dz' 2 ~ * dz z* ^ ’ 


which are suggested by the fact that the functions e ±M are solutions of the 
original equation with the right-hand side suppressed. 

When S- is written for z ( djdz ), the last pair of equations become 
— p — 1) (& + p ). (tie*™) ± 2o$Sr (we™) = 0. 

When we solve these in series we are led to the following four expressions for u: 

2 p+\ e ci,,Fi (p +1; 2p + 2; - 2cz ); sr. JF X (-p \ - 2p ; - 2cz ); 
zP +l e~ c * .J\{p +1 ; 2p + 2; 2cz)\ • z^e'**. X F X {-p\ -2 p\ 2cz). 

Now, by direct multiplication of series, the two expressions on the left are 
expansible in ascending series involving z p+l , z p +*,z p+i ,.... And the expressions 
on the right similarly involve z~ } \ z'~ p , z -~ v ,.... Since none of the two sets of 
powers are the same when 2 p is not an integer, we must have 

(1) e a ., b\ (p + 1; 2 p + 2; - 2 cz) = tr° . l F l (p +1; 2 p + 2; 2cz) 

= 0^1 (p + ij ; %d 2 z s ), 

(2) .,F, (- p ; -2 p\ - 2 cz) = e~° z . t F t (-;>; - 2 p ; 2 cz) 

= o^i {\-V\ 

These formulae are due to Kummerf. When (1) has been proved for general 
values of p, the truth of (2) is obvious on replacing p by — p — 1 in (1). 

We now have to consider the cases when 2 p is an integer. 

* It follows from § 8*1 that a special investigation is also neoessary when p is half of an odd 
nteger. 

t Journal fllr Math. xv. (1886), pp. 188—141. 
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When p has any of the values f, $,..., the solutions which contain sT* 
as a factor have to be replaced by series involving logarithms (§§ 3'51, 3 - 52), 
and there is only one solution which involves only powers of z . By the 
previous reasoning, equation (1) still holds. 

When p has any of the values 0,1, 2,... a comparison of the lowest powers 
of z involved in the solutions shews that (1) still holds; but it is not obvious 
that there are no relations of the form 

= zr*&\F x (—p ; -2 p\ - 2oz) +Jc 1 tP+ 1 JF l (p + %', 
-z-vtr’x&i-pi -%j; 2cz)+\zP+' 0 F 1 (p + %; ic 2 ^), 
where Jfcj, 1c^ are constants which are not zero. 

We shall ■ consequently have to give an independent investigation of (1) 
and (2) which depends on direct multiplication of series. 

Note. In addition to Rummer’s researches, the reader should consult the investiga¬ 
tions of the series by Cayley, Phil. Mag. (4) xxxvl (1868), pp. 348—361 [Collected Papers, 
vn. (1894), pp. 9—12] and Giaisher, Phil. Mag. (4) XLm. (1872), pp. 433—438; Phil. 
Trans, of the Royal Soc. OLXXII. (1881), pp. 769—828. 


4‘42. Relations between the solutions in series. 

The equation 

ePiFi (p + 1 ; 2 jp + 2 ; - %cz) — e^F^ (jo + 1 ; 2 p + 2 ; 2cz), 
which forms part of equation (1) of § 4*41, is a particular case of the more 
general formula due to Rummer* 

(!) »*.<«; p> (/>-«; p; -£)>, 

which holds for all values of a and p subject to certain conventions (which will 
be stated presently) which have to be made when a and p are negative integers. 

We first suppose that p is not a negative integer and then the coefficient of 
£ n in the expansion of the product of the series for and r F x p ; -£) is 

n (_)*» (p — a) m (-)" 


,o{n-m)\ m\(p)r> 


n ! 0 >)* ^ ' (1 “ p ~ 


(-)" 

n\(p) n 

_ (*)n 


. (1 - a - ?i)« 


«KpV 

if we first use Vandermonde’s theorem j" and then reverse the order of the factors 
in the numerator; and the last expression is the coefficient of in 1 F l (a; p; £)• 
The result required is therefore established when a and p have general complex 
values]:. 

* Journalsnr Math. xv. (1886), pp. 188—141; see also t Bach, Ann. Sci . de'l’Aeole norm. sup. (2) 
in. (1874), p. 66. 

f See, e.g. Ohrystal, Algebra, n. (1900), p. 9. 

J Another proof depending on the theory of contour integration has been given by Barnes, 
Tram. Camb. Phil Soc. xx. (1908), pp. 264—267, 
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When p is a negative integer, equation ( 1 ) is obviously meaningless unless 
also a is a negative integer and | a | < | p |. The interpretation of (1) in these 
circumstances will be derived by an appropriate limiting process. 

First let a be a negative integer (= — N) and let p not be an integer, so 
that the preceding analysis is valid. The series iFi (— iV; p ; %) is now a 
terminating series, while iF x (p + N ; p; — £) is an infinite series which con¬ 
sists of W+l terms followed by terms in which the earlier factors p + N, 
p + N + 1 , p + N + 2, ... in the sequences in the numerators can be cancelled 
with the later factors of the sequences p, p -f 1, p + 2, ... in the denominators. 

When these factors have been cancelled, the series for ^ (— N ; p ; £) and 
i-Fi (p + N ; p ; — £) are both .continuous functions of p near p — — M, where 
M is any of the integers N, N + 1 , N + 2 , .... 

Hence we may proceed to the limit when p — M, and the limiting form 
of ( 1 ) may then be written* 

(2) -Mi rn-eW^-Jf; -if; -01, 

in which the symbol n means that the series is to stop at the term in % N , i.e. 
the last term in which the numerator does not contain a zero factor, while 
the symbol means that the series is to proceed normally as far as the term 
in and then it is to continue with terms in £‘ M+1 , £ 4V+2 , .... the vanishing 

factors in numerator and denominator being cancelled as though their ratio 
were one of equality. 

With this convention, it is easy to see that 

(3) ^(-A; — M ; 01iV; -Jf; ?)1 

+ (-)*-" r +1 (M - N + 1; M + 2; f). 

When we replace W b y M — N and £ by — we have 

(4) - M\ -J)1 =,F,(N-M; -M; -f)"l 

+ e) * + ' ,Fl (Jr + 1 *' + 21 “ ?) ' 

As an ordinary case of (1) we have 

l F l (M-N+ 1; Jfcf+2; 0 = « (A+ 1 ; M + 2 ; -0, 
and from this result combined with (2), (3) and (4) we deduce that 

(5) ^(-W; -M; 01 = -Jf; -0“|. 

This could have been derived directly Irom (1) by giving p — a (instead of a) 
an integral value, and then making p tend to its limit. 

* Of. Cayley, Messenger (old Berios), v. (1871), pp. 77—82 [Collected Papers, vra. (1895), pp.458— 
462], and Glaisher, Messenger, vm. (1879), pp. 20—28. 
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We next examine the equation 

( 6 ) «“ l ii(p + l; 2p + 2; - 2 cz) = e F t (p+$; j^.), 

which forms the remainder of equation ( 1 ) in § 4-41, and which is also due to 
Kummer*. 

If we suppose that 2 p is not a negative integer, the coefficient of (cz) n in 
the product of the series on the left in ( 6 ) is 

I ir 2 r (p+i)m __ (-r ? o-Cp+D-(-n- 2 »-i\__ 

m .o(«-m)lrnl( 2 p + 2 )„ ( 2 p + 2) B „. 0 2 -' 

1 n 

^n ! w = 0 2 ' n ^ m CP "h l)m ( n 2 p — l)n— m is the coefficient of f” in the 
expansion of (1 - 2 t)^->(l _ «)»+*«•>, and 80 it k equal to 

2m j (! -2*)-*- 3 (l -t)’»^.1r^ 1 dt~-L.j <0+> (l - u’^u-^du, 

where u = t/(l~t) and the contours enclose the origin but no other singularities 
or tne integrands. By expanding .the integrand in ascending powers of u, we 

seel that the integral is zero if n is odd, but it is equal to ft* when n is 
even. d n V- 

Hence it follows that 

(p+ 1; 2p + 2; - 2c*) = | + !)n 

n=o (2 p + 2 )^. n\ 


= 2 


(czf 


and this is the result to be proved. n=3 ° • n -(.V + $) n 

When we make p tend to the value of a negative integer, - N, we find by 

the same limiting process as before that • 7 

p \im^ 1 F 1 (p + 1 ; 2p+ 2; - 2c*) - ^ (1 - jar; 2-2 W; - 2c*) “1 

^ -2c*). 

It follows that 

1 ^) *«“. (1 - i\T; 2 - 2W; - 2c*) 1 

1)! J\Tj _ 

+ (2iV-2)l(2iV)! 2 N; -2c*). 

we7ud h Z e * he 8iSDS ° f # and 4 thr0Ugh0Ut and add the ^ » obtained, 
(7) 2.,F 1 (§-j7; ic?z‘)=e°‘. I F l (l-N; 2-227; -2c<)1 

+ (1-27; 2 - 227; 2a.) 1, 

- -* *- ^ 
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the other terms on the right cancelling by a use of equation (1) This is, of 
course, the expression for (icz) in finite terms with a different notation. 

For Barnes’ proof of Rummer’s formulae, by the methods of contour inte¬ 
gration, see § 6‘5. 


4‘43. Sharpe’s differential equation. 

The equation 

(1) ^g + ^ + ( a +4)y = 0, 

which is a generalisation of Bessel’s equation for functions of order zero, 
occurs in the theory of the reflexion of sound by a paraboloid. It has been 
investigated by Sharpe*, who has shewn that the integral which reduces to 
unity at the origin is 

ri* 

(2) y = G I cos (z cos 0 + A log cot \0) d6, 

Jo 

where 

ri” 

(3) 1 = G \ cos (A log cot J 6) dd. 

Jo 

This is the appropriate modification of Parseval’s integral (§ 2'3). To in¬ 
vestigate its convergence write cos 0 — tanh <fj, and it becomes 


(4) 


= cf 


cos (A <f> +z t anh <f>) 
cosh 


d</>. 


It is easy to see from this form of the integral that it converges for (complex) 
values of A for which 1 1(A) | < 1, andf 

2 

C— - cosh btrA. 

7T 


The integral has been investigated in great detail by Sharpe and he has 
given elaborate rules for calculating successive coefficients in the expansion of 
y in powers of z. 

A simple form of the solution (which was not given by Sharpe) is 


y = e ±,x iFi (£ T \iA ; 1; T 2 is). 


The reader should have no difficulty in verifying this result. 

* Messenger, x. (1881), pp. 174—185; hi. (1884), pp. 68—79; Proc. Garni. Phil. Soc. x. (1900), 

pp. 101—188. 

+ See, e.g. Wataon, Complex Integration and Cauchy's Theorem (1914), pp. 64—65, 
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4*6. Equations of order higher tha/n the second. 

The construction of a differential equation of any order, which is soluble 
by means of Bessel functions, has been effected by Lommel*; its possibility 
depends on the fact that cylinder functions exist for which the quotient 
0 z )l^-v {*) is independent of z, 

Each of the functions J n (z) and Y n (z), of integral order, possesses this 
property [§§ 2 , 31, 3*5]; and the functions of the third kind H v < 1> (z), H v w (z) 
possess it (§ 3*61), whether v is an integer or not. 

Now when § 3*9 (6) is written in the form 
d m 

(1) •^*'*’.(7 

the cylinder function on the right is of order — v if m = 2v. 

This is the case either (i) if v is an integer, n, and m = 2n, or (ii) if 
v = n + ^ and m = 2n 4- 1. 

Hence if denotes either f n or Y n , we have 


From this equation we obtain Lommel’s result that the functions z in J n (y */z), 
zi n Y n (y *J Z ) are solutions off 

/ 2 \ d^y ^c) m y 

y } d#™ z n * 

where y has any value such that y an = (—^c 2 ”, so that 

y = fcexp(r7ri/n). (r* = 0, 1, 2, .... n- 1) 

By giving y all possible values we obtain 2 n solutions of (2), and these 
form a fundamental system. 

Next, if & n+i denotes we have ^n+j) = e (n+i)lrf< ^» +i , so that 

d — (7 ^ =e Wl ** <r *- t to M 


and hence ^ + iJS r(1> n+ j. (y \/z) is a solution of 
/ox d^y ttcr+'y 

K dz sn+1 Z n+ i ’ 

where y has any value such that y i,l+1 = c 2n+1 e~ (n+i)ri , so ‘that 

7 = ** w exp {rrrif{n + £)}, (r * 0, 1, 2,..., 2 n) 

and the solutions so obtained form a fundamental system. 

* Studien liber die BestePichen Functionen (Leipzig, 1868), p. 120; Math. Ann. n. (1870), 
pp. 624—636. 

f The more general equation 1 

dJ>y 

w =a * lJ 

has been discussed by Moline, M6m. de PAcad. dee Sci. de Touloute, (7) vm. (1876), pp. 167—189. 
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For some applications of these results, see Forsyth, Quarterly Journal, xix. (1883), 
pp. 317—320. > \ 

In view of (1), which holds when m is an integer, Lommel, Math. Ann. il (1870), p. 635, 
has suggested an interpretation of a “fractional differential coefficient.” Thus he would 

dz) ex P(±y Vz) to mean c $ 0 {yijz). The idea has been developed at some 
length by Heaviside in various papers. 

Lommel’s formulae may be generalised by considering equation ( 3 ) of 
§ 4*31, after writing it in the form 

(& + a) (S- + a - 2£y) u = - 

the solution of the equation being u = For it is easy to verify 

by induction that, with this value of u, 

71-1 

n (*+a-2 rfi) (S- + a - 2 ftp — 2 r/3) a — (—) n /3 >n c m tF ll ftu, 
and so solutions of 


n + a - 2rfi) (S- -f a - 2/3 v - 2 r(3) u = (-) n ^c 37 \z 2n ' 3 u 
are of the form u = zP v -* r $ v (yz p ), 

where 7 = c exp (riri/n). (r = 0 , 1, ..., n - 1 ) 

By giving 7 these values, we-obtain 2 n solutions which form a fundamental 
system. 

In the special case in which » = 2 , equation ( 4 ) reduces to 

(S- + a) (& + a - 2/3) + a - 20i») ($■ + a - 2/9*/ — 2)8) u = &&zP u. 

This equation resembles an equation which has boon encountered by Nicholson# in the 
investigation of the shapes of Sponge Spicules, namely 


( 6 ) 


& 
dz * 



= 2 ^ U, 


that is to say 9(9-1) (9 + 4y,-2) (S+4 /jl- 3) u=z i ~ 2 uu. 

If we identify this with the special form of (4) we obtain the following four distinct sets 
of values for a, ft, v : 


a 

ft 


V 

0 

1 

0 

\ 

2 

* 

i 

2 

* 

i 

* 

t 

-1 

-* 

3 

10 


* Proc. Royal Soo. xoui. A (1917), pp. 606—519. See also Dendy and Nicholson, Proc. Royal 
3oc. lxxxix. B (1917), pp. 578 — 587; the special oases of (5) in which /x — 0 or 1 had been solved 
previously by Kirchhoff, Berliner Monatsberiehte, 1879, pp. 815—828. [Ann. der Phytik und 
Chemie , (8) x. (1880), pp. 601—612.] 
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Thepe four oases give the following equations and their solutions: 


(6) 

(7) 

( 8 ) 
W 


d!*tt 

cfo 1 ’ 


{-£}■ 


w=r~ 1 {9 5 a (2 */«) + < ^’ 2 (2iV 3 )}i 


d 8 


s«°«; 


v>*=*z 


11*=*-* 


( (2* ” 4) + < g’ 10 (2w-4)}. 


These aeem to he the only equations of Nicholson’s type which are soluble with the aid 
of Bessel functions; in the case p =2, the equation (5) is homogeneous. Nicholson’s general 
equation is associated with the function 


/3-2/i 2+2/* 1 + 2/* . S*" 8 * \ 
0 -\4 - 2/* ’ 4-2/*’ 4-2/*’ (4-2/*)V 


4'6. Symbolic solutions of differential equations. 

Numerous mathematicians have given solutions of the equation § 43 (1) 
namely 


( 1 ) 


dht, p(p + l) 


in symbolic forms, when p is a positive integer (zero included). These forms 
are intimately connected with the recurrence formulae for Bessel functions. 

It has been seen (§ 4*3) that the general solution of the equation is 

z^ pJ ^{ciz)\ 

and from the recurrence formula § 3‘9 (6) we have 

^ rH (oiz) =. (- («*)). 

Since any cylinder function of the form ^ (cie) is expressible as 

(ae® + 

where a and $ are constants, it follows that the general solution of (1) may 
be written 

^ f d y ae** + fler" 

« u = ^\7dz) -7-' 

A modification of this, due to Glaisher *, is 

(3) 


•** G*r v* + ^ a) - 


where a '■» a/c, This may be seen by differentiating a'e®+/8'e-® once. 

* Phil. Tram, of the Royal Boc. apxxn.. <1881), p. 818. It was remarked by Glaisher that 
equation (8) is substantially, given by.Earnshaw, Partial Differential Equations (London, 1871), 
p. 92. See also Glaisher, Quarterly Journal, xi. (1871), p. 269, formula (9), and p. 270. • 
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Note. A result equivalent to (2) was set by Gaskin as a problem* in the Senate House 
Examination, 1839; and a proof was published by Leslie Ellis, Camb. Math. Journal, ii. 
(1841), pp. 193—196, and also by Donkin, Phil. Trans, of the Royal Soc. oxlvii. (1867), 
pp. 43—57. In the question as set by Gaskin, the sign of o 2 was changed, so that the solu¬ 
tion involved circular functions instead of exponential functions. 


Next we shall prove the symbolic theorem, due to Glaisherf, that 
(4) z p+1 I 


1 

7*» d Y 1 " 

t) z p+1 

{ del 


In operating on a function with the operator on the right, it is Supposed 
that the function is multiplied by l/^ -2 before the application of the 
operators z 3 ( djdz ). 

It is convenient to write 

* = e‘, 

and then to use the symbolic formula 
(5) 

in which a is a constant and Z is any function of z. 


The proof of this formula presents no special difficulties when f(3) is a polynomial in 
3, as is the case in the present investigation. See, o.g, Forsyth, Treatise on Differential 
Equations (1914), $ 33. 


It is easy to see from (5) that 

z p+l (ffc) - e (pH)O (e- a0 W 

= e ip+1)0 ... (r**)} 

* «»-*»•(* - 2p + 2) (S - 2 p + 4) (» - 2p + 6) ... 

when we bring the successive functions 28 (beginning with those on the left) 
past the operators one at a time, by repeated applications of (5). 

We now reverse the order* of the operators in the last result, and by a 
reversal of the previous procedure we get 


z p+l 



e"-P> 0 $($ ~ 2) ($ - 4)... (S - Up + 2) 

e (P~vo [(* + 2 p _ 2)($ + 2p - 4)... + 2)*. 

[(*«£)(e*>S)... (e'°%). e~w~* )9 ] 


I | 

r, 

'd^ 


zP +1 

L 1 

V dzj 

1 s w-* 


* Tho problem was the second part of question 8, Tuesday afternoon, Jan 8, 1889; see the 
Cambridge University Calendar , 1889, p. 319. 

■)• Nouvelte Corr. Math. ii. (1878), pp. 240—243, 349—3G0; and Phil. Trans, of the Royal Soo. 
oiiXXii. (1881), pp. 803—806. 

$ It was remarked by Oayley, Quarterly Journal , xn. (1872), p. 182, in a footnote to a paper by 
Glaisher, that differential operators of the form z^ 1 ~ z~ a , i.e. $•- a, obey the commutative law. 
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and this is the result to he proved. If we replace p by p + 1, we find that 

w . 

When we transform (2) and (3) with, the aid of (4) and (6), we see that 
the general solution of (1) is. expressible in the following forms: 


(?) 

1 , 

K dz, 

f a. e°*. + /9e _c * 

1 z^~ l * 

(8) 

u _Li 

f 3 

V+1 a ' e oz + 

u jet**-' 

V dzj 

! z*I> 


The solutions of the equation 

<&» z de " 

[(3) of § 4*3], which correspond to (2), (3), (7) and (8) are 


(») 

v = 

1 

i d ' 

\zdz, 

fete 0 * + fie-* z 

I z 

(10) 

v — 

1 

( d ' 

\zdz, 

■yP+l 

J («v* + fie-* 2 ), 

(11) 


If. 

d\* 

+ {3e~ a 

V = 

A* 

dz) 

g&p- 1 * 

(12) 


1/^ 

d \ p+1 a'e 02 4- O'er* 

V — 

A* 

dz) 

z*p 


A different and more direct method of obtaining (7) is due to Boole, Phil. Trans, of the 
Royal Soo. 1844, pp. 261, 262; Treatise on Differential Equations (London, 1872), oh. xvn. 
pp. 423—426; see also Curtis, Cambridge and Dublin Math. Journal, ix. (1864), p. 281. 
The solution (9) was first given by Leslie Ellis, Camb. Math. Journal , ii. (1841), pp. 169, 
193, and Lebesgue, Journal de Math, xr. (1846), p. 338; developments in series were 
obtained from it by Bach, Ann. Sci. de Pltcole norm. sup. (2) in. (1874), p. 61. 

« V 

Similar symbolic solutions for the equation — c 2 « a9-2 v=0 were discussed by Fields, 
John Hopkins University Circulars , vi. (1886—7), p. 29. 

A transformation of the solution (9), due to Williamson, Phil. Mag. (4) xi. (1866), 
pp. 364—371, is 

(13) Q- c .±y (os-+/9e—). 

w 10 10 

This is derived from the equivalence of the operators - ^^, when they operate on 
functions of as. 

We thus obtain-the equivalence of the following operators 


gSP.+l 


[UT :]-<"»*" [Gra^ s] 






it being supposed that the operators operate on a function of as; and Williamson’s formula 
is then manifest. 
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4*7. Liouville’s classification of elementary transcendental functions. 

Before we give a proof of Liouville’s general theorem (which was mentioned 
in §4'12) concerning the impossibility of solving Riccati’s equation “in finite 
terms ” except in the classical cases discovered by Daniel Bernoulli (and the 
limiting form of index — 2), we shall give an account of Liouville’s* theory 
of a class of functions known as elementary transcendental functions ; and we 
shall introduce a convenient notation for handling such functions. 

For brevity we writef 

. h(*) = l(*) = l°g*. k(z)=l(l(z)), *»(*)«* (4 (*)), •••> 

Ci (*) = e {z) s e*, e a (z) = e(e(z)) t e 8 (*) = e (e a (z)), 

9j f *f {*)**!f(*)d*, 9,/(*)« 9 {?/(*)}, 9,/(^) = <?{9 8 /(5)}, .... 

A function of z is then said to be an elementary transcendental function\ 
if it is expressible as an algebraic function of z and of functions of the types 
lr <f> ^ («). 9 r % ( 2 ), where the auxiliary functions $ (z), yfr ( z ), % (z) are 

expressible in terms of z and of a second set of auxiliary functions, and so on; 
provided that there exists a finite number n, such that the wth set of auxiliary 
functions are all algebraic functions of z. 

The order of an elementary transcendental function of z is then defined 
inductively as follows: 

(I) Any algebraic function of z is of order zero§. 

(II) If f r (z) denotes any function of older r, then any algebraic function 
of functions of the types 

lfr{e), efr(z), ifr(e), fr(*)> fr-i(*)> -/oW 

(into which at least one of the first three enters) is said to be of order r 4- 1. 

(III) Any function is supposed to be expressed as a function of the lowest 
possible order. Thus elf r (z) is to be replaced by f r (z), and it is a function of 
order r, not of order r + 2. 

In connexion with this and tlui following sections, the render .should study Hardy, 
Orders of Infinity ((Jamb. Math. Tracts, no. 12 , 1910). The functions discussed by Hardy 
wero of a slightly more restricted character than those now under consideration, since, for 
his purposes, the symbol s is not required, and also, for his purposes, it is convenient to 
postulate the reality of the functions which ho invoNtigatos. 

It, may bo noted that Liouville did not study properties of the symbol r in detail, but 
merely remarked that it had many properties akin to thoso of the symbol l. 

* Journal de Math. ii. (1837), pp.56—105; hi. (1888), pp. 523—547; iv. (1839), pp. 423—456. 

t It is supposed that the integrals are all indefinite. 

% “ Une fonotion fiuie explioite.” 

§ For the purposes of this investigation, irrational powers of z , suoli as z w , of course must 

not be regarded as algebraic funotions. 
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4*71. Liouville's first theorem* concerning linear differential equation. 
The investigation of the character of the solution of the equation 


( 1 ) 


d*u . . 

a?=“*<*>• 


in which %(fi) is a transcendant of orderf n, has been made by Liouville, who 
has established the following theorem: 

If equation (1) has a solution which is a transcendant of order m + 1 , where 
m $5 n, then either there eodsts a solution of the equation which is of order\ n, 
or else there eodsts a solution , of the equation expressible in the form 

( 2 ) u 1 = (f> li {z).efi(z), 

where f^iz) is of order fx, and the order of <f>».(z} does not exceed /*, and /x is 
such that 

If the equation ( 1 ) has a solution of order m +1, let it be fm+i (z) ; then 
/m+i ( z ) an &lg e braic function of one or more functions of the types lf m (z) f 
$f m (z), ef m ( z ) as well as (possibly) of functions whose order does not exceed 
m. Let us concentrate our attention on a particular function of one of the 
three types, and let it be called 6, ^ or 0 according to its type. 

(I) We shall first shew how to prove that, if ( 1 ) has a solution of order 
m + 1 , then a solution can be constructed which does not involve functions of 
the types 6 and 

For, if possible, let f m+1 (z) = F(z, 6), where F is an algebraic function of 8 ; 
and any function of z (other than 6 itself) of order m +1 which occurs in F 
is algebraically independent of 8. 

Then it is easy to shew that 


d*F „ , , 3lF 2 

(3) dz* F ^~ dz? + f m (z) 
1 df m (z)\*d*F 


dfm(z) 3 *F_ 
dz dQdz 


fm(z) 


dfjnWdfF, \± ( 1 df m (z)) 1 

dz [ ^ ]_dz \f m (z) dz J_ 




it being supposed that z and 8 are the independent variables in performing 
the partial differentiations. 


The expression on the right in (3) is an algebraic function of 8 which 
vanishes identically when 6 is replaced by lf m (z). Hence it must vanish 
identically for all values of 8\ for if it did not, the result of . equating it to 
zero would express lf m (z ) as an algebraic function of transcendants whose 
orders do not exceed m together with transcendants of order m + 1 which are, 
ex hypothesi , algebraically independent of 6. 


* Journal de Math. iv. (1889), pp. 435—443. 

t This phraBe is used as an abbreviation of “ elementary transcendental function of order n” 

t Null solutions are disregarded; if « were of order lets than n, then i ^ would be of order 

u dt i , 

less than n, whioh is oontrary to hypothesis. 
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In particular, the expression on the right of (3) vanishes when 6 is replaced 
by 0 + c, where c is an arbitrary constant; and when this change is made the 
expression on the left of (3) changes into 
d 3 F (z , 6 + c) 


dz % 


F(z, B + c) >x (#)> 


which is therefore zero. That is to say 

(*) *** ( %/* - - r (*,« + c). x W - o. 

When we differentiate (4) partially with regard to c, we find that 
dF(z, 6 + c) d 3 F (z, 6 + c) 
dc ' dc 3 ’ 

are solutions of (1) for all values of c independent of z. If we put c = 0 after 
performing the differentiations, these expressions become 

d F(z, 6) d*F(z,6) 

' dd ’ d& i ’ 

which are consequently solutions of (1). For brevity they will be called 
Fe> j 

Now either F and F g form a fundamental system of -solutions of (1) or 
they do not. 

If they do not, we must have* 

w F e - A F, 

where A is independent both of z and 6. On integration we find that 

F=<&e A9 , 

where 4> involves transcendants (of order not exceeding m +1) which are 
algebraically independent of 6. But this is impossible because e A 9 is not an 
algebraic function of 6 ; and therefore F and F e form a fundamental system 
of solutions of ( 1). 

Hence F ge is expressible in terms of F and F g by an equation of the form 

F ee = AF 9 + BF, 

where A and B are constants. Now this may be regarded as a linear equation 
in 6 (with constant coefficients) and its solution is 

F= <£,6°® + or F= e aB {4>j + <M}, 
where <E> X and <b a are functions of the same nature as 4>, while a aud J3 are 
the roots of the equation 

a? — Ax — B = 0. 

The only value of F which is an algebraic function of 6 is obtained when 
a = /3 = 0 ; and then F is a linear function of $. 

Similarly, if fm+i (z) involves a function of the type we can prove that 
it must be a linear,function of 


* Since F muit involve B, F$ cannot be identically zero. 


W. B. F. 


8 
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It follows that, in so far as fm+i(z) involves functions of the types 0 and 
it involves them linearly, so that we 'may write 

/m+i 0®) “ (z) Oz (z) ...Op {z) . (z) % (z) ... (z) . \jr p> q (z), 

where the functions ifr Pl q (z) are of order m +1 at most, and the only functions 
of order m +1 involved in them are of the type ®. 

Take any one of the terms in /m+i(^) which is of the highest degree, qua 
function of 6 U 0 S} ... Sr a > •••> and let it be 

6 X {z) 0 t (z) ... 0 P (z). % (z) ... (z). f Q (*). 

Then, by arguments resembling those previously used, it follows that 

[ 0_ _9_ ill ill f / \ 

Wi 90 a "‘ dOp ' 3^1 S^r 2 d%} /m+1 W 

is a solution of (1); i.e. p,q(z ) is a solution of (1). 

But n/fp Q (z) is either a function of order not exceeding m, or etee it is a 
function of order m +1 which involves functions of the type © and not of 
the types 0 and Sr. 

In the former case, we repeat the process of reduction to functions of lower 
order, and in the latter case we see that some solution of the equation is an 
algebraic function of functions of the type 0. 

We have therefore proved that, if (1) has a solution which is a transcendant 
of order greater than n, then either it has a solution of order n or else it has a 
solution which is an algebraic function of functions of the type ef^ (z) and 
<f) H ( 2 ), where / M ( z ) is of order fi and 4>» (z) is of an order which does not exceed /. 1 . 

(II) We shall next prove that, whenever (1) has a solution which is a 
transcendant of order greater than n, then it has a solution which involves 
the transcendant ef^{z) only in having a power of it as a factor. 

We concentrate our attention on a particular transcendant © of the form 
e/p (z), and then the postulated solution may be writter in the form G{z, ©), 
where G is an algebraic function of ©; and any function (other than 0 itself) 
of order /* +1 which occurs in G is algebraically independent of 0. 

Then it is easy to shew that 


(5) 


d*G „ , > 


<?G 

d# 


+2 ©/;(*) 


d*G 

dzd © 


+ 


{8//wi 


a«’ 


+ » If." (*)+{/,'«]’] -<?.% U 


The expression on the right is an algebraic function of 0 which vanishes 
when 0 is replaced by ef^(z), and so it vanishes identically, by the arguments 
used in (I). In particular it vanishes when © is replaced by c 0, where c is 
independent of z. But its value is then 

d?G{z,o ^) n . ^ 

-^ 5 —^ ~ & (*, 0 ©). x (*). 
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so that 

(«) W< ^ 9) -fl (t ,o6).y(») = 0. 

When we differentiate this with regard to c, we find that 

3 0 ( 2 , c0) &G (z, c0) 

3 0 W~ ’ ”■ 

are solutions of (1) for all values of c independent of z . If we put c = 1, these 
expressions become 

3G(s,0) PQ (z, 0) 

30 ’ 30 s ’ 

Hence, by the reasoning used in (I), we have &G 9 = AG or else 

GPGqq = A®G& + BG, 

where A and B are constants. 

In the former case G = and in the latter G has one of the values 

^©t + $2 0* or 0? (<t>, + 4> a log 0) = 0* {<&! + <!>„/,* (z )}, 

where O, <!>!, 4> 2 are functions of z of order /x + 1 at most, any functions of 
order /x +1 which are involved being algebraically independent of 0; while 
7 and 8 are the roots of the equation 

x (as — 1) — Ax — B = 0. 

In any case, G either contains © only by a factor which is a power of 0 or else 
G is the sum of two expressions which contain © only in that manner. In the 
latter case*, 

G(z,g%)-(*G(z,®) 

is a solution of (1) which contains 0 only by a factor which is a power of 0. 

By repetitions of this procedure, we see that, if ©,, 0 3 , ... @ r are all the 
transcendants of order /x + 1 which occur in the postulated solution, we can 
derive from that solution a sequence of solutions of which the sth contains 
© 1 , 0 a , • •• 0« only by factors which are powers of © Jf © fll ... ©,; and the rth 
member of the sequence consequently consists of a product of powers of 
©j, ©g, ... 0 r multiplied by a transcendant which is of order /x at most; this 
solution is of the form 

<M>) exp | ^7* log ©,J , 

which is of the form <f>^ (z ). ef h (z). 

* If ie not identically zero; if it ia, then is a Rolution of the specified type. 

8—2 
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4*72. Liowrille's second theorem concerning linear differential equations. 
We have just seen that, if the equation 

/-n t \ 

(1) d? = M xW 

[in -which %(z) is of order n] has a solution which is an elementary tran- 
scendant of order greater than n, then it must have a solution of the form 


&(*)*//*(*)» 

where p^n. If the equation has more than one solution of this type, let a 
solution for which p has the smallest value be chosen, and let it be called 
Liouville’s theorem, which we shall now prove, is that, for this solution, the 
order of d (log u^/dz is equal to n. 

Let 


d\ogu 1 _ ± 
dz ’ 


and then t is of order p at most j let the order of t be N, where iV ^ p. 

If N—n, the theorem required is proved. If N>n } then the equation 
satisfied by t, namely 

(2) ^+«*=xW. 

has a solution whose order iV is greater than n. 

Now t is an algebraic function of at least one transcendant of the types 
{ts-i (4 {z\ e/'y.i (z) and (possibly) of transcendants whose order does 

not exceed N-l. We call the first three transcendants 6, 0 respectively. 

If t contains more than one transcendant -of the type 6, we concentrate 
our attention on a particular function of this type, and we write 


- — -*■ V°, "J. 

By arguments resembling those used in § 4-71, we find that, if N > n, then 

F ( z > 9 + c) 

is also a solution of (2). The corresponding solution of (I) is 

exp \F(z,e + c )dz, 

and this is a solution for aU values of c independent of a. Henoo by 
differentiation with respect to e, we find that the fanction u, defined as ’ 
ra _ 


[ fc [ e *vSF( Zi e + c)dz) 

is also a solution of (1); and we have 


JC—0 
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But the Wronskian of any two solutions of (1) is a constant*; and so 

~ C, 

where C is a constant. 

If C — 0, Fis independent of 6, which is contrary to hypothesis; so 0 j* 0, and 

Hence u x is an algebraic function of 6 ; and similarly it is an algebraic function 
of all the functions of the types 6 and ^ which occur in t. 

Next consider any function of the type 0 which occurs in t ; we write 

t = G(z, 0), 

and, by arguments resembling those used in § 4*71 and those used earlier in 
this section, we find that the function u 3 defined as 


d 

dc 


exp jG(z, cW)dz 


is a solution of (1)-; and we have 

n-s = u { jHGfi dz, 

so that 

du n diij a<a/ , 


This Wronskian is a constant, G u and so 

Consequently u } is an algebraic function, not only of all the transcendants of 
the types 6 and but also of those of type 0 which occur in t ; and therefore 
it, is of order N. This is contrary to the hypothesis that tt, is of order fi+ I, 
where if H > n. 

The contradiction shews that N cannot be greater than n ; hence the order 
of d (log u^/dz is n. And this is the theorem to be established. 


4*73. Liouville’s theorem^ that Bessel's equation has no algebraic integral. 
We shall now shew that the equation 

has no integral (other than a null-function) which is tin algebraic function of z. 
We first reduce the equation to its normal form 


( 1 ) 

by writing 


dhi 
dz 2 






u — 0 , 


y= uzp — ±v — \. 


* See e.g. Forsyth, Treatise on Differential Equations (1914), § 06. 

f Journal de Math, r v. (1889), pp. 429—486; vi, (1841), pp. 4—7. Liouville’s first investigation 
was concerned with the general case in which x ( z ) is any polynomial; the application (with 
various modifications) to Bessel’s equation was given in his later paper, Journal de Math. vi. 
(1841), pp- 1—13, 30. 
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d?u . . 

^ = “x( £ )> 


where 

( 2 ) 




If possible, let Bessel’s equation have an algebraic integral; then (1) also 
has an algebraic integral. Let the equation which expresses this integral, u, 
as an algebraic function of z be 

( 3 ) £€{u, z) = 0, 

where £4 is a polynomial both, in u and in z ; and it is supposed that £4- is 
irreducible*. 

Since u is a solution of (1) we have 

(4) £4 w £4z* - 2£4uz64uS4z + £4 tz £44 + £4jux (*) = °- 

The equations (3) and (4) have a common root, and hence all the roots 
of (3) satisfy (4). 

For, if not, the left-hand sides of (3) and (4) (qua functions of u) would 
have a highest common factor other than £4 itself, and this would be a 
polynomial in u and in z. Hence £4 would be reducible, which is contrary to 
hypothesis. 

Let all the roots of (3) be Wj, ... Then, if s is any positive integer, 

+ Uj + . . . + Uyf 

is a rational function of z ; and there is at least one value of s not exceeding 
M for which this sum is not zerof. 

Let any such value of s be taken, and let 


Also let 


W 0 = X u, n *. 

TO = 1 

M 


W r = 8 (8 - 1 )... 0 - r + 1) 2 n m g ~ r ^ d ~j , 


du~ 


where r — 1, 2, . 

..s. Since u a> ... u : 

prove that 

(5) 

dW Q _ W 
dz ~ Wl ’ 

(6) 

d j* -TTr / 

dz - W r+i + r(s- 

CO 

d IFg / \ wr 


* That is to say, £4 has no factors which are polynomials in u or in x or in both « and z. 
t If not, all the roots of (8) would be zero, 
t Because (4) is satisfied by all the roots of (3), qua equation in u. 
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Since W 0 is a rational function of z , it is expressible in partial fractions, 


so that 


W 0 = 2 -4n^ n + 2 




n,q ( z ~~ a q) n 

where A n and B n , q are constants, te and X are integers, n assumes positive 
integral values only in the last summation and a q ^ 0. 

Let the highest power of l/(z —a q ) which occurs in W 0 be l/(z — a q ) p . 

It follows by an easy induction from (5) and (6) that the highest power of 
l/(z — a q ) in W r is l/(z - a q ) p+r , where r = 1,2,... 8. 

Hence there is a higher power on the left of (7) than on the right. This 
contradiction shews that there are no terms of the type B n>q ( z — a 9 )~” in W 0 

and8 ° W 0 =tA n z n . 


~k 

We may now assume that A\£0, because this expression for W 0 must 
have a last term if it does not vanish identically. 

From (5) and (6) it is easy to see that the terms of highest degree in z 
which occur in W Q , W lt TV a , 1V 8 , ... are* 


A x z\ \AiZ x ->, Arfz*, \A k (Ss - 2)z x \.... 

By a simple induction it is possible to shew that the term of highest degree 
in W ir is A^A . 3 ... (2r-1). s (s- 2) ... (s-2r + 2). 


An induction of a more complicated nature is then necessary to shew that the 
term of highest degree in W^+i is 

2.4... (2 r). (s - I) (s- 3)... (s - 2r + 1) . a F t (J, - fa * - fa ; l),+i, 
where the suffix r +1 indicates that the first r +1 terms only of the hyper- 
geometric series are to be taken. 

If s is odd, the terms of highest degree on the left and right of (7) are 
of degrees X — 2 and X respectively, which is impossible. Hence TF 0 vanishes 
whenever s is odd. 

When s is even, the result of equating coefficients of z^~ x in (7) is 
XAa-s! = — XAa .s 1 a-Fj (^, ^ s , ^ — , 1 )$ 8 • 


That is to say XA*. $! a Fj (i, - 

and so, by Vandermonde’s theorem, 


\A\.s\ 


2.4.6... s 
1.3.5 ...{8 — 1) 


1 ) = 0 , 
= 0 , 


The expression on the left vanishes only when X is zerof- 


* It is to be remembered that the term of highest degree in x (*) > B - L 
The analysis given by Liouville, Journal de Math. vi. (1841), p. 7, seems to fail at this 
point, because he apparently overlooked the possibility of \ vanishing. The failure seems in¬ 
evitable in view of the fact that J^ +i (s) + J 2 _ tt _j (*) is an algebraic funotion of z, by § 8-4. The 
subsequent part of the proof given here is based on a suggestion made by Liouville, Journal de 
Math. xv. (1889), p. 485; see also Genocchi, Mem. Accad. delle Sci. di Torino, xxni. (1866), 
pp. 299—862; Comptet Rendus, lxxxv. (1877), pp. 391—894. 
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We have therefore proved that, when s is odd, W 0 vanishes, and that, when 
8 is even, W 0 is expressible in the form 

2 A n)S £r n , 

»=o 

where A 0>t does not vanish. 

From Newton’s theorem which expresses the coefficients in an equation 
in terms of the sums of powers of the roots, it appears that M must be even, 
and that the equation £4 (u, z) = 0 is expressible in the form 

iir 

(8) u*+ l/«) = 0, 

r=l « 

where the functions are polynomials in ljz. 

When we solve (8) in a series of ascending powers of ljz, we find that 
each of the branches of u is expressible in the form 

I c m sr m l", 

*»«=o 

where n is a positive integer and, in the case of one branch at least, c 0 does 
not vanish because the constant terms in the functions are not all zero. 
And the series which are of the form 

I C n 2T m l n 

m=0 

are convergent* for all sufficiently large values of z. 

When we substitute the series into the left-hand side of (1), we find that 
the coefficient of the constant term in the result is c„, and so, for every branch, 
c 0 must be zero, contrary to what has just been proved. The contradiction 
thus obtained shews that Bessel’s equation has no algebraic integral. 


4'74. On the impossibility of integrating Bessel’s equation in finite terms. 

We are now in a position to prove Liouville’s theoremf that Bessel’s 
equation for functions of order v has no solution (except a null-function) 
which is expressible in finite terms by means of elementary transcendental 
functions, if 2i/ is not an odd integer. 

As in § 4*73, we reduce Bessel's equation to its normal form 


( 1 ) 



where x ( z ) = — 1 + j? (p + 1)/<* and p = ± v — $•. 
Now write d (log u)Jds — t, and we have 

<*> ' * + , + i-£k+2>-o. 


* Goucsat, Ooun dVAnalyse , n. (Paris, 1911), pp. 278—281. Many treatises tacitly assume the 
convergence of a series derived in thiB manner from an algebraio equation, 
t Journal de Math. vr. (1841), pp. 1—18, 86. 
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Since %i z ) i® or d er zero > it follows from § 4'72 that, if Bessel’s equation 
has an integral expressible in finite terms, then (2) must have a solution 
which is of order zero, i.e. it must have an algebraic integral. 

If (2) has an algebraic integral, let the equation wmch expresses this 
integral, £, as an algebraic function of z, be 

(3) £& (£, z) — 0, 

where St is an irreducible polynomial in t and z. 

Since £ is a solution of (2), we have 


(4) 


St z + {%(*)- * 9 }^t = 0. 


As in the corresponding analysis of § 4*73, all the branches of £ satisfy (4). 


First suppose that there are more than two branches of £, and let three 
of them be called £i, £a, £j, the corresponding values of u (defined as exp jtdz) 
being u.^ u z . These functions are all solutions of (1) and so the Wronskians 


dws 

a ‘W~ u 


du* 

3 dz ’ 


du i 

“’' S ’ -1 ' 1 


duz 
dz ’ 



— 


du x 

dz 


are constants, which will be called C x , O a , C s . 


Now it is easy to verify that 


G x =Wa 


du* 

dz 



du a 
dz 


UqUs (t% 12)‘ } 


and £ s — £ a is not zero, because, if it were zero, the equation (3) would have a 
pair of equal roots, and would therefore be reducible. 

Hence C x 0, and so 

= G\f ( £3 £g). 

Therefore (and similarly WjWi and u x uj) is an algebraic function of z. 


Bub 


/u a U t . U x Uj 

ll V U 2 U3 * 


and therefore u x is an algebraic function of z. This, as we have seen in §4*73, 
cannot be the case, and so £ has not more than two branches. 


Next suppose that £ has two branches, so that St (£, z) is quadratic in £. 
Let the branches be U ± \f V, where U and V are rational function^ of z. By 
substituting in (2) we find that 


( 5 ) 


U'+U*+V=x {z), 
V' + 4177=0. 


Let V be factorised so that 


V=Az*Tl(z-a q ) K i, 

where A is constant, K q and \ are integers, and tc q and«a ? are not zero. 
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From the second member of (5) it follows that 
JJ — — 


4iz q 4 {z - a g ) ’ 

and then by substituting into the first member of (5) we have 


(«) 


+ X-_- 4- { — 

4tz a q 4 (z — a q Y 


Now consider the principal part of the expression on the left near a q . It 
is evident that none of the numbers x q can be less than — 2, and, if any one 
of them is greater than — 2 it must satisfy the equation 

K q *+4iK q = 0, 

so that K q is 0 or — 4, which are both excluded from consideration. Hence all 
the numbers K q are equal to — 2. 

Again, if we consider the principal part near oo, we see that the highest 
power in V must oanoel with the — i in % (z) } so that \ = - 2 tc q . 

It follows that VF is rational, and consequently && (t, z) is reducible, which 
is contrary to hypothesis. 

Hence t cannot have as many as two branches and so it must be rational. 
Accordingly, let the expression for t in partial fractions be 

*- 2 4„*»+2 S#£yi. 

»= -k n, q \ z Mg) 

where A n and B n> q are constants, k ancL\ are integers, n assumes positive 
values only in the last summation and a q £ 0. 

If we substitute this value of t in (2) we find that 

^- + j 2 4^ + 2 r &A s r + l-£(£±t ) =0. 

l»=-K {z-a q ) n \ z* 

If we consider the principal part of the left-hand side near a q we see that 
lftz — a q ) cannot occur in t to a higher power than the first and that 

’Sj, g — -S 3 !, g — (3, 

so that £ 1>g =i. 

Similarly, if we consider the principal parts near 0 and oo, we find that 
/c = l, (A-j) 2 -A_j=p(p+1); \ = 0, A 0 S = — 1. 

Since p = + v - £,• we may take A_ x = -p without loss of generality. 

It then follows that 

u = tr* e** II (z — a q ). 

Q 

Accordingly, if we replace u by z~»e ±is w in (1), we see that the equation 

d*w 
dsP 


2 nA n z n ~ l - 2 , 

»« - * *,q\* a q) 


a) 




must have a solution which is a polynomial in z, and the co nstan t term in 
this polynomial does not vanish. 
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When we substitute 2 CmS m for w in (7) we find that the relation connecting 
successive coefficients is 

m{m — 2p — l)c m + 2fc m _ 1 (m —p - 1) = 0, 

and so the series for w cannot terminate unless m—p — 1 can vanish, i.e. unless 
p is zero or a positive integer. 

Hence the hypothesis that Bessel’s equation is soluble in finite terms leads 
of necessity to the consequence that one of the numbers ± v — ^ is zero or a 
positive integer; and this is the case if, and only if, 2v is an odd integer. 

Conversely we have seen (§ 3 # 4) that, when 2v is an odd integer, Bessel's 
equation actually possesses a fundamental system of solutions expressible in 
finite terms. The investigation of the solubility of the equation is therefore 
complete. 

Some applications of this theorem to equations of the types discussed in § 4 3 have 
been recorded by Lebesgue, Journal de Math. xr. (1846), pp. 338—340. 


4*75. On the impossibility of integrating Riccati’s equation in finite terms. 
By means of the result just obtained, we can discuss Riccati’s equation 

~ az n + brf 


with a view to proving that it is, in general, not integrable in finite terms. 
It has been seen (§ 4’21) that the equation is reducible to 


d?u 


— c 3 £“3— 2 u = 0, 


where n-2q-2 ; and, by §4-3, the last equation is reducible to Bessel’s 
equation for functions of order 1/(2 q) unless q - 0. 

Hence the only poss'ible cases in which Riccati's equation is integrable in 
finite terms are those in which q is zei'o or 1/q is an odd integer; and these 
are precisely the cases in which n is equal to — 2 or to 


4 m 

2m ± 1 ’ 


(>n = 0, 1, 2, ...) 


Consequently the only cases in which Riccati’s equation is integrable in finite 
terms are the classical cases discovered by Daniel Bernoulli (cf. § 4*11) and the 
limiting case discussed after the manner of Euler in §4*12. 


This theorem was proved by Liouville, Journal de Math. vr. (1841), pp. 1—13. It 
seems impossible to establish it by any method which is appreciably more brief than the 
analysis used in the preceding sections. 
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4*8. Solutions of Laplace's equation. 


The first appearance in analysis of the general Bessel coefficient has been 
seen (§ T3) to be in connexion vdbh an equation, equivalent to Lajjlace’s 
equation, which occurs in the problem of the vibrations of a circular membrane. 

We shall now shew how Bessel coefficients arise in a natural manner from 
Whittaker’s* solution of Laplace’s equation 


( 1 ) 


9 3 F 9 8 F 9 s F 
da? dy 3 + dz 3 


The solution in question is 

( 2 ) v= r f(z + iw cos u + iy sin u , u) du , 


in which / denotes an arbitrary function of the two variables involved. 
In particular, a solution is 

| e* (z + teooBu+iyglnu) ^g mu ^ 

' -IT 

in which k is any constant and m is any integer. 

If we take cylindrical-polar coordinates, defined by the equations 


this solution becomes 


sc = p cos <f>, y = p sin </>, 


gto r gii P 00B{u-^) coa mu d u — e** f e i*poosv cos m (v + (f>) dv, 
J —rr J — 7T 

= 2e** j e^ pC0SB cos mv cos m(f> dv, 
J o 

= 27 ri m cos m<j). J m ( kp ), 

by | 2*2. In like manner a solution is 




g* (z+ix cob u + iy sin w) g^ 


and this is equal to 27ri m e* 3 sin m(f>. J m (Jcp). Both of these solutions are 
analytic near the origin. 

Again, if Laplace’s equation be transformed*]* to cylindrical-polar coordi¬ 
nates, it is found to become 

&V 19F 1 0*F 9*F 

dp 3 p 9 p + p* 3 4? du? ’ 


* Monthly Notices of the R. A. S. lxh. (1002), pp. 617—620; Math. Ann. lvii. (1902), 
pp. 83B—841. 

t The simplest method of effecting the transformation, is by using Green’s theorem. Bee 
W. Thomson, Cavib, Math. Journal, iv. (1846), pp. 83—42. 



4*8,4*81] DIFFERENTIAL EQUATIONS 125 


and a normal solution of this equation of which e* 2 is a factor must be such that 

IdfV 
V dp 

is independent of <f >, and, if the solution is to be one-valued, it must be . equal 
to — m s where m is an integer. Consequently the function of p which is a 
factor of V must be annihilated by 


& 1 d_ 

dp 9 p dp ^ 


(O' 


and .therefore it must be a multiple of J m ( hp ) if it is to be analytic along the 
line p - 0. 

We thus obtain anew the solutions 


e** . md>. J m ( kp ). 
sin T x r 

These solutions have been derived by Hobson* from the solution e** «7 0 (kp) by Clerk 
Maxwell’s method of differentiating harmonica with respect to axes. 

Another solution of Laplace’s equation involving Bessel functions has been obtained by 
Hobson (ibid. p. 447) from the equation in cylindrical-polar coordinates by regarding d/dz 
as a symbolic operator. The solution so obtained is 

where f(z) is an arbitrary function; but the interpretation of this solution when involves 
a function of the second kind is open to question. Other solutions involving a Bessel 
function of an operator acting on an arbitrary function have been given by Hobson, Proc. 
London Math. Soc. XXiv. (1893), pp. 55-07 ; XXVI. (1895), pp. 492—494. 


4*81. Solutions of the equations of wave motions. 

We shall now examine the equation of wave motions 
d*V &V 3 a F 1 d*V 


( 1 ) 


da? dy 3 dz* 0* dt? ’ 


in which t represents the time and c the velocity of propagation of the waves, 
from the same aspect. 

Whittaker’sf solution of this equation is 

(2) ^ = J j f (vsinu cosv + y&in u ainv + z cob u+ct, u, v)dudv, 

where f denotes an arbitrary function of the three variables involved. 

In particular, a solution is 

y __ J" I qOc (asin m cob » + j/ aln n sin t; -1- 2 ww ti + et) JP (u } v) dudv, 

where F denotes an arbitrary function of u and v. 


* Proc. London Math. Soc. xxii. (1892), pp. 481—449. 

| Math. Ann. nvu. (1902), pp. 842—846. Sec also Havelock, Proc. London Math. Soc. (2) n. 
(1904), pp. 122—187, and Watson, Messenger, xxxvi. (1907), pp. 98—106. 
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The physical importance of this particular solution lies in the fact that it 
is the general solution in which the waves all have the same frequency ko. 

Now let the polar.coordinates of («, y, *) be (r, 0, <fs), and let (as, yfr) be the 
angular coordinates of the direction (u,v) referred to new axes for which the 
polar axis is the direction (0, <f>) and the plane ^ = 0 passes through the 
a-axis. The well-known formulae of spherical trigonometry then shew that 

oos os a cos' 0 cos u + sin 0 sin u cos (u — <f>), 

ain u sin (« — <£) = sin as sin ifr. 

Now take the arbitrary function F (u, v) to be S n (u, w) sin u, where S n de¬ 
notes a surface harmonic in (u, v) of degree n ; we may then write 

8 n (u, v) = # n (i 9 , <f>; as, yjr), 

where B n is a surface harmonic* in (e>, 4) of degree n. 

We thus get the solution 

V n » eP"* J* I* B n ( 0 , <f> J as, yfr )sin udasdyjr. 

Since S n is a surface harmonic of degree n in (o>, 4), we may write 
B n (0, <f>) a>, ^)~A n (6, tfs). JP« (cos q>) 

+ 2 {6, <fs) cos msfr + B n (M) (0, <fs) sin m^r} Pn* (cos as), 

»«i 

where A n (0, <j>), A n {m) ( 0, <f>) and B n ^ ( 0 , </>) are independent of as and yfr. 
Performing the integration with respect to ifr, we get 

V n * 2ir(P et A n (0, 4) j* d ciroo,m Pn (cos ») sin as das 

-(&r }**"£*$&A.V, 

by § 8-82. 

Now the equation of wave motions is unaffected if we multiply as, y , z and 
t by the same constant factor, i.e. if we multiply r and t by the same constant 
factor, leaving 0 and <fs unaltered; so that A n (0, <j>) may be taken to be in- 
dependentf of the constant k which multiplies r and t 

Hence lim (k~ n F n ) is a solution of the equation of wave motions, that is 

it-*, o 

to say, r*An (&> is a solution (independent of t) of the equation of wave 
motions, and is consequently a solution of Laplace’s equation. Hence A n (0, <j>) 

* This lollorwa from the fact that Laplace's operator is an invariant fox changes of rectangular 
exec. . 

t Tide is otherwise obvious, because S % may be taken Independent of k. 
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is a surface harmonic of degree n. If we assume it to be permissible to take 
A n (0, (j>) to be any such harmonic, we obtain the result that 

e iket r~lj n+ i ( kr ) P n m (cos 6) 

is a solution of the equation of wavi’motions*', and the motion represented by 
this solution has frequency kc. 

To justify the assumption that A n ( 6, (f>) may be any surface harmonic of degree n, we 
construct the normal solution of the equation of wave motions 

0 (a oV \x. 1 3 ( • /} 37 \u. 1 « 09F 

dr \ / sin 6 dB \ 00/ sin* 0 dfi ’ 

which has factors of the form e iket °? 8 md>. The factor which involves 6 must then be of 

sin T 

the form P n m (cos 6) ; and the factor which involves r is annihilated by the operator 
so that if this factor is to be analytic at the origin it must be a multiple of J n+ j ( hr)jsjr . 


4’82. Theorems derived from, solutions of the equations of Mathematical 
Physics. 

It is possible to prove (or, at any rate, to render probable) theorems con¬ 
cerning Bessel functions by a comparison of various solutions of Laplace’s 
equation or of the equation of wave motions. 

Thus, if we take the function 


e iz J 0 {k*s/(p s + a 3 — 2ap cos 0)}, 


by making a change of origin to the point (a, 0,0), we see that it is a solution 
of Laplace’s equation in cylindrical-polar coordinates. This solution has e** as 
a factor and it is analytic at all points of space. It is therefore natural to 
expect it to be expansible in the form 


gkz 


A 0 J 0 (kp) + 2Z(A, 

M = 1 


cos m<£ + B m sin m<j>) 


.(M 


Assuming the possibility of this expansion, we observe that the function under 
consideration is an even function of </>, and so B m — 0; and, from the symmetry 
in p and a, A m is of the form c m J m {ka), where c m is independent of p and a. 

We thus get 

oo 

Jo 1 kf.(p i + a* - 2a p cos <£)} = 2 e m c m J m (kp) J m (ka) cos m<f>. 

m =0 


If we expand both sides in. powers of p, a and cos <f>, and compare the 
coefficients oi(k t pa cos (f >) m , we get 

= 1 . 


* Of. Bryan, Nature, lxxx. (1909), p. 809. 
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and so we are led to the expansion* * * § 

oo 

JoIMp 8 + a 9 - 2ap cos <f>)} == 2 e m J m (kp) J m (ka) cos m<f>, 

»=o 

of which a more formal proof will be given in § 11’2. 

Again, if we take e* (<rt+z) , which is a solution of the equation of wave motions, 
and which represents a wave moving in the direction of the axis of z from 
+ oo to - op with frequency kc and wave-length 2 Trjk, we expect this expression 
to be expansible f in the form 

(jcrf *“*'^ °***J* + * (kr) P n (cos 0), 

where c n is a constant; so that 

w p » (° m «>• 

If we compare the coefficients of (kr cos 6) n on each side, we find that 

xi Qni* (2w)l 
n\ K 1 2*+*^(w^-§)‘2*.(w!) I, 

and so c» = n + £ ; we are thus led to the expansion l 

- (§£)* t(n + i) (kr) P, (cos «), 

of which a more formal proof will be given in § 11'5. 


4*83. Solutions of the wave equation in space of p dimensions. 

The analysis just explained has been extended by Hobson§ to the case of 
the equation 

&V cPV d'V _ 1 &V 

dsc? + ~ c 1 dt* ' 

A normal solution of this equation of frequency kc which is expressible as a 
function of r and t only, where 

r = V(*i a + xf+ ... + asp 1 ), 
must be annihilated by the operator 


3 a 

9j 2 r 



and so such a solution, containing a time-factor e***, must be of the form 


e^^ iip ^(kr)!(kr)i^. 


* This is due to Nenmaim, Theorie der BetuVschen Functional (Leipzig, 1867), pp. 69_66. 

f The tessera! harmonics do not oconr because the function is symmetrical about the axis of *. 

t This expansion is due to Bauer, Journal ftlr Math. vn. (1869), pp. 104,106. 

§ Proc. London Math. Soc. xxv. (1894), pp. 49—-76. 
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Hobson describes the quotient f $np-u)(kr)/(kr)k' p 8) as a cylinder function 
of rank p ; such a function may be written in the form 

r $ (kr | p). 

By using this notation combined with the concept of ^-dimensional space, 
Hobson succeeded in proving a number of theorems for cylinder functions of 
integral order and of order equal to half an odd integer simultaneously. 

As an example of such theorems we shall consider an expansion for 
J {& VO" 2 + a 2 — 2ar cos (f> ) j p}, 

where it is convenient to regard </> as being connected with x p by the equation 
Xp — r cos (f >. This function multiplied by e^ is a solution of the wave equation, 
and when we write p = r sin 0, it is expressible as a function of p, cf>, t and of 
no other coordinates. 


Hence 


e ikct J {k VO' 2 + a? — 2etr cos <f> ) | _p} 


is annihilated by the operator 


& , P - 2 
d P~ P 


d_ 

dp 



that is to say, by the operator 


d 2 1 d (p - 2) cos 4> + 

d?* r dr r 2 sin <f> d<p r 2 dcf > 2 


Now normal functions which are annihilated by this operator are of the form 


where P. n (cos </> \p) is the coefficient* of a” in the expansion of 

(1 - 2a cos (p + a a ) 1- h'. 

By the reasoning used in § 4 , 82, we infer that 


J \k VO" 2 + a 2 — 2ar cos <j>) | p\ 

1 » 

= -A-nJu+ip-i (kr) Jn+y-i (ka) P n (cos <p ]p). 

Now expand all the Bessel functions and equate the coefficients of 
(bar cos <j>) n on each side; we find that 

___ A n __2M 1 fa + - 1) 

2™+ir-' n \p + ~ | 2 «+iy-i r ( n + 1 n \ V(\p - I) ’ 

so that A n = (n - 1 - — 1) V - I). 


* So that, in Gegenbauer’s notation, 

P n (eoa 0 | p) s C * p ~ 1 {008 0 ). 


!) 


VV. B. F. 
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We thus obtain the expansion 

J\[k \/(r* + a a — 2 ar cos <£)} 

(r 2 + a* — 2 ar cos 
r — i) °° 

{kar)te- 1 „?o ^ ^ _ ^n+iP- 1 (^ Jr ) J M-ip-i (ha) C^ > ~ 1 (cos <f>). 

An analytical proof of this expansion, which holds for Bessel functions of 
all orders (though the proof given here is valid only when p is an integer) will 
be given in §11*4. 


4 84. Bateman s solutions of the generalised equation of wave motions. 
Two systems of normal solutions of the equation 

( 1 ) 

3#i 9 3a% s 3«?* 5 3# 4 a c 9 dt a 

have been investigated by Bateman*, who also established a connexion between 
the two systems. 

If we take new variables p, <r, x> ^ defined by the equations 

a\ = p cos X , #3 = 0- COS i/r, 

x a — p sin x » x * ~ o’ sin yjr, 
the equation transforms into 


( 2 ) 

A 


. ?!r + i!T + I-?!n, gr.idv^ 1 0 * 7 ) 10»F 

(3p* p dp p 5 3* 5 J \do* + * d* + o*dylr>\~? w 

normal solution of this equation with frequency kc is 


J* (kp cos <&) J v (Jca sin <1>) e * 
where <b is any constant. 

Further, if we write 


r — * yt « — / oiii 

so that (r, x, -f, 0) form a system of polar coordinates, equation (2) transforms 
mto 


cot 6-tender 

T aT + ^ ■=T7T +- - —:- r ~ 


_ 4 . £ °JL . 1 
3^ ?* dr 


r* 

+ 


d(f> 

1 3*F 


1 d*V 19»F 


r 1 cos 5 £ 3^ s r 3 sin 5 <f> B\fr a c a dt* ' 

Now normal solutions of this equation which have e^x+^+ket) as a factor 
are annihilated by the operator 


3 a 

9r> + 


' Mutengtr, xixm. (1904), pp. ft,, Math. So,. (9) n , (l906) , pp . m _ 128 . 
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and since such solutions are expressible as the product of a function of r and 
a function of $ they must be annihilated by each of the operators 


ar 3 


.8 d 4\(X + 1) 
?’ 9r r 2 ' 


+ (cot<f> - tan <f>) iv 4- 4X (X -f 1)-~-7 - , 

d<f> a v r v 7 cos* (f> sin *0 

where X. is a constant whose value depends on the particular solution under 
consideration. The normal solutions so obtained are now easily verified to be 
of the form 

(hr)-' «/^ +1 (kr) cos'* </> sin" </> 

x^^yi^-X, + X + 1; w+1; sin a ^^* + ^+* fl ‘>. 

It is therefore suggested that 

Jy. (kr cos <f> cos 4>) J v (kr sin <f> sin <£) 


is expressible in the form 


2 a A (kr)-' J 2X+1 (hr) cos^ sin”^. a F l \ + X + 1; v +1; sin*</»^, 


where the summation extends over various values of X, and the coefficients a K 
depend on X and <f>, but not on r or <f). By symmetry it is clear that 

a K - b K cos^O sin” <I>. fl F x - X, + X + 1; v +1; sin a <f> ^ , 

where 6 X is independent of <£. 

It is not difficult to see that 


X = ^ (fi 4- v) -f- n, (n — 0, 1, 2, 


and Bateman has proved that 


6 X = 2(— )”0u.+ i/-f 2n-f 1) 


r(/a + v + ?i4-l)r(i/ + w + l) 

fl! f (p + n + 1) {T (v + l)j a 


...) 


We shall not give Bateman’s proof, which is based on the theory of linear 
differential equations,*but later (§ 1T6) we shall establish the expansion of 
Jy (hr cos <$> cos <I>) J v (kr sin <f> sin <£) by a direct transformation. 


9—2 



CHAPTEE V 

MISCELLANEOUS PROPERTIES OF BESSEL FUNCTIONS 

5*1. Indefinite integrals containing a single Bessel function. 

In this chapter we shall discuss some properties of Bessel functions which 
have not found a place in the two preceding chapters, and which have but 
one feature in common, namely that they are all obtainable by processes of a 
definitely elementary character.. 

We shall first evaluate some indefinite integrals. 

The recurrence formulae § 3‘9 (5) and (6) at once lead to the results 

. (i) f s^9.(*)dt~r* , 9n t (s), 

( 2 ) J = 

To generalise these formulae, consider 

J z*+'f(zy<$ v {z)dz; 

let this integral be equal to 

**'{£{*)<&*{*)+ 

where A (z) and B ( z ) are to be determined. 

The result of differentiation is that 

2» + >/(2) ST, (2) 3 2 « U'( 2 ) #,,(2) + 4(2) ^ 9.(z) - A ( 2 ) &, +1 ( 2 )! 

+ 2>+> [F (2) 9*, (2) + B (2) 9. (2)). 

In order that A ( z ) and B (s) may not depend on the cylinder function, we 
take A (z) = B' ( z ), and then 

/(*) - A' (z) + A(z) + B (z). 
z 

Hence it follows that 

(3) JV+'j.B"(2) + F W + B <*)} V,(2) da 

= 2 '+' {B ( 2 ) 9. ( 2 ) + B ( 2 ) 9*i ( 2 )). 

This result was obtained by Sonine, Math. Ann. svi. (1880), p. 30, though an equivalent 
formula (with a different notation) had been obtained previously by Lommel, Studien fiber 
die BemVschen Jftmciionen (Leipzig, 1868), p. 70. Some developments of formula (3) are 
due to Nielsen, Nyt Tidtskrift , ix. (1898), pp. 73—83 and Ann. di Mat. (3) vi. (1901), 
pp. 43—46. 

For some associated integrals wbioh involve the functions ber and bei, see Whitehead, 
Quarterly Journal, ami. (1911), pp. 338—340. 
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The following reduction formula, which is an obvious consequence of (3), 
should be noted: 

(4) j (z) dz- — (fi 2 — v a ) J 2 P~ lf @ v (z) dz 

+ [z^ +2< & v+1 (z) + (fi-v) ( 2 )]. 


5*11. Lommel's integrals containing two cylinder functions. 

The simplest integrals which contain two Bessel functions are those 
derived from the Wronskian formula of § 3T2 (2), namely 


which gives 


J v (*) J'- v (z) - (. z)JJ{z ) - - 


rz dz _ 7r «7L„ (z ) 

z J „ 3 (^) 2 sin i/7r «/„ ( 5 ) 

dz 7T , ( 2 ) 


w J zJ v (z) j- v (z) 2 sin i'7r B «/„(*) ’ 

and similarly, from § 3‘63 (1), 


W J zJ?(z)-lT v (z)' 

a\ [* dz _ 7T , Y v (z ) 

(4) J 777(z)Tjy) ~ 2 log Z(7) ’ 

[ s _ dz _ _7T (.g) 

(5) J ^F7(^)“ 2 F^i)' 

The reader should have no difficulty in evaluating the similar integrals which contain 
any two cylinder functions of the same order in the denominator. The formulae actually 
given are due to Lommel, Math. Ann. iv. (1871), pp. 103—116. The reader should compare 
(3) with the result due to Euler which was quoted in $ 1*2. 

Some more interesting results, also due to Lommel*, are obtained from 
generalisations of Bessel’s equation. 

It is at once verified by differentiation that, if y and 77 satisfy the equations 

aj£ +p *-°- 

then I (P-Q)y<,dz=y^]-v^- 


Math. Ann. xxv. (1879), pp. 520—636. 
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Now apply this result to any two equations of the type of § 4 - 31 (17). If 
denote any two cylinder functions of orders fi and v respectively, we have 

- MfS - ~ W' + $$} K{H (,)} ' 9 ‘■ {H w (' 

2f'(s) + 4l+'WJ ( )_ 

where <f> (z) and iJr (e) are arbitrary functions of z. 

This formula is too general to be of practical use. As a special case, take 
4> (z) and tJt (z) to be multiples of z, say kz and Iz. It is then found that 

/. a _ p*} 


(7) J‘ |(A: S - P)z - ^ (kz) <$ v (Lz)dz 


1 -g.fr) 


= s \m^ x {kz) <& v (lIs ) - W* (kz) (Iz) } — {/u, — v) ^ (kz) <@ v {Is). 

The expression on the left simplifies still further in two special cases 
(ii )k=»l. 

If we take /a = v, it is found that 

(8) T (kz) {Iz) dz « i¥) . ^VtlW) . 

J A® — 6 a 

This formula may.be verified by differentiating the expression on the right. 
It becomes nugatory when k =* l } for the denominator is then zero, while the 
numerator is a constant. 


If this constant is omitted, an application of l’Hospital’s rule shews that, 
when l-o-k, 

( 9 ) J zVByXkz) {kz) dz = - ^ {kz % +1 {kz) $7 {kz) 

kz^n {kz) W n +1 ,{kz) — {kz) ^ M+J (kz )}. 

The result of using recurrence formulae to remove the derivates on the 
right of (9) is 

(10) J*8{kzy&t {kz) dz~\z* (kz){kz)-{kz) f M+I {kz) 

(kz)^ n -1 (A#)}. 
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Special cases of these formulae are: 


(U) 


/’ 


z (kz) dz = \z* [V* (kz) - (kz) % +l (kz )} 

= h* 3 {(l - (kz) + V* (kz )|, 

(12) (kz)(kz) dz = \z* {2 ^(kz)^^(kz)+^(kz)W^(kz) 


+ % +1 (kz) ^_ M+ i (kz)}, 


the latter equation being obtained by regarding ^(kz) as a cylinder 

function of order — /a. 

To obtain a different class of elementary integrals take k = l in (7) and it 
is found that 


(13) f g. (fa)ff. (to) '< M - f» ( fa > »»+■ ( fe » 

J Z fJ* ™r V 

%(kz)<@ v (kz) 


The result of making v /a in this formula is 


fi + v 


(14) f «V(*,) ^(fa) ~ ~ !«■,„ (fa) 3 -^ fc> 


- r ^(fa) 




3/a 


+ 


2/a 


The last equation is also readily obtainable by multiplying the equations 

v„au,)_o, 

1 (z) 1 

by - ———-, - r &n (z) respectively, subtracting and integrating, and then re- 

Z OJA Z 

placing z by kz. 

As a special case we have 

(15) /v„>(fa)^ = |i (fa) % (kz) - (fa) 3^, (fa)l + L jj (fa). 

An alternative method of obtaining this result will be given immediately. 


Results equivalent to (11) are as old as Fourier’s treatise, La Thiorie Analytique do la 
Chaleur (Paris, 1822), §§ 318—319, in the case of functions of order zero ; but none of the 
other formulae of this section seem to have been discovered before the publication of 
Lommel’s memoir. 

Various special cases of the formulae have been worked out in detail by Marcolongo, 
Napoli Rendioonti, (2) in. (1889), pp. 91—99 and by Chessin, Tixins. Acad. Sci. of St Louis, 
xil (1902), pp. 99—108. 
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5T2. Indefinite integrals containing two cylinder functions; Lommel’s 
second method. 

An alternative method has been given by Lommei* for evaluating some 
of the integrals just discussed. By this method their values are obtained in a 
form more suitable for numerical computation. 

The method consists in adding the two results 

35 {*' (*) 9. (*)} — *'(», (x) (*)+(x) (x)) 

+ (p + /a -f- z;) ^ ( z) c $ v (z), 

± {x» ^ (x) ?, + , (X)} = X- («•„ (X) f , +I (x) + (x) f, (x)) 

+ (p. - /* ~ v - 2) ^ M+1 (s) $’„ + i (*), 

so that 

(p+fi + v)j z?- 1 ^ (z) W v (z) dz + (p - p. - v - 2) j v+1 (z)dz 

= ZP [fflji (z) f „ (z) + % +1 (. z ) t„ +1 (#)}, 

and then giving special values to p. 

Thus we have 

(1) | (z) <$ v+1 ( 2 ) dz 

* = ~ 2O1 + v + 1 ) ^^ ^#*+1 C^) *^h-i (^)}» 

— gfl+P+a _ ___ 

(2) j x»+”«^(x)^(x)rfx = ? ^ : ^ ) {® 1 ,(x)® > 1 ,(x) + ^ +1 (x)^ 1 , +1 (x);. 

As special cases of these 

(3) jV*-> @V» M &—J —2 ,* (X) + ^, + , (X)}, 

f z 

(4) j x*«^W&= 4;;? 2W(x) + ®'V,(*)]. 

Again, if p be made zero, it is found that 

(j“ + v)J " (x) f, (x) ^ - Ox + r + 2) (x) f „ +l (x) * 

= % (x) (x) + ^ +1 (x) (*),. 

so that, by summing formulae of this type, we get 

(5) (^ + p)J'^ (x) f, (x) j - ( M +,/ + in) J 5 ^ + „ (x) f ^ (x) ^ 

Wl = l 


Math. Ann. ixv. (1879), pp. 580—586. 
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5 * 12 — 5 * 14 ] 

In particular, if p, = v — 0, 

fZ _ dp 

(6) j «■»(*) «?„(*) 5! 

— k \f‘ w w+ 2 J t ^ (*) W+% (*) 9, (j)l, 

where n = 1, 2, 3, .... But there seems to be no simple formula for 

&o( t)j. 

For a special case of (1) see Rayleigh, Phil. Mag. (5) xi. (1881), p. 217. [Scientific Papers, 

I. (1899), p. 516.] 

5'13. Sonine’s integrals containing two cylinder functions. 

The analysis of § 5T has been extended by Sonine, Math. Ann. xvi. (1880), pp. 30 — 33, 
to the discussion of conditions that 

JY(*W* «}#,{*(*) }dz 

may be expressible in the form 

A (z) {<£ (z)}%% & (*)} + D (*) % +l {<f> (*)} %, (*)} 

+ C (z) {<*> (*)} W v+1 {+ (z)} +1) (z) ^ {</> (*)} <0^ {* (*)}, 

but the results are too complicated and not sufficiently important to justify their insertion 
here. 

5'14. Schaf/i&itlin s reduction formula. 

A reduction formula for 

J z^&f (z)dz, 

which is a natural extension of the formula § 5T (4), has been discovered by 
Schafheitlin* and applied by him to discuss the rate of change of the zeros of 
9B v (z) as v varies (§ 15 - 6). 

To obtain the formula we observe that 

(" z( 2 * - v a ) ( z) dz 

“ <*> f 1 Si-+ 21 s } K w d * 

=[- (z) (5)] +• |* (z)+(p + D ^ +i % (z) r &: (*>) dz. 

Now, by a partial integration, 

0 * + 3) J V+ 9< ^ ,a (z) dz = [>+» WJ* (*)] 

+ 2 J V 1 (*) {*#/ (*>+(«■ - * a ) % (*)} d?, 

* Berliner Sitzungsberichte, v. (1906), p. 88. 
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and so 

(jm +1) jV+ a (g) dz = [**+» %'* (z)] + 2 JV+ 1 (* - v*) <&, (z) <@ y ' (z) dz. 
Hence, on substitution, 

(ji + 1) [' V (# - v*) (z) dz 

=[#+* <&:> (z) - o* +1) ^ +s (*)<»] 

+ 2 J V+» „ (*) <*) dz + {(/a + 1) 3 - Sir*} „ (*) #/(*) ds 

= [**+* # * (2) - o*+1) ^+ s #,(*) (*) + **+• #,■ (*) 

- 0*+a) J V+ s #„* (*) - o*+1) {i (fi+iy- v 8 ] JV #„• (*> 

By rearranging we find that 

(fi + 2) | z* +a (z ) dz = (ft + 1) {v 9 — \ {p + l) 9 } J z* (z) dz 

+ \ [**» \z<$; (z) - \ (jz +1) <& y (z)}* + z»+> [z* - v* + i (m + 1 ) 2 } r #K S (*)], 
and this is the reduction formula in question. 


5*2. Expansions in series of Bessel functions. 


We shall now discuss some of the simplest expansions of the type ob¬ 
tained for (\z) m in § 27. The general theory of such expansions is reserved 
for Chapter xvl 

The result of § 27 at once suggests the possibility of the expansion 


( 1 ) 


(\,y - i (ft+g»)ro»+» ) j 


n\ 




(*)> 


which is due to Gegenbauer* and is valid when p is not a negative integer. 
To establish the expansion, observe that 


0* + 2n) T (ji + w) 
*=o n! 


{\z)~»J^ m {z) 


is a series of analytic functions which converges uniformly throughout any 
bounded domain of the 2-plane (cf. § 3*13); and since 

^ (*)} = { n J u+sn—i ( z ) — (p + n) J fj+gn+i ( z )}> 

it is evident that the derivate of the series now under consideration is 


(i*)-*r 5 i nt±i±i) 

L»-o n3 »-o n\ J 


Wiener Sitzungsberichte, ucxrv. (2), (1877), pp. 124—180. 
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and so the sum is a constant. When we make z -^0, we see that the constant 
is unity-; that is to say 


X (/* + 2n ) r 1 (fi + n) 
«-o n! 


(k*)-* Jh+% n (z) = 


1, 


and the required result is established. 


The reader will find that it is not difficult to verify that when the expansion on the 
rightln (1) is rearranged in powers of z, all the coefficients except that of if vanish; but 
this is a crude method of proving the result. 


5*21. The expansion of a Bessel function as a series of Bessel functions. 


The expansion 


(1) (iz)-»j v (z) = (£*)-*r (v +1 - p) 


x 2 


(n + 2n) T (/ a, + n ) 


n-o nir^+l-At-nJr^ + n + l)' 


>+an 


(*) 


is a generalisation of a formula proved by Sonine* when the difference v — p 
is a positive integer; it is valid when fi, v and v — /jl are not negative 
integers. 

It is most easily obtained by expanding each power of z in the expansion 
of (^zy~ v J v (z) with the aid of § 5*2, and rearranging the resulting double 
series, which is easily seen to be absolutely convergent. 

It is thus found that 


azY-ru)- s tFJW? 

ttzr ^omir^ + m + l) 


= 2 

m - 

00 

= 1 


(-)”• v (/* + 2m + 2p) r(^.+2w+p) r 

... 2, i J, 


-o ni \ r (v + m + 1) p—o 
(~) m 


p\ 


(*) 


v (fi + 2n )r(fj. -rm + n) f , 

OT -o m ! T {v + m + 1) w _ wt (n -m) 1 ) 

— 2 j 2 — .] r / , . (/* + 2n) J(i+<2n if) 

n -0 (m-o m\(n —to)! r (v +m+ 1)) 


= t 


r (/i + n) r (y 4- 1 — fj,) 


.(/* + 2 n)J M+tn (z), 


M _o »!r(if + l-/a-n)r(v + »+l) 

by Vandermonde’s theorem; and the result is established. 

If we put v = p + m, we find that 

(2) (Mr- (.) -S „C» 'fj J-m. (*>. 

which is Sonine’s form of the result, and is readily proved by induction. 

* Math. Ann. xvi. (1880), p. 22, 
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By a slight modification of the analysis, we may prove that, if k is any 
constant, 


( 8 ) 


(\kzy~'J v (kz) =s k* S 
«-0 


r (/i 4- n) 
n\r (v + 1) 


+ v + l\ W) (fi + ^Jn+miz). 


This formula will be required in establishing some more general expansions 
in § 11*6. 


6 *22. LommeVs expansions of (z + h)^ v J v [\/(z + h )}. 

It is evident that (z + h)~* v J' v {f(z + A)], qua function of z-\-h, is analytic 
for all values of the variable, and consequently, by Taylor’s theorem combined 
with § 3*21 (6), we have 

oo hrri fjm 

(1) + Sp 3= {*-*’* (V*)} 

m—0 ! 

n*-0 7711 

Again, (z + h) V J V [<J(z + A)} is analytic except when z+h = 0; and so, 
provided that | h | < j z j, we have 

oo Am fjm 

(2) , (o+ h^J. (V(* + A)}-J o ~ {d’J, (V*)) 

= i (V4 

m“0 tw.1 

These formulae are due to Lommel*. If we take v = in (1) and v = \ in 
(2) we deduce from § 3*4, after making some slight changes in notation, 

( 9 \i « 

— J COS \!(tP — 2zt) = £ (Z), 

7 TZ) Dj-0 7W! 

/ •9 \i oo 

(4) (—) sinV(5 9 -i-2^)= 2 — 

\TTZJ wt-0 771 i 

equation (4) being true only when |i|<£j.sj. These formulae are due to 
Glaisherf, who regarded the left-hand sides as the generating functions 
associated with the functions whose order is half of an odd integer, just as 
exp fyz (t — 1 jt)} is the generating function associated with the Bessel co¬ 
efficients. 

Proofs of (3) and (4) by direct expansion of the right-hand sides have 
been given by Glaisher; the algebra involved in investigations of this nature 
is somewhat formidable. 

* Studien fiber die BesseCschen Functionen (Leipzig, 1868), pp. 11—16. Formula (1) was given 
by Bessel, Berliner Abh. 1824 [1826], p. 36, for the Bessel coefficients. 

f Quarterly Journal, xn. (1873), p. 136 ; British Association Report, 1878, pp. 469—470. Phil. 
Trans, of the Royal Soc. clxxii. (1881), pp. 774—781, 813. 



MISCELLANEOUS THEOREMS 


141 


5 * 22 ] 


We shall now enumerate various modifications of (1) and (2). 

In (1) replace z and k by z % and hz a , and then 

(5) j, w<i+*0J=(i+*)*- i Jrmw> 

m = 0 J 

and, in particular, 

(6) J.W2)=2" 2 ® ) '/ wl (,). 

wi = 0 WU 

If we divide (5) by (1 + /j) 4 *' and then make & — 1, we find that 

( ; r(i/ + l)“ m t« ml 

In like manner, from (2), 

(8) J, „ (* V(1 + i» = (1 + A)-*' 2 ( -i^ (z), 

m =0 

provided that | A; | < 1. 

If we make Ic — 1 + 0, we find, by Abel’s theorem, 

lim [(1 + kfJ. I* V< I + *))] = 2 W, 

provided that the series on the right is convergent. The convergence is obvious 
when v is an integer. If v is not an integer, then, for large values of m 


7 r. ml 


= _(^ r[l+0(Vm)] 


Hence the condition for convergence is R ( v ) > 0, and if the condition is 
satisfied, the convergence is absolute. Consequently, when R{v)> 0, and also 
when v is any integer, 

(9) 2 o. 

j»=o ml 

In like manner, if R (v) > — 1, and also when v is any integer, we have 


( 10 ) 


co /1 ~\m, 

Mz*/ 2) - 2-i- t j v - m {z). 

Ht- 0 


It should be observed that functions of the second kind may be substituted 
for functions of the first kind in (1), (2), (5) and (8) provided that | h | < | z j 
and | k | < 1; io that 

(z + h)-* v Y v y(z + h )} = X z ~4 <*’+’«) Y v+m (y/z), 

w—o mi 


( 11 ) 

( 12 ) 

( 18 ) 

( 14 ) 


00 ( 1 h V» 

O + A)*' n VO + /<)) = 2 'i“+ **►«» F,_ m (V*), 

m-9 I»! 

n I*v(i +/£))=(i + o tr 5 ( - ~J *.— r.+«.ox 

w»=0 Wtl 

{«v(i + *)} - a+ a) - 1 " 2 ox 

w=0 wi! 
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These may be proved by expressing the functions of the second kind as a 
linear combination of functions of the first kind; by proceeding to the limit 
when v tends to an integral value, we see that they hold for functions of 
integral order. 

By combining (11)—(14) with the corresponding results for functions of 
the first kind, we see that we may substitute the symbol ^ for the symbol 
Y throughout. . 

These last formulae were noted by Lommel, Studien, p. 87. Numerous generalisations 
of them will be given in Chapter xi. It has been observed by Airey, Phil. Mag. (6) xxxvi. 
(1918), pp. 384—242, that they are of some use in calculations connected with zeros of 
Bessel functions. 

When we combine (5) and (13), and then replace V(1 + k ) by we find 
that, when | \ a — 11 < 1, 

<&.(\*)=i M. 


(15) 


m—0 


and, in particular, when \ is unrestricted, 

06) 

»-0 Wll 

These two results are frequently described * as multiplication theorems for 
Bessel functions. 

It may be observed that the result of treating (14) in the same way as (8) is that 
(when v is taken equal to an integer n) 


(17) 


-<•-1)1 (W-» 2 Y n _ m (z). 

m=0 m ■ 


An alternative proof of the multiplication formula has been given by Btihmer, Berliner 
Sitzungsberichte , xiil (1913), p. 36, with the aid of the methods of complex integration; 
see also Nielsen, Math. Ann. lix. (1904), p. 108, and (for numerous extensions of the 
formulae) Wagner, Bern MittheHungen, 1895, pp. 115—119; 1896, pp. 53—60. 

[Noth. A special oase of formula (1), namely that in which v«=l, was discovered by 
Lommel seven years before the publication of his treatise; see Archiv der Math, xxxvn. 
(1861), p. 356. 

His method consisted in taking the integral 

JJ 609 (£r cosd+ijrsin 6) df-dr] 

over the area of the cirole £ 2 +»7*= 1, and evaluating it by two different methods. 

■ The result of integrating with respect to ij is 

f f~ sin (£r cos d +ijr sin d)~| v ^ 1 ^ * 

2n-;_xL rsm.d 

/ cos (£r cos d)sin {,/(1-£*).;• sin d} — 
ir J _i v * 1 ” ' ' r sin 8 

_ 2 (~) CT (-ir^D d)*” Jm + l (rCO8 0) 

mbo 1 (rcosd)» n+1 ’ 

* See, e:g. Sohafheitlin, Die Tfyorie der JBesselschen Funktionen (Leipzig, 1908), p. 88. 
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and the result of changing to polar coordinates (p, <f>) is 

— f* f cos {rp cos (0— 9)} pdpckf) — [ f cos (rp cos <£) pdpd<f> 

ire J —jr J o bit J —v J o 

= 2^ j j COS (£r) d£dr) = ^ J (1 - g 2 )* cos (£r) d^=Ji (r)/r. 

If we compare these equations we obtain (1) in the case v = l with z and h replaced by 
i* 2 cos 54 6 and r 2 sin 2 6.] 

5‘23. The expansion of a Bessel function as a series of Bessel functions . 

From formula § 5 22 (7), Lommel has deduced an interesting series of 
Bessel functions which represents any given Bessel function. 

If fi and v are unequal, and p is not a negative integer, we have 

JM)= 1 


— V M+n Ffn-f n J- n v ^ Z ) P J 

"ion!fV+^ri)- r(/A + W+1) P ,o pl J **** 


(4 


The repeated series is absolutely convergent; consequently we may re¬ 
arrange it by replacing p by m - n, and then we have 

J(z)-l (z)\ S - iT gr Oa + n + l) 1 

" ( ' m=o ( * ' '* +TO{ ) U-o n \(m — n) 1 r (v + w + l)j ’ 

and hence, by Vandermonde’s theorem, 

r (p +1) - r (v - p + m) (yy-^ m j , 

(1) - I>=70 w ?0 f („ + m+I) * 

This formula was given by Lommel, Studien iiber die Bessel’schen Funeiionen (Leipzig, 
1868), pp. 22—23, in the special case p=0; by differentiating with respect to v and then 
putting v=0, it is found that 

( 2 ) 


and, when p=»0, we have Lommel’s formula 

(3) 


x {y/e(m+1)+^(—p)-\Jr(m —p,)}, 


^nW-^W-tr+log^jH- | 


This should be compared with Neumann’s expansion given in § 3 - 57- 


53. An addition formula for Bessel functions. 

An extension of the formula of § 2-4 to Bessel functions of any order is 

(1) J v (z-\-t)— S <J v —m if) Jm 

m- — oo 

where j z | < 1 1 1, v being unrestricted. This formula is due to Schlafli*; and 
the similar but more general formula 

(2) ST, (z + t)= 5 

ma->* 

is due to Soninef. 

* Math. Ann. m. (1871), pp. 136—187. 


■f Ibid. xvi. (1880), pp. 7—8. 
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It will first be shewn that the series on the right of ( 1 ) is a uniformly 
convergent series of analytic functions of both z and t when 

\z\^r, 2 J<|*)<A, 

where r, R, A are unequal positive numbers in ascending order of magnitude. 
When m is large and positive, Jv-«n(t)J m {z) is comparable with 

sin vtt . R ) v . (r/R) m ^ 

and the convergence of the series is comparable with that of the binomial 
series for (1 — r/i£) v . When m is large and negative (= — n), the general 
term is comparable with 

(-)"(£ A)-(£Ar)» 
r(t» + n+ l).n! 

and the uniformity of the convergence follows for both sets of values of in by 
the test of Weierstrass. 

Term-by-term differentiation is consequently permissible*, so that 

(l-rl s 2 l 

\OZ 0Z/ ma — oo m= — co 

1 “ 

= 9 ^ [J(f) Jv—m+\ ( 0 } Jrn if) 

" m= — oo 
1 00 

9 ^ Jv-m (f) {Jnu-i i%) Jm+i ) 

" »> = -00 

and it is seen, on rearrangement, that all the terms on the right cancel, so 
that 

(at ~ dz) 3-/^ ® Jm ^ Z) = °‘ 

00 

Hence, when | z [ < |\t -|, the series 2 J v ~m (£) Jm if is an analytic function 

f»= -« 

of z and t which is expressible as a function of z + t only, since its derivates 
with respect to z and t are identically equal. If this function be called 
F (z + 1 ), then 

F(z + t) = 2 J (t) J m ( 2 ). 

»»=■-<» 

If we put 2 = 0 , we see that F (t)=J v {t), and the truth of ( 1 ) becomes 
evident. 

Again, if the signs of v and m in (1) be changed, we have 
J—v (2 + t) — 2 (~) m J—y+m (t) Jm ( 2 ), 

-00 

and when this result is combined with ( 1 ), we see that 

(3) r,(* + e)= 2 7_„ («)/„(*). 

W*~oo 

* Cf. Modern Analysis, §5*8. 
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When this is combined with (1), equation (2) becomes evident. 

The reader will readily prove by the same method that, when | z | < i t |, 


(4) 

J v (t — z) — 2 J y-j-jn ( t ) J m ( 2 ), 

1»5 —« 

(5) 

C $V (t- z)= 2 # r+w ( t ) J m (z), 

— 00 

(6) 

Y v (t ~ 2 ) ~ 2 Y v + m (t) J m (#). 

= —oc 

Of these results, (3) was given by Lommel, Studien iiber die Besiel’aohen Functionen 
(Leipzig, 1868), when v is an integer; while (4), (6) and (6) were given* explicitly by Graf, 
Math. Ann. xliii. (1893), pp. 141—142. Various generalisations of these formulae will be 
given in Chapter xi. 


5‘4 Products of Bessel f unctions. 


The ascending series for the product J ^ (z) J v (z) has been given by various 
writers; the expansion is sometimes stated to be due to Schfinholzerf, who 
published it in 1877, but it had, in fact, been previously published (in 1870) 
by SchlafliJ. More recently the product has been examined by Orr§, while 
Nicholsonjj has given expansions (cf. § 5'42) for products of the forms 


J n (z) Yn 00 and Y m (z)Y n (z). 


In the present section we shall construct the differential equation satisfied 
by the product of two Bessel functions, and solve it in series. We shall then 
(§ 5'41) obtain the expansion anew by direct multiplication of series. 

Given two differential equations in their normal forms 


dfu 
dz 2 


+ Iv = 0, 


d?w 
dz a 


+ Jw 


0 , 


if y denotes the product vw, we have 

y" = v"w + 2v w + vw" 

= — (/ + /) y 4- 2 v'tu', 

where primes indicate differentiations with respect to z. 


* See also Epstein, Die vier Rechnungsoperationen mit Bessel'echen Functionen (Bern, 1894), 
[Jahrbuch ilber die Fortschritte der Math. 1893—1894, pp. 845—840]. 

f Ueber die Ausioerthung bestimmter Integrate mit Hillfe von Verlindezungen dee Integratioimoeges 
(Bern, 1877), p. 13. The authorities who attribute the expansion to SchOnholzer include Graf and 
Gubler, Einleitung in die Theorie der Bessel'schen Funktionen, u. (Bern, 1900), pp. 85—87, and 
Nielsen, Ann. Sci. de V&cole norm. sup. (8) xvm. (1901), p. 50 ; Ilandbuch der Theorie der Cylin- 
derfunktionen (Leipzig, 1904), p. 20. According to Nielsen, Nouv. Ann. de Math. (4) n. (1902), 
p. 896, Meiasel obtained some series for products in the Iterlohn Programm, 1862. 

J Math. Ann. in. (1871), pp. 141—142. A trivial defect in Schlcifli’s proof is that he uses a 
oontour integral which (as he points out) converges only when R ( / a+r +1)>0. 

§ Proc. Camb. Phil. Soc. x. (1900), pp. 98—100. 

|| Quarterly Journal, xun. (1912), pp. 78—100. 


W.B. V. 


10 
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It follows that Jr {y" + (J + J) y} 2v"«/ + 2vw" 

— — 2Zvm/' — 2Jxf w 

and hence y"' + 2 (/ + J) + ( I' +J')y*=(I- J ) (i/w - vw'). 

Emce y in the special case when I**J,y satisfies the equation 

(1) 2 T + 4/y + 2I' 3 ,= 0; 

but, if I j*J, it is easy to shew by differentiation that 

This is the form of the differential equation used by Orr; in connexion with (1), Bee 
Appell, Comptes Rmdus, XOL (1880), pp. 211—214. 


To apply these results to Bessel's equation, the equation has to be reduced 
to._a normal form; both Orr and Nicholson effect the reduction by taking 
**»,.(*) as a new dependent variable, but, for purposes of solution in series, it 
is simpler to take a new independent variable by writing 


so that 


z — \ 


d _ d _ 
Z dz d& 


d*J v (z) 
d& 


+ (d*-v*)J v (z) = Q. 


Hence the equation satisfied by (z) J, (z), when /a* ^ v s , is 

m{i & +2 o, 

that is to say 

(3) [* 4 - 2 <jj? + v *) S a + (fi* - v*Y] y + 4e* (S- +1) ($■ + 2) y = 0, 
and the equation satisfied by J v {z)J± v (z) is 

(4) ^(^ 2 -4^)y + 4e #fl (^ + l) > y = 0. 

Solutions in series of (3) are 

** t (~) m c m ^ 

r **“0 

where a = ± p ± v and 

_ 4 (a + 2m — 1) (a + 2m) c m -.i _ 

CmC= (q+/Li + v + 2 m) (a + fi — v + 2m) (a — /a + v + 2m) (a — /a — v ■+■ 2w) * 
If we take ct = fi + v and 

1 

we obtain the series 


” _ (—) ,w {\zY +t " >rm ’ r (/a + v + 2m +1) _ 

m=o wi 1F (/a + v + fn> + 1) r (/a + m +1) r (v + m + 1) ' 
and the other series which are solutions of (3) are obtained by changing the 
signs of either /a or v or both /a and P. 
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By considering the powers of z which occur in the product (z) J v ( z) it 
is easy to infer that, if 2n, 2v and 2 (/i + v) are not negative integers and if 
/z a i> 2 , then 


oo 


(5) J.(z)J v (z) = S 
«»=o 


(-) ro (fa'r +, ’ + * ,n r (fz +y+ 2m +1) 

m ! r (fi + v + m + 1) r (p + m + 1) T Jy + m -f1) ’ 


In like manner, by solving (4) in series, we find that, when 2v is not a 
negative integer, then 


( 6 ) 


r, M 5 (-) m iW v+m r (2» + 2m +1) 

’ K } *r 0 ™!T(2v + m + l){I> + m+l)j s ’ 


and, when v is not a negative integer, then 

(~) m ( fc ) im (2 m )\ 


(7) 


J„ (z) J(z) — X 


=o(«i!) s T(i/ + m + 1) P(— v + m+ 1)‘ 


By reasoning which resembles that given in § 4 - 42, it may be shewn that 
(6) holds when v is half of an odd negative integer, provided that the quotient 
r(2i/+2w + l)/r (2v + m + 1) is replaced by the product ( 2v + m + l) m . 


5*41. Products of series representing Bessel functions. 

It is easy to obtain the results of § 5'4 by direct multiplication of series. 
This method has the advantage that special investigations, for the cases in 
which /j? = v* and those in which j± + v is a negative integer, are superfluous. 

The coefficient of (—) w (^zY^ p+wn in the product of the two absolutely 
convergent series 

5 (-)" (* g )* +aw x 5 H n (fcY +m 

m=oF (p + m + 1) n= ow! I>+n + l) 


is i 


„= 0 w! F(v + w+ 1). (m — n)l r0*'+ m-n+ 1) 
(~) m 


ml F (/x 4- m + 1) T(i/ + ra + 1) »=o 

(-)w (- fi - v - 2 m) m _ 

ml r(ft -t-ra + 1) r(v + m + 1) 


^ mfinf v n-(~ ^)h 


(fjb + V + m + l) f , 


~ ml T(/x + m -f 1) r (v+ m +■ 1) ’ 
when Vandermonde’s theorem is* used to sum the finite series. 
Hence, for all values of p and v, 

m r t.\ r (.■\~ f + 1 ± OT+1 )’» 

ro»+m+i)r(»+.i»+i)’ 

and this formula comprises the formulae (5), (6) Mid (7) of § 5‘4. 
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This obvious mode of procedure does not seem to have been noticed by any of the 
earlier writers; it was given by Nielsen, Math. Ann. Ln. (1899), p. 228. 

The series for Jq (z) cos z and J 0 (z) sin z were obtained by Bessel, Berliner Abh. 1824, 
[1826], pp. 38—39, and the corresponding results for J v (z) cos z and J v (z) sin z were 
deduced from Poisson’s integral by Lommel, Studien Uber die Bessel’schen Functiomn 
(Leipzig, 1868), pp. 16—18. Some deductions concerning the functions ber and bei have 
been made by Whitehead, Quarterly Journal , xlii. (1911), p. 342. 


More generally, if we multiply the series for J{az) and J v .{bz), we obtain 
an expansion in which the coefficient of (—) m aPb” {\zY +vJr * m is 

m a swi-!m fcsn 

ft con! r (v + n + 1). (m — n)l T (fi + m — n +1) 

_ fl 8 ” 11 a^i(—ra, -fi-m] p + 1; ft/a 3 ) 

~~ ml r(/x + m + l)r(i/ + l) 

and so 

{\azY(\bzy 


(2) J^ {az) J y {bz ) 


*> + i) 

x S (~) m i F 1 {—m, — y. — m\ v + 1; b 3 / a 8 ) 

r ‘ ' m ! F (ft + m + 1) ’ 


TO ”0 


and this result can be simplified whenever the hypergeometric series is 
expressible in a compact form. 

One case of reduction is the case b — a, which has already been discussed; 
another is the case b = ia, provided that /x 2 = v 2 . 

In this case we use the formula* 

r(q-£ + i)r(i) 


F(a,/3-, a-0+lj -1)« 
and then we see that 
(3) J, {az) I v {az) = 1 


2T(ia + l)r(ia-/8 + l) 

{—) m {^az) 3v+3m cos \rmv 


0 r (Jm 4- 1) T (v + Jm 4- 1) r {v + m + 1) 


= 2 


{-) m (iazy v+im 


0 m ! r (v 4- m + 1) T (v 4 - 2m + 1) ’ 

( 4 ) /,(«)/.(«)- 2 


«i=oml r (J v •■+ J 7 ji + 1) r (— ■J v 4* Jm + 1) * 


( 0 ) J. (as) (az) - 5 


w =o ml T (Jv 4- Jm 4-1) T (- Jv 4- Jm + 1)' 
If we take a = in (3) we find that 

( 6 ) ber„ a {z) 4 - bei „ 2 {z) = 5 - (¥) iv+im _ 

m=o ml r (v 4- m +1) r (v + 2m 4 - 1) ’ 

an expansion of which the leading terms were given in § 3 ' 8 . 

* Of. Kuturner, Journal filr Math. xv. (1880), p. 78, formula (58). 
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The formulae (3), (4), (5) were discovered by Nielsen, Atti della R. Aooad. dei Lined, (5) 
xv. (1906), pp. 490—497 and Monatshefte ftlr Math, und Phys. xix. (1908), pp. 164—170, 
from a consideration of the differential equation satisfied by J v (az) J ±v (bz). 

Some series have been given, Quarterly Journal , xli. (1910), p. 55, for products of the 
types (z) and (z) J_ v (e), but they are too cumbrous to be of any importance. 

By giving fi the special values + ^ in (2), it is easy to prove that 

(7) e 20069 (.e sin d) = (2 sin 0) 1 "* f ( S £+"w) G * ( cos 

The special case of this formula in which 2v is an integer has been given 
by Hobson*. 


5*42. Products involving Bessel functions of the second bind. 

The series for the products (z) Y n (z), J m (z) F n (z), and Y m (z) Y n (z) 
have been the subject of detailed study by Nicholsonf; the following is an 
outline of his analysis with some modifications. 

We have 

w,(») y„<*)=~ -(-r l {/,(«) 

where v is to be made equal to n after the differentiations have been performed. 
Now 


I; F (*) J. (*)! = H (*•»)• J. W J. (*) 

£ I" (~) r r (fjk + V + 2r + 1) 

r=o L ? ’l r '(/j, + v + r + 1) I 1 (/& + ?’ + 1) r(v +- r 4-1) 
x (fj. + v 4- 2r 4- 1) — yfr (/x + v + r + 1) — yfr (u + r +1)} 

and 


dv 


{J (z) J„ r (. z)\ = - log ($*). «/„ (z) J_ v (z) 


_y f (-) r (kzY-‘ ,+lr r(fz-v + 2r+1) 
r=o |_rl.r (jz — v + r + 1) r(yu -f- r ■+■1) (— v 4* r + 1) 

x {i/r (g, — v 4- 2r +- 1) — ^ (fi — v + r + 1) — yjr (— v + r 4- 1)} 


»»-1 


We divide the last series into two parts, 2 and X . In the former part we 

r=0 r=n 

have 

J™, fFFFT) - («-»• - D 


* Proc. London Math. Soc. xxv. (1894), p. 66; see also Oailler, M6m. de la Soc, de Phys. de 
Genive, xxxrv. (1902—1905), p. 316. 

f Quarterly Journal, xim. (1912), pp. 78—100. The expansion of J 0 (e) Y 0 (z) had been given 
previously by Nielsen, Handbuch der Theorie der Cylinderfunktionen (Leipzig, 1904), p. 21. 
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while in the latter part there is no undetermined form to be evaluated. When 
r is replaced in this part by n + r, it is seen that 


(1) irJ^z) Y n (z)- 


__ 1 -w-f-r+l)r(n — r~l) ! 

rir(/4 + r + l) 


r-0 


S (~Y (^/ +?H - ar (/* + n + r + l) r 
r- o r!(n + r)ir(/i + r + l) 

x {2 log (\z) + 2^r (fi + n + ir +1) 

— ^ (fi + n + r + 1) — ijrfa + r + 1) 

— ifr{n + r + 1) — i/r (r + 1)}. 

The expression on the right is a continuous function of g, at fi — in where 
m=0, 1, 2,and so the series for 7 rJ m (z) T n (z) is obtained by replacing /r. 
by m on the right in (1). 

The series for Y m (z) Y n (z) can be calculated by constructing series for 
L 9 fJ>dv v-n 

in a similar manner. The details of the analysis, which is extremely laborious, 
have been given by Nicholson, and will not be repeated here. 


5*43. The integral for J u, (z) J v (z). 


A generalisation of Neumann’s integral (§ 2*6) for J n z (z) is obtainable by 
applying the formula* 


p cos' i+ *' +sw * 8 cos (fj, — v) 8dS = 
Jo 


7T T (ji -H v + 2 m +1) 
2 ft+H- 2 m+i r (/* + m +1) r (v + m + 1) 


to the result of § 5*41; the integral has this value when w*0,l,2 .provided 

that 22 (p. + v) > — 1. 

It is then evident that 


9 00 

J.{z)J v {z) = l % 

■ rr m-o 0 


(—.) m cogft+H-sw Q 

m! v + m + 1) 


cos (ji — v) Odd, 


so that* when R (p + v) > — 1, 

2 fi* _ 

(1) (z) J v {z) = - I J^y (2z cos 6) cos (fi — v)6d6\ 

tr J 0 

the change of the order of summation and integration presents no serious 
difficulty. 


* This formula is doe to Oanohy; for a proof by contour integration, see Modern Analysis, 
p. 263. 


ft 
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If n be a positive integer and R(jx — n)> — l ) then 
(2) (z) J n (z) = ~~~ Jo J u_n (2 z cos 6) cos (/t ■+• n) Odd, 

and this formula is also true if p, and n are both integers, but are otherwise 
unrestricted. 

Formula (1) was given by Schlafli, Math. Ann. hi. (1871), p. 142, when M ±v are both 
integers; the general formula is due to Gegenbauer, Wiener Sitzungsberickte, oxl (2a), 
(1902), p. 667. 


5*6. The expansion of (\zy+ v as a series of products. 

A natural generalisation of the formulae of Neumann (5 2*7) and Gegenbauer 
(§ 5'2) is that 

(i) (i^ + '= £ %f 2 ^ T t 1) 

1 (fl + V+ 1 ) 

„ % (fi + v+2m)r(p, + v + m) r /x , , % 

* .to- ml -- W J »" «• 

The formula is true if /x and v are not negative integers, but the following 
proof applies only if R (p. + v + 1) > - 1. 

From § 5 - 2 we have 

(nr coa pyi+«. _ v if 1 + v + % m ) r (p + v + m) T /n 

cos or - - - Jn-v+m (2 z cos 0). 

If we multiply by cos (p~v)0 and integrate, it is clear from § 5*43 that 

— ( I ’’coa»+-dcos (»-v)edB = S (y» + » + 2>»)r0. + v + m) 

7r JO m-0 Wl 

x if) J»+m (2)1 

and the result follows by evaluating the integral on the leftfor other values 
of p. and v the result may be established by analytic continuation. 

The formula is at once deducible from formulae given by Gegenbauer, Wiener Sitzungs- 
berichte, lxxv. (2), (1877), p. 220. 

5*51. Lommel’s series of squares of Bessel functions. 

An expansion derived by Lommel* from the formula 
2 vdJ*{z) 

T j if ~ if 


is 

so that 


i ^ 2 (y + 2w ) dJ*j z ) 

n=0 Z dz 


2 / z ^ %v ~ x if X^ (v + 2n) J \ + an ($)J . 

* The results of this section will be found in Math. Ann. n. (1870), pp. 632—688; xiv. (1878), 
p. 682 ; Milnchener Abh. xv. (1886), pp. 648—649. 
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Hence, by § 5*11 (11), we have 

( 1 ) ( z ) - Jy -9 (4 Jy ( Z )) = 2 (v + 2 n) j\+,n (s), 

on taking zero as the lower limit when R (v) > 0; by adding on terms at the 
beginning of the series, it may be seen that the restriction R(v) > 0 is super¬ 
fluous. 

If we take in turn v = v = and add and subtract the results so obtained, 
we have (§ 8*4) 

(2) — = 2 (n + J*n+t (z), 

V 1 7T «=o 

( 3 ) £ (-)»(n + i)JWA 

i'JT n=0 

while, by taking v = 1, we see that 

(4) {/ 0 9 (z) + J x a (41 = S (2n. +l)t/\i+i (4- 

' ' - o 

Another formula of the same tvpe is derived by differentiating the series 


2 € n J^p+n (4 , 

n '0 

for it is evident that 

y~ 2 e n t/ a H-n (4 — 2 2 e n J (4 J v+n (4 

CLZ 71=0 7t=0 

00 

= 2 e n <7„+ n (4 (4 — i7i/-)-n+i (4} 

«=0 

= Jy (4 { jV~i (z) + Jr +l (z)} 


= 2v J v * (z)jz, 

and so, when R(v) >0, we obtain a modification of Hansen’s formula (§ 2*5), 
namely 

00 fZ Jf 

(5) 2 e n J\ +n (4 = 2v J v * ( t ) —. 

«=o Jo 1 

An important consequence of this formula, namely the value of an upper 
bound for j J v {no) |, will be given in § 13 42. 


By taking v = it is found that 


2 e n J\ +i (z) = ^fsin>tf 


51 = 0 


and so 


2 sin s t> 2 f* . 

=-— + - si 

ir i jo ir.< o 


sin 2 i 


dt 


(6) I J-ViW = -S»(2«), 

ji=0 w 

where, as usual, the symbol Si denotes the “sine integral.” This result is given 
by Loinmel in the third of the memoirs to which reference has been made. 
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5*6. Continued fraction formulae. 

Expressions for quotients of Bessel functions as continued fractions are 
deducible immediately from the recurrence formula given by §3-2(1); thus, 
if the formula be written 

J v {z) ^zjv 

_ \z J ( z)/ v ' 

M*) 

it is at once apparent that 

m 'Ll M j^ 3 /{y(y+1)} i<*/{(v + l)(v +2)} 

K } J v -,(z) 1 - 1 - 1 


\zP/{(v + m-l)(v -f-m)} 
1 

This formula is easily transformed into 


\z Jy+m ■H (z)J{v + m) 
Jv+m if) 


(2) — J_ 1 _1_ Jv+m+i (z) 

* J*-i 0) 2v/z-2(v + l)/z-...-2(v + m)/z- J v+m (z) ’ 

These results are true for general values of v\ (1) was discovered by 
Bessel* for integral values of v. An equivalent result, due to Schlomilch-j-, is 
that, if Q„ (z) = J v+l (z)/\^z J v ( 2 )}, then 


(3) 


Q v (z) = 


1 

v+ 1 


V + 2 — J/ + 3 — 


iiL fQv+mjz) 

v + m— 4 


Other formulae, given by Lommelj, are 

( 4 ) _? _f!. f _ 3* zJ K-t-m+i (z) 

J„(z) 2 (i/ +1) — 2(y + 2) — 2 (v + 3) — ... — 2 {v + in) — J v+m (z) ’ 

{Z\ *jji±3L If} = _i 1 2 (v +1) ■ g2 z% zJ I'+m+i if) 

' J*if) 2(v + l)-2(v + 2)-...-2 (u + m)- J v+m {z ) ’ 

The Bessel functions in all these formulae may obviously be replaced by any 
cylinder functions. 

It was assumed by Bessel that, when m -*• oo, the last quotient may be 
neglected, so that 


J v (z) _ {zjy \f[\v{v- fl_)j j**/( (»+ l)('yH-2)] 
J K _i ( z) 1—1 — 1 


* Berliner Abh. (1824), [1826], p. SI. Formula (2) seems not to have been given by the earlier 
writers; see Encycloyddie dee Sci. Math. ii. 28, § 58, p. 217. A slightly different form is used by 
Graf, Ann. di Mat. (2) xxm. (1895), p. 47. 

+ Zeitachrift filr Math, uad Phya. u. (1857), p. 142 ; Schlfliniloh considered integral values of 
v only. 

X Studien Uber die Bessel'achen Functionen (Leipzig, 1868), p. 5; see also Spitzer, Archiv der 
Math, u nd Phys. xxx. (1858), p. 882, and Giinther, Archiv der Math, und Phya. lyi. (1874), 
pp. 292 —297. 
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It is not obvious that this assumption is justifiable, though it happens"to 
be so, and a rigorous proof of the expansion of a quotient of Bessel functions 
into an infinite continued fraction will be given in § 9’65 with the help of the 
theory of “ Lommel’s polynomials.” 

[Noth. The reason why the assumption is not obviously correct is that, even though 

the fraction p m /o m tends to a limit as m-*-co, it ia not necessarily the case that fbs£si^Ssi±l 

* a m q m +q m+ 1 

tends to that limit; this may be seen by taking 

p m =m+sin ift, q m -m, Om<= -1.] 

The reader will find an elaborate discussion on the representation of J„ ( z)jJ v -\ («) as a 
continued fraction in a memoir* by Perron* MUnchener Sitmngsberichte, xxxvn. (1907), 
pp, 483—^604; solutions of Riccati’s equation, depending on suoh a representation, have 
been considered by Wilton, Quarterly Journal, xlvi. (1915), pp. 320—323. The connexion 
between continued fractions of the types considered in this section and the relations con¬ 
necting contiguous hypergeometric functions has been noticed by Heine, Journal filr 
Math, lvii, (1860), pp. 231—247 and Christoftel, Journal filr Math, lviii. (1861), 
pp. 90—92. 


6*7. Hansen’s expression for J,(z) as a limit of a hypergeometric function. 
It was stated by Hansen f that 

(1) J v (z)~ lim 


—V 


We shall prove this result for general (complex) values of v and z when X and 
ft tend to infinity through complex values. 

If X = 1/S, n — Ijr), the (m + l)th term of the expansion on the right is 






ml P(n-f m + 1 ) 


m -1 


n [(1 + rS) (1 + rr))]. 


This is a continuous function of 8 and 77 ; and, if 8 0 ,r) t are arbitrary positive 
numbers (less than 2 | z I” 1 ), the series of which it is the (m + l)th term con¬ 
verges uniformly with respect to 8 and 77 whenever both | 8 \ 4 8 0 and j 77 1 ^ r) 0 . 
For the term in question is numerically less than the modulus of the (m + 1 )th 
term of the (absolutely convergent) expansion of 


I^(v+ 1)' » v + 

and the uniformity of the convergence follows from the test of Weierstrass. 
Since the convergence is uniform, the sum of the terms is a continuous 


* This memoir is the subject of a paper by Nielsen, MUnchener Siteungebericlite, xxxvm. 
(1908), pp. 85—88. 

f Leiptiger Abh. 11 . (1855), p. 252 j see also a Halberstadt dissertation by F. Neumann, 1909. 
[Jahrbuch tiber die ForUchritte der Math. 1909, p. 675.] 
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function of both the valuables (8, rf) at (0, 0), and so the limit of the series is 
the sum of the limits of the individual terms; that is to say 


lim 

o\ r (v+i) 

\v — o) 


*(11 ■ 

VS’.;’ ’ 4 / r(v+ m +1)’ 


and this is the result stated. 


5*71. Bessel functions as limits of Legendre functions. 

It is well known that solutions of Laplace’s equation, which are analytic 
near the origin and which are appropriate for the discussion of physical 
problems connected with a sphere, may be conveniently expressed as linear 
combinations of functions of the type 

r n P n (cos 0), r n P n m (cos 6) ^ m <f> ; 

these are normal solutions of Laplace’s equation when referred to polar 
coordinates (?•, 6, cf>). 

Now consider the nature of the structure of spheres, cones and planes 
associated with polar coordinates in a region of space at a great distance from 
the origin near the axis of harmonics. The spheres approximate to planes and 
the cones approximate to cylinders, and the structure resembles the structure 
associated with cylindrical-polar coordinates; and normal solutions of Laplace’s 
equation referred to such coordinates are of the form (§ 4‘8) 

e ±k *J (fcp) c ° 8 

r sm T 

It is therefore to be expected that, when r and n are large* while 9 is small 
in such a way that r sin 6 (i.e. p) remains bounded, the Legendre function 
should approximate to a Bessel function; in other words, we must expect 
Bessel functions to be expressible as limits of Legendre functions. 

The actual formulae by which Bessel functions are so expressed are, in 
effect, special cases of Hansen’s limit. 

The most important formula of this type is 

(1) lim P n ( cos -) = /<, (■S')- 

This result, which scorns to have been known to Neumannt in 1862, has been investi¬ 
gated by Mehler, Journal fiir Math. LXVIII. (1868), p. 140; Math. Ann. v. (1872), pp. 136, 
141—144; Heine, Journal filr Math. lxix. (1869), p. 130; Rayleigh, Proc. London Math. 
Soc. ix, (1878), pp. 61—64 ; Proc. Royal Soc. xon. A, (1916), pp. 433—437 [Scientific Papers , 
i. (1899), pp. 338—341 ; vi. (1920), pp. 393—397]; and Giuliani, (Horn, di Mat. xxil. (1884), 
pp. 236—239. The result has been extended to generalised Legendre functions by Heine 
and Rayleigh. 

It has usually been assumed that n tends to infinity through integral 
values in proving (1); but it is easier to prove it when n tends to infinity as 
a continuous real variable. 

* If n were not large, the approximate formula for P n m (coe 8) would be (ain m d)]ml. 

+ Cf. Journal filr Math. lxii. (1863), pp. 86—49. 
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We take Murphy’s formula 

P n (cos zjn ) = a-Fi (— n, n + 1 ; 1 ; sin* \z(n)\ 
and the reasoning of the preceding section is applicable with the slight 
modification that we use the inequality 

| sin Qz/n) | ^ f | {zjn) |, 

when j z | ^ 2 | n \, and then we can compare the two series 

S F X (- n, n + 1 ; 1 ; sin* $zjn), & (l/8 0 , 1 / 8 , + 1 ; 1 ; ^S 0 S j * | a ), 

where S 0 is an arbitrary positive number less than £ | z | -1 tod the comparison 
is made when ] n | > l/8 0 . The details of the proof may now be left to the reader. 

When ii is restricted to be a positive integer, the series for P n (cos z/n) 
terminates, and it is convenient to appeal to Tannery’s theorem * to complete 
the proof, This fact was first noticed by Giuliani; the earlier writers took for 
granted the permissibility of the passage to the limit. 

In the case of generalised Legendre functions (of unrestricted order in), 
the definition depends on whether the argument of the functions is between 
+ 1 and — 1 or not; for real values of so (between 0 and 7 r) we have 


so that 
( 2 ) 


■n __ / x\ tan m Gtx/n) „ . „ „ . „, . s 

P n (cos-) - p^ + 1 y aPi(-n, n + 1; m + 1; sin*£ x/n), 

lim n m P n ~ m (cos « J m (x), 

n -*> 00 v 71/ 


but otherwise, we have 


P 'T m ( 00sh s) 

so that 


(3) 


+ y ^i("«»n + l; m + 1; - sinh 2 £ zjn), 
lim ^cosh = I m (z). 


The corresponding formula for functions of the second kind may be deduced 
from the equation which expresses! Q n m in terms of P n m and P n ~ m ; it is 
" n~ m sin nir n / z\ 

.a, Lsm (m + n)7r \ n) 


(4) 


lim 


= K r 


This formula has been given (with a different notation) by Heine+; it.is most 
easily proved by substituting the integral of Laplace’s type for the Legendre 
function, proceeding to the limit and using formula (5) of § 6'22. 


* Of. Bromwioh, Theory of Infinite Series, § 49. 
t Of. Barnes; Quarterly Journal , rxnx (1008), p. 109 ; the equation is 


in 


(-m-n) 


sin mi r sin nr 


Qn m = 


p —m 


p m 


T (l-m-rll) T(l-f7» + tt) 


Barnes’ notation, which is adopted in thin work. 
t Journal fllr Math. lxu . (1868), p. 181, 
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Another formula, slightly different from those just discussed, is 

( 5 ) 

this is due to Laurent *, and it may be proved by using the second of Murphy’s 
formulae, namely 

P n (cos 0) — cos n £ 6. a ^i (— n,n ; 1; — tan ? £ &). 

[Note. The existence of the formulae of this section must be emphasized because it 
used to be generally believed that there was no connexion between Legendre functions and 
Bessel functions. Thus it was stated by Todliunter in his Elementary Treatise on Laplace's 
Functions , Lamp's Functions and Bessel's Functions (London, 1876), p. vi, that “these 
[i.e. Bessel functions] are not connected with the main subject of this book.”] 


5‘72. Integrals associated with Mehlers formula . 

A completely different method of establishing the formulae of the last 
section was given by Mehler and also, later, by Rayleigh ; this method depends 
on a use of Laplace’s integral, thus 


Since 

uniformly as n 


P n (cos 6) - — (cos 0 + i sin 6 cos d>) n dd> 

IT. 0 


1 f® 

— g»log(oosfi + t8in«co8^) 

7T j o 

n log (cos (z/n) % sin (zjn) cos <jb} iz cos (f> 

oo when 0 ^ v, we have at once 

lim P n (cos z/n) — [" e** 00 ** d<f) = J 0 ( z). 

n~*-oo 7rJo 


Heinef and de Ball]; have made similar passages to the limit.with integrals 
of Laplace’s type for Legendre functions. In this way Heine has defined 
Bessel functions of the second and third kinds; reference will be made to his 
results in § 6 - 22 when we deal with integral representations of Y v (z). 


Mehler has also given a proof of his formula by using the Mohler-Dirichlet integral 
P (cosd) = - 

n (cos 0) 7r J Q (coH ^ _ cos ^ . 

If it may bo shewn that 

n . 2 f* cos i JrdiJ, 

A (C 08 »/*)-- J, JpZp). 

but the passage to the limit presents some little difficulty because the integral is an im¬ 
proper integral. 

Various formulae have been given recently which exhibit the way in which 


* Journal de Math. (8) i. (1876), pp. 884—886; the formula aofcually giver* by Laurent 1 b 
eijoneouB on account of an arithmetical error. 

f Journal filr Math. lxix. [1888), p. 181. See alBO Sharpe, Quarterly Journal, xxiv. (1890), 

pp, 888—886. 

t Astr. Nach. cxxvm. (1891), col. 1—4. 
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the Legendre function approaches its limit as its degree tends to infinity. 
Thus, a formal expansion due to Macdonald* is 

( 1 ) P n ~ n (cos 6) 

»(n + (cos £ 0 )“** [J m («) 

+ sin* $0 [face Jm+t (®) ~ J m+a (®) + faar 1 Jm+i 0 * 0 } + • • •], 
where w * ( 2 n + 1 ) sin \6. 

Other formulae, which exhibit an upper limit for the error due to replacing 
a Legendre function of large degree by a Bessel function, aref 

(2) P« (cos rj) ± w " 1 Q n (cos 1}) 

= \/(seC i)). e±(»+i)*(v-tuin) [y # 4 . tan 1 1 } ± iY 0 {(w + ■£) tan 17 }] 

4(9 1 V'( 8ec v) 

vr {72 (n) + ’ 

( 8 ) P. (cosh » = (JLJ /. (,» + , 

(4) Q n (cosh !) = f) ^( 8ec h £). K, {(» + £) tanh f} 

’ |fl,V(Bech £).<?-<»+*>* 

72 (w) + J 

where, in (2), 0 %t)< ^ir, and,in (3) and (4), ^0; the numbers & lt d 2 , 6 S are 
less than unity in absolute magnitude, and n may be complex provided that 
its real part is positive. But the proof of these results is too lengthy to be 
given here. 

5*73. The formulae of Olbricht 

The fact that a Bessel function is expressible by Hansen’s formula as a 
limit of a hypergeometric function has led Olbrichtj to investigate methods 
by which Bessel’s'equation is expressible as a confluent form of equations 
associated with Riemann’s P-functions. 

If we take the equation 



of which a fundamental system of solutions is the pair of functions 

sr»J v {zf s~»Y v (z), 

and compare the equation with the equation defined by the scheme 

a, b, c, \ 

«> A y» 

«, A, v, ) 

* -Proc. London Math. Soe. (2) xm. (1914), pp. 220—221 ; some associated results had been 
obtained previously by the same writer, Proc. London Math. Soc. xxxl (1899), p. 269. 

f Watson, Trans. Gamb. Phili Soe. xxn. (1918), pp. 277—808; Messenger, xlvil (1918), 
pp. 161—160. 

t Nova ActaOaet.-Leop.-Acad. (Halle), 1888, pp. 1—48. 
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namely 

&'y 

ds? 


— cl - a' 1 - ft - ft' 1 - <y — y 


|Ui= 

{ z — a 
| arf_ 


+ — — + 

z—b z—c 


dy 

dz 


(a -b)(a- c) ftft (b - c)(b - a) yy' (c - a)(c - b) 


z — b 


+ 


— c 


y 


= o> 


(z - a) (z- b) (z — c) 

we see that the latter reduces to the former if 

a = 0, a = v — /i, a! = — v — fi, 

while b, o, ft, ft', y, y tend to infinity in such a way that ft + ft' and y + y 
remain finite (their sum being 2 p. -f 1 ) while ft ft' = yy' - and b + c = 0. 

We thus obtain the scheme 


2 ift, - 2 ift, 


lim P. 

P~*-00 


A 

-ft, 


y, 

/ 

7> 


f °' 

l-v-fi, 

where 7, 7' = /* +1 ± + £) a + / 9 s }. 

Another similar scheme is 

( 0 , ift, 

lim P < v - fi, ft, 

\-v-p, -ft, 
with the same values of 7 and y' as before. 

A scheme for J ¥ (z) derived directly from Hansen’s formula is 
f 0 , oo, — 4aft, 

%v, a-\v, 0 , 


7, 

7> 


lim P 


C-^oo) ft-^v, v+l-a-ft. 

Olbricht has given other schemes but they are of no great importance and 
those which have now been constructed will be sufficient examples. 

Noth. It has been observed by Haentzsohel, Zeitsohrift ftlr Math, und Phyt, xxxi. 
(1886), p. 31, that the equation 

S = {^~ A2 } y ’ 

whose solution (§ 4'3) is (Aw), may be derived by confluence from Lamp’s equation 

g-[(v*-i) IP («)-.,} 

when the invariants g 3 and g s of the Weierstrassian elliptic function are made to tend to 
zero. 
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INTEGRAL REPRESENTATIONS OF BESSEL FUNCTIONS 

6*1. Generalisations of Poisson’s integral. 

In this chapter we shall study various contour integrals associated with 
Poisson’s integral (§§ 2'3, 8‘3) and Bessel’s integral (§ 2'2). By suitable choices 
of the contour of integration, large numbers of elegant formulae can be obtained 
which express Bessel functions as definite integrals. The contour integrals will 
also be applied in Chapters VII and vm to obtain approximate formulae and 
asymptotic expansions for J v (z) when z or v is large. 

It happens that the applications of Poisson’s integral are of a more 
elementary character than the applications of Bessel’s integral, and accordingly 
we shall now study integrals of Poisson’s type, deferring the study of integrals 
of Bessel’s type to § 6‘2. The investigation of generalisations of Poisson’s 
integral which we shall now give is due in substance to Hankel *. 

The simplest of the formulae of § 3 3 is § 3'3 (4), since this formula contains 
a single exponential under the integral sign, while the other formulae contain 
circular functions, which are expressible in terms of two exponentials. We 
shall therefore examine the circumstances in which contour integrals of the type 

z'f e* Tdt 
J a 

are solutions of Bessel’s equation; it is supposed that T is a function of t but 
not of z , and that the end-points, a and b, are complex numbers independent 
of z. 

The result of operating on the integral with Bessel’s differential operator 
V,, defined in § 3T, is as follows: 



Tdt 

a 



[ = e m T(l-P)dt + (2V +1) u*+i J b e izt Ttdt 

e izt T * + iz y+i J b e izt ^2v + 1) Tt - J t [T (P - 1)} 


dt, 


* Math, Ann. i. {I860}, pp. 478—486. The discussion of the corresponding integrals for I v (z) 
and K v (z) is due to Schlafli, Ann. di Mat. (2) i. (1868), pp. 232—242, though Schlofli’a results 
are expressed in tho notation explained in § 4-16. The integrals have also been examined in great 
detail by Gubler, Zurich Vierteljahnschrijt, xxxra. (1888), pp. 147-172, and, from the aspect of 
the theory erf the linear differential equations which they satisfy, by Graf, Math. Ann. xlv. (1894), 
pp. 286—262; lvi. (1908), pp. 482—444. See also de la Vallde Poussin, Ann. de la Soc. Sci. de 
Bruxelles, xxix. (1006), pp. 140—148. 
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by a partial integration. Accordingly we obtain a solution of Bessel’s equation 
if T, a, b are so chosen that 

- 1)} ='(2i/ +1) Tt, \e ia Tit 3 - 1) | = 0. 

CtC L J a 

The former of these equations shews that T is a constant multiple of 
( t s — l) v- *, and the latter shews that we may choose the path of integration, 
either so that it is a closed circuit such that e izt (t 2 — l) v+i returns to its 
initial value after t has described the circuit, or so that e fet (t a - l) l>+ * vanishes 
at each limit. 

A contour of the first type is a figure-of-eight passing round the point 
t — 1 counter-clockwise and round f = — 1 clockwise. And, if we suppose 
temporarily that the real part of z is positive, a contour of the second type is 
one which starts from -f coi and returns there after encircling both the points 
— 1, + 1 counter-clockwise (Fig. 1 and Fig. 2). If we take a, b = ± 1, it is 



Fig. 2. 


necessary to suppose that R ( v + J) > 0, and wc merely obtain Poisson’s 
•integral. 

To make the many-valued function (t a — l)" - * definite*, we take the phases 
of t — 1 and t + 1 to vanish at the point A where the contours cross the real 
axis on the right of t = 1. 

We therefore proceed to examine the contour integrals 

. /-(1+.-1-) /-(-i+,i+) . 

z v e ut (t 2 -1)”-* dt, z v e %zt (t* - l)*-* dt. 

1 a 1 +ooi 

* It is supposed that v has Dot one of the valueB $, !f, |, ...; for then the integrands are analytic 
at ±1, and both integrals vanish, by Cauohy’s theorem. 


W. B. if. 


11 
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It is to be observed that, when R (z) > 0, both integrals are convergent, 
and differentiations under the integral sign are permissible. Also, both 
integrals are analytic functions of v for all values of v. 

In order to express the first integral in terms of Bessel functions, we 
expand the integrand in powers of z , the resulting series being uniformly 
convergent with respect to t on the contour. It follows that 


•(i+, - 1 -) 


m=0 


00 ,*m z v+m /•(!+, -1-) 


m 


r 

rv 




Now t m (t a — l) 1 '”* is an even or an odd function of t according as m is even 
or odd; and so, taking the contour to be symmetrical with respect to the origin, 
we see that the alternate terms of the series on the right vanish, and we are 
then left with the equation 


7 


00 ( _\m »v+2m r(l+) 

0* (i 9 -1)-* dt = 2 2 t™ (P - l)-* dt 

/ m -0 (2m)! Jo K 

* /•(!+) 


2) 

m-0 


(2m)! 


1 f 

Jo 


r. m ~i(u— 1 ) v ~t du, 


on writing t — \Ju\ in the last integral the phases of u and u — 1 vanish when 
u is on the real axis on the right of u = 1. 

To evaluate the integrals on the right, we assume temporarily that 
R(v + $)> 0; the contour may then be deformed into the straight line 
from 0 to 1 taken twice; on the first part, going from 0 to 1, we have 
u— 1 5 = (1 — u) e'* 1 , and on the second part, returning from 1 to 0, we have 
u — 1 = (1 — u) e +1ri , where, in each case, the phase of 1 — u is zero. 

We thus get 

/■(!+) n 

J= u m ~i (1 - uy~t du 

r(m+i)r(v + i) 

- 2% cos VI r ■ . 

. r (m + v -f* 1) 

Now both sides of the equation 

( tt _ i),-i du = 2 i co S V7r 

r(m + y + l) 

are analytic functions of v for all values of v\ and so, by the general theory of 
analytic continuation*, this result, which has been proved when R (v + ^) >0, 
persists for all values of v, 

* Modern Analysis, §5-5. The reader will also find it possible to obtain the result, when 
R(f + £)<0, by repeatedly using the reeurrenoe formula 


f 


iriiiuu 1 a uutained by integrating the formula 

~ {u w+ * (u - iy+w+1» =( wl + „ + 7l + i )u «t-i (u _ + ( „ +%+4) u m-i (u _ 1)V +n-J . 

the integral is then expressed in terms of an integral of the same type in which the exponent of 
u -1 has a positive real part. ' 
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Hence, for all* values of v, 

Ja v m-0 (2w)!r(v+ w + 1 ) 

= 2*' +1 f r (|) F (v + £) cos V7r . (s). 

Therefore, if g 4- £ is not a positive integer, 

« J - w - rj i i mir l7' v ' (<I - 

and this is Hankel’s generalisation of Poisson’s integral. 

Next let us consider the second type of contour. Take the contour to lie 
wholly outside the circle \ t | = 1, and then (2 3 — l)" - * is expansible in a series 
of descending powers of t, uniformly convergent on the contour; thus we have 


(i a — 1)--* = S 


[(Hi?) w -i-< 


and in the series the phase of t lies between — f?r and 4- \ir. 

Assumingf the permissibility of integrating term-by-term, we have 

J rf ( ~ 1+ ’ 1+) jta(P- 1 )*-i dt * a 5 T~ I l ~ 1+ ' l+> 

J 00 i n a|) fft ! r (jf V) J CO i 


(- 1 +, 1 +) 


r(o+) 

jJB* — 1 —wn gizt fa _ Q-vrri z vn-tv (__ -*>* fal, 

J 00 ux» io 


where a is the phase of z (between ± £ 7 r); and, by a well-known formulaj, the 
last integral equals - 27 ri/V (2m — 2v 4* 1). 

Hence 

**f !)■-*- 2 

J oo i v ,,,-0 w! 1 (j - v) r (2m — 2y +• 1) 

2 I,+1 Tri F(A) r , . 

i'(j-e • / -* (A 

when we use the duplication formula § to express F (2 m — 2v 4* 1) in terms of 
r(£-i/ + m) and r (— v 4 - m 4-1). 

* If v - J is a negative integer, the simplest way of evaluating the integral i« to oalouluto tlio 
residue of the integrand at w = l. 

f To justify the term-by-term integration, observe that r I + •* | e isf dt \ is convergent; lot 

J 00 i 

its value be K. Since the expansion of (£ 3 — l)*" - ^ converges uniformly, it follows that, when wo 
are given a positive number e, we cau find an integer Mq independent of t, such that the remainder 
after M terms of the expansion does not exceed e/K in absolute valuo when ilf > M 0 . Wo then 
have at once 

/•(-!+. 1 +) j gt{t , _ l)V - kdt _y r (h_- >+m) A-l+.l+) c ^ I 

J*>i K 1 m-o —v) J oo£ | 

<eK~ l f { ~ l+,l+) 

J 00 i 

aud the required result follows from the definition of the Bum of an infinite aeries, 
f Cf. Modem Analysis, § 12*22. § Of. Modem Analysis, § 12*15. 

11—2 
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(2) 


Thus, when E (z) > 0 and v 4- •£ is not a positive integer, 

■(-i+,i+) 

This equation was also obtained by HankeL 
Next consider 

r(-i+.i+) 

e tet (p — xy'-i dt, 

J aciexp(-ua) 

where a> is an acute angle, positive or negative. This integral defines a function 
of z which is analytic when 

— -Jvr + w < arg z < far + o>; 

and, if z is subject to the further condition that | arg 2 1 < ^ 7 r, the contour can 
be deformed into the second of the two contours just considered. Hence the 
analytic continuation of J— V {z) can be defined by the new integral over an 
extended range of values of arg z; so that we have 


(3) 


Zin L J aai exp (—to) 


. where arg z has any value between —-|7r + o> and r + o>. 

By giving w a suitable value*, we can obtain a representation of «/_„ ( z ) 
for any assigned value of arg z between — 7 r and tt. 

When R (s)>0 and R (i»+£) >0 we may take the contour to be that shewn in Fig. 3, 



in which it is supposed that the radii of the circles are ultimately made indefinitely small. 
By taking each straight line in the contour separately, we get 

[/> ‘-""-i’a -e-i * 

+ Jo 1 e w e-a(1 _ *a)v- j 

+ J ^ e-'W-h) (l-py-l dt 

+J° *■«(»-*) (i-*« y-tdt 

+ e<* (1 - t 2 ) v ~i tffj. 

* If | u | be increased in a series of BtageB to an appropriate value (greater than $*•), a repre- 
sentation of J-„ (a) valid for any preassigned value of arg a may be obtained. 
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On bisecting the third path of integration and replacing t in the various integrals by it, 
— t, ±t, t, it respectively, we obtain a formula for «/_„(«), due to Gubler*, which corre¬ 
sponds to Poisson’s integral for J v (z) ; the formula is 

(4) J _„ (a) = — - ^ |^Bin vir e~ lt (l+/ a )*' -i dt+ J* cos (zt + vir). cftj, 

and, if this be combined with Poisson’s integral, it is found that 

(5) r, ( 8 )” r( „+|)r (i) [/„' si “ <*0 • (1 -<*)-»* - J°‘— (l+<*)-»*], 

a formula which was also discovered by Gubler, though it had been previously stated by 
Weber + in the case of integral values of v. 

After what has gone before the roader should have no difficulty in obtaining a formula 
closely connected with (1), namely 


( 6 ) 


J. W“- ( t,-r ) ( ^ )r /"V- ir * ooa (ft).di, 


in which it is supposod that the phase of rf 2 — 1 vanishes when t is on the real axis on the 
right of t—1. 


6*11. Modifications of Hankel’s contour integrals. 

Taking R{z) > 0, let us modify the two contours of § 6'1 into the contours 
shewn in Figs. 4 and 5 respectively. 




By making those portions of the contours which are parallel to the real 

* Zilrich Vierteljahraschrift, xxxnr. (1888), p. 159. Bee also Graf, Zeitachrift filr Math, and 
Phya. xxxvni. (1898), p. 115. 

t Journal filr Math, lxxvi. (1878), p. 9. Of. Hayashi, Nyt Tidaskrift for Math. xxnr. u, (IDljJ), 
pp. 86—90. The formula was examined in the oaso v=0 by Esohorioh, Monatahefte filr Math, 
and Phya. ni. (1892), pp. 142, 234. 
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axis move off to infinity (so that the integrals along them tend to zero), we 
obtain the two following formulae: 




/■ ut/ • r 

x e**t (Z 3 - 1)”-* dt + e izt (Z a - l) v " 4 dt 

l+°o< J -l+ooi 


( 1 +) 


(- 1 -) 


(21 j ( Z \- v Jkz±l^M 

{) 2t riT® 


~ r(i+) r{~ i+) 

e iet (p _ i y-i dt + e i2t (Z a - 1) 1 ' -1 dt . 

l+OO* J — 1 + ooj _ 


In the first result the many-valued functions are to be interpreted by taking 
the phase of Z 9 —1 to be 0 at J. and to be + tt at B, while in the second the 
phase of Z a — 1 is 0 at A and is — tt at B. 

To avoid confusion it is desirable to have the phase of Z 9 — 1 interpreted 
in the same way in both formulae; and when it is supposed that the phase of 
t- — 1 is + tt at B , the formula (1) is of course unaltered, while (2) is replaced by 


J -»W- F( Lry 


f(l+) f(-l-) 

x e™ 6 i * t (t a -l) v -*dt+e- vvi \ e^Z 3 - l)*-* dt 

_ ' l+ooi J -l+ooi 


In the last of these integrals, the direction of the contour has been reversed 
and the alteration in the convention determining the phase of Z a — 1 has 
necessitated the insertion of the factor e -3 ^- l )vi . 

On comparing equations (1) and (3) with § 3 61 equations (1) and (2), we 
see that 


W 

(5) 




unless v is an integer, in which case equations (1) and (3) are not independent. 

e can, however, obtain (4) and (6) in the case when v has an integral 
value (n), from a consideration of the fact that all the functions involved are 
continuous functions of v near v = n. Thus 

if n (1) (z) «= lim HJv (z) 


r® 

r (i-n).g g y >ja+) 
and similarly for H n {a) (z). 


ra- v ).(hzY fd+) . 
m A \i) J i+ooi 

«T® 


l+aoi 


l+ooi 

e ixt (Z 3 — l/) n ~i dt, 


dt 
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6-12] 


As in the corresponding analysis of § 61, the ranges of validity of (4) and 
(5) may be extended by swinging round the contours and using the theory of 
analytic continuation. 


Thus, if — ^7T < co < f tt, we have 

(6) i a;» (*)=r e “ (t ’ - 1), " i dt; 

m I \$) J oo i oxp(—»<o) 


while, if — f7r < w < |tt, we have 

(7) «“(<■ -ly-'dt, 

* 7rt 1 (■$) ooiexp{— im) 

provided that, in both (6) and (7), the phase of z lies between — w and 

^7r 4- &). 


Representations are thus obtained of H v {1) (z) when arg z has any value 
between — nr and 2?r, and of H v {2) (z) when arg z has any value between 
— 2 tr and tt. 


If to bo increased beyond the limits stated, it is necessary to make the contours coil 
round the singular points of the integrand, and numerical errors are liable to occur 
in the interpretation of the integrals unless great care is taken. Weber, however, has 
adopted this prooedure, Math. Ann. xxxvn. (1800), pp. 411—412, to detennine the for¬ 
mulae of § 3 62 connecting IIp) (- z), (- z) with //„<*) ( 2 ), II ( 2 ). 

Note. The formula 2i Y v (z) = Hp) ( 2 ) - HP) (z) makes it possible to express Y v ( 2 ) in 
terms of loop integrals, and in this manner Hankel obtained the series of § 3 - f>2 for 
Y» («); this investigation will not be reproduced in view of the greater simplicity of 
Hankel’s other method which has been described in § 3-62. 


6*12. Integral representations of functions of the third kind. 

In the formula § 6T1 (6) suppose that the phase of 2 has any given value 
between — 7 r and 27r, and define ft by the equation 

arg z = co + /9, 

so that — £ 7 r < ft < \tt. 

Then we shall write 

t — 1 = e~ iiri z ~ 1 (- u), 

so that the phase of — u increases from — tt + to tt 4- as t describes the 
contour; and it follows immediately that 

iF (1 _ v \ gite-Jvjr-br) r( 0 +) / w\ v ~i , 

(1) JT„« ( 2 ) = ' ±- 2 ± e -—~ <r« (- uy-* (1 + ~ ) du, 

w w 7 rV(^) .'.op# \ 2 z) 

where the phase of 1 + \iujz has its principal value. Again, if /S be a given 
acute angle (positive or negative), this formula affords a representation of 
H v a) ( z ) valid over the sector of the 2 -plane in which 

- ^ 7 r + /S < arg z < $7r + fi. 




c-r>(i-S) 


v~i 


du, 
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Similarly*, from § 611 (7), 

m n i.) f (t,+) 

^ ^ T ^(2vi) j ' 

where ft is any acute angle (positive or negative) and 

- §tt + £ < arg * < + £. 

Sincef, by § 3*61 (7), J3L p (l) (z) — e vvi (z), it follows that we lose nothing 
by restricting v so that R (v + £) > 0; and it is th6n permissible to deform 
the contours into the line joining the origin to oo exp ift, taken twice; for the 
integrals taken round a small circle (with centre at the origin) tend to zero 
with the radius of the circle^. 

On deforming the contour of (1) in the specified manner, we find that 


(3) 


M, (1) 


( 2 ivr-in) rooexpiys. 


e~ JU u v ~S 


K 


iu\ v ~b 


du, 


\itzi r(j/+i-) Jo v “ V* 1 2 z) 
where ft may be any acute angle (positive or negative) and 
R (v + £) > 0, - $7r + £ < arg z < $tt + ft . 

In like manner, from (2), 

w «■> »=£) e - WTW J o (1 -£) du, 

where ft may be any acute angle (positive or negative) and 
R (v +1) > 0, — f tt + ft < arg z < + ft. 

The results (3) and (4) have not yet been proved when %> is an odd positive integer. 
But in view of the continuity near v=*n+^ of the functions involved (where n=0, 1, 2,...) 
it follows, as in the somewhat similar work of § 6*Il, that (3) and (4) are true when v = \, 
f, .... The results may also be obtained for such values of v by expanding the integrands 

in terminating series of descending powers of z, and integrating term*by-term; the formulae 
so obtained are easily reconciled with the equations of § 3*4. 

The general formulae (3) and (4) are of fundamental importance in the 
discussion of asymptotic expansions of J± v {z) for large values of \z\. These 
applications of the formulae will be dealt with in Chapter vn. 

A useful modification of the formulae is due to Schafheitlin§. If we take 
arg z —ft (so that arg z. is restricted to be an acute angle), and then write 
u = 2 z cot 6, it follows that 


(5) 


2*+i z v 

ir>+i)r(i)J„ 


fi r cos *' -i 6. e i{i ~ v6+ i 6 '> 


sin * 1 ' 4 ' 1 6 


i—22 cot e 


dd, 


/r\ rrt» w„\ 2 V+1 f^cos , '-i(9.e- < (*-*'»+ifl> 

(6) g> w W = - . r(y+i)ra | o - ^r e -«"■ 

* To obtain this formula, write 

*+l = «" M a -1 (-u), %- l = 2e’ rf (l-ii U /z). 
t There seems to be no simple direct proof that 


szcot9 


dd, 


is an even function of v, 

J Gf. Modem Analysis, § 12*22 


r (* - v) f (0+) e-« (- ur-i (l+ 

J ooexptf \ ix J 


du 


% Journal filr Math. cm. (1894), pp. 81_44. 
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(7) J„(z) = 


2 v+l z v [& cQ3* , ~^ 9 . sin {z - v9 4- \6) 


i>+f)r0j„ 


sin 2 ** 1 6 


g-woote^ 


(8) Y v (z)~ 


2f+ 1 z ¥ rCOS 1 ' - * 6 . cos (z — vB + \d) 


r(v + *)r(i)'« 


sin 3 '"*- 1 6 


g-azcot <>dd. 


These formulae, which are of course valid only wheu R(v + ^)> 0, were 
applied by Schafheitlin to obtain properties of the zeros of Bessel functions 
(§§ 15‘32-*-15'35). They were obtained by him from the consideration that the 
expressions on the right are solutions of Bessel’s equation which behave in the 
appropriate manner near the origin. 

The integral f e~ u * u v ~^ (1 + u) fl ~b du, which is reduoible to integrals of the types 

J o , 

ocourring in (3) and (4) when p — v, has been studied in some detail by Nielsen, Math. Ann. 
lix. (1904), pp. 89—102. 

The integrals of this section are also discussed from the aspect of the theory of asymp¬ 
totic solutions of differential equations by Brajtzew, Warschau Polyt. Inst. Naoh. 1902, 
nos. 1, 2 [Jahrbuch ilber die Fortschritte der Math. 1903, pp. 676—677]. 


6 - 13. The generalised Mehler-Sonine integrals. 

Some elegant definite integrals maybe obtained to represent Bessel functions 
of a positive variable of a suitably restricted order. To construct them, observe 
that, when z is positive (= x) and the real part of v is less than I, it is per¬ 
missible to take © = \tt in § 6*11 (6) and to take co = — in § 611 (7), so 
that the contours are those shewn in Fig. 6. When, in addition, the real part 
of v is greater than — J, it is permissible to deform the contours (after the 
manner of §6T2) so that the first contour consists of the real axis from + 1 
to + ao taken twice while the second contour consists of the real axis from 
— 1 to - oo taken twice. 



Pig. 6. 


We thus obtain the formulae 

HJ& (x) = r - (1 - ["(F - l dt, 

7TIL ($) .'1 

H^ (x) = (1 _ e u*-l )«) [%-« (t* - iy-i dt, 

7TIL ($) Jl 

the second being derived from § 6‘11 (7) by replacing t by — t. 
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In these formulae replace v by — v and use the transformation formulae 
given by § 3*61 (7). It follows that, when x > 0 and — J < R (v) < then 


o r oo gfccf j* 

(i) bj » («)“fr(i-v)r(i).(i*)' .1, (f-ir*■ 

TT M /.A 2 _ f* 

f 00 sin (art). di 
ji (>-1)^ * 


( 2 ) 

so that 

(3) 

(4) 


^W-ra-v 


<*-*or (*).(*«)- 


H f°° cos (atf). dtf 

rW_ (c-irf 


Of these results, (3) was given by Mehler, Math. Ann. v. (1872), p. 142, in the special 
case v-0, while Sonine, Math. Ann. xvi. (1880),.p. 39, gave both (3) and (4) in the same 
special case. Other generalisations of the Mehler-Sonine integrals will be given in §• 6*21. 

6‘14. Symbolic formulae due to Hargreave and Macdonald. 

When R (e) > 0 and R (v +§) > 0, it is evident from formula § 6 - ll (6) that 

where the phase of 1 — t* lies between 0 and -fa- 
If L denotes (djdz) and / is any polynomial, then 

* and so, when v+% is a positive integer, we have 

- f 1 {(1 +D a )"-le<*}dt 

J 1+m1 




r(v+i)r(i) 

__fiber. 

r(v+*)r(*) 

(fa) v 


(i + D*y-iJ 


e^dt 


(i + ipy-i 


1+«i 

sin 2 ! - z cos z 


r(v+i)r(i) ’ • z 

When is not a positive integer, the last expression may be regarded as a symbolic 
representation of Hf-) (s), on the understanding that / (D) (e± u le) is to be interpreted as 

if t**f(it)dt. 


Consequently 

( 1 ) 

and similarly 
( 2 ) 
so that 

(3) 

(4) 


J ±l+<»i 


M-f frffirfl) (1 tf”* . 

n„\v 


Sin 2-2 008 2 


— .Sfa.L-+ 

r(v+i)r(i) (1+ ^ 2 5 


n (»)■?- 


(fay 


r(*+i)r(*) 


(l+ZP)”-* 


COS 5 
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The series obtained from (4) by expanding in ascending powers of D does not converge 
unless it terminates; the series obtained in a similar manner from (3) converges only 
when R(v)>%. 

The expressions on the right of (3) and (4), with constant factors omitted, were given 
by Hargreave, Phil. Trans, of tho Royal Soc. 1848, p. 38 as solutions of Bessel’s equation. 
The exact formulae are duo to Macdonald, Proc. London Math. Soc. xxix. (1898), p. 114. 

An associated formula, valid for all values of v, is derivable from § 6‘11 (4). If n is any 
positive integer, we see from the equation in question that 

Hv (i) f (l+) (,*-l)*'-»-i(-)".(i + D=s)« e «^ 

-- fciv— (1 + Z?a ) n f U+) (<“-l ) v - n -te M dt, 

’Til J 1+00i 


so that 


A similar equation holds for the other function of tho third kind, and so 


( 6 ) 


if. <*) = (i+ D*r km-’ 


This result, proved when R {£) > 0, is easily extended to all values of z by the theory of 
analytic continuation; it was discovered by Sonino, Math. Ann. xvi. (1880), p. 66, when 
v=sft, and used by Steinthal, Quarterly Journal , xvm. (1882), p. 338 whon v = in the 
case when = the result was given slightly earlier (without the use of the notation 
of Bessel functions) by Glaislier, Proc.. Camb. Phil. Soc. ill. (1880), pp. 269—271. A proof 
basod on arguments of a physical character has been given by Havelock, Proc. London 
Math. Soc. (2) n. (1904), pp. 124—125. 

6*15. Schldfli’s* integrals of Poissons type for I v {z) and K v {z). 

If we take to = |7r in § 6 - l (3) and then replace z by iz, we find that, when 

and the phase of t* — 1 at the point where t crosses the negative real axis is — 27r. 




" 7 > 


4 - 


Pig. 7. 


If we take R {v ■+■1) > 0 to secure convergence, the path of integration 
may be taken to be the contour of Fig. 7, in which the radii of the circles 
may be made to tend to zero. We thus find the formulbf 

(*) = I( * [ (1 “^ O'-** 

+ i (e~ ,ri + e~‘ ywi ) I (1 — *“)’—* , 

* Ann. di Mat. (2) i. (1868), pp. 239—241. Schl&fli obtained the results (1) and (2) directly 
by the method of § 6*1. t Of. Serret, Journal de Math. ix. \1844), p. 204, 
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in which the phases of t a — 1 and of 1 — t* are both zero. Now, from § 3’7l (9), 
we have 

(2) • i v (g) =r(v+\)r(f) \-f zl ^ ^ dt ' 

and so 


(3) i_ (,) - 1, (,) - C e ' M ((a - 1 >‘"‘ *• 

that is to say* 

(4) K „ (*) - ^g l/V (f - 1)’-* dt, 


whence we obtain the formula 


(5) iC (*) = fV* 008h ® Binh*'0d0, 

a result set by Hobson as a problem in the Mathematical Tripos, 1898. The 
formulae are all valid when jR(v + £)>0 and | arg z | < \n r. The reader will 
find it instructive to obtain (4) directly from § 6T1 (6). 


6*16. Basset’s integral for K v (xz). 


When x is positive and z is a complex number subject to the condition 
j arg z | < \w, the integral for H ^ (xze^) derived from § 611 (6) may be written 
in the form 


(xzeW) = 


r(y + i).(|^)~ v f (1+) e~ X2t dt 


/: 


7nT(i) J +00 (* 9 -l)*+r 
Now, when B(v)^~ the integral, taken round arcs of a circle from p to 
p e ± i iri ~ <ar2J! } tends to zero as p -*■ oo, by Jordan’s lemma. Hence, by Cauchy’s 
theorem, the path of integration may be opened out until it becomes the line 
on which R (zt) = 0. If then we write zt = iu, the phase of — (V/* 3 ) — 1 is — tt 
at the origin in the M-plane. 

It then follows from § 3‘7 (8) that 

K v (xz) — \rrie~^ vvri (xze iiri ) 


e~ vvi V (v + £). (\xz)~ v dt 

ar(i) {e-i) v+ b 

r (y + I). (2zy r » e~ iecu du 

2®T(i) j _oo (u 3 -t- z a ) v+ i’ 
and so we have Basset’s formula 


( 1 ) 


K fa* - r (» + *>•(«» 
' aT(i) 


* cos xu. du 


0 (+ «»)-+*’ 

valid when R(v + J)^ 0, x > 0, | arg z\<\tt The formula was obtained by 
Bassetf, for integral values of v only, by regarding K a (x) as the limit of 


* The integral on the right was examined in the oase v=0 by Biemann, Ann. der Physik utid 
Chemie, (2) xov. (1855), pp. ISO—189. 

f Proc. Camb. Phil. Soe. vi. (1889), p. 11; Hydrodynamics, n. (Cambridge, 1888), p. 19. 
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6*16, 6*17] 


a Legendre function of the second kind and expressing it by the corresponding 
limit of the integral of Laplace’s type {Modern Analysis , § 15'33). The formula 


for K n {scz) is obtainable by repeated applications of the operator 


d__ 

zdz' 


Basset also investigated a similar formula for I v (xz), but there is an error 
in his result. 


The integral on the right in (1) was studied by numerous mathematicians before Basset. 
Among these investigators were Poisson (see § 6*32), Journal de I’JScole Polytechnique, ix. 
(1813), pp. 239—241; Catalan; Journal de Math. v. (1840), pp. 110—114 (reprinted with 
some corrections, Mim. de la Soc. R. des Sci. de Lilge, (2) xii. (1885), pp. 26—31); and 
Serret, Journal 'de Math. vui. (1843), pp. 20, 21; ix. (1844), pp. 193—210; SehlOmilch, 
Analytischm Studien, ii. (Leipzig, 1848), pp. 96—97. These writers evaluated the integral 
in finite terms when i/+£ is a positive integer. 

Other writers who must be mentioned are Malmstdn, K. Svenska V. Akad. ffandl. lxii. 
(1841), pp. 65 —74 (see § 7‘23) ; Svanberg, Nova Acta Reg. Soc. Sci. Upsala, x. (1832), p. 232; 
Leslie Ellis, Trans. Camb. Phil. Soc. vm. (1849), pp. 213—215; Enueper, Math. Ann. vi. 

(1873), pp. 360—365 ; Glaisher, Phil. Trans, of the Royal Soc. OLxxir. (1881), pp. 792_ 

815; J. J. Thomson, Quarterly Journal , xvnr. (1882), pp. 377—381; Coates, Quarterly 
Journal, xx. (1885), pp. 250—260; and Oltramare, Comptes Rmdus de l’Assoc. Frangai&e, 
xxiv. (1895), part ii. pp. 167—171. 

The last named writer proved by contour integration that 


/■“ COB zu.du ( — ) n-1 IT 

r c^-> 

i ( e -xasjpy j 


J o (t« a +s a ) n 2z^~ 1 . ( n - 1)! 

i— 

i 

J i 

l \ s/p )] P=l 


_ (-) n-1 7T 

" d n ~ l 

e -x*p -l 


(n-l)l 

_dp n ~ 1 

(i+i , ) , *Ji»=r 



The former of theso results may be obtained by differentiating the equation 

00 cos xu. du 
o uf-\-z*p 


/; 


2 zjp ’ 

and the latter is then obtainable by using Lagrange’s expansion. 


6*17. Whittaker s* generalisations of llankel’s integrals. 

Formulae of the type contained in § 3'32 suggest that solutions of Bessel’s 
equation should be constructed in the form 

z i f e izt Tdt. 

J a 

It may be shewn by the methods of § 6T that 

ifj'P ) ii> 

rb f rf*T JT 1 

**+(•■-*)*’}*. 
and so the integral is a solution if T is a solution of Legendre’s equation for 
functions of order v~ \ and the values of the integrated part are the same at 
each end of the contour. 

* Proc. London Math. Soc. xxxv. (1908), pp. 198—206. 


V.-UM e izt Tdtl — 
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If T tie taken to be the Legendre function (i), the contour may start 
and end at + ooiexp(— ico), where © is an acute angle (positive or negative) 
provided that z satisfies the inequalities 

— + © < arg z< + to. 

If T be taken to be P„_$ (t), the same contour is possible; but the 
logarithmic singularity of P„_j (t) at t = — l (when v— £ is not an integer) 
makes it impossible to take the line joining — 1 to 1 as a contour except in 
the special case considered in § 332; for a detailed discussion of the integral 
in the general case, see § 10'5. 

We now proceed to take-various contours in detail. 

First consider 

z*\ o'* ( t) dt, 

J ootexp(—1«) 

where the phase of t is zero at the point on the right of t = 1 at which the 
contour crosses the real axis. Take the contour to lie wholly outside the circle 
li| = l and expand Q„_*(£) in descending powers of t. It is thus found, as in 
the similar analysis of § 6T, that 




d** Qv-\ (0 dt, 

■ ociexp(—i<u) 


(1) 

and therefore 

(2) ./■-,(*)=< J ( - 1+ ■' +, 

w (-g,) J aoieXp(-ico) 

If we combine these formulae and use the relation* connecting the two 
kinds of Legendre functions, we find that 


(3) H« («) = - «« (() dt. 

w tt!’(£) cos vttJ «i exp (-#.) 4W 


Again, consider 

, rd+) 

Z i I e^Qr-i (t) dt; 

J »texp (—tw) 

this is a solution of Bessel’s equation, and, if the contour be taken to lie on the 
right of the line R (<) = a, it is clear that the integral is 0 [z* exp (—a\z\)} as 
z—~ + aoi. Hence the integral is a multiple of (a). Similarly by making 
z -*» — oo i, we find that 

z h I e' a Q v - k (t)dt 

J ootexpf—<«) 


* Tbe relation, discovered by Sohlafli, is 

of. Hobson, Phil. Tram, of the Royal Soc. CLZixvn. (1896), p. 461. 



6-2] 


INTEGRAL REPRESENTATIONS 


175 


is a multiple of ( 2 ). From a consideration of (1) it is then clear that 


(4) 

(5) 




r(i) 


coiexp(-iu) 


H^{z) = 


(2z)^ e~b lv+ b wi [(- 1 +) 


r(l) 


f 

J CC i 


exp(-tw) 


e izt Q^ i (t) dt, 
e ' zt Q»-b{t)dt, 


and hence, by§ 3-61 combined with Schlafli’s relation, 


( 6 ) 




(^z)k e^. iv+ b )iri r(-'H-) 


7T F (J) cos vnT 
this is also obvious from (3). 


f. 


exp (-/«) 


e izt P v _ i (t)dt‘, 


The integral which differs from (6) only by encircling the point +1 instead 
of — 1 is zero since the integrand is analytic inside such a contour. 

In (5) and (6), arg (t + 1) vanishes where the contour crosses the real axis 
on the right of - 1, and, in (5), arg (t - 1) is - ir at that point. 


6 ’ 2 . Generalisations of Bessel’s integral. 

We shall next examine various representations of Bessel functions by a 
system of definite integrals and contour integrals due to Sonine* and 
Schl&flif. The fundamental formula which will be obtained is easily reduced 
to Bessel’s integral in the case of functions whose order is an integer. 

We take Hankel’s well-known generalisation^ of the second Eulcriun 
integral 

11 /■«>+> 

!> + » + !) = 2P,J-„ 


in which the phase of t increases from - it to tt as t describes the contour, and 
then 

«i=o /n! r(v + m + 1) 27 ri ml 1 6 dt 

Consider the function obtained by interchanging the signs of summation 
and integration on the right; it is 


/ 


(0+) 


f 


* exp \t — -d dt. 


This is an analytic function of z for all values of z, and, when expanded in 
ascending powers of z by Maclaurin s theorem, the coefficients may be obtained 
by differentiating with regard to z under the integral sign and making z zero 
after the differentiations^. Hence 

f(°+) f z l ) “> (— /'«>+) 

/-.* “P ‘-s(*- i.- ir 


* Mathematical Collection, v. (Moscow, 1870); Math. Ann. xvi. (1880), pp. 9—29. 
t Ann. di Mat. (2) v. (1873), p. 204. His memoir, Math. Ann. in. (1871), pp. 184—149, should 
also be consulted. In addition, see Graf, Math. Ann. lvi. (1903), pp. 423—482, and Ohessin, John* 
Hopkins University Circulars, xiv, (1895), pp. 20—21. 

t Of. Modem Analysis, § 12-22. § Of. Modern Analysis, §§ 5-82, 4-44. 
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.and so we have at once 





This result, which was discovered by Sehlafli, was rediscovered by Sonine; 
and the latter writer was the first to point out its importance. 

! When | arg z | < ^7r, we may swing found the contour about the origin until 
it passes to infinity in a direction making an angle arg z with the negative 
real axis. 


On writing t — \zu, we then, find that, when | arg z | < \tt, 

( 2 ) - = 

This form was given in Sonine’s earlier paper (p. 335). 


Again, writing u — e“, we have 
(3) . JAz) = cr-- [* +,ri e* Binhu -™clw ) 

JiTTX J oo — vi 

valid when |arg£ | < ^ar; This is the first of the results.obtained by Sehlafli. 

In this formula take the contour to consist of three sides of a rectangle, as 
• in Fig. 8, with vertices at oo — 7 ri, — iri, m and 00 + 7 ri. 



Fig. 8. 


If we write t T rri for w on the sides parallel to the real axis and + id for w 
on the lines joining 0 to + nri, we get Sehlafli’s generalisation of Bessel’s integral 

(4) J„(z)=—[ cos (vQ - z sin 6) dd — ^ ~ - e~ vt ~ ZBinht dt, 

rr J 0 7 T J 0 

valid when | arg z\< ^ir. 

If we make arg z -*■ + %7r, the first integral on the right is continuous and, 
if R ( v ) > 0, so also is the second, and J v ( z ) is known to be continuous. So (4) 
is still true when z is a pure imaginary if R(v) is positive. 

The integrals just discussed were examined methodically by Sonine in his 
second memoir; in that memoir he obtained numerous definite integrals by 
appropriate .modifications of the contour. For example, if ^be an acute angle 
(positive or negative) and if 

— i^rr + rfr < arg^ <^7T —i|r, 
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6*21] 

the contour in (3) may be replaced by one which goes from oo — (tt ~ i/r) t to 
oo 4- (t t + yjr)i. By taking the contour to be three sides of a rectangle with 
comers at oo — (vr — yff) i, — (tt — i, ( ir + '$') i, and oo + (tt + i|r) *, we obtain, 
as a modification of (4), 

f,—vitfi Fv 

(5) J v (z) = —I e < 2 rin^,coB 6 cos ( V Q _ z cos ^ gj n ffj 

w J 0 

Again, if we take to be an angle between 0 and n r, the contour in (3) may 
be replaced by one which passes from oo — {\tt 4 yfr) i to oo 4 (\tt 4 \]r) i, and 
so we find that 

(6) J ¥ (z) = — cos (vd — z sin 6) dd 

w J o 

4 — f e~ Z8i " btBln 't'~ vt sin (z cosh t cos — A vir — jrf) dt, 
nrj o 

provided that | arg z | is less than both yjr and tt — yfr. 

When jR(»/) > 0 and z is positive (=&•), we may take^r = 0 in the last 
formula, and get* 

1 /•!* i /•<» 

(7) J y (x)= - cos (i >6 — x sin 6) dd 4 . e~ vt sin (x cosh t — \vir) dt 

7T J o TT J 0 

Another important formula, derived from (1), is obtained by spreading out 
the contour until it is parallel to the imaginary axis on the right of the origin; 
by Jordan’s lemma this is permissible if R(v) > — 1, and we then obtain thp 
formula 

( 8 ) = 

in which c may have any positive value; this integral is the basis of many of 
Sonine’s investigations. 

Integrals which resemble those given in this section are of importance in the investiga¬ 
tion of the diffraction of light by a prism; see Oarslaw, Proc. London Math. Soo. xxx. 
(1899), pp. 121 — 161 ; W. H. Jackson, Proc. London Math. Soc. (2)i. (1904), pp. 393 — 414; 
Whipple, Proc. London Math. Soc. (2) xvx. (1917), pp. 94 — 111. 

6*21. Integrals which represent functions of the second and third kinds. 

If we substitute Schiiifli’s integral § 6’2 (4) for both of the Bessel functions 
on the right of the equation 

Y„ (z) = J„ ( z ) cot vtt — (z) cosec vn r, 

we find that 

t r Y v (z) = cot vrr [ cos (v6 — z sin 6) dd — cosec vtt j cos (rd 4 z sin 6) d6 
Jo Jo 

— cos i/ 7 T f 00 e~ yt ~ ZBinh tdt-f e yt ~ zainht dt 
Jo, Jo 

* Of. Gabler, Math. Ann. xux. (1897), pp. 588—584. 


W. B. V. 
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Replace 8 by tf — 8 in the second integral on the right, and it is found on re¬ 
duction that 

(1) F„ (z) — -[ sin (z sin 8 —. v8)d8--[ (e vt + e~ vt cos wt) dt , 

' 7T J o w J o 

a formula, practically discovered by Schlafli (who actually gave the correspond¬ 
ing formula for Neumann’s function), which is valid when | args | <\n r. 

By means of this result we can evaluate 

1 roe+tri 

—. I gzatnh w-vw fa, 

i nj _oo 

when | arg z \ < -J-7T; for we take the contour to be rectilinear, as in Fig. 9, and 



Fig. 9. 


write — t, iO, 1 4- iri for w on the three parts of the contour ; we then see that 
the expression is equal to 

1 fa 1 fT a—VTti f® 

8 vt ~ zs{nht dt + - e <(zain0-*.«) (ft) + -- e -W-*sinht fa, 

• 7rtJo 7T Jo 7TlJo 

and this is equal to J„ (z) + i Y„ (z) from formula (1) combined with § 6 2 (4). 
Hence, when | arg z | < we have 

1 rco + iri 

(2) H W (z) = — QZslnh w-vw d W , 

' -TTlJ _tc 

(3) * E M (z)=-—.r 8to *»-"• dw. 

TllJ-oo 

Formulae equivalent to these were discovered by Sommerfeld, Math. Ann. xlvii. (1896), 
pp. 327—367. The only difference between these formulae and Sommerfeld’s is a rotation 
of the contours through a right angle, with a corresponding change .in the parametric 
variable; see also Hopf and Sommerfeld, Arckiv der Math, und Phys. (3) xvm. (1911), 

pp. 1-16. 

By an obvious change of variable we may write (2) and (3) in the forms 

(4) (z) = i f o w"- 1 exp| \z du, 

1 r® exp (—iri) ( f 

^“W = -sj, vr “~ 1 “P {l* - ’ 


( 6 ) 





180 


THEORY OF BESSEL FUNCTIONS 


- [CHAP. VI 

Modifications of ( 2 ) and (3) are obtained by replacing w by w ± ^rri ; it is 
thus found that* 

( 8 ) 


g-ifiri r oo+Jtri 

H v V ) (z) = -T- gi« cosh to-xie ftyj 

J - oo —iir* 


Jiri 

2g—ixn-i f oo+j-rri 


(9) 


/ 0*2 cosh W cog]} vW 4 d W> 

J 0 

giwiri /’oo—Jiri 

3S*(z) = -~ 0-*2CO8hM—Xlff 

TTIi — oo +J/ri 
< 

0 -izooshio qqqJj yMJ ^ 


•oo +Jrri 

2ei wr * r«-i»r* 


7Tt J o 

provided that j axg z | 

Formulae of special interest arise by taking £ positive (=cc) in ( 6 ) and (7) 
and ■— 1 < R {v) < 1. A double application of Jordan’s lemma (to circles of 
large and small radius respectively) shews that, in such circumstances, we may 
take (o— ■Jtt in ( 6 ) and = — £ 7 r in (7). It is thus clear, if u be replaced by 
± ie l , that 


( 10 ) 


. . e~t vlri f® 

(x)= -srj_ 


gia: cosh i—x* fit = 


2 e ~lmi rm 


7 n 


'0 
J 0 


0<w cosh* cosh vt.dt , 


(11) = r e-*«cosh/-vi [°° g-tecosh* cosh ^ 

'm J ~ 00 7Ti j 0 

and hence, when > 0 and -1 < R ( v ) < 1, we have 
2 f 00 

^ (®) “ ~J o sin (« cosh £ — ^U7r). cosh vt. cfa, 

2 r« 

(13) F„ (a?) =-/ cos (a; cosh i — -A P 7 r). cosh vt.dt ; 

7TJo 

and, in particular (cf. §6-13), 

(14) J 9 ( a )-*r ***•<* 

V ' irh V(* a -1)’ 

2 f“ cos . c& 


05) 7„(®)— ?f 

, . 7TJi 

when we replace cosh i by t. 


V(« s - 1 )’ 


The l&st two formulae are due to Mehler, Math. Ann. v. (1872), p. 142, and Sonine, 
Math. Ann xvi. (1880), p. 39, respectively; and they have also been discussed by Basset, 
Froc. Camb. Phil Soc. vm. (1895), pp. 122—128. 

nQm\ 8 ^^oL^^ eren ^ (*4) ^ as heen given by Hai-dy, Quarterly Journal , xxxir. 

( 901), PP- 369—384; if in (14) we write a? = 2 J(ab), xt=au+bju, we find that 

(16) /’ («+;) ~ = "Jo {2 s/(oi)}. 

Note. The reader will find it instructive to obtain (14) from the formula 

i>„(cos())=■? [’ d . 

J e J{2 (cos 6 - cos <£)} * 

combined with the formula § 5*71 ( 1 ). This was Mehler’s original method. 

* Cf. Coates, Quarterly Journal , xxi. (1886), pp, 188—192. 
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6‘22. Integrals representing I v (z) and K„ (z). 

The modifications of the previous analysis which are involved in the dis¬ 
cussion of I v (z) and K v (z) are of sufficient interest to be given fully; they are 
due to Schlafli*, though he expressed his results mainly in terms of the 
function F (a, t ) of § 4T5. 

The analysis of § 62 is easily modified so as to prove that 


(i*> 


i” f (0+) / Z 2 \ , 

ij .. + 


( x ) 2m 

and hence, when | args | < ^ tt , 

(2) I. (.) = exp {*.(« + £)) *. 


(3) 


■w-s U 


oo ■f’jrl' 


gZOOHhw-uw d w 


The formulae (2) and (3) are valid when arg z = ± if R (v) > 0. 

If in (3) the contour is taken to be three sides of a rectangle with corners 
at oo — rri t — rri, nri, oo -f- 1 ri, it is found that 

sin vt r 


(4) 

so that 


1 f" 

w=- «*• 

TT J 0 


cos « cos vddd — 


T 


g-ZCOHht-Ptrft' 


( z ) — I v (z) — —• J e*" 20081 ' 1 cosh vt. dt, 
and hence, when I arg z j < \tt. 


(5) 


K , 


*oc 

00 = 

J 0 


g-zooshf cos h v t . dt > 


a formula obtained by Schlafli f by means of somewhat elaborate transforma¬ 
tions. 

From the results just obtained, we can evaluate 

1 r 00 +irl 

_L_ | g2COsh W—W) gyj 

27 rij-m-m 

when | arg z | < ^7r. For it is easily seen that 

1 fOO-t-lTI 1 C fu-r-iri- {ao+wi\ 

_ I gzeoshw—1<W< d w — :... J I 4. j \ gZOOBhw-vw g w 

2t7Tl J —co — n-i 2i7TZ (./ — 00 — 7r» J oo — rrt ) 


^ f ao —ni 

2t rij 


gzooshw-w ^ + l v ( 5 ) 


/jVTTt /* 00 

= v-. e~ ZC0Hh *-•’* dt + /„ ( 5 ) 

27TlJ -oo 

(J_, (*)-/.(*))+1. <*), 


2z sin V7r 


* Ann. di Mat. (2) v. (1873), pp. 199—205. 

f Ann. di Mat. (2) v. (1873), pp. 199—201; this formula was used by Heine, Journal filr 
Math. hxix. (1868), p. 181, as the definition to which reference was made in § 5'72. 
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and hence 

(0 

Again, we may write (5) in the form 

(7) . = e-^^dt, 

and hence, by the processes used in § 6‘21, 

1 f oo exp (- vu) ( f iu 

(8) jr 'W*’g/, 1Bfc ^«esp{-!*(« +-)}<*«, 

when — 7r < o) < 7r and — Jtt + to < arg z < |tt + <o. 

Similarly 

(9) e™ (z) - e~ v,r< I y (z) * ^ - y7r ~ f P ( ' w*'- 1 exp (w + -)\ du; 

7r J Oexp (-ir+w)i ( \ W 'J 

this is valid when 0 < w < 2 t r and — ^7r + w < a,rgz< \ir + to. 

The contours for the formulae’(8) and (9) are shewn in Figs. 13 and 14 
respectively. 



K v (a) = exp \%x (v - 1)J dv, 

so that 

( 10 ) K v (as) = le-i™ f Q-^vAu-vt fa, 

J -00 

and, on clianging the sign of v, 

(11) x'.w= 

J —00 


g-~i*sinht+vt fa % 
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(12) 2 cos \ vnr. K v (x) = j g-^sinh t cos jj ^ 
so that 

(13) 
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i /*« 

K v (x) = CQS i V7J . J cos ( x sinh t) cosh vt . dt. 


and these formulae are all valid when x > 0 and — 1 < R{v) < 1. 
In particular 

(14) K. (.) = f cos (,, sinh t) it = /J , 

a result obtained by Mehler* in 1870. 


It may be obsorved that if, in (7), we make the substitution ^ze t =r, we find that 
(15) K'M-iQ.yf '',p {-r-£} r 4. 

provided that /£ ( z 2 ) > 0. The integral on the right has been studied by numerous mathe¬ 
maticians, among whom may be mentioned Poisson, Journal de VEeole Polytechnique , ix. 
(cahier 16), 1813, p. 237; Qlaislier, British Association Report , 1872, pp. 15—17; Proc. 
Camb. Phil. Soc. nr. (1880), pp. 5—12; and Kapteyn, Bull, des Sci. Math. (2) xvi. (1892), 
pp. 41—44. The integrals in which v has the special values J and § were discussed by 
Euler, Inst. Calc. Jnt. iv. (Petersburg, 1794), p. 415; and, when v is half of an odd 
integer, the integral has been evaluated by Legendre, Exercices de Calcul Integral, I. (Paris, 
1811), p. 366; Cauchy, Exercices des Math. (Paris, 1826), pp. 54—66; and SchlOmilch, 
Journal fUr Math. xxxm. (1846), pp. 268—280. The integral in which the limits of inte¬ 
gration are arbitrary has been examined by Binet, Comptes Rendus, xii. (1841), pp. 958— 
962. 


6*23. Hardy's formulae for integrals of Du Bois Reymond's type. 
The integrals 

r® . x 2 , /** a? 7 

sin t . sin —. t v ~ l dt, I cos t. cos - . t v ~ l dt, 

Jo t Jo t 


in which x > 0, — 1 < R (v) < 1, have been examined by Hardyf as examples 
of Du Bois Reymond’s integrals 



t. t v ~ l dt, 


in which f(t) oscillates rapidly as £ -*- 0. By constructing a differential equation 
of the fourth order, Hardy succeeded in expressing them in terms of Bessel 
functions; but a simpler way of evaluating them is to make use of the results 
of §§6*21, 6’22. 


* Math. Ann. xvm. (1881), p. 182. 
t Messenger, xl. (1911), pp. 44—51. 
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If we replace t by ae t , it is clear that 
. . a? f 00 

sin t sin —. t v ~ x dt — cc v \ sin (re 4 ) sin (re -4 ). e vt dt 

Jo t J 

/ « 

|ga£»ooshi g—tixaoaht _ gjtesinh*_g-stesinhtj fa 

— 00 

= - \a? \me^™E^ v (2r) - m£™ H™ (2r) 

- 2e - ^' K„ (2r) - 264-” K. v (2a)], 


and hence we have 


r 8 


TOO 

(1) si 

Jo 


7rr v 


sin sin - .t v ~ l dt= , . , - 
f 4sm£i/7r 


[4 (2r) -J_„ (2r)‘+ (2r) - I v (2r)], 


and similarly 


i-os tcos~. t v ~ l dt — 4 [</-„ (2r) - «/„ (2r) + (2r) — /„ (2a)]. 


(2) f 

When v has the special value zero, these formulae become 

foo „S J-f 

sin t sin —. — = ^ttY 0 (2r) + K 0 (2r), 

Jo t t 


(3) 

(4) 


f 

Jo 


cos « cos ^. % «- IttF 0 (2r) + K 0 (2r). 

& & 


6 ’ 24 . Theinnger's extension of Be&seVe integral. 

A curious extension of Jacobi’s formulae of § 2*2 has been obtained in the case of ./ 0 (x) 
and Ji (x) by Theisinger, Monatshefte fUr Math, und Phys. xxiv. (1913), pp. 337—341; we 
Bhall now give a generalisation of Theisinger’s formula which is valid for functions of order 
v where - £<><£. 

If a is any positive number*, it is obvious from Poisson’s integral that 

fi «T 

I e ” ,ln ® cos (r cos 0) sin 2 " 6 dO 

J o 

'"Jtt 

(1 — e-»*jin^ cos (x cos 6) sin 2 ” Odd. 


v{ ] r(,+i)r(f) 
. 8(W 


Now 


' r(»+j)“r(i) Jo 

fi* 

2 (1— e ~ axtin ®) cos (r cos 0) sin 81 ' 6d6 

fir J _ axsluff 

”J, eiuhOrsin?) •*■*<*“»-<*«■.*> 

**(-*,). (zgHf * 

J-i sinh{£n(z-l/z)} v 1 \ 2i J z’ 

where the contour passes above the origin. Take the contour to be the real axis with an 
indentation at the origin, and write z = + tan fyfi on the two parts of the contour; we thus 
find that the last expression is equal to 

/ l* 1 - exp (- axi cot 6) . , A dd} 

Jo am (x cot <£) v ^ v sin<£ 

= 4 f 4 sin cot <£) cos(£< m? cot<£- vn) oot 2 «^ 

Jo sin(rcot<^) r sm^>’ 

* In Theisinger’s analysis, a is an even integer. 


i. 
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6*24r-6*3l] 

and therefore 

(1) - (v +t } - r „ —^ Jv (&•)= f * e~ axgin0 cos (x cos 6) sin 2 *' 6d6 

2 (iar) 1 ' J o 

+ 2 sin ($axcot <j>) cos (^<w?cot <jb — i/n-) 8 ^ 

Jo 2 sin (a; cot 0) r sm0 

The transformation fails when v ^ because the integral round the indentation does 
not tend to zero with the radius of the indentation. The form given by Theisinger in the 
oase j/= 1 differs from (1) because he works with § 3*3. (7) which gives 

(2) — J y (x) — e ~ aXBin 0 sin (x cos 6) sin 2v-2 Qcm&dd 

+ 4 f ^ sin (^ax cot 0) cos (A ax cot 0 - vir ) ^ ■■ n . fyP) . cot^-a ^ 

Jo sin(arcot0) ^sm a 0 

provided that £ < v < § . 


6 * 3 . The equivalence of the integral representations of K v (z). 

Three different types of integrals which represent K v ( z ) have now been 
obtained in ^ 6*15 (4), 6*22 (5) and 6*16 (1), namely 

y ' idt 

= f e -2cosh < C08 h v t # 

Jo 

jr , _ r (v + •£) • (2 ^) m f 00 cos arw. dw 

Af W " a; 1 * r(*)”" J 0 (« 9 + *T +i ' 

The equality of the first and second was directly demonstrated in 1871 by 
Schlafli*; but Poisson proved the equivalence of the second and third as early 
as 1813, while Malmst6n gave a less direct proof of the equivalence of the 
second and third in 1841. We proceed to describe the three transformations 
in question. 


6*31. Schldfli's transformation. 

We first give an abstract of the analysis used by Schliifli, Ann. di Mat. (2) v. (1873), 
pp. 199—201, to provo tho relation 

r (*).(**)• 

i> + i) JX 

which arises from a comparison of two of tho integral representations of K v («), and whioh 
may be established by analysis resembling that of $ 2 323. 

We have, of oourse, to supposo that It ( 2 ) >0 to secure convergence, and it is convenient 
at first to taket - -J < II (v) < 1. 


j \y-hdt*=j e- ,ooth °Qotih.v8d6 


* An earlier proof is duo to Kumrner, Journal ftir Math. xvix. (1887), pp. 228—242, bat it is 
much more elaborate than Schlafii’s investigation. 

+ The result is established for larger values of R (») either by the theory of analytio continua¬ 
tion or by the use of recurrence formulae. 
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Now define S by the equation 

where at ^ 1; and then, if t**x - (at -1) u, we have 

£-(#+1)'-* (at- 1)* j 1 (1 -«)•'-* jl - 

on expandingthe last faotor of the integrand in powers of u and integrating term-by-term. 
Replacing at by oosh 8, we see that 

r-y-D-i , - ,* 

J 1 ' (cosh 8 -ty vT (£) 

so that, by a partial integration, 

- y f a~« fl cosh v8d6 «a= ^ - g ^ - y f g-*co»iiflsinh6sinh v6d8 

r(i) Jo vr(^) Jo 

z 


r(i 


-v) Jo 


-Mcotho jS sinh 8d8 


the inversion of the order of the integrations presents no great theoretical difficulty, and 
the transformation is established. 


6'32. Poisson 1 a transformation. 


The direot proof that 


1 

2 



g-aa*hl-rt fa 


I, (* , +i).( 2je )‘' f w cob (am) du 
arr(±) Jo (ut+tW+i 


is due to Poisson*, Journal de Vilcole Polytechnique, ix. (1813), pp. 239—241. The equation 
is true when | arg z | < j^ir, s> 0 and R (v) > — but it is convenient to assume in the 
course of the proof that R(v)>\ and | args | < Jjt, and to derive the result for other values 
of z and v by an appeal to recurrence formulae and the theory of analytic continuation. 

If we replace t by a new variable defined by the equation v=a^'e~ vi , we see that it is 
sufficient to prove that 


r 



cos (gu) du 
(u 1 -\-z i ) v+ i 


f o exp{-iz(^+a^v-^)}dv. 


* Bee also Paoli, Mem. di Mat. e di Fit. della Soc. Italiam deUe Sci. xx. (1828), p. 172. 
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Now the expression on the left is equal to 
f m f " t v ~he~ t cos,xu , _ /■“/■" 

J 0 J 0 (u 2 + z 2 ) i ' + f"dtdu = J ^ i exp{-«(it 2 + z 2 )} cos xu . dsdu 

/ oo r oo 

^ I {exp (- su 2 ) cos xu. du}. s v ~i exp (— sz?) ds, 
when we write (u 2 +z 2 ) and change the order of the integrations*. 

exp ( -su 3 ) cos xu . du=*\V (£) exp ( -^ofi/sr), 
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Now 
and so we have 
r 


/; 


o (tt a +ay+4 
which establishes the result. 

[Note. It is evident that 8=\xe~ t lz*=>\v x l v lz. The only reason for modifying 


i r 


e -OMjhi-W^ 


by taking v as a paramotric variable is to obtain an integral which is ostensibly of the 
same form as the integral actually investigated by Poisson; with his notation the integral is 


j exp(-.r B -a 2 .tr _B )£ia?.] 


6‘33. Malmstdn’s transformation. 


The mothod employed by Mulmstont in proving that, when R(z)> 0 and R (v)> -A, 
then 


J>±ii 

Q*yr(h)Jo 


cos (xu) du _ r ($) (i-v)*' f “ 
(u*+7*y+i = r (v+|)J, 


e-»t 


is not so direct as the analysis of 6*31, 0’32, inasmuch ns it involves an appeal to the 
theory of linear differential equations. It is first shown by Malmstdn that the three 
expressions 


' “ cos (xu) du i “ 

o (u*+z*y U » J x e 


(t 2 -x*y-hdt, 


qua functions of x, are annihilated { by the operator 



(x 2 .— t’^^idt, 




and that as x + oo, the third is 0 («**) whilo the first and second are bounded, provided 
that R (v) > 0. It follows that the second and third expressions form a fundamental system 
of solutions of the equation 


cPy 


dy 




* Cf. Bromwich, Theory of Infinite Series , § 177. 
t K. Svenska V. A had. Handl. lxii. (1841), pp. 65—74. 

X The reader should have no difficulty in supplying a proof of this. 
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and the first is consequently a linear combination of the Becoud ahd third. In view of the 
unboundedness of the third as x~*~ -f oo, it is obvious that the first must be a constant 
multiple of the second so that 


where 0 is independent of x. To determine C, make x-*-0 and then 

if 

sothM 

and the required transformation follows, when R (v) > 0, if we use the duplication formula 
for the Gamma function. 

cos xu .du . 

An immediate consequence of Malmsten’s transformation is that J 1S 

expressible in finite terms; for it is equal to 


2 8 ?- 1 {(“» —1)!> a /* x2)n ~ ldt 




/; 


g-w^n-l (2x+v) n ~ 1 dv 


n ~ 1 (2aa) w (2n— to- 1)! 

~ (2s) 2, ‘ _1 (n- 1) ! m =o to ! (n-m-1)1 

This method of evaluating the integral is simpler than a method given by Catalan, 
Journal de Math. v. (1840), pp. 110—114; and his investigation is not rigorous in all its 
stages. The transformation is discussed by Serret, Journal de Math. virr. (1843), pp. 20, 
21; ix. (1844), pp. 193—216; see also Cayley, Journal de Math. xu. (1847), p. 236 
['Collected Papers, I. (1889), p. 313.] 


6*4. Airy's integral. 
The integral 



cos (2 s ± act) dt 


which appeared in the researches of Airy* "On the Intensity of Light in the 
neighbourhood of a Caustic” is a member of a class of integrals which are 
expressible in terms of Bessel functions. The integral was tabulated by Airy 
by quadratures, but the process was excessively laborious. Later, De Morgan-f" 
obtained a series in ascending powers of a; by a process which needs justification 
either by Stokes’ transformation (which will be explained immediately) or by 
the use of Hardy’s theory of generalised integrals]:. 


* Trans. Camb. Phil. Soc. vi. (1838), pp. 379—402. Airy used the form 

cos J7r (to 8 - mw) dw , 


/: 


but this is easily reduced to the integral' given above. 

t The result was communicated to Airy on March 11, 1848; see Trans. Camb. Phil. Soc. vm. 
(1849), pp. 595—599. 

t Quarterly Journal, xxxv. (1904), pp. 22—66; Trims. Camb. Phil. Soc. xxi. (1912), pp. 1—48. 
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6*4j 


Stokes observed* that the integral satisfies the differential equation 


d*v 
da f ~ 


$ xv — 0, 


and he also obtained the asymptotic expansions of the integral for large 
values of x, both positive and negative. 

As was observed by Stokes ( loc. cit. p. 187), this differential equation oan be reduced 
to Bessel’s equation; cf. § 4‘3 (5) with 2 q — 3. The expression of Airy’s integral in terms of 
Bessel functions of orderst + £ was published first in a little-known paper by Wirtinger, 
Beriohte des natur.-med. Vereins in .Innsbruck, xxm. (1897), pp. 7—IB, and later by 
Nicholson, Phil. Mag. (6) xvn. (1909), pp. 6—17. 

Subsequently Hardy, Quarterly Journal, xli. (1910), pp. 226—240, pointed out the con¬ 
nexion between Airy’s integral and the integrals discussed in 6‘21, 6’22, and he then 
examined various generalisations of Airy’s integral (§§.10’2—10-22). 


To evaluate Airy’s integral^, we observe that it maybe written in the form 

If 00 

■= / exp (it 3 ± ixt) dt. 

Now consider this integrand taken along two arcs of a circle of radius p with 
centre at the origin, the arcs terminating at p, pe^ vl and pe^ vi , pe 7ri respectively. 
The integrals along these arcs tend to zero sis p oo , by Jordan’s lemma, and 
hence, by Cauchy’s theorem, we obtain Stokes’ transformation 

r 00 2 fooexpjuri 

cos (t 3 ± xt) dt = exp (it 3 ± ixt) dt 

Jo I J oo exp jjari 

~o I exp (— t 3 + e^ Ti xr) + e~ ^ 7r ' exp(— T a ± e~ ! ^ l xr)] dr) 

I J o 

the contour of the second integral consists of two rays emerging from the 
origin and the third integral is obtained by writing re& Tt , for t on these 
rays. 

Now, since the resulting series are convergent, it may be shewn that§ 

r 

* Trans. Camb. Phil. Sue. ix. (185(5), pp. 166—187. [Math, and Phijs. Papers, ii. (1888), 
pp. 820—349.] See also Stokes’ letter of May 12, 1848, to Airy, Sir G. G. Stokes, Memoir and 
Scientific Correspondence, ii. (Cambridge, 1907), pp. 159—160. 

+ For other occurrences of these functions, see Rayleigh, Phil. Mag. (6) xxvm. (1914), 
pp. 609—619; xxx. (1915), pp. 829—338 [ Scientific Papers, vx. (1920), pp. 266—275; 841—349] 
on stability of motion of a viscous fluid; also Weyl, Math. Ann. Lxvm. (1910), p. 267, and, for 
approximate formulae, § 8-48 infra. 

$ The integral is convergent. Cf. Hardy, loc. cit. p. 228, or da la Vallfie PousBin, Ann. de la 
Soc. Set. de Bruxelles, xvi. (1892), pp. 150—180. 

§ Bromwich, Theory of Infinite Series, § 176. 


oo ( ±\m e ilmni a .in r » 

exp (— t 8 i cct) dT — 2 ...- I T m exp (— 7 3 ) dr, 

in — 0 m - Jo 
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[ COB(P± art) dt=s X - - — - ° S ■ - + f r w exp(-T *)di 

Jo m=»0 Jo 

= \ X (± x) m sin f (m +1) 7r. T Qm + })/m ! 

w=0 


= ^7T 

_r 


(± **)' 


T S 


(± M s 


_m^o! r(m +1) ' 8 “' m=! ow!r(w + f)J 
This is the result obtained by De Morgan. When the series on the right 
are expressed in terms of Bessel functions, we obtain the formulae (in which 
a is to be taken to be positive) due to Wirtinger and Nicholson: 


/2as *Jx\ T /2x\/x\’ 


ay [J-i 

(2) /; 

=tMws)- 


6*5. Barnes’ integral representations of Bessel functions. 

By using integrals of a type introduced by Pincherle* and Mellinf, Barnes^ 
.has obtained representations of Bessel functions which render possible an easy 
proof of Rummer’s formula of § 4‘42. 

Let us consider the residue of 


— F (2 m — s).(izy 

at s = 2m + r, where r = 0,1, 2, — This residue is (—) r (iz) Wi + r lr\, so the sum 
of the residues is (—) m z sm er**. 

Hence, by Cauchy’s theorem. 


J„{z)e~ 


(\zy | [ (0+1 T(2m- s ). {izy 

27ri m^oJoD 2 W .m!r(v + m + 1) 


ds, 


if the contdur encloses the points 0,1, 2, .... It may be verified, by using 
Stirling’s formula that the integrals are convergent. 

Now suppose that R (v) > — ■$■, and choose the contour so that, on it, 
R (v 4- 8) > — J. Whefi this last condition is satisfied the series 


£ r(2m —s) 

m=o2*™. m! T(v + m + 1) 

s convergent and equal to 

. jp / l. l _ i-. v » i . ns _ F(- 8) T (v + s + 

+ *•*» v + 1 > 1) “r(„ + |« + £)i> + K 




* Rend, del R. IstitutoLombardo, (2) xsx. (1886), pp. 659—562; Atti della R. Accad. dei 
Lineei, ser. 4, Rendiconti, jv. (1888), pp. 694—700, 792—799. 

t Mellin has given a summary of his researches, Math. Ann. Lxvm. (1910); pp. 305—837. 

$ Camb. Phil. Trans, xx. (1908), pp. 270—279. For a bibliography of researches on integral* 
of this type. Bee Barnes, Proc. London Math. Soe. (2) v. (1907), pp. 59—65. 
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by the well-known formula due to Gauss. If therefore we change the order 
of s umm ation and integration * we have 


r 0-vc _ _(i*> r f (0+ ’ r(- g)r(i;+g + |).(^) 8 dg 

v 2t h J * r {y + + i) r (v + + 1) 


J v (z) eT* = (\z) v X 


The only poles of the integrand inside the contour are at 0, 1, 2, 
we calculate the sum of the residues at these poles, we find that 

r (v 4- m + J). (— iz) m 
i-o wl F (t> + Jw i + i) r {y + \m + 1) 1 

so that 

(1) J v (z) <r“ = 1^+1) ' F '( v + %> 2v + 1 * ~ 2iz )' 

which is Kummer’s relation. In like manner, we find that 


When 


(2) J, (z) e“ = p{|”’ T) (■' + }; 2 k + 1 ; 2u). 

These formulae, proved when R{v) > — are relations connecting functions 
of v which are analytic for all values of v, and so, by the theory of analytic 
continuation, they are universally true. 

It is also possible to represent Bessel functions by integrals in which no 
exponential factor is involved. To do this, we consider the function 

r (- 1 ; -«) r (- s){\izy^> 

qua function of s. It has poles at the points 

8 = 0, 1, 2, ...; — v ,, — v + 1, — v 4- 2, .... 

The residue at s = m is 

t ri v (-)"* (\*) v+ ™ 

sin vir'm\ T (v + m + 1) ’ 
while the residue at s = — v + m is 


Tri~ v (-)”*( jz)~’ ,+sm 
sin V7r ' m\ T (v 4- m 4- 1) ’ 

so that 

(3) Tre-iO'+n-rf ffw ( S ) = - ^ j T (- */ — s) V (- s) (£iV)’' +M ds , 
and, in like manner, 


(4) 


. e n*+v*i ff p ai ( g ) = _ _L, J r (_,/ _ s ) r (- s) (- ii z y™ , 


where the contours start from and return to + oo after encircling the poles of 
the integrand counter-clockwise. When | arg iz \ < in (3) or [ arg (— iz) j < 
in (4) the contours may be opened out, so as to start from oo i and end at 
— oo i. If we reverse the directions of the contours we find that 


1 r—a+ooi 

(5) Tre-ie* 1 *"* H® (z) = . I r (- * - s) V (- s) (\izy+>* ds, 

J —o—aoi 


Cf. Bromwich, Theory of Infinite Series, § 17(5. 
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provided that |arg iz\<$ir ; and 

1 r-o+x>i 

(6) (z) = — I r (- z; - s) T (- s) (- ^s)-*** <fc, 

■imj—o-coi 

provided that | arg (— iz) | < -Jir; and, in each integral, c is any positive number 
exceeding R ( v ) and the path of integration is parallel to the imaginary axis. 

There is an integral resembling these which represents the function of the 
first kind of order v/but it converges only when R(v)> 0 and the argument 
of the function is positive. The integral in question is 


CO • 


J v [tv) 


2‘jriJ-coi r(v + s + l) 


and it is obtained in the same way as the preceding integrals; the reader 
will notice that, when 1 s 1 is large on the contour, the integrand is 0 (| 8 1"'*' -1 )- 


6*51. Barnes' representations of functions of the third kind. 

By using the duplication formula for the Gamma function we may write 
the results just obtained in the form 


( 1 ) 


T ( z \ e Tiz - C 2 *)” f (0+) r(v + a + ^).(± 2 izYds 

2i*J’rr) aa r($ + l)r(2j/ + s + l)sins7r’ 


Consider now the integral 


- f_"'r(-.) r (- 2* -s) r (»+i+ i).. (*uy ,*, 

in which the integrand differs from the integrand in (1) by a factor which is 
periodic in b. It is to be supposed temporarily that 2v is not an integer and 
that the path of integration is so drawn that the sequences of poles 0,1, 2,; 
— 2v, 1 — 2v, 2 — 2p, ... lie on the right of the contour while the sequence of 
poles —v — \, — v~ §, — v — •§■, ... lies on the left of the contour. In the first 
place, we shall shew that, if | arg iz | < the integral taken round a semi¬ 
circle of radius p on the right of the imaginary axis tends to zero as p -*■ oo ; 
for, if 8 — pe* 9 , we have 


«r(— s) r (— 2v - s) T (v + « +i).(2tz)* = 
and, by Stirling's formula, 


tt* r (v + 8 + %). (2iz) 8 _ 

r (s) T (2 u+ 8 + 1) sin 87T sin ( 2v + s) it 



lQr r(y-t -s+\).(2izy> 

s r(«+i)r(2 v +fi+i) 

~ p# 6 log (2 it) ~(v + pe ie ) (log p + ifl) + pe* 6 — £ log(2^); 
and the real part of this tends to — co when —ij-7r < #<^ 7 r, because the dominant 
term is — p cos 6 log p,. When 6 is nearly equal to ± ^tt, | sin sir | is comparable 
with £ exp [pir | sin 6 1) and the dominant term in the real part of the logarithm 
of s times the integrand is 


p cos $ log \2z\~ p sin 6 . arg 2iz — p cos 8 log p + pd sin d + p cos 6 — 2pir | sin d\, 
and this tends to—ooasp-^ooifj arg iz\ < f w. 
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Hence s times the integrand tends to zero all along the semicircle, and so 
the integral round the semicircle tends to zero if the semicircle is drawn so as 
to pass between (and not through) the poles of the integrand. 

It follows from Cauchy’s theorem that, when j ar giz | < $tt and 2v is not an 
integer, then 

-pf r r (- s > r (- - «) r (» + 4 +1). (2tV)'<2s 

MujTrJ-aai 

may be calculated by evaluating the residues at the poles on the right of the 
contour. 


The residues of 

r (— s) r (— 2 i> — s) r ( v +$ +|). (2 %zy 

at s = m and s = — 2v + m are respectively 

7r T (v + m +1 ). (2 iz) m _ 7 r T (— v + m +$). (2 iz)~ 3v+m 

sin 2v7r m ! T {2v + m + 1) 1 sin 2vnr m ! T (— 2v + m + 1) 

and hence 


Wr 


2 ifijir 


foci 

r(-s)T(-2u-s)T(v + s+l).(2uyds 

J —ao i 

(2*)"«■* r(v + |> „, , j. 0 ,1 0• \ 

= - p /i) vT\ * ( v + 2> 2v+l y 2 %z) 

sin 2vrr l (2;/ + 1) 

fl-'"(2*)-’7r» r(i-v) x o.o-N 

i l-2r; 2iz) 


7r J e ,i 


sin 2vtt 


sin 2vtt r(l — 2v) 
{J v {z)-e-^J. v {z)\. 


It follows that, when |.ar giz | < if 77-, 

e -Uz-vn) coS (pir} . ( 2 ^)*' 
A 

7 r* 


( 2 ) 


H® {z) = 


r* r (- «) r (- 2 ^ - .v) r (^ + 5 + 1). (2 izyds, 

J - 0 Cl 


and similarly, when | arg (— iz) | < f 7r, 

(3) 

7T 3 

X [*' r(-. s )r(-2 l /-,s)r( I / + /j + i).(-2w)*da 

— 00 ? 

The restriction that v is not to be an integer may be removed in the usual 
manner by a limiting process, but the restriction that 2v must not be an odd 
integer cannot be removed, since then poles which must be on the right of the 
contour would have to coincide with poles which must bo on the left. 


w. B. F. 
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CHAPTER YII 

ASYMPTOTIC EXPANSIONS OF BESSEL FUNCTIONS 


7*1. Approximate formulae for J v (z). 

In Chapter in various representations of Bessel functions were obtained 
in the form of series of ascending powers of the argument z, multiplied in some 
cases by log z. These series are well adapted for numerical computation when 
s 3 is not large compared with 4 (v 4 - 1), 4 (v + 2), 4 (v + 3), ..., since the series 
converge fairly rapidly for such values of z. But, when | * j is large, the series 
converge slowly, and an inspection of their initial terms affords no clue to the 
approximate values of J v (z) and Y v {z). There is one exception to this state¬ 
ment.] when v + $ is an integer which is not large, the expressions for J ±v (z) 
m finite terms (§3*4) enable the functions to be calculated without difficulty. 

The object of this chapter is the determination of formulae which render 
possible the calculation of the values of a fundamental system of solutions of 
nessel s equation when z is large. 

There axe really two aspects of the problem to be considered; the invests- 
£1°“ when a ts large is very different from the investigation when „ is 
large. The former investigation is, in every respect, of a more recondite 
character than the latter, and it is postponed until Chapter vm. 

ft must, however, be mentioned that the first step towards the solution of 

published. ° H ?r large P° sltlve valuee of was 

The formal expansion obtained by Poisson was 

/ 0 (*) = f"—) cos— Pwl ji _ f 8 -8® 1®. 3®. 5*. 7® 1 

W L 2i(8^ + -4l(8i)r—-} 

+ sin(®-Jw).{AL_lL_§!i®! , ) 

1118a. 3l(85)r + -} 

£STJSK?'®* « »• ™ 

senes, his analysis (apart from his mefch^ S f ga i!! 0n0fthe remainders in the 

to be regarded as suggestive and iugenious 0 ra 0 the^rtnv°n“w nt ^ “ 

Ricerche sulla convergenza della serif „ 

££r “.sr"* * < Mii - 

to Pow.■ gyVPP• 850-Ma; ,1-,. Aa iu . 

thaw., A Treats on B„.,l Function, (tonto, ° OD8tn " ,ted *» ^ 
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It will be seen in the course of this chapter that Poisson’s series are asymptotic ; -this 
has been proved by Lipschitz, Hankel, Schlafli, Weber, Stieltjes and Barnes. 

It must be mentioned that Poisson merely indicated the law of formation of successive 
terms of the series without giving an explicit expression for the general term; suoh an 
expression was actually obtained by W. R. Hamilton* (of § 1*6). 

The analogous formal expansion for (x) is due to Hansenf; and a few 
years later, Jacobi £ obtained the more general formula which is now usually 
written in the form 


/ 2 \i r 

J r „(a;)~( —) cos (a; — ^mr— \nr) 
yrrxj I 

^ ( 1 (4m? - l a ) (4m? - 3 a ) , (4u a - P) (4n a - S") (4n* - 5 a ) (4n a - 7 a ) 
X ( 1 21(55? " + “ 41(8®)* “ ’ 

4w. 3 - l 2 (4?? a - l 9 ) (4n a - 3 a ) (4^ -5“) ^ J“ 


-l 


(4w. _1* 

sin i x ~ i tt) . |-j fg“ ~ 


31 ( 8 ®? 


These expansions for J 0 (sc) and J x (&) wore used by Hanson for purposes of numerical 
computation, and a comparison of the rosults so obtained for isolated values of ,v with the 
results obtained from the ascending series led Hansen to infer that, the expansions, although 
not convergent, could safely bo used for purposes of computation §. 

Two years before the publication of Jacobi’s expansion, Plana|| had dis¬ 
covered a-method of transforming Parse val’s integral which placed the expansion 
of J 0 (x) on a much more satisfactory basis'll. Hi8 work was followed by the 
researches of Lipschitz**, who gave the first rigorous investigation of the 
asymptotic expansion of J 0 (z) with the aid of the theory of contour integra¬ 
tion; Lipschitz also briefly indicated how his results could be applied to J' n (z), 

The general formulae for J v (z) and \ T v (z), where v Inis any assigned (com¬ 
plex) value and z is large and complex, were obtained in the great memoir by 
Hankelff, written in 1868. 

* Some information concerning W. It. Hainilton’H rcHoarchoH will bo round in Sir Gearin' 
Gabriel Stokes, Memoir and Scientific Correspondence, I. (Cambridge, 1907), pp. 1H0—J115. 

t Ermittelung der absoluten StlSrungen [Schriftcn der Stcrmoartc tScrlmrff], (Gotha, IHl.'l), 
pp. 119—123. 

+ Astr. Nach. xxvni. (1849), col. 94. [Oca. Math. JVerke, vir. (1891), p. 174.] Jaoobi’n result 
is obtained by making the substitutions 

\/2. oos (a: - - fa) —( - l)4*< n ' , ' 1 >ooHx+ (- l)^ n ^ w ~ 1 ^mn x, 

\/2 . Bin (x-fair — jfw) = ( - l)i**(«-H) B j n x _ ( _ ij4«( n_ G coH.r, 
in the form quoted. 

§ See a note by Niemfiller, Zeitschrift filr Math, und Phys. xxv. (1880), pp. 41—48. 

II Mem. della R. Accad. delle Sci. di Torino, (2) x. (1849), pp. 275—202. 

IT Analysis of Plana’s type was used to obtain the asymptotic expansions of J v (z) and IV (z) by 
McMahon, Annals of Math. vm. (1894), pp. 57—01. 

** Journal filr Math. lvi. (1859), pp. 189—190. 
ft Math. Ann. r. (1869), pp. 467—501. 
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The general character of the formula for F»(s) had been indicated by Lommel, Studien 
iiber die BesseVschen Eunetionen (Leipzig, 1868), just before the publication of HaukePa 
memoir,* and the researches of Weber, Math. Ann. vi. (1873), pp. 146—149 must also be 
mentioned. ■' 

The asymptotic expansion of K v (z) was investigated (and proved to be 
asymptotic) at an early date by Rummer*; this result was reproduced, with 
the addition of the corresponding formula for I v (z), by Kirchhoff f; and a little- 
known paper by Malmst6nJ also contains an investigation of the asymptotic 
expansion of K v (z). 

A close study of the remainders in the asymptotio expansions of J Q (x), Y 0 (x), lo (x) 
and Ki(x) has been made by Stieltjes, Ann. ScL de VEcole norm. sup. (3) in. (1886), 
pp. 233—262, and parts of his analysis have been extended by Callandreau, Bull, des Soi. 
Math. (2) xiv. (1890), pp. 110—114, to include functions of any integral order; while 
results concerning the remainders when the variables are complex have been obtained by 
Weber, Math. Ann. xxxvir. (1890), pp. 404—416. 

The-expansions have also been investigated by Adamoff§, Petersburg Ann. Inst, polyt. 
1906, pp. 239—266, and by Valewink|| in a Haarlem dissertation, 1906. 

Investigations concerning asymptotic expansions of J v (z) and Y v (z), when 
\ z \ is large while v is fixed, seem to be most simply carried out with the aid 
of integrals of Poisson’s type. But SchlafliH has shewn that a large number of 
results are obtainable by a peculiar treatment of integrals of Bessel’s type, 
while, more recently, Barnes** has discussed the asymptotic expansions by 
means of the Pincherle-Mellin integrals, involving gamma-functions, which 
were examined in §§ 6*5, 6*51. 


7-2. Asymptotic expansions of H® (z) and (z) after Hankel. 

We shall now obtain the asymptotic expansions of the functions of the 
third kind, valid for large values of \z\\ the analysis, apart from some slight 
modifications, will follow that given by Hankelff. 

Take the formula § 6*12 (3), namely 


m* o■:) 


(- 

i£ gtlz-ivir—in-) r 

\7TZJ 



j-wexptf / iu\ v ~i 

Jo e '““*- i ( 1+ 5) *■ 


valid when -£7r</3<|,r and -i7r + £< args<f 7 r + /9, provided that 

B (v + £) > 0. 

The expansion of the factor (1 + \iufz) v ~^ in descending powers of z is 
i a. (iLnljjg i O' ~ &) ( v ~ f)» (juY , . 

2 z 2 . 4 .^® 

* Journal fUr Math. xvii. (1837), pp. 228-242. + Ibid, xivm. (1864), pp. 348-370. 

t Jx. Svenska V. Akad. Sandl. urn. (1841), pp. 66_74. 

§ See the Jahrbuch iiber die Fortschritte der Math. 1907, p. 492. 

I?*?' * fl06, P* 828 * IT Ann. di Mat. (2) yi. (1876), pp. 1—20. 

Trans. Cavib. Phil. Soc. xx. (1908), pp, 270_279. 

ft Math. Ann. I. (1869), pp. 491—496. 
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bat since this expansion is not convergent all along the path of integration 
we shall replace it by a finite number of terms plus a remainder. 

For all positive integral values of p, we have* 

(l + ^-Y * = (JLY" + (i zlhfJLY f 1 /-, uty-p-i 

V 2 z) m=o m\ \2 iz) (p — \)\\2iz) j 0 ^ ^ 2iz) ^ 

It is convenient to take p so large that S(v-p- *) s 0; and we then choose 
any positive angle 8 which satisfies the inequalities 

| 0 1 < Jtt - 8, \mg*-Qvr + fi)\tir-&. 

The effect of this choice is that, when 8 is given, z is restricted so that 

— 7r 4- 2S < arg z <, 2ir — 28. 

When the choice has been made, then 

>sinS, |«K(l-gj) <w, 

for the values of t and u under consideration, and so 
i / ut\ ^p —1 

| V 1 “ Ziz) * ^ IM 1 ( sin &) Riv ~ p ~ i) = A p , 
say, where A p is independent of z. 

On substituting its expansion for (1 + and integrating term-bv- 

term, we find that 


.. ut 
2 Iz 


where 


HS* (z) - (~ V M-in-bp fV ( j~ y)m . r (v+m+ j) (1) "| 

v**' Lm=o mir(i/ + \).{2iz) m +Mp J’ 


R -W I ^ j-±2— , - _=_ 

p ' (p-l)l!r(y + i)(2w)* 


(i - *4 


"1 p« 

(1 -t)*- 1 eft 
0 Jo 


'oo exp 


u| m k+p-1 


e~ u tt 


where -Bp is a function of v, p and 8 which is independent of z. 
Hence, when R (v —p — £) < 0 and R (v + £) > 0, we have 

TT M / _\ / 2 


cZm|| 


HyW (z) — (—■-Y e i<Z-hv«-lir) (i v )m (| + v) m „ , 

when g is such that - tt + 28 $ arg * < 2tt - 28, 8 being any positive acute 
angle;,and the symbol 0 is the Bachmann-Landau symbol which denotes a 
function of the order of magnitude! °f z ~ p as J z j -»- oo. 

The formula (1) is also valid when R ( u -p - §) > 0; this may be seen by 

* Oi. Modern Analysis, §5-41. The use of this form of the binomial expansion seems to be 
due to Graf and Gubler, Einleitung in die Theorie der BeuePtchen Fmktionm, i. (Bern, 1898). 

Jf'® 6 " 87 ' 0fl Whittaker> Modem Analym (Cambridge, 1902), §161; Gibson, Proa. Edinburgh 
Math. Soc. xxxvui. (1920), pp. 6-9; and MaoRobert, ibid. pp. 10-19. 
t Of. Modem Analytit, § 2T. 
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supposing that R{v-p — \)>0 and then taking an integer q so large that 
R,( v — q — |)<0; *if the expression which is contained in [ ] in (1) is then 
rewritten with q in place of p throughout, it may be expressed as p terms 
followed by q — p +1 terms each of which is 0 (z~ p ) or o (z~ p ); and the sum 
of these q — p + 1 terms is therefore 0 (z~ p ). 

In a similar manner (by changing the sign of i throughout the previous 
work) we can deduce from § 6*12 (4)- that 


( 2 ) 


jET„« ( 2 ) = 


(jf v )m I 

mto m!(-2 izT 



provided that R(v + > 0 and that the domain of values of z is now given 

by the inequalities 

— 2-7T + 28 < arg z ^ tt - 28. 


If, following Hankel, we write 

(v m)~( + r (^ + m + j) 

{4i/ 9 - l 2 } {4i/* ~ 3 s }... {4>v* - (2m - l) 9 } 
“ 2 am .m! 

these expansions become 


(3) HP «- (A)* [lf 0 fc 5^+ 0 <*-)] , 

(4) HP(,) = (A)*r^*-Hg,^ + OC-*)] • 

For brevity we write these equations thus: 

W W W/ rn—O (2l z) m ’ 

(6) 5V a) (*)~ (—i 

W*/ ta-o (2ii?) OT 


Since (v, m) is an even function of v t it follows from the formulae of 
§ 3'61 (7)? which connect functions of the third kind of order v with the corre¬ 
sponding functions of order — v, that the restriction that the real part of v 
exceeds - | is unnecessary. So the formulae (1)—(6) are valid for all values 
of v, when z is confined to one or other of two sectors of angle just less than 37 t. 

In the notation of generalised hypergeometric functions, the expansions are 

( T) HP ..*(»+* 1-,; A), 

(8) HP (.)~(A)* 

of which (7) is’valid when — w < arg z < 27r, and ( 8 ) when - 2w < arg z < 7 r. 
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7 * 21 . Asymptotic expansions of J„ (z), J- V {z) and Y v (z). 

If we combine the formulae of § 7*2, we deduce from the formulae of § 3'61 
(which express Bessel functions of the first and second kinds in terms of 
functions of the third kind) that 

/is rM /2Vf , , j x v 2m) 

(1) J, M ~ (- ) [cos (z - i^ M. £ - (2aF - 


COS(z — $V7T — %7r) . 2 

TO**0 


■ / , , v ? (-)“•(". 2 m + l )1 

— — W. £-J. 

„ , N / 2 f ■ / i , , ? (-)“.(», 2m) 

y - <*> ~ " 1 " " *'»-» ~ ~( S r " 

/I 1 X v • O', 2m + 1)1 

+ cos (, - iw - W. JS. t -- J ’ 

r , . / 2 f , . i x v (~)"' > (v, 2m) 

r - w ~ U) L 008 (*+w - w • _y, - - (2 ; r •• 


■ / i i x v (—) m . (v, 2m + 1) 

~“ n <* + J "’ r “W-~ -- 

/>f v ir / x / 2 \* f . . .. t v v (~) m -( y ) 2m) 

, , , , ” (-)».(/', 2w+l)' 

+ COS (* + >7T - iw) . w ^ Q ~ (&)» " »+ *- 

and (in the case of functions of integral order n only), 

/ k\ v / s /' 27r \ i T • / i , v 3 (—) m . (a, 2m) 

(5) Y n (,)~( T ) sin (z — ^?/7T — | nr ). 2i^ (2 z )»n~ 


, ( . , X V (-)'"•(», 2m+ 1)] 

+ cos (z — \ nir — j 7r). 2 -- ■ 

m - 0 V 


These formulae are all valid for large values of | z j provided that | arg z j < 7r; 
and the error due to stopping at any term is obviously of the order of magni¬ 
tude of that term multiplied by 1/z. Actually, however, this factor 1 jz may 
be replaced by 1/z ' 1 ; this may be seen by taking the expansions of Iff' 1 (z) and 
H v (a) (z) to two terms further than the last term required in the pirticular 
combination with which we have to deal. 

As has been seen in § 7‘2, the integrals which are dealt with when 
R(v) > — £ represent HJ$ (z) and HJ'^ (z), but, when K (v) the integrals 
from which the asymptotic expansions are derived are those which represent 
H^-y{z) and H®-y(z). This difference in the mode of treatment of •/„ (z) 
and Yy(z) for such values of v seems to have led some writers to think * that 
formula (1) is not valid unless R (v) > — 

* Cf. Sheppard, Quarterly Journal, xxm. (1889), p. 223 ; Searle, Quarterly Journal, xxxix. 
(1908), p. 60. The error appears to have originated from Todhunter, An Elementary Treatise on 
Laplace’s Functions, Lanitfs Functions and Bessel’s Functions (London, 1876), pp. 312—813. 
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The asymptotic expansion of J Q (z) was obtained by Lipschitz* by inte¬ 
grating e*** (1 -r round a rectangle (indented at ± 1) with comers at ± 1 
and + 1 + co i. Cauchy’s theorem gives at once 

f (1 — dt + e*** f u~i (2 +iu)“* du 
J-i .'o 

— e* H f e~ ii+u]z u~* (2 — iu)~* du = 0, 

} o 

and the analysis then proceeds on the lines already given; but in order to 
obtain asymptotic expansions of a pair of solutions,, of Bessel’s equation it 
seems necessary to use a method which involves at some stage the loop 
integrals discussed in Chapter vl 

It may be convenient to note explicitly the initial terms in the expansions 
involved in equations (1)—(4); they are as follows: 

* (-)*. (v, 2m) ' (4z/ 9 - I s ) (4i/ a - 3 a ) 

mV (Mr*. 2i(a»y 

(4v s - I s ) (4w* - 3 s ) (4V 9 - 5 s ) (4v a - 7 s ) 

+ 4!(8*) 4 ' 

“ (-) w . ( v , 2m +1) _ 4*» - I s (4y fl -l 9 ) (4v* - 3 2 ) (4*»* - 5 a ) 

„-o (2*5»» +1 “ 118* 31(8*)» ' + '"‘ 

The reader should notice that 

j* (*) +<4+I s (*) ~ a/(*r*), 
a formula given by Lommel, Studies p. 67. 

Nom The method by whioh Lommel endeavoured to obtain the asymptotic expansion 
of T n (t) in his Studim, pp. 93—97, was by differentiating the expansions of J ±v (z) with 
respeot ti& v ; but of course it is now known that the term-by-term differentiation of an 
asymptotic expansion with respeot to a parameter raises various theoretical difficulties. 
It should be noticed that Lommel’s later work, 'Math. Aim. rv. (1871), p. 103, is free from 
the algebraical errors which occur in his earlier work. These errors have been enumerated 
by Julius, Archives Nterlamdaises, xxvm. (1895), pp. 221—225. The asymptotic expansions 
of J n (*) and- 7 n {t) have also been studied by McMahon* Ann. of Math. vm. (1894), 
pp. 67—61, and Kapteyn, Monatshefte ftlr Math und Phys. xiv. (1903), pp. 275—282. 

A novel application of these asymptotic expansions has been discovered 
in recent years: they are of some importance in the analytic theory of the 
divisors of numbers. In such investigations the dominant terms of the ex¬ 
pansions are adequate for the purpose in view. This fact combined with the 
consideration that the theory of Bessel functions forms only a trivial part of 
the investigations in question has made it seem desirable merely to mention 
the work of Voronoif and WigertJ and the more recent papers by Hardy§. 

* Journal filr Math. lvj. (1869), pp. 189 — 196. 

t Ann. Sci , de VJ&cole norm. sup. (3) m. (1904), pp. 207—268, 469—584; Verh. des Int. 
Math. Kongresses in Heidelberg, 1904, pp. 241—246. 

t Acta Mathematica , xxtvu. (1914), pp. 118—140. 

§ Quarterly Journal, xlvi. (1915), pp. 268—283; Proc. London Math. Soe. (2) xv. (1916), 

pp. 1—26. 
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7 * 22 . Stokes’ phenomenon. 

The formula § 7-21 (1) for J v {z ) was established for values of z such that 
| arg z\<ir. If we took ar gz to lie between 0 and 27r (so that ar gze"** lies, 
between - ir and ir) we should consequently have 

J y (z) = e” ri Jy(ze-' ri ) 

.( 2 V»r 7 . \ ^ (~) m .(v, 2m) 

cvj e 1 ™ (--j) cos (ze~ m — \vir — \ir) .2 - - 

X-rrze-^J |_ 2 4 m-o (2 ze-*)™ 

. , . 1 . * 2 (~) m -(r, 2m + l) _ 

(2gg~ ff ») 8 « n+1 J> 

so that, when 0 < arg z < 27t, 

Jy (*) ~ (J^f, I^COS (* + Iwr + i 7r) J5 ^ ~ ? 2 ^ T^ 

-sm (a + Jw + ^Tr)^- ^ 8 )^h - J ’ 

and this expansion is superficially quite different from the expansion of 
§ 721 (1). We shall now make a close examination of this change. 

The expansions of § 7’21 are derived from the formula 
J v {z) = \[HM(z) + HU(z)\, 

and throughout the sector in which — 7 r < arg z < 27r, the function (z) has 
the asymptotic expansion 

h ¥ m (*)<»{—y 1 

V ' WzJ m-0 (2 iz) m 

The corresponding expansion for H v ® (z), namely 

(!) '*****,$$• 

is, however, valid for the sector - 2 tt < arg z < ir. To obtain an expansion 
valid for the sector 0 < arg z<2ir we use the formula of § 3’62 (6), namely 

(z) = 2 cos vn r. HJti {ze~^) 4- e' nd HJ^ (ze~' n ), 

and this gives 
(2) 

\irsj m-o(tyz) m 


+ 2cosy7r.(— ( 

\7T 2/ m-0 (2l^) tn 


The expansions (1) and (2) are both valid when 0 < arg 2 < tt ; now the 
difference between them has the asymptotic expansion 

2 <^ 454 . 

\W m-o (2^) m 

and, on account of the factor e & which multiplies the series, this expression is 
of lower order of magnitude (when | z | is large) than the error due to stopping 
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at any definite term of the expansion (1); for this error is 0 {er it z~ p ~ v ) when 
we stop at the pth term. Hence the discrepancy between (1) and (2), which 
occurs when 0 < arg 2 < 7 r, is only apparent, since the series in (1) has to he 
used in conjunction with its remainder. 

Generally we have 

\i 

j g—i(i—J kit—J jr) 


J„ (z) co Ci 


,7T ZJ 


jn-0 


v ( y> 1, 1 ) 
w -o(2 i»r 


(2fz) ,n ’ V7T.Z) 

where the constants Cj, Cg have values which depend on the domain of values 
assigned to arg z. And, if arg z is continually increased (or decreased) while 
\z \ is unaltered, the values of e 1 and <J 2 have to be changed abruptly at various 
stages, the change in either constant being made when the function which 
multiplies it is negligible compared with the function multiplying the other 
constant. That is to say, changes in Cj occur when I(z) is positive, while 
changes in occur when I (z ) is negative. 

It is not difficult to prove that the values to be assigned to the constan ts 
Cj and Cz are as follows: 

Ci — Ca = [(2p -1) tt < arg z < (2p 4- 1) 7r], 

Ci = Ca = [2p7r < arg z < (2p + 2) 7r ], 

where p is any integer, positive or negative. 

This phenomenon of the discontinuity of the constants was discovered by 
Stokes and was discussed by him in a series of papers. It is a phenomenon 
which is not confined to Bessel functions, and it is characteristic of integral 
functions which possess asymptotic expansions of a simple type*. 

The fact that the constants involved in the asymptotic expansion of the analytic functit )i 1 
J v ( 2 ) are discontinuous was discovered by Stokes in (March?) 1857, and the discovery was 
apparently one of those which are made at three o’clock in the morning. See Sir Q nortf q 
G abriel Stokes, Memoir and Scientific Correspondence, 1 . (Cambridge, 1907), p. 62. The 
papers in which Stokes published his discovery are the following-)-: Trans. Camb. Phil. 
Soc. x. (1864), pp. 106—128; XL (1871), pp. 412—425; Acta Math. xxvi. (1902), pp. 398 — 
397. [Math, and Phys. Papers, iv. (1904), pp. 77—109; 283—298; v. (1905), pp. 283 - 287. ] 
The third of these seems to have been the last paper written by Stokes. 

7*23. Asymptotic expansions of I, (z) and K v (z).- 

The formula §7-2(5) combined with equation §3-7(8), which connect 
K y ( z) and if( iz ), shews at once that 

(1) | (iM) 

V 2 *) Tn-0 (2 z) m 

~ ffV T-. [, -L a. < 4 *'‘ - 1‘) (4-‘ - g) I 

W L 118» 21(8^ + ***J> 

* Cf. Bromwich, Theory of Infinite Series, § 1S3. 

tlM t ® t !! k v j U ”t ated 1116 ° h ^ ge . with . the aid °f Bessel functions whose orders are 0 and ± A 
the latter being those associated with Airy’s integral (§ 6-4). * * 
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when | arg^j < § w. And the formula I„ (z) = $ vid J v (e~i H z) shews that 

( 2 ) 


r / x e* V (-) m (v, to) e -*+(*+i>«i « (v, m) 

(2*r (2^)i ^0(2^’ 


provided that — £ir < &rgz< fir. 

On the other hand, the formula /„ ( 2 ) = e - ** 771 ’ J v (e* 771 z) shews that 

/ox r (9 \ & 5 (-)” (v, m ) t e-M-'+i)™ 2 (zvwi) 

( ) KK ( 2 *)» + «. 0 ( 8 *r' 

provided that — $7r < arg ^ < ^7r. 

The apparent discrepancy between (2) and (3) when z has a value for 
which args lies between — ^tt and \%r is, of course, an example of Stokes’ 
phenomenon which has just been investigated. 


The formulae of this section wore stated explicitly by Kummer, Journal filr Math. xvu. 
(1837), pp. 228—242, and Kirehhoff, Journal fHr Math, xlviii. (1854), pp. 348—376, except 
that, in (2) and (3), the negligible second series is omitted. The object of the retention of 
the negligible series is to make (1) and (3) formally consistent with ($3‘7 (6). 

The formulae are also given by Riemunn, Ann. der Physik und Gh&mie , (2) xcv. (1855), 
p. 135, when v = 0. Proofs are to be found on pp. 496—498 of Hankel’s memoir. 

A number of extremely interesting symbolic investigations of the formulae are to be 
found in Heaviside’s* papers, but it is difficult to decide how valuable such researches are 
to be considered when modern standards of rigour are adopted. 


A remarkable memoir is due to Malmstdnf, in which the formula 
f 00 cos ax. dx _ 7 re~ a 

jo (1 + a?) n+l ~ 2*"+ t 7m! 

x [(2a)* + nC, (n +1). (2a)*- 1 + n C, (n + 1) (n+ 2). (2a)’*" 2 + ...] 
is obtained (cf. § 6‘3). This formula is written symbolically in the form 
f“ cos ax.dx _ 7r6~ a L 1 ] n 

J0 (TT^P 1 ” i^+'Tnl \ M + pif 1 J ’ 

the [ ] denoting that [w]~ m is to be replaced by and this, in Malmst6n’s 

notation, means 

l/[(» + 1) (n -f 2)... (n + m)}. 

It will bo observed that this notation is different from the notation of §4‘4. 


7*24. The asymptotic expansions of ber (z) and bei (z). 

From the formulae obtained in §§ 7 21, 7’23, the asymptotic expansions of 
Thomson’s functions ber (z) and bei ( z ), and of their generalisations, may be 
written down without difficulty. The formulae for functions of any order have 
been given by Whitehead J, but, on account of their complexity, they will not 

* Proc. Boyal Soc. nix. (1893), pp. 604—629; Electromagnetic Theory, il (London, 1899). My 
thanks are due to Dr Bromwioh for bringing to my notioe the results contained in the latter work, 
f K. Svenska V. A had. Handl. lxii. (1841), pp. 66—74. 
t Quarterly Journal , xlii. (1911), pp. 829—888. 
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be quoted here. The functions of zero order had been examined previously by 
Russell*; he found it convenient to deal with the logarithms! °f the functions 
of the third kind which are involved, and his formulae may be written as follows: 


( 1 ) 

( 2 ) 

where 


iber(s) exp a (z) cos . 
(ker(s) expa(— $)cos * 


a ( z ) r 

£(*)■ 


z 1 

V2 + 8 z V2 


25 


z 

a/2 


384*V2 
1 1 
16^ 


13 

128s 4 

25 


T7, + 


8*^2 16s s 3842 s V2 
The ranges of validity of the formulae are | argz | < ^7T in the case of (1) and 
j arg z | <-|tt in the case of (2). 

These results have been expressed in a modified form by Savidge, Phil. Mag. (6) xix. 
(1910), p. 51. 

7’26. Hadamard’s modification of the asymptotic eaypansions. 

A result which is of considerable theoretical importance is due to 
HadamardJ; he has shewn that it is possible to modify the various asymptotic 
expansions, so that they become convergent series together with a negligible re¬ 
mainder term. The formulae will be stated for real values of the variables, but 
the reader should have no difficulty in making the modifications appropriate 
to complex variables. 

We take first the case of J v (x) when v>^-\. When we replace sin £0 by 
u, we have 

- r$wmf“ p ( " w,) ' (1 ~ ^ ** 


2 (2a) 9 eP | (£-*)„ 


r ( ,+t)r(i),“„ Jrfy*"** 

the lasb result being valid because the series of integrals is convergent. 
We may'write this equation in the form 


( 1 ) 


I v {x) = 




(*-»> 


r (k +1) r (J) ^(2®) m .0 m 1 (2<eJ“ ] o 


i fa* 
m 

rJo 


fy+m-i e -i dt 


e* | + w + 2a>) 

\/(27r«) TO -o F(v +\).m\(2x) m * 


where y denotes the “incomplete Gamma-function” of Legendre§. 

* Phil. Mag. (6) xvn. (1909), pp. 581, 587. 

+ Cf. the similar procedure due to Meissel, which will be explained in § 8*11. 
t Bull, de la 80 c. Math, de France, xxxvi. (1908), pp. 77—85. § Of. Modem Analysis, § 16*2. 
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For large values of x, the difference between 


is f)(# v+n+ which is o(l) for each integral value of n. 

In the case of the ordinary Bessel functions, we take the expression for 
the function of the third kind 


- ©‘tSt w£' r ~ uri (* +% £V du+0 ^) 


( 


2 y| <-»yq--). r- H ^f-duio 


so that 


-v) m y(v + m + %, 2 oa) 


+ 0 


(0\ J{ (l) ( x \ — ( _Z_ | e i(X-ivn-}n) £ .'2 .Y/HiV. 

( 2 ) W-y « Wl . 0 r(*+i).i»l(8i*)- 

and similarly 

(3) B®(x) = (--2 + 

w w w®/ r(i/+£).m!(-2w;)’ n x 

From these results it is easy to derive convergent series for the functions 
of the first and second kinds. 


Hadanmrd gave the formulae for functions of order zero only; but the extension to 
functions of any order exceeding - 4 is obvious. 


7*3. Formulae for the remainders in the asymptotic expansions. 

In §7*2 we gave an investigation which shewed that the remainders in 
the asymptotic expansions of H„ [l) ( 2 ) and //„ (a) {z) are of the same order of 
magnitude as the first terms neglected. In the case of functions of the first 
and second kinds, it is easy to obtain a more exact and rather remarkable 
theorem to the effect that when v is real* and x is positive the remainders 
after a certain stage in the asymptotic expansions of J± y (x) and F±„(a;) are 
numerically less than the first terms neglected, and, by a slightly more re¬ 
condite investigation (§ 7\32), it can be proved that the remainders are of the 
same sign as the first terms neglected. 

Let us write 


K‘*sr-(>-!) 


2iT (v + |)Jo 


--i 


,-r e w u 


du — F (x, v), 
du=*Q {so, v). 


* We may take without losing generality. 
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(1) J±v («0 - [cos (x T \v-rr - \n r) P (x, v) - sin (x *%vjr-\ir)Q (x, v)], 

» 

( 2 \i 

—j [sin(*T i»ir-i»-)P(^») + co«(«T \vw-{,r)Q(a>, „)]. 

Now IJv) - 0 and, in the analysis of § 1% we may take s t0 be . sinC6 
the variables are real, and so Ay, = 1. 

It follows that, if p be taken so large that 2there exists a 
number 6 , not exceeding unity in absolute value, such that 

\ 2 BO) mo0 m \ V2 IXJ (2p)I V2 ix) ’ 

and, on adding the results combined in this formula, we have* 

f i +*r+ (i~ *r = 2 ** a=*fc (.nr , «*. a ■- ^ /«w 

V 2a,/ ^ (MI UW + ~(2rtr^(sj ' 

where 1 d 0 j ^ 1; and, since 6 a is obviously real, — 1 ^ Q 0 ^ i 
It follows on integration that 

P („ T .) (~) m • (i“ *0™ (fr + »)*» (1-^ r» 

m=o (2™)!(2*) 2 ™ (2p)! (2aj)^T r 7j7+i) L d ° e U u v+ ^du, 

and sin op 


| /„ da = r(r + 2p + i), 


we see that the remainder after p terms in the expansion of P(* „) does not 
exceed the (p + l)th term in absolute value, provided that 2p > v- J. 

From the formula 

' 2 ' (2p + l)l (,2 mJ 

we find in a similar manner that the remainder after p terms in the expansion 
of Q ( r ) does not exceed the (p + l)th term in absolute value, P 37at 

reproduced by Gray and Mathewft^thLif Trejo”’™'' and wera 

P- 70, but email ie&ocuracies have been pointed out in both * +• ° (London, t®05), 

OaM. PHI. Sot. xvn. (1899), pp. 17^ m mveet.gat.ons by Orr, Tran,. 


In the case of K v ( x) we have the formula 


v-i 


du, 


°“ li “ ed “ 1 * r, “‘ 8r **"“* «““» Journal fur Mam. nvr. 
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and 

(i jl JiV* -V 

V + 2*/ _ „" 0 " ml . W 


+ 


(p-1)! \2a-v 


ly^+sr* 


and, when ^ 3 ^ i/ — J, the last term may be written 


(p-di 




where 0 < & x % 1, and so, on integration, 



' p ^ l (v,jn) Q, p )~ 


where 0 < 0 2 % 1 when p^v — \. 


This is a more exact result than those obtained for P(x,p) and Q(x,v) 
by the same methods; the reason why the greater exactness is secured is, of 
course, the fact that (1 + \ntlx) v ~ 1> ~^ is positive and does not oscillate in sign 
after the manner of (1 + \iut/x) v ~ p ~^ + (1 — \iutjx) v ~ p ~^. 


7‘31. The researches of Stieltjes on J 0 (x), Y 0 (x) and K 0 (x). 

The results of § 7‘3 were put into a more precise form by Stieltjes*, who 
proved not only that the remainders in the asymptotic expansions associated 
with J 0 («),3 7 0 (.r) and K 0 (x) are numerically less than the first terms neglected, 
but also that the remainders have the same sign as those terms. 

Stieltjes also examined / n (.r), but bis result is complicated and we shall not reproduce 
itt. It is only to bo expected that, / 0 (.r) is intractable booauso in the dominant expansion 
the terms all have the same sign whereas in the other three asymptotic expansions the 
terms alternate in sign. 

It is evident from the definitions of §7 - 3 that 

P (;v , 0) = I e~ wx ir^ {(I + \iu)~b + (1 - dn, 

Z\/7rJ o 

Q (x, 0) « J* e~ ux tr* 1(1 + £ w) -1 - (1 - du. 

In these formulae replace (1 ± \jn)~^ by 

2 fi*_ d<f) 

7rJo 1 ± sin 2 <f >' 

* Ann. Sci. de V&cole norm. sup. (3) m. (1886), pp. 238—262. 

t The function l v (x) has also been examined by SohafhcHlin, Jahresberickt der Deutschen 
Math.-Vereinigung, xix. (1910), pp. 120 — 129, but he appears to use Lagrange’s form for the 
remainder in Taylor’s theorem when it is inapplicable. 
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It is then evident that 


d<f) 


(i+*«.)-*+(i - =- J/ 

= - [**{1 — $u 3 sin 4 d) 4-... + (—) p_1 ({ w a sin 4 <£)*' 
ttJo 

+ (-) p (£w a sin 4 <p) p j(l +{u a sin 4 <f>)} d(f>, 
where p is any positive integer (zero included). 

Now, obviously, 

f^ [{y * Bm^p e ri* ui giQ4 
Jo 14"iw a sm s <£ ^ Jo u r/ Y 
where 0 lies between 0 and 1; and hence 

i((1++(1 -= X- g-p(i»)• + 1 ~~- 


that 


+( _ )y _ 1 I} (*«)». 

If we multiply by the positive function e~ m u~* and integrate.it is evident 

rn f(,0) = l-”-+ . 1*. 3 1 . 5 s ... (4p —5)- 

(1) r (x, U) 1 2 , ( 8a ,)= + •••+( ) (2p —2)!(&c) #p-3 

+ 1--V6 L , -8*.5*„ J _(4p-l)> 

v ; ‘ (2p):(Kic)«f " ’ 


where 0 < B x < 1, and p is any positive integer (zero included); and this is the 
result which had to be proved for P (x, 0). 

Similarly, from the formula 

i {(1 + |w) -4 - (1 - = - 

7r 

we find that 



( 2) 0M)—ifc+ 


l a l a . 3 a . 5® 




, l a . 3 a . 5 a .,. (4p — 3) a 


31 (8ai) s ' w (2p-I)! (8^- 

+ (-)P + re l 3 -3 a -5 a -(4 p +1) 2 

K J 2 (2p+l)!(8a?)^ +1 ’ 

where 0 < 0 2 < 1, and p is any positive integer (zero included); and this is the 
result which had to be proved for Q (x, 0). 

In the case of K 0 (x), Stieltjes took the formula 


%o (os) “ ^ J q e ~ w u-l (1 + \ u )~i du , 

and replaced (1 + by — [ - - . - * the procedure then follows the 

rr Jo 1 4-£wsm a <£ r 

method just explained, and gives again the result of §7-3. 

By an ingenious device, Callandreau* succeeded in applying the result of Stieltjes to 
obtain the corresponding results for functions of any integral order; but we shall now explain 
a method which is effective in obtaining the precise results for functions of any real order. 

* BuU. dee Set. Math. (2) xrv. (1890), pp. 110—114. 



ASYMPTOTIC EXPANSIONS 


209 


7-32] 

7 ’ 32 . The signs of the remainders in the asymptotic expansions associated 
with J v (x) and Y v (x). 

It has already been seen that J v (x) and Y v (#) are expressible in tenns of 
two functions P{x,v) and Q(x, v) which have asymptotic expansions of a 
simpler type. We shall now extend the result of Stieltjes (§ 7*31) so as to 
shew that for any real value * of the order v , the remainder after p terms of 
the expansion of P (x, v) is of the same sign as (in addition to being numerically 
less thanf) the (p + l)th term provided that 2 p>v — \\ a corresponding result 
holds for Q (x, v ) when 2p > v — $. The restrictions which these conditions lay 
on p enable the theorem to be stated in the following manner: 

In the oscillatory parts of the series for P (x, v ) and Q (x, v), the remainders 
ard of the same sign as, and numerically less than, the first terms neglected. 

By a slight modification of the formulae of § 7‘3, we have 

x v+h 

P ^ = 2f(v + i) Jo 6 ~ UX U9 ~ k ^ + ^ iu)V ~ i + ^“ i iu ) v ~ i \ du > 

Q («> y) = 27 rV ~ f I) /o uV ~ i ^ 1 + _(1 “ W v ~*\ du > 

and, exactly as in § 7'3, we may shew that 

&{(i + itu)"-* + (i - \iuy-i} 

m=o, (2m)! 

+ 7o (1 “ tr ~' 1(1 + i iut y ~ vH -(! -i iut)-v+i} it. 

The reader will see that we can establish the theorem if we can prove that, 
when 2 p >v — the last term on the right is of fixed sign and its sign is that of 

(-)Mi - ^MW*/(2p)!. 

It is clearly sufficient to shew that 

2p - v - l ( o ( 1 ” {(1 + liuty-w+l - (1 - liuty-w+l] dt 

is positive. Now this expression is equal to* 

= rj2p-V+J)I!L (l ~ trr ~' xv ~’^ 8inaxt,i) • dxdt 

= Yj2p~ / 0 xap ~"“ 9 e ~ k f o (1 - typ- 3 Bin (j\ut) dtdX. 

* As in § 7*8 we may take v^O without loss of generality, 
t This has already been proved in § 7’3. 

t Since | ain (J Xut) |^£Xuf, the condition 2 p>y~ J secures the absolute convergence of the 
infinite integral. 


w.B.r. 


14 
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Now (1 — is a monotonic decreasing function of t\ and hence, by the 
second mean-value theorem, a number between 0 and 1 , exists such that 

( (1 - ty*~* sin (|\u£) dt — f sin QXut) dt ^ 0. 

Jo Jo 

Since T (2 p — v + \) is positive, we have succeeded in transforming 

2 p - ' v f V “ {(1 + - (1 - liuty-w+i} dt 

into an infinite integral in which the integrand is positive, and so the expression 
under consideration ic positive. 

That is to say, 


\ {(1 + tfuy-t + (1 - 


(2 m)i (2 p)\ 

where 0>Owhen 2p>v — And it has already been seen (§ 7*3) that in 
these circumstances |0|^1. Consequently 0^0 $1; and then, on multiplying 
the last equation by e~* m and integrating, we at once obtain the property 
stated for P (x, v). 


The corresponding property “for Q {x, v) follows from the equation 

8 K1 + i<ur> - (1 - 


+ ( Z/ 1 ~^ & K 1 + \™t) - (1 - \iuty-*P-±} dt ; 

the details of the analysis will easily be supplied by the reader. 


Note. The analysis fails when — £o<-| if we take p= 0 , but then the phase of 
lies between 0 and ±i(v-£)»r l and so Jhas the 
same sign as unity, and, in like manner, ^{(1 +Jz«) v_ l-(1 -^^""ty/thas the same sign as 
and hence P(x, v) and Q(x, v) have the same sign as the first terms in their 
expansions, so the conclusions are still true; and the conclusion is true for Q (x, v) when 
\< v <§ ifp=0. 


7‘33. Weber’s formulae for the remainders in the expansions of functions 
of the third kind. 

Some inequalities which are satisfied by the remainders in the asymptotic 
expansions of H v ^ (z) and (z) have been given by Weber*. These inequali¬ 

ties owe their importance to the fact that they are true whether z and v are real 
or complex. In the investigations which we shall give it will be supposed for 
simplicity that v is real, though it will be obvious that modifications of detail 
only are adequate to make the mode of analysis applicable to complex values 

* Math. Ann. xxxva. (1890), pp. 404—416. 
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of v. There is no further loss of generality in assuming that v > 0, R (z) > 0. 
We shall write | z | = r, and, since large values of | z j are primarily under con¬ 
sideration, we shall suppose that 2r > v — 

If v — £ > 0, we have*, by § 6T2 (3), 


du 


/ 2 y e i(z ~^ t ” r ~ i7r i 


i>+*) 

■’■t r>+,> I /, 


1 + Fr ) du 


(1 

\7 TZ 


•jtz) r(i/ + 

— I f—V !"•) 

\TTZ) 




-v-l 


If 0 ^ v < we use the recurrence formula 

Bf (,) = <2/») (v +1) (*) - H“ a (*) 

and apply the inequality just obtained to each of the functions on the right. 
It is thus found that 


( 1 ) 

and similarly 
( 2 ) 

where+ 

(3) 


HU (z) ^ 0 1 rz)~i W 1 1 

H® (e)$Q | (^Tr^)-t |, 

KC-'-iT" 


i v >t) 

(v<$) 


The results may be called Weber’s crude inequalities satisfied by (z) 
and H v Vi) (z). By an elegant piece of analysis, Weber succeeded in deducing 
more refined inequalities from them in the following manner: 

Take the first p terms of the series involved in Hankel’s two expansions 
and denote them by the symbols 2„ (l1 (z ; p),X y m (z ; p), so that 

v a)( Z ‘ w \_ P s X (~~) w • ( v > m ) £ w(z' t o) = P '? 1 
^ {z,p) . U {z,p) izyn' 


m ■=<) 

It is easy to verify that 




2 (1) (z • v) = —E-’J-'-ff). 

K tP) z*(-2izy- 1 ' 


\_dz 2 dz z* 

We regard this as an equation to be.solved by the method of variation of para¬ 
meters; we thus find that 

(z ; p) = (i'rrz)* e~ i{z ~i vn ~t v) {A (z) H y w ( z ) + B(z) H y [i) (*)}, 

* In the third line of analysis the inequality + # (g^O) has been used, 
t When p<4 we take 2r>p + $. 


14—2 
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where A (z) and B (z) are functions of z so chosen that 
(A' (z) H v w (z) + F (z) H v ®(z) um 0 , 

{* MsW W = - (!«)-* 

It follows that 

A' (z) =iir (i7rz)-i e { (*), 

and so 

4 (ir) - A - {ir {$tt (z +'*)}“* eW+t-i**-*) E® (z + 1) dt, 

where A is a constant. 


We obtain a similar expression for B(z ), and hence it follows that 
( Z ) p) — {AH V ® (z) + BH V ® {z)\ (£ Trz)i 



By considering the behaviour of both sides of this equation^as z + oo, it 
is not difficult to see that A — 1 and B = 0. 

Hence we may write Hankel’s formulae in the forms 

H F w (*) - (~f |^(1) ( 5 ; p) + iJpd)}, 

/ o \i 

u ’ w <*)-(jj) [2,”<*;*>) + *,«), 


where the remainder may be defined by the equation 



Sinee R (z) ^ 0, we have | z 4- t | ^ \Z(r* + <*), and so, by using the crude 
inequalities, we see that the modulus of the last integrand does not exceed 


2 9- * t r _1 Q*. (r* + £ 3 )-i(r+i>. 
Hence ' 


1Up 01 | $ 2 1 ~p Q*p | ( v , p) | I (r* + < s )-i<p+i) ^ 
and so, when p ^ 1, we have 


(4) 

and similarly 

( 5 ) 




These are the results obtained by Weber; and it will be observed that in 
the analysis no hypothesis has been made concerning the relative values of v 
and jj; in this respect Weber’s results differ from the results obtained by 
other writers. 
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7‘34. Approximations to remainders in the asymptotic expansions. 

When the argument of a Bessel function is nob very large*, the asymptotic 
expansion is not well adapted for numerical computation because the smallest 
term in it (with the remainder after the smallest term) is not particularly 
small; at the same time the argument may be sufficiently large for the 
ascending series to converge very slowly. 

An ingenious method for meeting these numerical difficulties was devised 
by Stieltjesf; we shall explain the method in detail as applied to the function 
K 0 (x) and state the results which were obtained by Stieltjes by applying the 
method to J a {x) and Y 0 (ai). 

We apply the transformation indicated in §7'31 to the formula § 6'15 (4), ' 
so that 

O—X foo 0—XU ... 

_ e~ x V2 r°° fi" e~ au dd du 
it Jo Jo ui (1 + \u sin a 0) 


V2 


7r 


p— 1 foo fiir 0 —xii 

2 I —r - (— ain ,J 0)™ dOda 

i=o Jo Jo u * 


+ 


00 e~ xu (— sin 3 B)p 
m*( 1 -f- |it sin 3 6) 


■00 rfr 

J 0 J 0 


d$du 


That is to say, 




where 


» (i-« Bin* 0)" .j a .,.. 

P 7r J j« Jo iA(\ + | u sin 3 #) 


Now the value of m for which (0, ni)/(2x) m is least is nearly equal to 2^ 
when cc is large; accordingly, in order to consider the remainder after the 
jmallest term of the series for K 0 (x), we choose p so that 


x - + a, 

where <r is numerically less than unity; and then 
cA 


a>t r® fir n~' ,u 

R P = -j / I (£w<r* M sin 3 6)v -y - - . dOdu. 

7T S Jo Jo tt*( I + sin 3 6) 


Now, as u increases from 0 bo oo , ^ ue *" increases from 0 up to a maximum 
1 (when u = 2) and then decreases to zero ; so we write 

where f increases from — oo to oo, and, for similar reasons, wo write 

sin 2 6 — e~v\ 


* The range of values of x under contemplation for the funotiona J a (.f), 1' 0 (x) and Kq (x) ia 
rom about 4 to about 10. 

f Anti. Sci. de I’ficole norm. svp. (8) m. (1886), pp. 241—252. 
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The domain of integration becomes the whole of the (£, tj) plane; and it is 
found that 


where 


2 ai f® /“« ( 00 ' 

r 2 a,', 

ft 1 J -oo J -oo 


®o. a — 


a 0,0 — 08,0 — 2<r a — •glj, u<o,2 

by some rather tedious arithmetic. It follows* that the dominant terms of 
the asymptotic expansion of Bp for large values of p are 


so that 
( 2 ) 


- K ’~ 2 w yh ,+ ir + -j’ 


It is easy to verify by Stirling’s theorem that 

(0, P) , ... „ e~ Sx 
(2 *y> f 




so that the error due to stopping at one of the smallest terms is roughly half of the first 
term omitted. 


In like manner Stieltjes proved that, if P (x, 0) and Q (x, 0) are defined as 
in § 7 - 3, then 

( 3) p (a , °)=l| 1 0 ( ~^r OT) + <-* ^ 


(4) 

where 

( 6 ) 

( 6 ) 




Ml = 0 






/433\Ie“ Sa) " 


\7T / p 

2 p 


provided that p is chosen so as to be nearly equal to x, and r is defined to 
be x — p. 


Results of thiB character are useful for tabulating Bessel functions in the critical range; 
some similar formulae have been actually used for that purpose by Airey, Arokiv der Math, 
und Phys. (3) xx. (1913), pp. 240—244-, (3) xxn. (1914), pp. 30—43; and British Association 
Reports, 1913, 1914. 

It would be of some interest to extend the results, which Stieltjes has established for 
Bessel functions of zero order (as well as for the logarithmic integral and some other 
functions), to Bessel functions of arbitrary order. 


* 0f * Bromwich, Theory of Infinite Series, §§188,187, and 174, or the lemma which will be 
proved in § 8-8. 
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7 * 35 . Deductions from Schafheitlin's integrals. 

If we replace u by 2 tan 0 in the formulae of § *7'32, we deduce that 

- r(l;+i )| o co8 >.+'« e M ’ 

q ( X v) = (.toy** [** an~* 0wa(r-i)e ta< ^ 

W.V) -r(»+J)J„ coa>'+>tf 6 "• 

which resemble Schafheitlin’s integrals of § 6*12, 

It is obvious from these results that 

P (x, v) > 0, (- £ < v < f) 

Q (a;, v) > 0j (i < v < f) 

Q(x, v)< 0. (- £ < v < i) 

An interesting consequence of these results is that we can prove that 

Q 0 t, v)/P (x, v) 

is an increasing function of x when — £ < v < and that it is a decreasing 
function of x when £ < v < 

For we have 


Qf (x, v) P (x, v) - P' (x, v ) Q (x, v) 

= 2 L ( ^- + ri’ r [ l Y»i t *"*+t.»*i.r’(0, <p)eWdf, 

U \y +1)J Jo Jo 

where 

F ( 9 ’ “M =(tan B ~ tan ^ 008 ( v ~ i)8 ein _ ® 

so that 

F (e , *) + 6) - |^ g°‘ n a ^P C™ 9 - tan « sin (J i») (9 - # 

If we interchange the parametric variables 6, <j> in the double integral and 
add the results so obtained we see that, when — J < v< the double integral 
has the same sign as £ — v ; and this proves the result. 


7*4. Schldfli’s investigation of tli e asymptotic expansions of Bessel functions. 

In a memoir which seems hardly to have received the recognition which 
its importance deserves, SchlafU* has given a very elegant but somewhat 
elaborate investigation of the asymptotic expansions of the functions of the 
third kind. 

The integral formulae from which he derived these expansions are 
generalisations of Bessel’s integral; although Bessel’s integral is nob so well 
adapted as Poisson’s integral for constructing the asymptotic expansion of 

* Ann. di Mat. (2) vi. {1876}, pp. 1—20. The only standard work on Bessel functions in which 
the importanoe of this memoir is reoognised is the treatise by Graf and Gubler. 
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J v (z) when z is large and v is .fixed, yet Schlafli’s method not only succeeds 
in obtaining the expansion, but also it expresses the remainders in a neat and 
compact form. 

Schlafli’s procedure consisted in, taking integrals of the type 

s? / * r ~ ex B +;)}*•> 

and selecting the contour of integration in such a way that, on it, the phase * of 

lre u (u - 2 + 1 /u) 

is constant He took two contours, the constants for the respective contours 
being 0 and vr; and it is supposed that r is positive and a is real. 

(I) Let us first take the phase to be tt ; write 

u = 1 + p e a , 

where p is positive and 6 is real, and then 

re ia p*e* i6 /( 1 + pe? e ) 

is negative, and is consequently equal to its conjugate complex. 


Hence we have 
(1) P = 


sin (a+ 20) 
sin (a+ 6) ’ 


u = — 


sin 0 


sin (a + B) 


gl(2fl+a) 


Next choose a new parametric variable <f> such that 


and then 
(2) u 


cos 

cos £ (a -f <f>) ’ 


<f> = 20 + a — 7r, 

re u ( u ~ 1 ) a ^_ 

u cos £ (a — (f>) cos £ (a -H (f)' 


Now, as (f> varies from - (ir — a) to (w — a), u traces out a contour emerging 
from the origin at an angle — (tt — a) with the positive real axis and passing to 
infinity at an angle (tt — a) with the positive real axis, provided that 0 < a < 2tt. 


If this restriction is not laid on « the contour passes to infinity more 
than once. 


We shall now lay this restriction on a ; and then the contour is of the type 
specified for formula § 6‘22 (9), provided that we give a> and arg z the same 
value a, as is permissible. 


It follows that 

-e- V7ri Iy(re i,L f 1 f v ~ a 

-r— --—**'= x —; u~ v ~ x exp 

2&sini'7r 27rtJ_(,_ a ) r 

where u is defined in terms of tp by equation (2). 


tre v 




* The reader will find it interesting to compare the general methods of this section with the 
"method of steepest descents” which is applied to obtain various asymptotic expansions in 
Chapter vm. 
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Changing the sign of <f> is equivalent to replacing u by 1 /m, and so, replacing 
the expression on the left by its value as a function of the third kind, we have. 

(;}) el™ H„w (re* (a “*' r) ) — J ( u ~ v + uV ) ex P ■ ^-re*® (u + ~^| . d<f>> 

From (2) it follows that — re** (m — 1 ) 4 /m increases steadily * from 0 to + co 
as <f) varies monotonically from 0 to 7 r — a; and, if we write 

— re ** (m — l) 3 /u = t, 

so that t is positive when u is on the contour, we have 

du dt _ dt 

u ~ — re ia (m — 1 /m) e~l " a) * (m* + u~l) *d(rt) ’ 

the range of values of arg u being less than 7 r. 

Next, by Cauchy’s theorem, 

(U+. 1 /W+) . ( ul u~l 


u v +• u~ 


1 " 
27TI . 




+ 


dK\ 


c-« <-m 

it is convenient to take the point £ = 1 inside the contour, but £ = 0 must be 
outside the contour because the origin is a branch-point. 

It follows that 

u \ + u -i 1 («+, i / m +) £*-1 (£_ i ) d £ 


(4) 

Hence 


u v + u~ v 


_ U* T 'U * J 

2771 


(f-1 y+Q/ire**)' 

(5) If <» Wi-ww exp(«'*) 

} ’ 1 J JoJ (?- I) 1 + £«/(«*) ’ 


Now it is evident that 




(-)»* 


(_)j> £*> 


(t- l) a +'?(/(«*“) ~ 1 )“«(>■<!“)“ + (f- !)*(««■)» |<?-l) 1 + E*/(T?51 ’ 

where p is any positive integer (zero included). It will be convenient subse¬ 
quently to suppose that p exceeds both R(v — |) and R(—v — £). 

On making this substitution in the last integrand and observing that 

1 nu+, 1 /K+. 1 +) I> + m + i) ml (v, m) 

27 ri] * ^ r(i/-7M + ^).(2 ml) (2m)! 

(with the notation of § 7*2), we deduce that 

(6) H" (re* <-*'>) = W “ h v ^) [ ~~(2re ^ " + ^ ’ 

where 


jft ti> __ 

* 27rtV(27r)i 0 


00 r(u+, i/m+, 1 1 -) 


e“*« £*+?-* d £dt 


(f-ir- (>-«'■)*' ((f-1)" + ?</(re'*)|' 


d Bin* 0 ain # (1 + 2 ooa a cos + oos* ft) 
oosa + cosft ~ (cosa+oosft) 3 


* Since 
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First consider 

1 |-(u+, 1/M+.1+) g v+ p-*d£ 

2 riJ y + tt/ire*)]' 

When p is so large that it exceeds both R(v — $) and R(—v — |), we take the 
contour to be as shewn in Fig. 15; and when the radii of the large and small 
circles tend to oo and 0 respectively the integrals along them tend to zero. 
If now we write 

£=e±"*(l-*;)/<» 

on the two rays (which are all that survives of the contour), we find that 

1 i/«+.i+) £*+*>-* dg 

ton) tf-l)*- 1 {(£-1 Y + Q/ire*)} 

_ (~) p cos vrr f 1 .v p ~ v ~l (1 — x) p+v ~^da: 

7r Jo 1 — tx{ \ — »)/(re* a ) ’ 



Now the numerator of the integrand is positive (when v is real), and the 
modulus of the denominator is never less than 1 when | 7 r < a < f 7 r; for other 
values of a it is never less than | sin a |. 

Therefore 


I - V I < v”—* (1 - ■O'*-* *>*-*. I <», p) I + (2r)», 

where | 0 a | is 1 or | cosec ct | according as cos a is negative or positive. When v 
is complex, it is easy to see that 


( 7 ) 


Vk< 


cos vir 


cob R(vtt) 


d a \(R(v),p) 
(2 r) p 
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Hence, finally, when — £7 r < arg z < f 7T, 


( 8 ) 


{z) 






' V (->* •(*,«>) , a (-)»•(*?) ' 
_ m t 0 (Kf)» (2ur)* 


where | 0, | does not exceed 1 or | sec (arg z) | according as I {z) is positive or 
negative, provided that v is real and p + £ > | v | . When v is complex, the modi¬ 
fied form of the remainder given by (7) has to be used. 

Since R {1 — toe (l — x)j{re ia )} ^0 when R(e~^)^ 0, we see that, in (8), 6 X 
has its real part positive when v is real and I (z) > 0. 

If z be replaced by iz in (8) we find that, when | arg z | < 7r, 

(9) KM -(£)*r- 

and, when v is real, 

(i) R(0») >0 and | 1 < 1, if R(z)^0, 

(ii) | 0 a | < | cosec (arg z) |, if R ( z) < 0. 


V (y, ™) , a (y. p) 
*o(2z) m+ '(**)* 


The modifications necessary for complex values of v are left to the reader. 


(II) We next discuss the consequences of talcing the phase of 

£ re ia (u - 2 + 1 /a) 
to be zero. As before, we write 

u = 1 + pe i0 , 


and then re** p* e * 16 /(1 + pe* B ) is positive, and therefore equal to its conjugate 
complex, so that we obtain anew equation (1). We then diverge from the 
preceding analysis by writing 

<}> = — (20 + a) 

so that 


( 10 ) 


sin £ (a + </>) ^ r&ia (u - 1 y = rsin 3 (f> > 

sin (a - <£) ’ u sin £(a - <f>) sin £ (a + </>)' 


Now, as <j) varies from — a to a, u traces out a contour emerging from the 
origin at an angle a with the positive real axis and passing to infinity at an 
angle — a with the positive real axis, provided that a lies between — 7 r and 7 r. 
The contour is then of the type specified lor formula § 6 # 22 (8) if, as is per¬ 
missible, we give a) and arg 2 the same value a. 

It follows that, when — 7 r < a < 7r, 

K v {re u ) - £ cos vi r J u~"~ l exp j - £ re ia J ^ <ty, 

where u is defined as a function of <f> by equation (10); and therefore 

(11) H« (re f <*-W) = + *') ex P( w + 
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t = re** (u —’1 y/u, 
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( 12 ) 


B ( , _ ^ «?(-»<■) p t-t true-i)d?dt 

’ ' ' 27rMe»“ J 0 J (f-1 )"-?</(«**) ' 


We have consequently expressed a second solution of Bessel’s equation in a 
form from which its asymptotic expansion can be deduced; and the analysis 
proceeds as in the case of H v [l) (z), the final result .being that, when 


(13) H p <* (z) = (^Ye- 4 


— 7r < arg z < |-7r, 

"V ( V > m ) , A (V L P) 
..to (2iz) m + (2iz)P 


where | 0 Z | does not exceed 1 or | sec arg 2 | according as T(z) ^0 or I (z) ^ 0, 
provided that v is real and p + \ > | v |; and R (0 S ) > 0 when I (z) <£ 0. If v is 
complex the form of the remainder has to be modified, just as in the case of (8). 


It should be observed that, since the integrands in (3) and (11) are even 
functions of v, it is unnecessary in this investigation to suppose that R (v) 
must exceed as was necessary in investigations based on integrals of 
Poisson’s type. 


7*5. Barnes' investigation* of asymptotic expansions of Bessel functions. 

The asymptotic expansions of functions of the third kind follow immediately 
o from Barnes’ formulae which were obtained in §§ 6*5, 651. Let us consider 

rcci—y—p 

I r (— a) r (— 2v - s) r (v + s + -I) (— 2 iz) a ds 

J —aoi— v—p 

=(-2wr)-*'-* f r(—s+v+p)r(—s — v+p)r(s—p + i)(- 2 izyds. 
If | arg (-r iz) | ^ f 7T - 8, we have 

I fooi 

I r(— 5 +v +p) r(- s—v +p) r(s—j)(— 2izy ds\ 

J —ooi "* 

rcoi 

| r(-s + v+p) r(-s-v+p) r(s-p + j)e‘ ; i ,r - s > 1,1 ds\, 

and the last integral is convergent and so the first integral of all is 

0 [(-2iz)~ v -P}. 

But, by the arguments of § 6*51, the first integral is - 2 iri times the sum 
of the residues at the poles on the right of the contour, and so it is equal to 
~?r f (*)/[**t*-") cos vTr{2z) v ] plus - 2 tti times the sum of the residues at 

s —-v-\,— v — \,..,,—v—p + \. The residue at — v — m - -J is 

(~) m r (v + m •$•) r (— v 4- m j- ^) 

_ ml (—2iz) v+m+ i ’ 

* 

* Tram. Comb. Phil. Soe. xx. (1908), pp. 273—279. 



7*6,7*51] ASYMPTOTIC EXPANSIONS 221 


and so, when | arg (— iz) \ ^ |tt — £ 


HU(z) = 


e i{Z vir) C0 g ( V7r ) . (2 %y 


r4 


2« 2 ( ~ y ‘ r( ^"-£^ ,+ ” t * ) +° k- 


O \| 

— ( — ] gt(r-ivir-iir) 


7T2 


P ? ( V > n 
_ »J=0 ( 


m) 




and this is equivalent to the result obtained in § 7’2. The investigation of 
HJ® (z) may be constructed by replacing i by - i throughout. 


The reader should notice that, although the determination of the order of 
magnitude of the remainders by this method is transparently simple, it is not 
possible to obtain concrete formulae, concerning the magnitude and the sign 
of the remainders, which are ultimately supplied by the methods which have 
been previously considered. 


7*51. Asymptotic expansions of products of Bessel functions. 

It does not seem possible to obtain asymptotic expansions of the four 
products J± (l (z) J ±v (z) in which the coefficients have simple forms, even 
when g — v. The reason for this is that the products (z) Hf> (z) and 
(z) H v ® (z) have asymptotic expansions for which no simple expression 
exists for the general term; the leading terms in the two expansions are 

% e ±Uz^l(».+v+l)ni ^ 2/a 9 + 2i> a — 1 ] 

l 1 * 4 iz +-}• 

The products Hfn (z)Hf } ( z ) and Hf) (z)Hf ) (z), however, do possess simple 
asymptotic expansions; and from them we can deduce asymptotic expansions 
for 

J ll (z)J v (z) + Y ll (z)Y y (z) 
and for (z) Y v (z) - (z) J v (*). 

The simplest way of constructing the expansions is by Barnes’ method, 
just explained in § 7’5. A consideration of series of the type obtained in 
§ 541 suggests that we should examine the integral 

+1 > r —) r (^- *) r r (- ^ ~.) ; 

the contour is to be chosen so that the poles of r(2$ +1) lie on the left of the 
contour and the poles of the other four Gamma functions lie on the right of 
the contour; and it is temporarily supposed that p, v and p±v are not 
integers, so that the integrand has no double poles. The integral is convergent 
provided that | arg (iz) \ < 
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First evaluate the integral by swinging round the contour to enclose the 
sequences of poles which lie to the right of the original contour; the expression 
is equal to minus the sum of the residues at these poles, and the residue at 
m+lQt+v) is 

irVin+n* _ r (ft +, y + 2m +1), (-)» (lsY + *+ m 

sin ft nr . sin vir . sin (ft + v) ir' m ! V (ft + m +1) F (v + m +1) T ( ft + v + m + 1) ’ 

It follows that 

24L r(2S + 1)r (^- S ) r (^- S ) 

xr(^- s )r(-^-«) <w& 


— 7T S 


{ 


^+^J li (s)J v (z) _ «J^z)J _ v (z) 


sin /at sin vox | sin (/z +1>) tt 


sin (jt — v)tt 


(z) J v (z) e~ i(/x+v)7ri J_ M Qg) J_, (g) 

sin (v — ft) ir Bin (ft+v) tr 

_ •n s e^ +r ^ [2 cos /ztt cos vir +% sin (jt + y) tt{ , , , . r „ M r , 

sin (ft + v) tt sin (ft- v) tt ^ ^ Yv ^~ Y » (*) J * (*)1 

= 2sin|(/z + 1 /) 7r^^^^ + Y » W ^ 

- COt $ (jz - I>) 7T {«/* (s) F, (*) - 7„ (z) J v ( 2 )} ] 

” 2 COS l(fl + v)7T [ ^ ^ Jv W ^ W F " W) 

+ tan | (ft - v) 7 T {J* (s) F„ (*) - (*) /„ ( 2 )}]. 

By writing -i for i throughout the analysis we deduce that, if both 
| arg is | and | arg (- iz) | are less than $ 7 t, i.e. if | arg 5 then 

2sin£0 + i/)7r^^ Jv ^ + F#t W 7 ' (*)1 

- cot | (/t - v) ir . { J h (iz ) F„ (z) - 1 M (z) J v (#)}] 

* ^ (“T^ ” 8 ) r (” ~ s ) cos S7r • (i^)“ 


(1) 
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and 

( 2 ) 


7T 3 
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2 COS Kjlt + J') 7T 

+ tan |(/i- 1 /)7T. {«/j*( j) F„(^)- (^) J„(*)}] 

-Klj«*'> r (T-) r ( , T-) ■ 

X r (~2^ —s ) r 

These results hold for all values of p and v (whether integers or not) 
provided that, in the case of the former fi + v and fx — v are not even integers, 
and, in the case of the latter fx + v and fx — v are not odd integers. 

We now obtain the asymptotic expansions of the functions on the left of 
(1) and (2) after the manner of § *7‘5. 

We first take p to be an integer so large that the only poles of the in¬ 
tegrands on the left of the line Ii(s) = —p — \ are poles of T (2s + 1); and then 

r ooi-p- J 
-P-t 

(when either integrand is inserted) is equal to 27ri times the sum of the 
residues at the poles between the contours. Since 

f P * f(s)(\zy*d8=0(z-*»-l\ 

J - ooi-p-J 

we deduce that the asymptotic expansions, whim | args| < 7 r, are 

(3) [J h (z) J^ (z) + Y h (z) Y v (*)] - cot ^(fi-v)7r. [./ M (z) Y v ( z) - J y (z) Yp (z)] 

. (X -\r V 

sin - - x— ■ 7 r 


rt»i r«oi-p-\ 

J — 00» J -00 i—p—l 


7T* 


■ p -l(-) w r 

< 


r 

(£~+m+i)r 

*2" +wl+1 , 

r 

(-^ +w+ i) 

A 

.m=0 



(2m + l)!(£z) ,J " Ha 




+ 


0 (e«p+*)_ 

/*"-*'* »»/>+*' , 1 /*-*', i v ~f A ,t + 

**mntU*-v)fr' 41 '[ 2 +i ’ 2 +1, "2" +1, “2 ’2’ *V 


and 


(4) (z) J„ (z) + Y h ( z ) Y v (z )] + tan \(p~v) 7 r. [J^ (z) Y v ( z) -J*(z) Yp.{z)] 

2 „ / fi + y 4-1 jz — v +1 y — ya + 1 1 — fx — v , 1. __ 1\ 

TTZ COS if (/X — v) 7T 4 1 \ 2 ’ 2 ’ 2 ’ 2 2 1 z l ) 
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In the special case when (i~v, the last formula reduces to 
(5) /,■(*)+JV(*hA 2 (1.8.6...(2m-l)l^, 


and, in . particular, 

(6) J<?(*)+Y < ttz)~ 


2 $ (-) m {1.3.5... (2m — l)} 4 

wio (2m)! (2^ 


Formula (5) seems to have been discovered by Lorenz, K. Danske Vidensk. Selskabs 
Skrifier , (6) vl (1890). [Oeuvres scierUijiquet , I. (1898), p. 435], while the more general 
formulae (3) and (4) were stated by Orr, Proc. Ccmb, Phil. Soo. x. (1900), p. 99. A proof 
of (5) which depends on transformations of repeated integrals was given by Nielsen, Hand- 
buch der Theorie der Cylinderfuviktionen (Leipzig, 1904), pp. 245—247; the expansion (5) 
is, however, attributed to Walter Gregory by A. Lodge, British Association Report , 1906, 
pp. 494—498. 


It is not easy to estimate exactly the magnitude or the sign of the re¬ 
mainder after any number of terms in these asymptotic expansions when this 
method is used. An alternative method of obtaining the asymptotic expansion 
of J v * (z) + IV [z) will be given in § 13'75, and it will then be possible to form 
such an estimate. 



CHAPTER VIII 


BESSEL FUNCTIONS OF LARUE ORDER 

8*1. Bessel functions of large order. 

The subject of this chapter is the investigation of descriptive properties, 
including approximate formulae, complete asymptotic expansions, and in¬ 
equalities of various types connected with Bessel functions; and the pro¬ 
perties which will be examined are of primary importance when the orders of the 
functions concerned are large , though many of the results happen to be true 
for functions of all positive orders. 

We shall first obtain results which are of a purely formal character, 
associated with Carlini’s formula (§ 1*4). Next, we shall obtain certain 
approximate formulae with the aid of Kelvin’s* “principle of stationary 
phase.” And finally, we shall examine the contour integrals discovered by 
Debye t; these will be employed firstly to obtain asymptotic expansions when 
the variables concerned are real, secondly, to obtain numerous inequalities of 
varying degrees of importance, and thirdly, to obtain asymptotic expansions 
of Bessel functions in which both the order and the argument are complex. 

In dealing with the function J„ (x), in which v and x are positive, it is 
found that the problems under consideration have to be divided into three 
classes, according as xjv is less than, nearly equal to, or greater than unity. 
Similar sub-divisions also have to be made in the corresponding theorems 
concerned with complex variables. 

The trivial problem of determining tho asymptotic expansion of J p (z), when v is largo 
and z is fixed, may be noticod hero. 

It is evident, by applying Stirling’s theorem to tho expansion of S 3*1, that 

J v (z )~oxp {v+» log ($*)-(i» + i) log »*} . -I- ^ -(-... J, 

whore tr 0 *» 1 /^/(2 -jt); this result has boon pointed out by Morn, Math. Ann. i,ll. (1899), 
]). 3Tif>. 

[Note. For physical applications of approximate formulae for functions of largo order, 
the following writers may bo consulted: Macdonald, Proc. Royal Sm. lxxi. (1903), pp. 251— 
258; lx xii. (1904), pp. 59—68; xo.A(1914), pp. 50—81; Phil. Tram, of the Royal Soc. OXX. A 
(1910), pp. 113—144; Debye, A nn. der Physik mid Chemie , (4) xxx. (1909), pp. 57—136>j 
March, Ann. der Physik mid Chemie , (4) xxxvn. (1912), pp. 29—50; Rybcssyiiski, Ann. der 

* Phil. May. (6) xxm. (1887), pp. 252—265. [Math, and Phys. Papers, iv. (1010), pp. 808—806,] 
In connexion with the principle, see Stokes, Trans. Carnb. Phil. Soc . ix. (I860), p. 175 footnote. 
[Math, and Phys. Papers, u. (1883), p. 341.] 

f Math. Ann, lxvii. (1909), pp. 635—558; Milnchener Sitzuvgsberichte, XL. [5], (1910),. 


W. B. E. 
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where* 

( 1 ) P,=z (4 sec 9 # + sec 4 #) 
cot“ # 


— ~ 22 ig£r (32 sec 9 # + 288 sec 4 /3 + 232 sec 8 # + 13 sec 8 #) 


-pn+’.lfi /Q 

+ M27 ( 708 BecS/8 + 41280 sec 4 /Q+14884 sec 8 # +17493 sec 8 # 

+ 4242 sec 10 # + 103 sec 19 #) 

+ •••» 


(2) = i/ (tan # - #) — (2 + 3 sec 2 #) 

- (16 -1512 sec 9 # - 3654 sec 4 # -375 sec 6 #) 

- 32 ^ -^i (256 + 78720 sec 9 # + 1891200 sec 4 # + 4744640 sec 8 # 

+ 1914210 sec 8 # + 67599 sec 10 #) 

+ .... 


To determine J v (v sec #) in terms of these expansions, we take # to tend 
to -Jvr, and compare the results so obtained with the expansions of Hankers 
type given in § 7-21; we see that, as # \tt, 

P„ -► 0 , Qv^v (sec # — r), 

and we infer that 


(3) (v sec #) = . e -iVHQ r -i« 

(4) H,® (v sec #) = ■ e- p >- i( tr+^ 

It follows that 

(B) J,(i/eeeP) = (~~) ■ e ~ i> - 008 (Q-~ i’ r )> 

(6) 7, (. sec /3) = ) • «- J> - ain (Q, - { vr), 

where P„ and Q v are defined by (1) and (2). It will appear subsequently 
(§ 8’41) that these formulae are actually asymptotic expansions of J„ (u sec #) 
and Y v (v sec #) when v is large and # is any assigned acute angle. 

Formulae which are valid for small values of #, i.e. asymptotic expansions 
of J„ ( 2 ) and Y v ( 2 ) which are .valid when 2 andy are both large and are nearly 
equal, cannot easily be obtained by this method; but it will be seen in § 8*2 
that, for such values of the variables, approximations can be obtained by 
rigorous methods from'Schlafii's extension of Bessel’s integral. 


*■ The reader will observe that the approximation has been carried two stages further than in 
the corresponding analysis of § 8T1. 
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The dominant terms in the expansions (5) and (6), which may be written in the 
J v (x) = M v cos ( Q v — £ir), Y v {%) sin (Q v — Jn-), 

Qv ~ v*) - }$w 4- v arc sin (v/x), 

had been obtained two years before the publication of Meissel’s paper by L. Lorens m a 
memoir on Physical Optics, K . Danske Videnskahemes Sels&abs Shifter, (0) vi. (1890). 
[Oeuvres Sdentifiques, I. (1898), pp. 421—436.] 

The procedure of Lorenz was to take for granted that, as a consequenoe of the result 
which has been proved in § 7‘51, 


Note. 

form 

(7) 

where 


MJ 


4.K 


■ 1.3 (^-j).( y «-f) , 
t 2.4 a* 



and then to use the exact equation 


( 8 ) 


dQ v= 2 

dx irxMf ’ 


which is easily deduced from the Wronskian formula of § 3*63 (1), to prove that 
whence the approximation stated for Q v follows without difficulty. 


Subsequent researches on the lines laid down by Lorenz are due to Macdonald, Phil. 
'Trans, of the Roi/al Soc. cox. A (1910), pp. 131 — 144, and Nioholsorj, Phil. Mag. (6) xiv. 
(1907), pp. 697—707 ; (6) xix. (1910), pp. 228—249; 516—537; Proa. London Math. Soo. (2) 
IX. (1911), pp. 67— 80; (2) xi. (1913), pp. 104—126. A result concerning Q v + \-Q„, which 
is closely connected with (8), has been published by A. Lodge, British Association Report , 
1906, pp. 494—498. 


8*2. The principle of stationary phase. Tiessel functions of equal order 
and argument. 

The principle of stationary phase was formally enunciated by Kelvin* in 
connexion with a problem of Hydrodynamics, though the essence of the principle 
is to be found in some much earlier work by Stokesf on Airy’s integral (§ 6’4) 
and Parseval’s integral (§ 2-2), and also in a posthumous paper by RiemannJ. 

The problem which Kelvin propounded was to Hud an approximate expression for the 
integral 

i r 

u = -— / cos [?a {x — tf {in)]] dm, 

"Air J o 

which expresses the effect at place ami time (x, t) of an impulsive disturbance at place and 
time (0, 0), when f{m) is tho velocity of propagation of two-dimensional waves in water 
■corresponding to a wave-lougth 27r/m. Tho principle of interference set forth by Stokes 


* Phil. Mag. (6) xxm. (1887), pp. 252—255. [Math, and Phys. Papers, rv. (1910), pp. 803—806.] 
t Oamb. Phil. Trans, rx. (1850), pp. 175,188. [Math, and Phys. Papers, xt, (1888), pp. 841, 851.] 
J Q-es. Math . Werke (Leipzig, 1876), pp. 400—400, 
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and Bayleigh in their treatment of group-velocity and wave-velocity suggested to Kelvin 
that, for large values of x~tf(m), the parts of the integral outside the range (p-a, p+a) 
of values of m are negligible on account of interference if p is a value (or the value) of m 
which makes 

g^[w {«-*/(«)}]- 0. 


In the range {p-a, p+a), the expression m{x- tf{r>i)} is then replaced by the first 
three terms of its expansion by Taylor’s theorem, namely 

(p)}+0.(m-p)-&{rf" (p) +2/' (/*)} (m-/x) 2 , 

and it is found that, if* 

cr 2 

j COB + d<J 

tlWI1 (/*))] 

_ COS {tp*/ 1 {p) + ±n} 
n/[ — 2irt {ftf" (p) + 2fl (/*)} ]' 

In the last integral the limits for <r, which are large even though a be small, have been 
replaced by - oo and + oo. 

It will be seen from the foregoing analysis that Kelvin’s principle is, effectively, that in 
the ease of the integral of a rapidly oscillating function , the important part of the integral is 
due to that part of the range of integration near which the phase of the trigonometrical 
function involved is stationary i. 


It has subsequently been noticed J that it is possible to give a formal 
mathematical proof of Kelvin’s principle, for a large class of oscillating functions, 
by using Bromwich’s generalisation § of an integral formula due to Dirichlet. 

The form of Bromwich’s theorem which will be adequate for the applica¬ 
tions of the principle to Bessel functions is as follows : 

Let F (x) be a function of x which has limited total fluctuation when # ^0; 
let 7 be a function of v which is such that wy -*■ oo as v-*~ oo . Then, if— 1 </ a < 1 , 

f P l - 1 sint.dt= F(+ 0) V (p) sin \prr\ 

and, if 0 < p < 1, the sines may be replaced by cosines throughout. 

The method which has just been explained will now be used to obtain an 


* This is the appropriate substitution when m{x — tf(m)\ has a minimum at m=p; for a 
maximum the sign of the expression under the radioal is changed. 

+ A persistent searoh reveals traces of the use of the principle in the writings of Cauchy. Bee 
e.g. equation (119) in note 16 of hiB Th€orie de la propagation des Ondes, crowned Sept. 1816, 
MCm. pr4sentes par divers savants, I. (1827). [Oeuvres , (1) i. (1882), p. 280.] 
t Froc. Camb. Phil Soc. xix. (1918), pp. 49—66. 

§ Bromwich, Theory of Infinite Series, § 174. 
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approximate formula for J v (v) when v is large and positive, 
which was discovered by Cauchy*, is 


( 1 ) 


J v ( V) 


_IA iL_. 

2 ^ . 3 ^ 7 TV^ 


This formula, 


This formula has been investigated by means of the principle of stationary phase, com¬ 
paratively recently, by Nicholson, Phil. Mag. (6) xvi. (1909), pp. 276—277, and Rayleigh, 
Phil. Mag. (6) xx. (1910), pp. 1001—1004 [Scientific Papers, v. (1912), pp. 617—620]; see 
also Watson, Proc. Camh. Phil. Soc. xix. (1918), pp. 42—48. 

From § 6'2 (4) it is evident that 

J v (v) ~ ■- f cos {v (0 — sin 0)} do — S - n - V7r f e -»M«+siiih*) 
trJo 7r Jo 

and obviously 

l 8 ®^ (VfrW-hfl# 

: 7T .'o 

Hence 

J v (v) — ^ J cos [v (6 - sin 6)} dO + 0 (l/v). 

Now let (f) = 0 — sin 6, and then 

f cos [p (0 — sin 0)} d0= f ^ 

Jo . Jo 1 — cos 0 ^ 

But lim —§.— =—*> 

d~*~o 1 — cos 6 6* 

and hence, if <£®/( 1 — cos 0) has limited total fluctuation in the interval (0, ir), 
it follows from Bromwich's theorem that 

f n cos v<b ,. 2 f® , a , , 

*' 008 

= 0 T,* r(i)CO8i,r ' 

and then (1) follows at once. 

It still has to bo proved that </>&/(l-co»0) has limited total fluctuation ; to establish 
this result we obsorvo that 

d ( <jl>H 1 _ <j> ~hn\n6g(6) 
d$ jl — cos 6} ~ 3(1—eos0) 2 ’ 

• where <j (6) = ^1- ” -3(6- sin 6), 

sin 6 

so that #(())=>0, < 7 (tt- 0 )=+oo , 

(f (6) «*> (1 - cos 0) 2 /(l+coa 6) ^ 0, 

and therefore, by integration, g (0)^.0 when O^d^ir. Consequently ^/(l - cos 6) is 
monotonic and it is obviously bounded. The result required is therefore proved. 


f e~* vt dt= 0(1/p). 

T JO 


* Gomptes Rendus, xxxvm. (1864), p. 998. [Oeuvres, (1) xu. (1900), p. 008.] A proof by 
Cauchy’s methods will be given in g 8*21. 
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By means of some tedious integrations by parts*, it is possible to obtain 
a second approximation, namely 


( 2 ) 


J v {v) 


_r (*) 

2*. 3*. ttv* 


3 f r($) 

2^. 1407ri4 


+ o (*»”*), 


and it may also be proved that 

(3) j ;+ ° O' -1 )i 


an associated formula is 
(4) 


7 V (v)~ 


3*rq) 

2$ TTV^ 


The asymptotic expansions, of which these results give the dominant 
terms, will be investigated with the aid of more powerful analytical machinery 
in § 8 - 42. 


8*21. Meissel’# third expansion. 

The integral just discussed has been used by Cauchyf and Meissel $ to 
obtain the formal asymptotic expansion of J n (n) when n is a large integer. 
It will now be explained how this expansion was obtained by Cauchy and (in 
a more complete form) by Meissel; the theoretical justification of the pro¬ 
cesses employed will be investigated in § 8’42. 

Taking the formula 

J n (n) = — j* cos [n (0 — sin 0)} dd, 

let us write 6 — sin 6 = ; it then follows that, for sufficiently small values of t, 

+ + 2 X m l 2m+1 ; 

m =0 

and X 0 = 1, X x = X 2 = ‘ r ^ Tr , \ 8 = X. 4 = T77 f| IRnr , 


It follows that 

Jn (») = “ (^ | ^(2™ + !) 2m £ m j cos (i?i£ 8 ) — dd. 

When n is large, Jnt 3 is large at the upper limit, and Meissel inferred that 

IS (2m + l)\ m .G[ t*” 1 cob (l nt*)dt, 

IT mm 0 Jo 

* BeeProc. Oamb. Phil. Soc. m. (1918), pp. 42—48. 

t Oomptes Bendus, xxxviii. (1854), pp. 990—998, 1104—1107. [ Oeuvres , (1) xn. (1900), 
pp. 161—164, 167—170.] 

t A*«r. Nach. orxvn. (1891), coL 869—862; cxxvm. (1891), ool. 146—164. Concerning 
formula (1), Meissel stated “ Schon vor dreissig Jahren war ioh zu folgenden Forme! gelangt.” 



FUNCTIONS OF LARGE ORDER 


233 


8 *21,8-22] 

where 0 is the sign indicating a “generalised integral” (§ 6 ’4); and hence, by 
integrating term-by-term and using Euler’s formula, Meissel deduced that 

( 1 ) j n (n)~- 2 r(§m + f) (-) cos(|w+^)7r. 

7T jn—o yn/ 


Meissel also gave an approximation for \ m , valid when in is large; and this approxima¬ 
tion exhibits the divergent character of the expansion ( 1 ). 

The approximation is obtainable by the theory developed in the memoir of Darboux, 
“Sur ^approximation des functions de trhs grands nombres,” Journal do Math, (3) IV. (1878), 
pp. 5—56, 377—416. 

We consider the singularities of 8 qua function of t ; the singularities (where 8 fails to 
be monogenic) are the points at which 8 = 2rrr and t — ( 12 ?^)^, where >•«= ± 1 , + 2 , ± 3 , ,; 
and near* t= ±( 12 w)^ the dominant terms in the exjuansion of 8 are 

± 2n + (36r)h \ 1 + —--=- 1 *. 

y (12t r)iJ 


By the theory of Darboux, an approximation to h m is the sum of the coefficients of 
gStn + i j n the expansions of the two functions comprised in the last formula ; that is to say 


that 


\ m ~ 2 . (36rr)^ 


ft.jj.j{...(2t W -a) 

( 2 ?n + 1 )! ( 12 ,r) 8 Hl + * 


2r(2m + |) 

3* r(^)^(2m + 2).(12^r) 3m, 

and so, by Stirling’s formula, 

X "‘ (1H)^ r(^) (/«(ia7r)* w *' 

This is Meiasel’s approximation ; an approximation of the same character was obtained 
by Cauchy, loc. cit., p. 1106. 


8*22. The application of Kelvins principle to J y (vsec/3). 

The principle of stationary phase has been applied by Rayleigh f to obtain 
an approximate formula for ,/„ (n sec /3) where /3 is a fixed positive acute angle, 
and v is large J. 

As in § 8‘2 we have 

J v {v sec /3) = -- f W cob fv (0 — sec j3 sin 0)} dd -f 0{l/v), 

TT : 0 

and 6 — sec/8 sin 6 is stationary (a minimum) when 6 = ft. 

Write 6 — sec $ sin 6 = /9 — tan (3 -{■ 4», so that <f> decreases to zero as 6 in¬ 
creases from 0 to /S and then increases as 6 increases from /3 to tt. 

* These are the singularities which are uearest to the origin, 
t Phil. Mag. (0) xx. (1910), p. 1004. [Scientific Papers, v. (1912), p. 020.] 
t See also Macdonald, Phil. Trans, of the Royal Soc. ocx. A (1910), pp. 181—144; and Proc. 
Royal Soc. lxxi. (1908), pp. 251—258; Lxxn. (1904), pp. 59 — 68 . 
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j" cos [v (d — sec f$ sin 6)} dd 

° =[f +J 

[J ta.np-fi Ji 


[chap, vni 


|*jr _ |3 +tanks' 
0 


dd 


cos {v(<f> +ft— tan #)} ^ d<j>, 


and <£* 


dd 


as 6 -*■ ft. 


d<}) ! ^ V(2 tan /3) 

Hence, if <f>* ( ddjd<f> ) Acts limited total fluctuation in ike range 0^0 ^ir, it 
follows from Bromwich's theorem that 

j* cos {v(d — sec ft sin 6)} d6 2j* cos {v (<£ + ft — tan £)} - 


“\/(i 


2 W 


\v tan ft, 

cos {v (tan ft — ft) — ^ 7 r 


tan#) 

.cos {i/(tan # — #) — Jw}, 


and so 

( 1 ) (v sec #)' 

The formula 

( 2 ) 

is derived in a similar manner from § 6‘21 ( 1 ). 

The reader will observe that these are the dominant terms in Meissel’s 
expansions §8T2(6), (6). 


tan #) 

xr , sin {v(tany3-/S)-^7r} 

Y v (v sec #) ~ -— 777 — ~ , • 

x tan#) 


To oomplete the rigorous proof of these formulae we 
limited total fluctuation. 


have to shew that <$ (dBjdtfi) has 


Now the square of this function, namely <f> (dti/cty)*, is equal to 


say. But 


0 - sec ft sin 6 - ft +tan ft , . . 
(1 —sec/3 cos 0) 3 a 1 


cos ft cosec 6 (1 - sec ft cos d) a -2 (d—sec ft sin 6 - 0+tan ft) 
cos ft cosec 5 (1 - sec ft cos d) 3 


The numerator, h (0), of this fraction has the differential coefficient 
-.cos ft 00 s 6 cosec 2 0 ( 1 - sec ft cos d) a , 

and so k(6) decreases steadily as 6 increases from 0 to far, and then increases steadily 
as 6 increases from ..iff to w, since k(0)=O when d=/3<iff, it follows that h‘ (6) <0 
when 0^0^ ft and h! (6) changes sign once (from negative to positive) in the range 
j9<d<jr. 

Hence | <Jh (d) | is monotonic (and decreasing) when 0^6^ft, and it has one stationary 
point (a minimum) in the range ft < 6 < n; since | *Jh (0) | is bounded and continuous 
when 0 < 0 it consequently has limited total fluctuation when 0 < d < tr, as had to be 
proved. 
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8*3. The method of steepest descents. 

A development of the theory of contour integration, called the method of 
steepest descents*, has been applied by Debye-f* to obtain integral representa¬ 
tions of Bessel functions of large order from which asymptotic expansions are 
readily deduced. If, in general,, we consider the integral 

Je vJ>M <f>(tu) dw, 

in which | v | is supposed to be large, the contour is chosen so that it passes 
through a point w 0 at which /' (w) vanishes ; and the whole of the contour is 
then determined by the assumption that the imaginary part of f(w) is to 
be constant on it, so that the equation of the contour may be written in 
the form 

If(w)=If(w 0 ). 

To obtain a geometrical conception of the contour, let w = u + iv, where u, v 
are real; and draw the surface such that the three coordinates of any point 
on it are 

u, v, Rf (w). 


If Rf{w) — z, and if the ^-axis be supposed to be vertical, the surface has no 
absolute maxima or minima except where f(w) fails to be monogenic; for, at 
all other points, 


Tfz ,dy_ 


The points [a„, v 0 , Rf(iv 0 )] are saddle points, or passes, on the surface, so that 
the contour of integration is the plan of a curve on the surface which goes 
through one of the passes on the surface. This curve possesses a further 
property derived from the equation of the contour; for the rate of change of 
f(w), at any given value of w, has a definite modulus, since f(tv) is supposed 
to be monogenic ; and since If (pi) does not change {is w traverses the contour, 
it follows that Rf (tv) must change as rapidly as possible; that is to say, that 
the curve is characterised by the property that its direction, at any point of 
it, is so chosen that it is the steepest curve through that point and on the 
surface. 

It may happen that we have a freedom of choice in selecting a pass and 
then in selecting a contour through that pass; our choice is to be determined 
from the consideration that the curve must descend on both sides of the pass; 
for if the curve ascended, Rfi'w) would tend to + °o (except in very special 
cases) as w left the pass, and then the integral would diverge if R ( v) > 0. 


* French “Mithode du Col,” German ‘‘Methods der Sattelpunkte.” 

t Math. Ann. lxvii. (1909), pp. 036 —668; MUnchener Sitzungsbcrichte, xx>. [6], (1910). The 
method is to be traced to a posthumous paper by Biemann, Werke, p. 406; and it has recently 
been applied to obtain asymptotic expansions of a variety of functions. 
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The contour has now been selected* so that the integrand does not 
oscillate rapidly on it; and so we may expect that an approximate value of 
the integral will be determined from a consideration of the integrand in the 
neighbourhood of the pass: from the physical point of view, we have evaded 
the interference effects (c£ § 8*2) which occur with any other type of contour. 

The mode of derivation of asymptotic expansions from the integral will be 
seen clearly from the special functions which will be studied in §§ 8*4—8*43, 
8*6, 8'61; but it is convenient to enunciate at this stage a lemmaf which will 
be useful subsequently in proving that the expansions which will be obtained 
are asymptotic in the sense of Poincar6. 

Lemma. Let F(r) be analytic when \ r | ^ a + 8, where a > 0, 8 >0; and let 


F(r) = 2 

OT-i 

when | r | < a, r being positive; also , let | F (t) j < Ke br , where K and b are 
positive number’s independent of r, when r is positive and t ^ a. Then the 
asymptotic expansion 

f e~ VT F(r) dr~ 2 a m T (m/r) v~ m t r 
Jo *»«=i 

is valid in the sense of PoincarS when j v | is sufficiently large and 

I ar g v | $ - A, 

where A is an arbitrary positive number 

It is evident that, if M be any fixed integer, a constant K x can be found 
such that 


F(t )-V a m T {m/r) ~ 1 




I m=*l i 

whenever r ^ 0 whether r^aor t > a; and therefore 


where ~ 


f e~ vr F(f)dT— 2 [ e~ VT a m r im ^ 1 dr + Rm, 
J 0 m =1 J 0 

| Rm j < f | e~ VT | • & dr 

J 0 


= 0(v- M lr), 

provided that R (v) > b, which is the case when | v | > b cosec A. The analysis 
remains valid even when b is a function of v such that R(v) — b is not small 
compared with v, We have therefore proved that 
r® m-\ 

e~ VT F(r) dr= 2 a m T ( m/r ) v~ mlr + 0 (v~ M/r ), 

J 0 n»-l 

and so the lemma is established. 


* For an aooount of researches in which the contour is the real axis see pp. 1848—1850 of 
Burkhardt’s article in the EncyclopUd.it der Math. Wi$s. ii. 1 (1916). 
t Of. Proc. London Math. Soc. (2) xvii! (1018), p. 138. 
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8*31. The construction of Debye’s contours* when the variables are real . 

It has been seen in §§ 6‘2,6*21 that the various types of functions associated 
with J v (x) can be represented by integrals of the form 

inhio-w^ 

taken along suitable contours. On the hypothesis that v and x are positive, 
we shall now examine whether any of the contours appropriate for the 
method of steepest descents are of the types investigated in §§ 6‘2, 6*21. 

In accordance with the principles of the method of steepest descents, as 
explained in § 8 - 3, we have first to find the stationary points of 

x sinh w — vw, 

qua function of w , i.e. we have to solve the equation 

(1) x cosh w — v — 0; 

and it is at once seen that we shall have three distinct cases to consider, 
in which xjv is less than, greater than, or equal to 1, respectively. We con¬ 
sider these three cases in turn. 


(I) When xjv < 1, we can find a positive number a such that 
(2) a* = v sech a, 

and then the complete solution of (1) is 

w — ± a + 2inri. 

It will be sufficient to confine our attention to the stationary pointsf ± a ; at 
these points the imaginary part of a? sinh w — vw is zero, and so the equation 
of the contour to be discussed is 

I ( x sinh w — vw) = 0. * 

AVrite w = u + iv, where u, v are real, and this equation becomes 

cosh u sin v — v cosh a = 0, 


so that v = 0, or 

( 3 ) 


cosh u = 


v cosh a 
sin v 


The contour v = 0 gives a divergent integral. We therefore consider the 
contour given by equation (3). To values of v between 0 and i r, corre¬ 
spond pairs of values of u which are equal but opposite in sign; and as v 
increases from 0 to v, the positive value of u steadily increases from a to + oo. 


* The contours investigated in this section are those whioh were discussed in Debye’s earlier 
paper, Math. Ann. i.xvii. (1909), pp. 585—558, except that their orientation is different; of. §6*21. 

f The effect of taking stationary points other than ± a would be to translate the oontour 
parallel to the imaginary axis. 
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The equation is unaltered by changing the sign of v and so the contour is 
symmetrical with regard to the axes; the shape of the part of the contour 
between v — — tt and v = w is shewn in Fig. 16. 



Fig. 16. 


If r = sinh a — a cosh a — (sinh w — w cosh a), 

it is easy to verify that t (which is real on the curves shewn in the figure) 
increases in the directions indicated by the arrows. 

As w travels along the contour from oo - iri to oo + iri, r decreases from 
+ oo to 0 and then increases to + oo ; and since, by § 6'2 (3), 

I 

J p (x) = . e* 8inh «- ™dw, 

^TnJoo-Tri 

we have obtained a curve from which we can derive information concerning 
J v (x) when x and v are large and x/v < 1. The detailed discussion of the 
integral will be given subsequently in §§ 8'4, 8*5. 

The contours from oo to oo i give information concerning a second 
solution of Bessel’s equation; but this problem is complicated by Stokes’ 
phenomenon, on account of the two stationary points on the contour. 

(II) When x/v > 1, we can find a positive acute angle /3 such that 

(4) x = v sec ft, 

and the relevant stationary points, which are now roots of the equation 

cosh w — cos /3 = 0, 

are w = ±ifi. 

When we take the stationary point ift, the contour which we obtain is 
I (sinh w - w cos 0) = sin /3 — 0 cos ft 
so that, replacing w by u + iv, the equation of the contour is 

(5) + 


sint; 
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Now, for values of v between 0 and ir, the function 
sin ft + (v — ft) cos ft — sin v 

has one minimum (v — ft) at which the value of the function is zero; for other 
values of v between 0 and i r, 

sin ft + (v — ft) cos ft > sin v. 

Hence, for values of v between 0 and 7r, equation (5) gives two real values 
of u (equal but opposite in sign), and these coincide only when v *» ft. They 
are infinite when w is 0 or 7r. 

The shape of the curves given by equation (5) is. as shewn in the upper 
half of Fig. 17 ; and if 

r = i (sin ft — ft cos ft) — (sinh w — w cos ft), 

it is easy to verify that t (which is real on the curves) increases in the 
directions indicated by the arrows. As w travels along the contour from — oo • 
to oo + ’rri, t decreases from + oo to 0 and then increases to + oo and so we 



Fig. 17. 


have obtained a curve; from which [§ 6*21 (4)] we can derive information con¬ 
cerning HJ n (&■) when x and v are large and x/v > 1. The detailed discussion 
of the integral will be given in §§ 8 - 41, 15’8. 

If we had taken the stationary point — ift , we should have obtained the 
curves shewn in the lower half of Fig. 17, and the curve going from — oo to 
oo —7 ri gives ah integral associated with H v { * y (x ); this also will be discussed 
in § 8*41. The two integrals now obtained form a fundamental system of 
solutions of Bessel’s equation, so that there is a marked distinction between 
the case cd/v < 1 and the case xjv >1. 
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(III) The. case in which v**x may be derived as a limiting case either 
from (I) or from (II) by taking a or ft equal to 0. The curves now to be con¬ 
sidered are v = 0 and 

(6) cosh u — y/sin v, 

and they are shewn in Fig. 18. 



Pig. 18. 


We obtain information concerning HJ 1] ( v ) and H}' 1) (v) by considering the 
curves from — oo to oo ± m, while information concerning J y ( v ) is obtained 
from the curve which passes from oo — tti to oo + iri. The detailed investiga¬ 
tion will be given in §§ 8*42, 8*53, 8*54. 

8*32. Geometrical properties of Debye’s contours. 

An interesting result whioh will be found to be important in dealing with zeros of 
Bessel functions (§ 15*8), and whioh is also used in proving certain approximate formulae 
whioh will be stated in § 8*43, is associated with the second of the three contours just dis- 
oussed (Fig. 17 of § 8-31). The theorem in question is that the slope * of the branch from 
— oo to oo + jrt is positive and does not exceed J2. 

It is evident that, for the curve in question, 

sink — — s * p (v—ff) —(v —ft) cos v cos ft 
dv ~~ sin a v 

But sin (v— 0) seo v - (v — /3) cos ft has the positive derivative cos /3 tan 2 v, and henoe it 
follows that 

sin (v-/3)—(v— ft) cos v cos ft 

has the same signt as v— ft. Therefore since v—ft and v are both positive or both negative 
for the ourve under consideration, dvjdu is positive. 

* Proe. Comb. Phil. Soe. xix. (1918), p. 105. Since, in the limiting case (Fig. 18) in which 
ft =0, the slope is 0 on the left of the origin and is immediately on the right of the origin, no 
better resnlts of this type exist. 

f This is obvious from a figure. 
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Again, to prove that dvjdu does not exceed v/3, we write 


■>f,(v) 


_ sin 0+(v—0) cos 0 


sin v 


and then it is sufficient to prove that 

3^' 2 (v)-^ 0)+l ^0. 

Now the expression on the left (which vanishes when v=0) has the derivate 

S*'(•>[**" (*)-*(*)] 

[(w—jS) {sin 2 w+3 cos 2 y} cos 0+ sin 2 v sin 0 - 3 cos v sin (® - (3)]. 


But 


(v~0) cos/3+ 


sin 2 v sin 0 - 3 cos v sin (v—0) 
sin 2 v +3 cos 2 v 


4 sin 4 v cos 3 

has the positive derivate —r-«—-r-—and so, sinoe it is positive when v=0, it is 
r (sin' v +o cos* vp ’ 

positive when 0 < v < ir. Therefore, sinoe i// ( v ) has the same sign os v - 0, it follows that 

2*>)[3*'>)-*(*)] 

has the same sign &av—0, and consequently 

3*' 3 (»)-iP(»)+l 

has v=0 for its only minimum between v=0and v=jr; and therefore it is not negative. 
This proves the result stated. 


8 * 4 . The asymptotic expansion* of J y (v sech a). 

From the results obtained in § 8 - 31 we shall now obtain the asymptotic 
expansion of the function of the first kind in which the argument is less than 
the order, both being large and positive. 


We retain the notation of § 8'31 (I); and it is clear that, corresponding to 
any positive value of r, there are two values of w\ which will be called u>i and 
io 2 ; the values of w x and m, differ only in the sign of their imaginary part, and 
it will be supposed that 

I(w l )> 0 , I (Wi) < 0 . 


We then have 


J v (v sech or) = 


gv (tanli a—a) 

27ri 



dr, 


where x =* v sech a. 


Next we discuss the expansions of w, and w 3 in ascending powers of r. 
Since r and dr/dw vanish when w = a, it follows that the expansion of r in 
powers of w — a begins with a term in (w — a) 8 ; by reverting this expansion, 
we obtain expansions of the form 


w x ~ a — 


% Jh*. T i(mfi) > 

w=0W l + 1 


Wa“ 


= 2 (—Y * l+1 
j»=>o m + 1 


* The asymptotic expansions contained in this section and in §§ 8‘41, 8*42 were established 
by Debye, Math. Ann. lxvii. (1909), pp. 585—568. 


W. B. F. 


16 
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and, by Lagrange’s theorem, these expansions are valid for sufficiently small 
values of | r j. Moreover 

1 r(°+»°+) /dwA dr 

“*“2«J WW ’ 

l r< a+ > dw 
2 t rij ' 

The double circuit in the T-plane is necessary in order to dispose of the 
fractional powers of r; and a single circuit round a in the w-plane corresponds 
to a double circuit round the origin in the T-plane. From the last contour 
integral it follows that Om is the coefficient of lj(w — a) in the expansion of 
T —ageending powers of w — a\ we are thus enabled to calculate the 
coefficients a m . 

Write w — a = W and we have 

t = — sinh a (cosh W — 1) — cosh a (sinh W — W) 

— W* (c 0 + C x W + Ca W 4 + .. .), 

where c„ = -| sinh a, Ci~~\ cosh a, c t = -fa sinh cl,.... Therefore a m . is the 
coefficient of W m in the expansion of {c 0 + c 1 W + c 2 W* +... } _i 

The coefficients in this expansion will be called a 0 (m), a x (m), a B (m), 
and so we have 


( 1 ) 


a 0 (to) - Co 

<h (to) = Co¬ 


tta (to) = Cq 

tta (m) as Co 


-J (wi+1) 

—i (w+i) 


m +1 Ci 
TT\ • C 0 f ’ 

to + 1 Cj (m + l)(m + 3) Ci 
' 2 . 1 ! 'c 0 + 2 a . 2 ! ' Co 




m + 1 

2 . 1 ! 


c 3 , (m + 1) (m + 3) 2ciC a 

_ + 2*72 r~" • ~cf 


(to + l)(m + 3)(m + 5) 
2*73! ' 


a 4 (m) = c 0 _ l (Ml+1) 


m +1 c t (m + 1) (m + 3) /2C]C # cA 

~~2.1lV 2*:2! W~ c 0 7 

(m + 1) (to + 3) (to + 5) 3cfc a 


2 3 .3! ‘ Co 8 

(m + 1) (to + 3) (to + 5) (m + 7) Ci 
2 4 .4! ' Cu 


+ 


On substitution 

/ Oo = a 0 ( 0 ) = 


(2) 


ttx = a x (1)! 
tta = tta ( 2 ) 

(h = a 3 {S) 
tt < = tt,(4): 


we find that 
= + (— £ sinh a) - *, 

= - (- \ sinh a ) -1 (£ coth a}, 
s - (- 4 sinh a)"* - fa coth* a}, 

= “ (~ & sinh a)~* {-^ coth a — fa coth* a}, 

= + (-■£ sinh a)"* j T $* - jfa coth 2 a 4 coth 4 a}, 
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dr 


= 2 OgiB r m ~t 
m =fl 


when j t j is sufficiently small; and since 

dr 


dw 


cosh a — cosh w, 


it follows that d(w 1 — w a )/dT tends to zero as r tends to + oo. 

Hence the conditions stated in the lemma of § 8'3 are satisfied, and so 

(dw l dw a | 




has the asymptotic expansion 


when x is large. 


v “w r(m + | ) 

n = 0 


Since arg {(m/j 1 nr as r •-*- 0, it follows that, in (2), the phase of a v 

has to be interpreted by the convention arg a 0 = + |tt, and hence 


( 8 ) 

where 

(4) 


J, (v sech a) r>o 


tanh o) F (|) ‘ tanh a) m ’ 


M„=l, ^i = ^-^coth a «, 
j = T g-fl ~ coth a a -f- coth 4 a, 


The formula (3) gives the asymptotic expansion of ^(i/secha) valid when 
a is any fixed positive number and v is large and positive. 


The corresponding expansion for the function of the second kind, obtained by taking a 
contour from - oo to oo ± iri, is 

(5) Y y (v socli a)-2 /n vi f T to’ 

v } x tank a) ,„^n I (|>) (J»» tank a) m 


The position of the singularities of d{w x —w^)ldr, qua function of the 
complex variable t, should be noted. These singularities correspond to the 
points where w fails to be a monogenic function of r, i.e. the points where 
dr/dw vanishes. Hence the singularities correspond to the values ± a + 2mri 
of so they are the points where 

r = 2mri cosh a, t = 2 (sinh a - a cosh a) + 2mri cosh or, 
and rt> assumes all integral values. 


It is convenient to obtain a formula for dwjdr in the form of a ooutour integral; if 
(to n , t 0 ) be a pair of corresponding valuos of (w, r), then, by Cauchy’s theorem, 

/dw\ 1 f( r e+) dw dr 1 i ( w o+) dw 
\dr)o 2iri J dr r -tq %rri J r — To ’ 

where the contour includes no point (except w Q ) at which r has the value ro. 


10—2 
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8 * 41 . The asymptotic expansions of J p (v sec /3) and F„ {v sec $). 

In § 8*4 we obtained the asymptotic expansion of a Bessel function in 
which the argument was less than the order, both being large; we shall now 
obtain the asymptotic expansions of a fundamental system of solutions of 
Bessel’s equation when the argument is greater than the order, both being large. 

We retain the notation of § 8*31 (II); it is clear that, corresponding to any 
positive value of t, there are two values of w lying on the contour which 
passes from — oo to oo + iri ; these values will be called w 1 and w„ and it will 
be supposed that 

R (wj >0, R (w a ) < 0. 

We then have 

TT, 1U 0 . e *t,tan0—0) r® d ) 

where x — v sec / 8 . The analysis now proceeds exactly on the lines of § 8’4 
except that a is replaced throughout by i(5, and the Bessel function is of the 
third kind. 

It is thus found that 

Jo ( dr dr) m to x™** 

To determine the phase of o 0 , that is of (— \i sin / 9 )~* we observe that 
arg {(w! — i^)jr) ^ 7 r as t -► 0 , and so 

a 0 = sin >9). 

Consequently 

( 1 ) HJ* (v sec fi) ~ 2 _4s._ 

V(i^tan^) T(£) '(^tany9)“ 

In like manner, by taking as contour the reflexion of the preceding contour 
in the real axis of the w-plane, we find that 


( 2 ) I £<«+£ . 


V(iwtan^) w= o T(£) (—|vttanj8) m * 

In these formulae, which are valid when is a fixed positive acute angle 
and v is large and positive, we have to make the substitutions : 

f •^■o = lj -d-i = 4- cot a /3, 

(3) j “ ife + Wi eo^ + M oofrA 

If we combine (1) and (2), we find that 

(4) */"„ (i/ sec ) 3) r>j 
/ 2 \* 


^V7T 


tan fi) 


cos(*tan p-vp-ln) 2 (r . ) m rffiw + j) - - 

' T(i) (*i/tan/9)“» 


f» = 0 


+ sin (*> tan (S — vB — ^Tr) 2 L.) wr ( 2m + i) _ 

P t 7r;^ o p (i) ' (£vtan/C?) MH ' 1 J ’ 
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(5) y,(v8ecfi)~ 


/ 2 . o o \ \ x (~) w r(2m + f) A m 

W —rgr- 1 -<F55 


w 

, . 0 O I \ % ("~) m r (2w + f) -4am+i 

-«»(Ftan^-^-*w) 2-r(|) - (^tan/3r 


>»n 


m=0 


The dominant terms in these expansions are those obtained by the principle 
of stationary phase in § 8’21. 


8*42. Asymptotic expansions of Bessel functions whose order and argument 
are nearly equal. 

The formulae which have been established in §§ 8‘4, 8’41 obviously fail 
to give adequate approximations when a (or /8) is small, that is when the 
argument and order of the Bessel function concerned are nearly equal. It is, 
however, possible to use the same method for determining asymptotic ex¬ 
pansions in these circumstances, and it happens that no complications arise by 
supposing the variables to be complex. 

Accordingly we shall discuss the functions 

ns) (z), m*{z\ 

where z and v are complex numbers of large modulus, such that \z — v\ is 
not large. It will appear that it is necessary to assume that z — v *= o(z i ), in 
order that the terms of low rank in the expansions may be small. 

We shall write 

v = z(l - e ), 

and it is convenient to suppose temporarily that 

| argz | < r. 

We then have 

^ roo -t-W 

(1) Hf ] ( z) = —. I exp {s(sinh w - w) + zew j dw t 

x ' rr% J —oe 

where the contour is that shewn in Fig. 18; on this contour sinh w — w is real 
and negative. 

We write 

t — w — sinh w, 

and the values of w corresponding to any positive value of r will be called w x 
and w i% of which w x is a complex number with a positive real part, and w « is 
i real negative number. 

We then have 

(2) HJ l) ( z) = i (T n jexp (zew x ) ~ - exp (zew t ) dr. 
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The expansion of t in powers of w begins with a term in tu 3 , and hence we 
obtain expansions of the form 

exp (seti/i) = r -3 t b m r im , 
ar OT =o 

- 

/7a/i oo 

exp (zewt) -y- 2 = t“ 8 X e* {m+l) w b m t**, 
ar »ft=o 

and these are valid when | r | is sufficiently small. 


To determine the coefficients b m we observe that 


■-b?J 


(0+, 0+, 0+) 


exp ^ 


dwA dr 


( 0 +) 


exp ( zew) 


dr ) 
dm 


(w — sinh < w+1 > ’ 


As in the analogous investigation of § 8 "4, a single circuit in the r-plane 
is inadequate, and the triple circuit is necessary to dispose of the fractional 
powers of t; a triple circuit round the origin in the T-plane corresponds 
to a single circuit in the w-plane. 


It follows that b m is equal to Je* (M+1) H multiplied by the coefficient of w m 
in the expansion of 

exp (zew ). {(sinh w — w)/w s }~ i 


The coefficients in this expansion will be called 6„(m), 6j(m), 6. 2 (m),... so that 


b m = b m (m). 

It is easy-to shew that 

bi (m) = 6^ m+1) ez, 

e V m + r 
2 ~ 60 J’ 

(m-bl)e 3 z !l (m + 1) (7m + 8)' 
24 120 + " ~T0400 


For brevity we write 


h (m) = 


6 a (m) = 6^’ n+1) 


b m (rn) = 6^ m+ ^B m (ez) i 
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8 - 42 ] 

so that* 


(4) 


B 0 (ez) = 1, B 1 (ez)^ez, 

Bi (ez) = 1 ^- Ja, B a (ez) = JeV - -j \ez, 
' Bi (ez) = e 4 z* — T^e*^ + 

B t (ez) « - ^e 3 * 3 + 


[1?8 (0) = — ^8 (^) — T724%0^» -®» (0) “ ~ FB^W^rznr*] 

We then have 


( dw 00 

exp (zeWy) — $ t“* 2 jS OT (ez) t*” 1 , 

«t m=0 

•4 

///in 00 

exp (zew 3 ) ^ t _s 2 e (m+1),rt ' 6^ m+J) 2? m (es) t J mi , 

and [exp (zew). (dw/dr)] satisfies the conditions of the lemma of § 8’3. 
It follows from the lemma of § 8 - 3 that 

(5) H,u (z)^(ez )sin J (m +1 )tt. » 

and similarly 

(6) H.» ( 2 ) ~ - sin * (m +1) tt . ^^4 ' 

We deduce at once that 

1 


(V) J.(z)~ g- S (ez) sin J (m +1) *■. • 

From the Cauchy-Meissol formula §M'21 (2), it is to be inferred that, when 
m is large, 

JJ * n ~ r (if ). (m + -V) 4 (12w)S» ’ 

but there seems to be no very simple approximate formula for B m (ez). 


Tho dominant terms in (7) worn obtained by Meisscl, in a Kiel Programm t, 1892; 
and some similar mmlts, which seem to reHOpihlo those ntntod in {$ 8 - 43, wore obtained by 
Koppo in a Berlin Programm J, 1891). Tho dominant tonus in (8) as well as in (7) were 
•also investigated by Nicholson, Phil. Mag. (fl) xvi. (lfWHj, pp. 271—279, shortly before the 
appearanoo of Dobye’s memoir. 


* The values of /)„(0), /f a (0), ... /ti 0 (0) wore Riven by Moissel, A»tr. Naeh. oxxvn. (1891), 

col, 359 _302; apart from the use of tho contours Moissel’s analysis (of. § 8'21) is substantially 

the same as the analysis given in this section. Tho object of using the methods of contour 
integration is to evade the difficulties produced by using generalised integrals. 

The values of B a {tz), lh («z) and H 0 («z) will be found in a paper by Airey, Phil. Mag. ( 6 ) xxxi. 
(1910), p. 524. 

t See the Jahrbuch iliier die Fortschritte der Math. 1892, pp. 476—478. 

J Soe the Jahrbuch ilber die Fortschritte der Math 1899, pp. 420, 421. 
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We next consider the extent to which the condition | arg z | < | 7 r, which 
has so far been imposed on formulae (5)—( 8 ), is removable. 

The singularities of the integrand in (2), qua function of r, are the values 
of r for which w x (or w^j fails to be a monogenic function of r, so that the 
singularities are the values of r corresponding to those values of w for which 

drfdw = 0. 

They are therefore the points 

r = 2?l7rt’ ) 

where n assumes all integral values. 

It is consequently permissible to swing the contour through any angle f/ 
less than a right angle (either positively or negatively), and we then 
obtain the analytic continuation of H v ^ ( z) or H v ® (z) over the range 
— \*rr — rj < arg z — 37 . By giving 77 suitable values, we thus find that 
the expansions (5)—( 8 ) are valid over the extended region 

— 7r < arg z < 7T. 

If we confine our attention to real Variables, we see that the solution of the problem is 
not quite oomplete; we have determined asymptotic expansions of J v (x) valid when x and 
v are large and (i) xjv < 1, (ii) x/v> 1, (iii) | x- v | not large oomparod with x^. But there 
are transitional regions between (i) and (iii) and also between (ii) and (ili), and in these 
transitional regions xjv is nearly equal to 1 while \x — v\ is large. In these transitional 
regions simple expansions (involving elementary functions only in each term) do not exist. 
But important approximate formulae have been discovered by Nicholson, which involve 
Bessel functions of orders +^. Formulae of this type will now be investigated. 

8*43. Approximate formulae valid in the transitional regions. 

The failure of the formulae of §§ 8‘4—8 - 42 in the transitional regions led 
Nicholson* to investigate second approximations to Bessel's integral in the 
following manner: 

In the case of functions of integral order n, 

J n (x)=- ["cob (n0 - xsin 0) d0. 

7T Jo 

and, when x and n are nearly equal (both being large), it follows from Kelvin’s 
principle of stationary phase (§ 8 ' 2 ) that the important part of the path of 
integration is the part on which 0 is small; now, on this part of the path, 
sin 0 is approximately equal to 0- \&. It is inferred that, for the values of* 
a and n under consideration, 

1 f r 

Jn (#) ^ — j cos (nd — x0 + $x0*) d0 
If® 

™ - cos ( n0 — x0 + kx0 t ) dd } 

if Jo 

* Phil. Mag. ( 6 ) xix. (1910), pp. 247—249; see also Emde, Archiv der Math, und Phys. (3) 
xxiv. (1916), pp. 239—250. 
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and the last expression is one of Airy’s integrals (§ 6*4). It follows that, 
when as < n, 

m T 1 ( 2 ( nw «0)*i r /2 *(ti — 

(1) 1——j- M at*—;• 

and, when as > n, 

( 2 ) + 

where the arguments of the Bessel functions on the right are £ {2 (x — n)}*/a?h 

The corresponding formula for Y n (as) when x>n was also found by 
Nicholson; with the notation employed in this work it is 

(3) 

The chief disadvantage of these formulae is that it seems impossible to 
determine, by rigorous methods, their domains of validity and the order of 
magnitude of the errors introduced in using them. 

With a view to remedying this defect, Watson* examined Debyes 
integrals, and discovered a method which is theoretically simple (though 
actually it is very laborious), by means of which formulae analogous to 
Nicholson’s are obtained together with an upper limit for the errors involved. 

The method employed is the following: 

Debye’s integral for a Bessel function whose order v exceeds its argument 
£c(= v sech a) may be written in the formf 


J v (v sech a) = 


gv(tanho-a) r»+iri 


27 ri 


/•30-j-iri 

J cd-iH 


dw, 


where r = — sinh a (cosh w — 1) — cosh a (sinh w w), 

the contour being chosen so that r is positive on it. 

If t is expanded in ascending powers of w, Carlini’s formula is obtamed 
when we approximate by neglecting all powers of w save the lowest, 
— \w 2 sinh a; and .when a = 0, Cauchy’s formula of §8 2(1) is similarly ob¬ 
tained by neglecting all powers of w save the lowest, — -^w 3 . 

These considerations suggest that it is desirable to examine whether the 
first two terms, namely 

- sinh a-bus 3 cosh a, 

may not give an approximation valid throughout the first transitional region. 
The integral which we shall investigate is therefore 


f 

( 

J 


e~* T dW, 

where --£ W* sinha-i? 8 cosh a, 

* Proc. Carnb. Phil. Soc. tsx. (1918), pp. 96—110. ..... 

f This is deducible from §8*81 by making a change of origin m the tr-plane. 
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and the contour in the plane of the complex variable W is so chosen that r is 
positive on it. If W = U + iV, this contour is the right-hand branch of the 
hyperbola 

*7tanha + £Z7 3 = £F 3 , 

and this curve has contact of the third order with Debye’s contour at the origin. 
It therefore has to be shewn that an approximation to 


I'co +ut /•ocexp(Jirt) 

I e^div is I e~ m dW. 

Jao-iti J aoexp(-lwi) 

These integrals differ by 

i/>/: 


dw dW\ j 

Jr~W\ dT ' 

and so the problem is reduced to the determination of an upper bound for 
| [d(w— W)jdr] |. And it has been proved, by exceedingly heavy analysis 
which will not be reproduced here, that 


d (^- y )! <3 ^ a ech a , 


and so 


Hence 


N 

1 Too +JT< 1 

— I 0 ~ XT dw — s—; 

TTIJ ca-ni Z7T4 


6tt 

< — . 
V 


dw dJH , 

3 T--dr'\ dr 

r—^^3. 

J ooexp(— ini) v 


where 1 6 X \ < 1. 

To evaluate the integral on the right (which is of the type discussed in 
§6*4), modify the contour into two lines starting from the point at which 
W — — tanh a and making angles + ^7r with the real axis. 

If we write — tanh « + ge ±iwi on the respective rays, the integral becomes 


e iiri exp {\v tanh 8 a) f exp {— i vg 3 — £ vge*"* tanh 3 a} d% 
J o 


- e~ iH exp Qv tanh 3 a)J exp j— ^vf® — \v%e~^ tanh 3 a} dg. 

Expand the integrands in powers of tanh 2 a and integrate term-by-term—a 
procedure which is easily justified—and we get on reduction 

■§ iri tanh a exp tanh® a). (7_ j v tanh® a) —I j (£v tanh® a)], 

and hence we obtain the formula 

(4) J v {v sech a) — ex P { v (tanha -j- £tanh®a —a)} K^(}v tanh®a) 

+ 3^i -1 exp {v (tanh a — a)}, 

where | 0-y | < 1. This is the more precise form of Nicholson’s approximation (1). 


< 
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It can be shewn that, whether fav tanh® a be small, of a moderate size, or 
large, the error is of a smaller order of magnitude (when v is large) than the 
approximation given by the first term on the right. 

Next we take the case in which the order v is less than the argument 
a? (= v sec ft). 

We then have 

gvi(tan/3— p) rco+i(v-p) 


H v w (v sec ft) — 


m 


| /■oo+i(ir- 
J —oo —O 


e~* T dw , 


where r — — % sin ft (cosh w — 1) — cos ft (sinh w — w), 

the contour being so chosen that t is positive on it. 

The process of reasoning already employed leads us to consider the integral 

Jer^dW, 

where r = — W 3 sin ft — l W 3 cos ft, 

and the contour in the plane of the complex variable W is such that t is 
positive on it. If W s U+i V, this contour is the branch of the cubic 

{U 3 — V 3 )ta,nft + ^V(3U 3 — V 3 ) = 0 
which passes from — oo — i tan ft through the origin to oo exp 
It therefore has to be shewn that an approximation to 

/*oo +<(*r—/3) rooexpjirf 

e“ iBT dw is j 

J ip J -oo-itan/3 

The difference of these integrals is 

{MHS-'S'"- 

and it has been proved that, when* ft ^ \tt, then 

\d(w — W)' 


■dW. 


dr 


< 12tt sec ft. 


1 r»e* p4«-t 24 6 ’ 

e _a!T dw = —. e~ xr dW H—, 


7riJ -ao- 


itan/3 


Hence it follows that 

l roo+i(ir-fi) 
rrij -oo- 
where | & | < 1. 

To evaluate the integral on the right, modify the contour into tWo lines 
meeting at W- — i tan ft and inclined at angles $7r and ir respectively to the 
real axis. On these lines, write 

W = — i tan ft - f, - i tan ft + ge** 1 , 

* The important values of p are, of course, small values. If p is not small, Debye's formulae 
of § 8*41 yield effective approximations. The geometrical property of Debye’s contour which was 
proved in § 8'82 is used in the proof of the theorem quoted. 
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expand the integrands in powers of tan* /3, integrate term-by-term, and it is 
found that 

faoetpiir i 

er* 7 dW = f 7 ri tan £ exp (— \ vi tan 8 j3 ) 

J -oo-it&nj8 

x [e - ^ J_j(|-i/tan 8 ^) + ei* t V i (|i/tan 8 /9)] 

= ex P (~ i** tan3 0 ) (£" tanS £)• 

On equating real and imaginary parts, it is at once found that 

(5) J p (v see#) = £tan ($ cos {v (tan j .3 — £tan 8 y9 — fi )}. [J -* -f «/j] 

+ 3~* tan sin {v (tan $ — -J- tan 8 — $)}. [«/_ $ — J^] + 240a/i/, 

(6) F r (v sec y8) = £tan j3 sin {v (tan ft — £ tan 8 /3 — /S)}. [/_ $ + J{\ 

— 3“* tan fi cos [v (tan — £ tan 3 $ — #)}. [J _ j — Jj] + 24 BJv, 
where the argument of each of the Bessel functions J ±j on the right is 
fav tan 8 /S; and | 6 i | and j Q a j are both less than 1. These are the more precise 
forms of Nicholson’s formulae (2) and (3); and they give effective approxima¬ 
tions except near the zeros of the dominant terms on the right. 

It is highly probable that the upper limits obtained for the errors are 
largely in excess of the actual values of the errors. 


8*5. Descriptive properties* of J v (vx) when 0 < x 1. 

The contour integral, which was obtained in §8*31(1) to represent 
J„(v sech a) was shewn in § 8*4 to yield an asymptotic expansion of the function. 
But the contour integral is really of much greater importance than has hitherto 
appeared; for an integral is an exact representation of a function, whereas an 
asymptotic expansion can only give, at best, an approximate representation. 
And the contour integral (together with the limiting form of it when x =* 1) 
is peculiarly well adapted for giving interesting information concerning J v (vx) 
when v is positive. 

In the contour integral take v to be positive and write 

w = log [re**}, 

so that u =» log r, v = 9. 

With the contour selected, 

r sinh w — w 

is equal to its conjugate complex, and the path of integration is its own re¬ 
flexion in the real axis. Hence 

q r« +vi 

J v (vx) = r-; e v <* 8inh w-*# dw 

1 

ss — e" (*sinhu>-w) d v 

. TTJo 

* The results of this section are investigated in rather greater detail in Proc. Louden Math . Soe. 
(2) xvi. (1917), pp. 160-174. 
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Changing the notation, we find that the equation of the contour is 

i 2 e 


r + 


so that 


r a? sin 0 ’ 


r = 


e 


x sin 6 


1 + 


)■ 


and, when this substitution is made for r, the value of (w — x sinh w) is 

, ^ V(^ s — #* sin 3 6) ^ 

l0g - xmT6 -~ ~ eot 6 . - a; 9 sin* 6). 

This last expression will invariably be denoted by the symbol* F(0,x) ) 
so that 


( 1 ) 


J v (vac) = - f e~ vF{9 < x) dO, 
w Jo 


and by differentiating under the integral sign (a procedure which is easily 
justified) it is found that 


( 2 ) 


7TJ o 




a; a/C^ 2 ~ sin* 0) 

This is also easily deduced from the equation 

1 /■oo+irt 

J - / (vx) = ^—. I g»(*8inhw—^ ^ 

Zvrij 00—Jrt 

Before proceeding to obtain further results concerning Bessel functions, it 
is convenient to set on record various properties! of F(0 ) x). The reader will 
easily verify that 


(3) 


(4) 


so that 


(5) 

and also 

F(0,x)>F(O,x)>F(O,l) = Oi 

(6) 

0 ri /si \ 0 —a?sin0cos0 . 

F(0,x) = --— • a - < 0. 

9ic v 7 a; ^(0* — a;* sm* 0) 


Next we shall establish the more abstruse property 
(*7) F ( 6 , x) > F($ } x) + ^ (0* — sin* 0 )/a/( 1 + a?). 

To prove it, we shall first shew that 

0 — a? sin 0 cos 0 


9(0, x) = 


V(0* - ar* sin* 0) 


^V(l +«*)• 


* This function will not be confused with Sohl&fli’s function defined in § 4’15. 
t It is supposed throughout the following analysis that 0 < x ^ 1, 0^ 0 < t. 
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It is clear that 

f g (0, x) = V(1 - «*) < V(1 + <*), 

| g (tt, x) = 1 < V(1 + 0, 

so that, if g(9,x), qua function of 6, attained its greatest value at 0 or n r, 
that value would be less than ^/(l + a?). If, however, g (0, x) attained its 
greatest value when 6 had a value 6 0 between 0 and tt, then 

1 — a* cos 20 o (/9 0 -"^sin ^ocos ^o)*_ ^ 

(do* — a? sin 2 0 O )* (0£ —a? sin 8 0 O )* “ U> 

and therefore 

9 (0 *#) ^9(0 oi«) * ^(1 - «“ cos 2$ 0 ) ^ V(1 + «*)> 
so that, no matter where g(0,x) attains its greatest value, that value does 
not exceed V(1 + ^)- 
Hence 


dF(0, a). , /Qt . a ,, w 0-#*sin0cos0 

~tr 8m e) > ~ 7 (i+?r • 


and so 


F(e, x)-F (0, x)=it >l‘- 


— a? sin 6 cos 9 


V(1 + ar*) 


d0, 


whence (7) follows at once. 

Another, but simpler, inequality of the same type is 
(8) F (9, x)>F(O,x) + ^0 a ^(l-af). 

To prove this, observe that 

S V(0> - <b> sin- 0 ) > 0 V(1 - «*), 

and integrate; then the inequality is obvious. 

From these results we are now in a position to obtain theorems concerning 
J v (vac) and JJ (vac) qua functions of v. 

Thus, since 

7\.T ln*p\ 1 m 

F(9 } x)e~ yF ^^d9^ 0, 


dJ v (vx) _ 1 f’ 

dv wJo 


the integrand being positive by (5), it follows that J v (vx) is a positive de¬ 
creasing function of v\ in like manner, (vx) is a positive deceasing function 
ofv. 

Also, since 

d{f^J v (vx)} = _i x)-F(0,x)} *•<*.*) d9^ 0, 

the integrand being positive by (5), it follows that e yFi0>at > J y (vx) is a decreasing 
function ofv\ and so also, similarly , is e vF ® >m ) Jf (vx). 
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Again, from (8) we have 

g—vJ?(O f ») fir 


it- vJr(O f ®) fir 

J v (vx )<——— J exp {—£v0V(l — *»*)} 

g—oJ'(0,®) r °° 


so that 

(9) 


P exp{-^0y(l-«*)W 

o 


*4 (jw) sS 


g—*P (0, ®) 


(1 — a? 9 )l \/(2 tti/)’ 

The last expression is easily reduced to Carlini’s approximate expression 
(§§ T4, 8T1) for J v (vx ); and so Carlini’s expression is always in error by 
excess, for all* positive values of v. 

The corresponding result for JJ (vx) is derived from (7). Write 

(P — x* sin* 6 = 0 (6, x), 
and replace 0 (0, x) by G for brevity. 

Then 

2 xj; (vx) - - (%-*<'. " (ff (fi,*))-»de 

7T./ 0 CLv 

g—v F (0, x) r n a 


7T 


exp j— \vQj\/( 1 + a?)}. c£G 


g—KP{0,a:) r oo 


7T 


- f °°exp {- * *0/^(1 + *»)}. £?-* d0, 
Jo 


and so 

(10) xJJ (vx) ^ e-" F ^ (1 + tfyj'J&Trv). 

The absence of the factor ^(1 — a?) from the denominator is remarkable. 
It is possible to prove the formulaf 

x v +' exp j v \/( 1 — x*)\ 


( 11 ) 


f J v (vt) dt 
J o 


(27H/ 3 )* (1 - a?)* {1 + V(1 - a?))* 

in a very similar manner. 

This concludes the results which we shall establish concerning a single 
Bessel function whose argument is less than its order. 

8'61. Lemma concerning F (6, x). 

We shall now prove the lemma that, when 0 ^x^ 1 and 0 ^ 6 ^.ir, then 
dF{6, x) 


( 1 ) 


dd 


- {F(0, x) -F(0, x)\ 6 > 0. 


The lemma will be used immediately to prove an important theorem con¬ 
cerning the rate of increase of (vx). 

^ It is evident from Debye's expansion that the expression is in orror bj excess for tujjlciently 
large values of v. 

■(■ Of. Proc. London Math. Soc. (2) xvi, (1917), p. 157. 
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If V(^ — & sin s 8) = H(6, x), we shall first prove that 

dF(0, x) j dU ( 6, x) 
d6 / W 

is a non-decreasing function of 6 ; that is to say that 

(1 — 6 cot d) 2 + 6* — a? sin 2 6 
8 — a? sin 8 cos 6 

is a non-decreasing function of 6. 

The differential coefficient of this last function of 6 is 
(8 — aPamdcoB0)-* [(0 s cosec 2 8 — 1 - J ein a 0)(l — a?) 

+ 2 (d 2 cosec 2 0 — 8 s cot 0 cosec 2 0 — J sin* 8) (1 — #*) 

+ 2a? 2 (1 — 0 cot 0) (8 cosec 8 — cos 8f + sin 2 8 (1 — a 2 ) 2 ], 

and every group of terms in this expression is positive (or zero) in consequence 
of elementary trigonometrical inequalities. 

To establish the trigonometrical inequalities, we first observe that, when 0.< 0 $ *•, 

(i) 0 +'sin 8 cob 8- 20“ 1 sin* 0^0, 

(ii) 8 +sin 8 cos 8 - 20* cot 8 ^ 0, 

(iii) sin 8 - 8 cos 8 -£ sin 8 8 > 0, 

because the expressions on the left vanish when 0*= 0 and have the positive differential 
coefficients 

(i) 2 (cos 0 — 0“ 1 sin 0)*, (ii) 2 (cos 0 - 0 cosec 0) a , (iii) sin 0 (0 - sin 0 cos 0), 
and then 

0 * cosec* 0 — 0® cot 0 cosec* 0 - ^ sin* 0 

= (0* cosec* 0 -1) (1 — 0 cot 0) + cosec 0 (sin 0-0 cos 0 - J sin 3 0) ^ 0, 

0* oosec* 0 — 1 — J Bin* 0 

=■0 cosec* 0 (0 + sin 0 cos 0 - 20 -1 sin* 0)+cosec 0 (sin 0 - 0 oos 0 - J sin 3 0) > 0> 
so that the inequalities are proved. 


It has consequently been shewn that 

d [F' 


dd 




where the. variables are understood to bo 6 and x, and primes denote differ¬ 
entiations with regard to 6. It is now obvious that 

and, if we integrate this inequality from 0 to 0, we get 


\F'H T 

ITT -7 ! 


> 0 . 


Since F' and HjR' vanish when 0 — 0, this inequality is equivalent to 
F'{0, x) H (8, x) F - 

H! (i 9 x) * ^ 0, 

and the truth of the lemma becomes obvious when we substitute the value 
of H (8, x) in the last inequality. 
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8*52. The monotonic property of J v ( vx)jJ v ( v ). 

We shall now prove a theorem of some importance, to the effect that, if x 
is fixed, and 0 < x ^ 1, then J v ( vx)jJ v (v) is a non-increasing function of v, when 
v is positive. 

[The actual proof of the theorem will be valid only when (where 3 is an 

arbitrarily small positive number), since some expressions introduced in the proof contain an 
x in their denominators; but the theorem is obvious when since J v (vx) and 

e~vF{o, w )jj v ( v ) are non-increasing functions of v when x is sufficiently small; moreover, as 
will be seen in Chapter xvn, the theorem owes its real importance to the fact that it is 
true for values of x in the neighbourhood of unity.} 

It will first be shewn that 


(I) 


JJvx) d 3 dJyjvtc) dJ v (vx) > 0 


dvdx dx dv 

To establish this result, we observe that, with the usual notation. 


dJ v (vx) v f* 


J v ( vx) =- f e~ vFi *> x) dslr, 
irj o 

J'i<? (ft«)}-» dG( /g X) e-’ FM SB, 


i dx 2 ttx 

and, when we differentiate under the integral sign, 
x) e-™.*) d+, 

I’ 1 0 (8, «)]-* r*1 de 

- •> <« •»-* ^r £) *-’ m * de 

= ^/’ [t<?(ft *))»- iF(8,x){G (ft «)}-» dG{9 ' a ' )1 


dv 7To 

d 2 J v (vx) 1 
dvdx 2 ttx. 


if we integrate by parts the former of the two integrals. 
Hence it follows that 


dti 

x e~ vF{a - ®> d6, 


dj t x) - &rs° e-^>.°m dedf , 

n (ft t>= 21 ® (ft ,)|* 


where 


^2 

>0, 


S0—+ 20(8,*) ir~_ 


by using the inequality Fty, x) ^F( 0, x) combined with the theorem of § 8*51. 

17 


W. B. F. 
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Since XI (0, \Jr) is not negative, the repeated integral cannot be negative; 
that is to say, we have proved that 


so that 


r / ,d*J v (vx) dJ v (vx)dJ v (vx) 

J ‘ (px) ~Mz - >0 ’ 

Integrating this inequality between the limits x and 1, we get 




> 0 , 


so that 


dJ v ( vx ) 


'jj v (vx): 


dJ ¥ (v) 


dv dp / Jv ^' 


Since J,(vx) and J v (y) are both positive, this inequality may be written 
in the form 


( 2 ) 


{J*(vx)/J ¥ (v) }<0, 


and this exhibits the result which was to be proved, namely that J„{vx)JJ v {v) 
is a non-increasing function of v. 


8*53. Properties of J v (v) and JJ{v). 

If, for brevity, we write F(0) in place of F{8, 1), so that 

( 1 ) 


F($) =log 1 _ cot 0 - sin’ 6), 


the formulae* for J„(v) and JJ{v) are 
(2) (V™ U9, //(»)-! f 

7T J a 7T J a 


0 — sin 6 cos 8 
o — sin. 9 6) 


e-*™ d0. 


The first term in the expansion of F(8) in ascending powers of 6 is 
40*/(9 V3) ’> and we shall prove a series of inequalities leading up to the 
result that F (0)18* is a non-decreasing function of 8. 

We shall first shew that 

& v 

To prove this we observe that 

F'(8) {(1 — 8 cot 0)/8 i ] i 


0 1 0""“ */(#* — sin 3 0) 




* It is to be understood that JV (v) means the value of dJ v (x)/dx when x has the particular 
value v. 
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d fVC^ 3 — sin* _ (ffico aec 1 0 + 0 cot 0 - 2) sin*-0 
dtfj' 0* J 0 8 V(0*-sin s 0) 

Hence it follows that 

± S?!i!>)\ «= ,g* cosec 8 0 + d cot d - 2 ) 

del e> j pip-safBV 

x (0 -f- sin 0 cos 0 — 20® cot 0) 

> 0 , 


by inequalities proved in § 8’51. 

Consequently 

(3) 0F"(6)-2F'{6)>O, 

that is to say jjg {W (&) ~ ^ (^)l ^ 

If wc integrate this inequality from 0 to d we get 

(4) dF'(6)-3F(d)>0, 

and this is the condition that ¥(6)1* should bs a non-decreasing function of 8 
It follows that 

mi)> um m. A. 




and therefore 


«><u 


ex p 


9V3 
4i>0* 


9V3j 


d0 


r<i) 


so 


2 ^ 3 * TTVb 

that Cauchy's approximation for J, (v) is always in error by access. 


An inequality which will be required subsequently is 

(5) 2(0*-Bm a 0)F'(0)-3(0-aiu0cos0)F(0)>O. 

The truth of this may be seen by writing the expression on the left in the form 
(£2 - 2 sin* 0+6 sin 0 cos 0) F' (0) + (0 ~ s* 11 0 003 ^ ^ ^ ~ 3 ^ 
in which each group of terms is positive (of. § 8-51). 

[Norn A formula resembling those which have just been established 
ri 1 2° 

(6) jo Jr{vt)dt ^^~3K5 rtf)**’ 

see FhiL Mag. (1918), pp. 384-370.] 
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8*54. Monotonic properties of J v (v) and JJ (v). 

It has already been seen (§ 8*6) that the functions J v (u) and JJ (v) are 
decreasing functions of v. It will now be sKewn that both i&J V (v) and v^JJiy) 
are steadily increasing* functions of v. 

To prove the first result we observe that 


d{v*J v (v)\ = .vri f* fi _ vF{6) 

37r J i 


dv 


dd 


TTJO 


\”F(e) 

J 0 


e-^W dd 


v~i 

Sir 


6e- vF V) 


* + ~ f {6F' (6) - 3 F (6)} e-^W dd 
0 07T J o 


> 0 , 


since the integrated part vanishes at each limit and (§ 8-53) the integrand is 
positive. 

Hence v i Jy(v) is an increasing function of v ; and therefore 

( 1 ) v*J p (v)< lim {AJ,(v)} -r(i)/(2*8*7r)« 0*44781. 

In connexion with this result it may he noted that 

Ji(l)= 0-44005, 2J 8 (8)=0-44691. 

To prove the second result, by following the same method we find that 


r, m ^g,_ sin , e) 

dv OTT 1 _ 


v * (" L n ,/* • „/iN 3 (6— sin 0cos 6) ' 

+ K J .r « V(»-rin»g ) FW J 

> 0 . 

by § 8’53 (6), and so JJ ( v) is an increasing function of v. 
Hence 

(2) v*J>(p) < lim {*t J v '(v)} = 3*r(|)/(2*7r) - 0‘41085. 


dd 


It is to be noted that 


(1) = 0-32615, 4 J t ' (8) = 0-38864. 


. 8’65. The monotonic properly of v*J v ' {v)jJ v (v). 

A theorem which is slightly more recondite than the theorems just proved 
is that the quotient 

{vSJy'(v)} -T- \v^J v (v)) 
is a steadily increasing function of v. 

* It is not possible to deduce these monotonic properties from the asymptotic expansions. If, 
as v-p-od, f (v)~<p(v), and if <p(v) ia monotonic, nothing can be inferred concerning monotonio 
properties off(v) in the absence of farther information concerning/^). 
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To prove this result we use the integrals already mentioned in §§ 8*53, 
8‘64 for the four functions 

Taking the parametric variable in the first and third integrals to be yfr in 
place of 0, we find that 


d{viJJ(v)} 

dv 


where 

f ) - 1 r (6) VW - rftf t> - e ^z J W 

-^sTnW (i ^ W - FW1 

_ gy(»-sm»g) {i gr w _ j (g)1 _ (ifr (f) - rm 

+ g7( ^ -~eitf?)^ +gBingcoafl ~ 28in ’ lfll 


> 2 V(f_-sin-i) {iM , w u+r w -rm. 

by § 8*51. The function fix (6, yfr) does not seem to be essentially positive 
(cf. § 8'52); to overcome this difficulty, interchange the parametric variables 
Q and yfr, when it will be found that 


2 [viJ ' Wf l “ ?/.'/>*<*+> + n ' ( *' *>• r- v, »*’ m *** 

Now, from the inequality just proved, 

a (d, f)+n, (y, 0 ) 


+ 


r+± sin ± cos dr - 2 Bin" f ,, g F , e) _ j W ) 
yfr^-sin 8 ^) l * w 


^ tf 3 + 0 sin 0 cos 6 — 2 sin a 0 

+ /VC^-sin* 0) 


{***’'(+)-*■(*)}• 


Since 0- 1 V(^ - sin 8 (9) and £ &F'(0) “ W) are both (§ 8’53) increasing functions 
of 0, the factors of the first term in the sum on the right are both positive or 
both negative; and, by §§8‘51, 8*53, the second and third terms are both 
positive. Hence Ox (6, ■yfr) +■ L\ (yfr, 0) is positive, and therefore 


( 1 ) 


d \ v*JJ{v) 

dv [ J v (v) \ 


^0, 


which establishes the result stated, 



262 


THEOBY OF BESSEL FUNCTIONS 


[CHAP, vm 

8 ‘6. Asymptotic expansions of Bessel functions of large complex order. 

The results obtained (§§ 8*31—8*42) by Debye in connexion with J„ (x) 
and Y v (a) where v and x are large and positive were subsequently extended* 
to the case of complex variables. In the following investigation, which is, in 
some respects, more detailed than Debye’s memoir, we shall obtain asymptotic 
expansions associated with J v (z) when v and z are large and complex. 

It will first be Supposed that j arg z \<\nr, and we shall write 

v = z cosh 7 = z cosh (a + i/3), 

where a and /3 are real and 7 is complex. There is a one-one correspondence 
between a + ift and v/z if we suppose that /8 is restricted to lie between f 0 
and nr, while a may have any real value. This restriction prevents zjv from 
lying between — 1 and 1, but this case has already (§ 8*4) been investigated. 
The integrals to be investigated are 

I /■oo+jri 

HJm (z) = —. e-z/(w diu , 

nnj _oo 

(z) — ——. [ z/(»£) dw — ——. f dw, 

n-lj-ao 7rt./_ 0O+ ^ 

where f(w) = w cosh 7 — sinh w. 

A stationary point of the integrand is at 7 , and we shall therefore in¬ 
vestigate the curve whose equation is 

//(«;) = //( 7 ). 

If we replace w by u + iv, this equation may be written in the form 
(v - ft) cosh a cos ft + (u — a) sinh « sin ft - cosh u sin v + cosh a sin ft = 0 . 
The shape of the curve near («, ft) is 

{(u - ay - (v - ftf } cosh a sin ft + 2 (u - a) (v — ft) sinh a cos ft = 0 , 
so the slopes of the two branches through that point are 
\n r + £arc tan (tanh a cot ft), 

— \nr + £arc tan (tanh a cot ft), 

where the arc tan denotes an acut§ angle, positive or negative; Rf (w) in¬ 
creases as w moves away from 7 on the first branch, while it decreases as w 
moves away from 7 on the second branch. The increase (or decrease) is steady, 
and Rf ( w ) tends to + 00 (or — 00 ) as w moves off to infinity unless the curve 
has a second double-point^. 

* Milnchener Sitzungslerichte, xl. [5], (1910); the asymptotic expansions of I v (x) and K v {x) 
were stated explicitly by Nicholson, Phil. Mag. (6) xx. (1910), pp. 988—948. 
t That iB to say 0</3<s\ 

+ As will be seen later, this is the exceptional case. 
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If (i) and (ii) denote the whole of the contours of which portions are 
marked with those numbers in Fig. 19, we shall write 

S v n (z) = JL f <r */(«0 dw, Sy® (z) = -—( dw ' 

lrl •' 0) TTtJ (il) 

and by analysis identical with that of § 8 - 41 (except that i /3 is to be replaced 
by 7 ), it is found that the asymptotic expansions of $„ (1) (z) and S„ {3) (z) are 
given by the formulae 

^(tanhy-y )-\*i * V(m+£) A m 

7 1 7i „ I. \ *4 T-1 / 1 X • 


( 1 ) 


(z) 

(*) 


V(~ £ viri tanh 7 ) m . 0 T (£) ‘ (£ v tanh y) m 1 

A m 


g-*(tanhy-y)+i«rf «> P (?n + ^) 

V(~ £vnri tanh 7 ) OT . 0 T (£) ' (- £v tanh 7 ) 


i»ji J 


( 2 ) 

where arg (— £ viri tanh 7 ) = arg 2 + arg (— i sinh 7 ), 

and the value of arg (— % sinh 7 ) which lies between — £ir and £tt is to be taken. 

(i) 


(ii) 



The values of A 0i A x , A it ... are 


(3) 


Aq — 1 , A x = £ - coth a 7 , 

•A-* = t!b “ tMt cotb 3 7 + coth 4 7 , 


It remains to express H,® (z) and H v w (z) in terms of S v {1) (z) and S„ (,J) (z ); 
and to do this an intensive study of the curve on which 

If ( w ) = If ( 7 ) 

is necessary. 


8 * 61 . The form of Debye's contours when the variables are complex. 

The equation of the curve introduced in the last section is 
(1) (v — (3) cosh a cos f3 + (u — a) sinh a sin ft 

— cosh u sin v + cosh a sin /3 = 0, 
where (u, v) are current Cartesian coordinates and 0 < j3 < ir. 

Since the equation is unaltered by a change of sign in both u and a, we 
shall first study the case in which a > 0 ; and since the equation is unaltered 
when ir — v and tr - $ are written for v and we shall also at first suppose 
that 0 < fi <^ 7 r, though many of the results which will be proved when /S is 
an acute angle are still true when /9 is an obtuse angle. 
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For brevity, the expression on the left in ( 1 ) will be called 0 (u, v). Since 

= sinh a sin 0 — sinh u sin v, 

au 

it follows that, when v is given, d<j>/du vanishes for only one value of u, and so 
the equation in u, 

<f> (u, v ) = 0 , 

has at most two real roots; and one of these is infinite whenever v is a multiple 
of tt. 

When 0 < v< ir, we have* 

0(- 00 , v)~ - 00 , 0(+ GO , v) = - 00 , 

<f> (a, v ) = cosh a {(v — /9) cos & — sin v + sin j3j > 0, 
and so one root of the equation in u, 

$ (u, v) = 0 , 

is less than a and the other is greater than a, both becoming equal when v = 
By considering the finite root of the equations 

<f> (u , 0) = 0, <f> ( u , 7r) = 0, 

it is seen that, in each case, this root is less than a, so the larger root tends 
to + oo as v tends to + 0 or to tt — 0 , and for values of v just less than 0 or just 
greater than 7 r the equation </> (u, v) = 0 has a large negative root. The shape 
of the curve is therefore roughly as shewn by the continuous lines in Fig. 20 . 
Next consider the configuration when v lies between 0 and — tt. 



y - 2tri 


Fig. 20. 

When v is — ft, 00 (u, v)/du vanishes at u = — a, and hence 0 ( u, — /8) has a 
minimum value 

2 cosh a sin $ (1 — /3 cot /S — a tanh a) 
at u — — a. There ai‘e now two cases to consider according as 

1 — cot /? — a tanh a 
is (I) positive or (II) negative. 

* Since S<p (a, v)jd r=cosh a (cos fi - cob v), and this has the same sign as v - /3, <p (a, t>) has a 
minimum valne zero at u=/9. 
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The domains of values of the complex y=a+ift for which 

1 — ft cot ft — a tanh a 

is positive (in the strip O^ft^vr) are numbered 1 , 4, 5 in Fig. 21; in the 
domains numbered 2 , 3, 6 a, 66 , 7a, 7 b the expression is negative;, the cor¬ 
responding domains for the complex vfz = cosh (a + ift) have the same numbers 
in Fig. 22 . 



(I) When 1 — ft cot ft — a tanh a is positive, (f> (u, — ft) is essentially positive, 
so that the curve never crosses the line v — — ft. The only possibility therefore 
is that the curve after crossing the real axis goes off to — oo as shewn by the 
upper dotted curve in Fig. 20. 

(II) When 1—yS cot# —a tanh a is negative, the equation <£(— a,v) = 0 
has no real root between 0 and ft — 27 r, for 

d<p (— a, v)/dv = cosh a (cos ft — cos v). 

Therefore cf> (— a, v) has a single maximum at — ft, and its value there is 
negative, so that <f> (— a, v) is negative when v lies between 0 and ft — 2ir. 

Also 4>(u, ft— 2v) has a maximum at u — a, and its value there is negative, 
so that the curve <f> (u, v) — 0 does not cross v = ft — 2tt ; hence, after crossing 
the real axis, the curve must pass off to oo — 7 ri, as shewn by the dotted curve 
on the right of Fig. 20. 

This completes the discussion of the part of the curve associated with 
&„ (1) (II) (z) when a>0, 0 < ft ^ 

Next we have to consider what happens to the curve after crossing the 
line v — + 7r. 

Since (f> (a, v) = cosh a {(v — ft) cos ft — sin v 4- sin #}, 

and the expression on the right is positive when ft, the curve never crosses 
the line u — a\ also 

t p (u, mr) = (u-a) sinh a sin ft + (wr - ft) cosh a cos ft + cosh a sin ft, 
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and this is positive when u > a, so that the parts of the curve which go off to 
infinity on the right must lie as shewn in the north-east comer of Fig. 23. 

When 1 - a tanh a + (rrr — j3) cot yS > 0, 

i.e. when (a, fi) lies in any of the domains numbered 1, 2 and 3 in Fig. 21, it is 
found that the curve does not cross v = 2 ?r — ft, and so the curve after crossing 
v~ir passes off to — oo • + vri as shewn in Fig. 23 by a broken curve. 



We now have to consider what happens when (a, / 8 ) lies in the domain 
numbered 6 a in Fig. 21 . In such circumstances 

1 — a tanh a + (tt — j3) cot fi < 0 ; 

and </> (— a,v) has a maximum at v = 2tt — fi, the value of <f> (— a, 2 tt — /9) being 
negative. The curve, after crossing v = tt, consequently remains on the right of 
u = — a until it has got above v=2tt — fi. 

Now <f> (— a, v) is increasing in the intervals 

(£,2t r-/8), (2 tt + /9, 47 T-/ 8 ), (4nr + /5, 6-jr-/9), ...; 

let the first -of these intervals in which it becomes positive be 

{2Mir + /Q, 2Mtt +27 r — j3). 

Then <f) (u, 2 Mtt + 2ir — /S) has a minimum at u * — a, at which its value is 
positive, and so the curve cannot cross the line v = 2 iff 7 r + 2tt — ft \ it must 
therefore go off to infinity on the left, and consequently goes to 

— oo + (2 M+ 1) 7ri; 

it cannot go to infinity lower than this, for then the complete curve would 
meet a horizontal line in more than two points. 
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When (a, 0) is in 6a, the curve consequently goes to infinity at 

— oo + (2 M + 1) 7 ri, 

where M is the smallest integer for which 3 — a tanh a + {(M + 1) tt — 0} cot 0 
is positive. 

We can now construct a table of values of the end-points of the contours 
for S r M (z) and S v m ( z ), and thence we can express these integrals in terms of 
2f„&> (z) and H v {s) (z) when (a, 0) lies in the domains numbered 1, 2 and 6a in 
Fig. 21; and by suitable reflexions we obtain their values for the rest of the 
complete strip in which 0 < 0 < tt. The reader should observe that, so far as 
the domain 1 is concerned, it does not matter whether 0 is acute or obtuse. 

If M is the smallest integer for which 

1 — a tanh a + {(M +1) ir — #) cot 0 

is positive when cot 0 is positive, and if N is the smallest integer for which 
1 — a tanh a — (Nrr + 0) cot 0 

is positive when cot 0 is negative, the tables of values of $„ (1) (z) and S v is > (z) 
are as follows: 


Regions 

End-points 

S v (') (*) 

1, 3,4 
2,6a 

5, 76 

66 

7 a 

— 00 , 00 + iri 
co — iri, oo + iri 

— oo, — oo.+ 2iri 

— oo — 2Niri, oo + iri 

— oo, oo + (2 2f+ l)»ri 

2 J v ( 2 ) 

2e ~ vwi J- V (z) 

«AW //„(') (2C-Wrri) 
e - Mvri HJ?) (ze— Mni) 


Regions 

End-points 

s v m ( 2 ) 

1,2,5 

3, 7 a 

4, 66 

6a 

76 

— 00 + iri, 00 

— 00 + iri, — 00 — iri 
ao + 2n-t, oc 

— 00 + (2# + l) iri, 00 
— qo+ iri, to — 2 Nisi 

H V W ( 2 ) 

2J,(i) 

J_ v (z) 

gMtnri ffjfl (gfi-WVrt) 
e-Nv*i ff v W ( ze N*i) 


From these tables asymptotic expansions of any fundamental system of 
solutions of Bessel’s equation can be constructed when v and z are both arbi¬ 
trarily large complex numbers, the real part of z being positive. The range of 
validity of the expansions can be extended to a somewhat wider range df values 
of arg z by means of the device used in § 8’42. 
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The reader will find it interesting to prove that, in the critical case the contours 

pass from - a> to co 4 - Tri .and from - 00 + iri to 00 , so that the expansions appropriate to 
the region 1 are valid. 

Note. The differences between the formulae for the regions 6a and 66 and also for the 
regions 7 a and 7 b appear to have been overlooked by Debye, and by Watson, Proo. Royal 
Soc. xov. A, (1918), p. 91. 


8*7. Kapteyn's inequality for J n (nz). 

An extension of Carlini’s formula (§§ 8T1, 8'5) to Bessel coefficients in 
which the argument is complex has been effected by Kapteyn* who has 
shewn that, when z has any value, real or complex, for which z*— 1 is not 
a real positive numberf, then 


( 1 ) 


1*4 («*)!■< 


z n exp {7k a/(1 — z a )} 

" {1 + ^( 1 -#>)}* 


This formula is less precise than Oarlini’s formula because the factor (2n-n)^ (1.— z 2 )^ does 
not appear in the denominator on the right, but nevertheless the inequality is sufficiently 
powerful for the purposes for which it is required $. 


To obtain the inequality, consider the integral formula 

1 f<°+> 

J n (nz) = | r*- 1 exp [\nz (t - 1 ft)} dt, 

in which the contour is a circle of radius e u , where u is a positive number to 
be chosen subsequently. 

If we write t = e ri+i0 , we get 

J n {nz) ■* — J exp [n [%z (e u e i9 - e~^e~ iB ) -u- id]] dd. 

Now, if M be the maximum value of 

| exp [\z (e u e ie — e~ u e _w ) — u — id] ( 
on the contour, it is clear that 

| J n (nz) | < M n . 

But if z — pe ia -, where p is positive and a is real, then the real part of 
•j \z (e u e i$ — — u — id 

is { e u cos (a + 6) — e~ u cos (a — d)] - u, 

and this attain# its maximum value when 

tan 6 = — coth u tan a, 

and its value is then 

p V(sinh® u + sin 8 a) — u. 

* Ann. Sci. de VJtcole norm sup. (8) x. (1898), pp. 91—120. 

f Since both sides of (1) are continuous when z approaches the real axis it follows that the 
inequality is still true when e 2 -1 is positive: for such values of z, either sign may be given to the 
radicals according to the way in whioh 2 approaches the outs, 
f See Chapter xvn. 
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8*7 j 


Hence, for all positive values of u, 

| J n (npe u ) j < exp [ np ^(sinh 2 u + sin 3 a) — nit]. 

We now choose u so that the 'expression on the right may be as small as 
possible in order to get the strongest inequality attainable by this method. 

The expression 

p v^sinh 3 u 4- sin 3 a) — u 

has a minimum, qua function of u, when u is chosen to be the positive root of 
the equation* 

sinh u cosh u 1 
V(sinh 2 u + sin 3 a) p' 

With this choice of u it may be proved that 

2 \J( 1 — 2 s ). sinh u cosh u = ± (cosh 2 u — 


and, by taking z to be real, it is clear that the positive sign must be taken in 
the ambiguity. Hence 


2 {1 + V(1 — z *)} sinh u cosh w = e 316 — e 3 *", 


and so 


log 


z exp V(1 — z% ) 

1 + V(1 - PT 


2 v'(ainh B u + sin 3 a ). j exp \/(l — z 3 ) | 

~ | gtol _ g Sia | 


R V(1 — z*) — u 


— s i R h 3 u + s in 9 a 

~~ sinh u cosh u 

= p \/(sinh 2 xl + sin 3 a) — u. 


and it is now clear that 

| Jn (nz) I ^ 


z exp \/( 1 — •z 2 )| n 


An interesting consequence of this inequality is that j J n (nz) | ^ 1 so long 
as both | z | < 1 and 

I z exp V(1 — z 3 ) i - 

| t+ va-* 8 )^ 


To construct the domain in which the last inequality is satisfied, write as 
before z — pe**, and define u by the equation 


sinh u cosh u _ 1 
V(sinh 3 u + sin 3 ci)~~ p' 

The previous analysis shews at once that, when 

z exp v'(l — z3 ) -i 

1 + V(1 - z 3 ) 

p V(sinh a u + sin 3 a) — u = 0. 


* This equation is a quadratic in sinh 3 u with one positive root. 


then 
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It follows that 


2u 


sin* a = sinh u (u cosh u — sinh u). 


^ ~ sinh 2u’ 

As u increases from 0 to 1*1997 ..., sin*a increases from 0 to 1 and p de¬ 
creases from 1 to* 0*6627434.... It is then clear that ^ 


1 + V(1-**) ,<1 

inside and on the boundary of an oval curve containing the origin. This curve 



is shewn in Fig. 24; it will prove to be of considerable importance in the 
theory of Kapteyn series (Chapter XVII). 


When the order of the Bessel function is positive but not restricted to be an integer we 
take the contour of integration to be a circle of radius e u terminated by two rays inclined 
±tr — arc tan (coth u tan a) to the real axis. If we take [ t\=*e v on these rays, we get 

I 71 

<Jf r |l + 

and so 


n-l T . cosh (u+v)~ coa2acosh (v-u) 

iJ. “PL-^—TtaBS+itaTo- 

8iD ; ,r | j exp{— 


■w I dv 


Wv 



sin vir H \ z exp J{\ —g*) ') v I 
vi t lj ‘ { 1 +V(1 -2*) J I 


This value is given by Plummer, Dynamical Astronomy (Gambridge, 1918), p. 47. 



CHAPTER IX 


POLYNOMIALS ASSOCIATED WITH BESSEL FUNCTIONS 


9*1. The definition of Neumann's polynomial 0 n ( t ). 

The object of this chapter is the discussion of certain polynomials which 
occur in various types of investigations connected with Bessel functions. 

The first of these polynomials to appear in analysis occurs in Neumann’s * 
investigation of the problem of expanding an arbitrary analytic function/^) 
into a series of the form %a, t J n {z ). The function 0 n ( t ), which is now usually 
called Neumann 8 polynomial , is defined as the coefficient of e n J n (z) in the 
expansion of l/(t — z) as a series of Bessel coefficients f, so that 

9 

(1) t — z ^ °o{l) + 2«/i (z) Oi (t) -f- 2 J 2 ( z ) 0 a (t) + ... 

— 2 e n J n ( 2 ) 0 n (t). 

n~0 

From this definition we shall derive an explicit expression for the function, 
and it will then appear that the expansion (1) is valid whenever \z\< |f j. 
In order to obtain this expression, assume that | z \ < 1 1 1 and, after expanding 
1 /(t-z) in ascending powers of z, substitute Schlomilch’s series of Bessel 
coefficients (§ 2'7) for each power of z. 


This procedure gives 


1 

t — z 


1 O 0 

= ± + 2 — 

« 1 ** +i 

1 00 00 O* 

— S €-an'Tim ( z ) + 2 
t m =0 «=1 1 


5 + 2m). (g H- — 1)1 

,r»=0 Wl 


J, 


*+am 



Assuming for the moment that the repeated series is absolutely convergent!, 


* Theorie der Betsel'schen Functional (Leipzig, 1807), pp. 8—15, 38; see also Journal ftir 
Math, lxvii. (1867), pp. 310—814. Neumann’s procedure, after assuming the expansion (1), m to 
derive the differential equation whioh will be given subsequently (§ 9*12) and to solve it in 
series. 

t In anticipation of § 16-11, we observe that the expansion of an arbitrary function is obtained 
by substituting for l/(t - z) in the formula 


/(«) = 


2wt 


[(*+) / (t) dt 
J t-z 


$ Of. Pinoherle’s rather more general investigation, Rendiconti R. I$t. Lombardo, (2) xv. (1882), 
pp. 224—225. v 
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we effect a rearrangement by replacing s by n — 2m, and the rearranged series 
is a series of Bessel coefficients; we thus get 


- -= — 2 e smJm, ( z ) + X e n 

Z ~~ Z Z n=l 


n.(n — m — 1)! 

rZo t n - sm+1 ' 


m! 


J»(*) 


1 r/N . 2 *r-**-i n.(n — w — 1)!} r /N 

— - Jq (z) + X e«i X . *n—em+i f •'»(*)• 


• «=r" u-o mi^ +i 


Accordingly the functions O n (tf) are defined by the equations 


( 2 ) 

(3) 


O n (t) = 


1 n.(n — m— 1)! 
4^0 ’ 


O«(0 — 1/fc. 


(a > 1) 


It is easy to see that 


(4) 


On (t ) 


«“+■ j 2(2n-2), 2.4.(2»-2)(2»-4) ' 


and the series terminates before there is any possibility of a denominator factor 
being zero or negative. 


We have now to consider the permissibility of rearranging the repeated series for 
l/(t—z). A sufficient condition is that the series 


00 

2 

4=1 



/ s (J+2m).(a+m—1)! 
W=o «i 1 



should be convergent. To prove that this is actually the case, we observe that, by § 2*11 
(4), we have . 


.* (« +Sw).(s+to- 1) 1 
u =o »» 1 


J, 


+ 2m ( z ) | ^ 


2 0 + ” 1 - 1 )! (|>J.)* + 2w 

w=o ml(s+2m-l)l 


exp (i I s I 3 ) 


^ 2 ($ I zl)* +am {exp ft | z | 8 )}/(2m)! 
«=o 

<ftM)*expftl*l 2 )- 

Hence 


» 2* f - <«+2»). («+»-1)1 

ui* + i 'LL 


_ M «p ft I«l a ) 
M(M-M) ' 


The absolute convergence of the repeated series is therefore established 
under the hypothesis that j«|<|t[. And so the expansion (1) is valid when 
J z | < 1 1 1, and the coefficients of the Bessel functions in the expansion are 
defined by (2) and (3). 

It is also easy to establish the uniformity of the convergence of the ex¬ 
pansion (1) throughout the regions \t\^R, | z |< r, where R>r> 0. 
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When these inequalities are satisfied, the sum of the moduli of the terms does not 
exceed 

2 * 


a=o R* 


*_ J “ (s + 2w).(a+TO-l)! 8,11 exp(^r 2 ) ! e xp(^r 8 ) 

+ 1 U=ro m '• ‘ (s+2to) ! J Vh R-r 


Since the expression on the right is independent of z and t , the uniformity of the 
convergence follows from the test of Weierstrass. 

The function 0 n (t) was called by Neumann a Bessel function of the second 
kind*\ but this term is now used (cf. §§ S'SS, 3'54) to describe a certain solution 
of Bessel’s equation, and so it has become obsolete as a description of Neumann’s 
function. The function 0 n (<) is a polynomial of degree n 4-1 in 1 ft, and it is 
usually called Neumanns polynomial of order n. 

If the order of the terms in Neumann’s polynomial is reversed by writing 
\n — m or £ (n — 1) — m for m in (2), according as n is even or odd, it is at 
once found that 


(5) 


( 6 ) 


n (A-l + 


= i + £ + 


n a (n a - 2 a ) n a (n a -2 i )(n a -4 , a ) 




t 7 


n (A 1 * < V 1> n.(\n + m-%) 1 

m i 0 dn-m-mfrr** 

n _ n(n a — l a ) t n(n a ~ I s ) (n a — 3 a ) 

~t a + ' V + t 8 + “ 


(n even) 


(n odd) 


These results may be combined in the formula 

0) 


/)■/._ 1 ^ wr(|?i-J-^m)cos 8 ^(w± ??)7T 

'-'n \") i ~ ■ 

’ «i=0 


(n >1) 


The equations (5), (6) and (7) were given by Neumann. 

By the methods of § 2*11, it is easily proved that 

(8) | e« 0 n (t) I < i • (»0 • (i 11 ex P (i I * l*)» 

( 9 ) € n O n ($) = £• ( n 1) • (1 + 

where ^ | j c [exp |«| a ) — l]/(2n — 2). 

From these formulae it follows that the series 1a n J n ( z ) O n ( t) is convergent 
whenever the series 'la n (z]t) n is absolutely convergent; and, when z is outside 
the circle of convergence of the latter series, a n J n (z) O n (t) does not tend to 
zero as n cc , and so the former series does not converge. Again, it is easy 
to prove that, as n -*■ oo , 


GnJn (f) O n ( t ) — 


$n+1 


1 -V + ° ( ^) 


* By analogy with the Legendre function of the second kind, Q n (<), which is suoh that 

~= 2 (2n +1)P w (z) Q n (t). 

1 * n=0 

Cf. Modem. Analysis, § 15 - 4. 


W. B. F. 


18 
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and hence it may be shewn* that the points on the circle of convergence at 
which either series converges! are identical with the points on the circle at 
which the other series is convergent. It may also be proved that, if either 
series is uniformly convergent in any domains of values of z and t, so also is 
the other series. 


Since the series on the right of (1) is a uniformly convergent series of 
analytic functions when | z | < 1 1 1, it follows by differentiation! that 


(-)g.(p + g)I _ | 

(t - z'f + *+ l 


d*.J n (z) diQ n (t) 


( 10 ) /*_ „\»+<»+i dzP difl 

where p, q are any positive integers (zero included). 


It may be convenient to place on record the following expressions: 
(£) — 1 jt % Oi ( t) = 1/i®, 

0 e (t) = Ift + 4>/P, 0, (0 = 3 ft* + 24/it*, 

0 l (t) = 1 ft + 16/t 8 + 192/* B , 0„ (t) = 5/t a + 120 IP + 1920/t*. 


The coefficients in the polynomial 0 n (£), for »=*0, 1, 2, ... 16, have been calculated by 
Otti, Bern Mittheilungen, 1898, pp. 4, 5. 


9*11. The recurrence formulae satisfied by 0 n (t). 

We shall now obtain the formulae 

(1) 0-1) 0 w (t )+(« +1)0_,(t)- 2(n *~ 0.(0 = -* - , (n»X) 

(2) Oft-1 if) — On 4-1 (f) = 2 On ( t ), (fl ^ 1) 

( 3 ) -0 l (t)^0'{ty 

The first of these was stated by Sohlafli, Math. Ann. in. (1871), p. 137, and proved by 
Gegenbauer, Wiener Sitzungsb&richte. , lxv. (2), (1872), pp. 33—35, but the other two were 
proved some years earlier by Neumann, Theorie der BessePschen Functionen (Leipzig, 1867), 

p. 21. 

Since early proofs consisted merely of a verification, we shall not repeat 
them, but give in their place an investigation by which the recurrence for¬ 
mulae are derived in a natural manner from the corresponding formulae for 
Bessel coefficients. 

Taking | & \ < \ 1 1, observe that, by § 9*1 (1) and § 2*22 (7), 

ao 00 

(t - z) £ €nJ n (z) On {t) = 1 = 2 6 n COS® \wiT . J n (z), 

»>= 0 n=0 

* It is sufficient to use the theorems that, if S6 n is convergent, so also is Zbjn, and that then 
2bjn* is absolutely convergent. 

+ This was pointed out by Pinoherle, Bologna Memorie, (4) m. (1881—2), p. 160. 

X Of. Modem Analytic, § 6*88. 
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»=o 


n=0 


= S enJn (z) {tO n (t) - cos* tynr), 

»»1 

since tO 0 (i) = 1- If now we use the recurrence formula for J n (z) to modify 
the expression on the right, we get 

2 e n J n 0) On (t) = 2 {Jn—i {?) + Jn+i (z)} {tOn ( t) - cos* frwrj/n. 

H=0 »=] 

If we notice that J n+l {z){tO n it) — coQ i \n , nr\ln tends to zero as n-*- oo, it 
is clear on rearrangement that 

Jo(z) { 0 0 ( t ) — tOi (£)} +Ji(z) {20j (t) — \tOo(t) 4- $•} 


+ 2Jn(z) 


9 


on /i\ tO n+l (t) tO n ^ (t) , 2n sin* Jnir 

20. (0 - n+1 -—j + - n Y_i- 


= 0. 


Now regard z as a variable, while t remains constant; if the coefficients of 
all the Bessel functions on the left do not vanish, the first term which does 
not vanish can be made to exceed the sum of all the others in absolute value, by 
taking \z\ sufficiently small. Hence all the coefficients vanish identically* 
and, from this result, formula (1) is obvious. 

To prove (2) and (3) observe that 

(i + s)rb =0 ' 

and so, f a | being less than [ t j, we have 

2 e„J n (s) 0„‘ (() + 5 e,J„' (*) 0„ («) = 0. 

tt -0 «-0 

By rearranging the series on the left we find that 

2 € n J n (z) OJ (t) = J i (z) O 0 (£) — 2 \J n i-i 0) — J n+i {z')} 0 n (t) 

»= s 0 

= — Jo (z) Oi (t) — 2 Jn(z) {0 n +i (t) — On—i {£)}) 

»=1 

that is to Bay, 

J, , (s) 1 0 ( t) + 0, («)) + 2 /„ (a) (20„' («) + 0» +1 (0 - 0„_, (f)} s 0. 


» = 1 


On equating to zero the coefficient of J n {z) on the left, just as in the 
proof of (1), we obtain (2) and (3). 


* This is the argument used to prove that, if a convergent power series vanishes identically, 
then all its coefficients vanish (cf. Modem Analysit, §8*78). The argument is valid here because 
the various series of Bessel coefficients converge uniformly throughout a domain containing r=0. 
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By combining (1) and (2) we at once obtain the equivalent formulae 

(4) ntOn-i (0 - (w s -1) 0 n (f) = (to -1) tOn ( t ) + n sin* \nnr, 

(5) ntOn+i (t) — (to 9 - 1) O n (t) = — (to + 1) tO n ' (t) + to sin 9 |mr. 

If-Sr be written’for t ( d/dt ), these formulae become 

(6) (n — 1) (S- + n 4-1) 0 n ( t) — n { tO n ( t ) — sin 9 Jtott}, 

(7) (to +1)(S^ - to +1) 0 n (t) = — n {tO n+ i(i) — sin a Jw7r}. 

The Neumann polynomial of negative integral order was defined by' Schlafli * 
by the equation 

(8) 0_ n (*) = (-)” O n (t). 

With this definition the formulae (1)—(7) are valid for all integral 
values of n. 


9*12. The differential equation f satisfied hy 0 n {t). 

From the recurrence formulae §9*11 (6) and (7), it is clear that 

(Sr + n + 1) (Sr — n 4- 1) 0 n (0 = ——r (S + n + 1) {— ntO n +i ( t) + n sin 9 $tott} 

7t -f" JL 
Tift 

~ ~ ^TjTj[ + n + 2) On+i (t) + n sin 8 \mr 

~ — t {tO n {t) — cos 9 \n 7 r) + n sin 9 |to7t, 
and consequently O n (t) satisfies the differential equation 

(S + l) 9 0 n (tf) + (i 9 — to 9 ) O n (t) = t cos 2 \mr + n sin 9 \mr. 

It follows that the general solution of the differential equation 

d a y t 3 dy t n s —1\_cos 9 £?i7r ( TOsin 2 £«7r 

^ ’ dP + tdt + V ¥~) y t + ¥ 


is y = O n (t) +t- l< $ n (t), 

and so the only solution of (1) which is expressible as a terminating series 
is O n ( t). 


It is sometimes convenient to write (1) in the form 


where 

<*> 


(to even) 
(to odd) 


* Math. Ann. tii. (1871), p. 188. 

t Neumann, Theorie der BesseVschen Functionen (Leipzig, 1867), p. 18; Journal Jur Math. 
Lxvii. (1867), p. 814. 
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f 2 0T2 + *! Jo*"* 7 " w °« (0- J 0 ^V n (,) 0 B (0,’ 

2e n7l V n («)d? n ( i :) = j« 8 ^ + 44-s4 r— 
n=o l W 03 J t-z 
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and so 


+ 77-To + ' 


(t-z)*' r t-Z 


4 




Now 

and hence 
Therefore 


1= 2 e2fl'^2ii(2)j z— 2 «2n + i (2jt + I) «/ 2n + 1 0), 

Jt=0 71=0 

*+z=f 2 2^ (*)./«(*). 

n=0 

2j n J n (*) £{** + 3< ~ + 1 + <» - 71 j 0 n (<) - «Vn (<)]'* 0. 

On equating to zero the coefficient of •/„ (z) on the left-hand side of this identity, just 
as in § 9*11, we obtain at once the differential equation satisfied by 0 n (t). 

9*13. Neumanns contour integrals associated with O n (z). 

It has been shewn by Neumann* that, if C be any closed contour, 

00 J^O m (z) O n (z)dz = 0, (m — n and m =£ n) 

( 2 ) f Jm ( z ) 0 n (z) dz - 0, (m a ^ n 1 ) 

(9) j Ji 7i (z) O n (z) dz — 27 rikje n , 

where k is the excess of the number of positive circuits of the contour round 
the origin over the number of negative circuits. 

The first result is obvious from Cauchy’s theorem, because the only singu¬ 
larity of O m ( z ) O n ( z ) is at the origin, and the residue there is zero. 

The third result follows in a similar manner; the only pole of the inte¬ 
grand is a simple pole at the origin, and the residue at this point is l/e n . 

To prove the second result, multiply the equations 

^mJm ( z ) — 0, V n [zO n ( Z )} = 2 ?g n ( Z ) 

by zO n (z) and J m (z) respectively, and subtract. If U (z) be written in place of 

J t~\d{ z O n ( z )} p ( ^dJ m (z) 
dz z0 ^~di ’ 
the result of subtracting assumes the form 

#U’(z) +zU(z) + (m* - n s ) zJ n (z) O n (z) = z 3 g n ( z ) J m ( z )> 

* Theorie der BesteVachen Functionen (Leipzig, 1867), p. 19. 
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and hence 

\zTJ(z)] 0 + (™ s “ w a ) f J m {z) 0 n (z) dz = f z*g n (z) J m (z) dz. 

Jo Jo 

The integrated part vanishes because U (z) is one-valued, and the integral 
on the right vanishes because the integrand is analytic for all values of z ; and 
hence we deduce (2) when m* £ n % . 

Two corollaries, due to SohMi, Math. Ann. m. (1871), p. 138, are that 

( 4 ) ] Jn(#+V) (y) dy**J n _ m (x) + (-) m J n+m (x), 

( 6 ) i f { ] 0 m (x+y) J n (y) dy=J m _ n (*)+(-)" J m+n (x). 

The first is obtained by applying (2) and (3) to the formula § 2 - 4 (1), namely 

I J n+p (x)J_ p (y), 

pss — ao 

and the second follows by making an obvious change of variable. 

9*14. Neumann's integral for 0 n (z). 

It was stated by Neumann * that 

a) o» w i«+yy+r>!;+(.“ - '(*+*»• e - d „. 

We shall now prove by induction the equivalent formula 

/•go exp fa 

(2) O n (z) = iJ° [{«+ V(1 + t 3 )} n + {«- V(1 + *’)} n ] er* dt, 

where a is any angle such that | a + arg z\<fcir\ on writing t — ujz, the truth 
of (1) will then be manifest. 

A modification of equation (2) is 

f OO+fa 

(3) On (z) = i { e** + (-)*«r n ®} e-* sinhfl cosh 6d6. 

Jo 

To prove (2) we observe that 

fooexpfa foo exp fa 

O 0 (z) = I e^dt, Oi(z)= te'^dt ; 

Jo Jo 

and so, by using the recurrence formula § 9T1 (2), it follows that we may write 

foe exp fa 

On(z)*= <f>n (t) e-^dt, 

J 0 

where 

( 4 ) <f>n+i (t) - 2t<l>n (t) - 4>n-x (<) - 0 , 

and 

(5) 

* Theorie der BtinePtehen Functional (Leipzig, 1867), p. 16; Journal fUr Math. lxvh. (1867), 

p. 812. 



9-14] 


ASSOCIATED POLYNOMIALS 


279 


The solution of the difference equation (4) is 

4> n (t) = A{t + V(« s + l)} n + B {t - V(1 + * s )} n , 

where A and B are independent of n, though they might be functions of t. 
The conditions (5) shew, however, that A = J5 = j; and the formula (2) is 
established. 


This proof was given in a symbolic form by Sonine* who wrote <j> n (2)). (l/z) where we 

/ ooexpla 

<f> n (t) dt, D standing for (djdz). 

A completely different investigation of this result is due to Kapteynf, 
whose analysis is based on the expansion of § 9'1 (1), which we now write in 
the form 

7^7-3 «„/„({)O.M. 

z ~ fc > 1=0 

When j J | < | z |, we have 


if p be so chosen that 


It follows that 


u 1 ( 1\ 

H~2 \~p)' 


i r* r | | u+y(tt«+g»))» 
*-Z Jo [_*- — * w+1 



e~ u du. 


We shall now shew that the interchange of summation and integmtion is justifiable; it 
will be sufficient to shew that, for any given values of £ and z (such that | (| < |«|), 


M 

2 

n=AT+l 





e~ u du 


can be made arbitrarily small by taking N sufficiently large J ; now 


and so 


I w ± \Z(« a + 2 a ) | < 2 (u +1 z |), 



{«± N /(7f a + g !i )} n 

z n 


e~ u du £ j J 2 B («+|s|) B e -B rftt 

f 2*f n e- |+ i*l dt 
M n J\z I 

< i (C/«) w I exp {|*!+i|C | 2 >. 


* Math. Ann. xvi. (1880), p. 7. For a similar syrabolio investigation see § 6'14 supra. 
f Ann. Sci. de Vficole norm. sup. (3) x. (1893), p. 108. 
t Of. Bromwich, Theory of Infinite Series , § 176. 
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Therefore, since \( | < | e |, we have 

n**N +1 J o I 2" * /ft ^ 


[chap, rx 


r ^ v |{|»l-Utf— ’ 


“ “ U “* “« * **■« * sufficiently 

Hence, when | ?|< |*|, we have 

—— = y t (y\ f " 0 \ u + V(w a + s 3 )}” 

Z-K n,-« n(r) Jo - 

= Jo en ' /n (^) (*)» 

where 0 n ( 2 ) is defined by the equation 

0 n (*) = r ^ + **)l w + fit - V(w 9 + z a )} n 

Jo ~~2#n+i -~ e~^du-, 

and it is easy to see that 0 n (z), so defined, is a polynomial in 1/z of degree 

tJ?/” the ^ tegrand i8 elpanded * in P°*™> of * and integrated term by 
rm, it is easy to reconcile this definition of 0, (a) with the formula § 91 (4J 

9-15. Sonines investigation of Neumann's integral. 
of e^r^rs? t :Tnt: + inv r tiga i ion ° f a r"* type 

iffi^rVonT'^^ ^rf the “ tegral ° P § ® 01 ” °“ ^derileTwXut 

maculty. Somne s general theorem is as follows: 

Lei Z n and A n be defined by the equations\ 

V 1 f(«+) /fo, /-x 

Zn ~¥rij ®* w ^* An= J 0 W(«))* 

^ en —— =2^/4 

«-* n ^ n ’ 

it (warned that the series on the right is convergent. 

Suppose that for any given positive value of x, | w I > I * («) I on a closed 
curve 0 surrounding the origin and the point *, and | J| < 1J g | “ l %£ 

Of. Hobson, Plane Trigonometry (1918) § 264 

•“ ■—> —I- has bean 

wlTl^wwZ^T ™ 10 ™* 0 *- Ses B ” lhardt - *■ ««•*• 
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curve c surrounding the origin but not enclosing the point z. Then 

2 Z n A n = ~ 2 r f e*+M-**l±^dwdx 

m=— oo 27n n ^oJ 0 Ja w n+l 


gzipm- 


dwdx 


+jl ? rr 

2ttI nzioJ 0 Jo 

_A,n _ 

2inJo\Jc Jc) w — 

=jl rr 

2'mJo J 

S’ 


dwdx 


OO /•*(*) + 


dwda 

W — j/v (w) 

— I e m-aiX __ ^ 

JO 

provided that R(z)< R (a); and the result is established if it is assumed 
that the various transformations are permissible. 

In order to obtain Neumann’s expansion, take 

yjr (w) = | (w - 1/w), ^ (w) = X ± VC® 1 * + 1), 

and then 

= 2 


a — z 


Since 


= 2 

»=0 


\e n J n ( Z ) {-4 n + (—y* -4-n}. 


+ (-)“ = (“e--* O ± V(«* + 1)1” + (-) n {« ± V(^ + l)}~ n ] dx, 

Jo 

we at once obtain Neumann’s integral. 

Sonine notes (p. 328) that 

•At ( z ) ~ (£*)”/«!) * n O n (a) w! (ia)~ B , 

so that the expansion of l/(« -z) converges when |z|<|a|; and in the later part of his 
memoir he gives further applications of his general expansion. 

9*16. The generating function of O n (z). 

to 

The series 2 (- ) n f n £”O n (z), which is a generating function associated with O n (z), 

n=0 

does not converge for any value of t except zero. Kapteyn* however, has “summed” the 
series after the method of Borel, in the following manner: 

.v > * * w » + „-«J. (»-sji(i*r*i 

| S ( n+j) .(w+w) 1 
n-o m-o (n-m)! (^z) 2m + a 
_1 l + « s « “ ».(/i+m-l)l <** 

= z (»-«)! (*i)*"+> 

* | (»+$). (» + m) l 

m=On=m (n-m) 1 (£z) 8m + 11 


1 „ 
= 2 


(2m)I *»»(1+**) 1 « (2m + l)U aB + l (l + ^) 

2 m=0 + i (1 - O 27,1+1 2 + B (1 - <»)*"* + * 

l+* a 5 (~) m .m! P* 

2 ,, 7J-TiTT“ 


Nieuw Archief voor Wiskunde (2), vi. (1906), pp. 49—66. 
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/ » 

(T- ~ f 2 ) g + 2 tu ' aD< * httegral 

is convergent so long as (1 - « s ) zjt is not negative. 

00 

There is no great difficulty in verifying that the series 2 ( — )*c*t*O n (z) is an asym- 

n«=o 

ptotic expansion of.the integral for small positive values of t when | arg z\<n, and so the 
integral may be regarded as the generating function of 0 n (z). Kapteyn has built up muoh 
of the theory of Neumann’s function from this result. 


9*17. The inequality of Kapteyn's type for O n {nz). 

It is possible to deduce from Neumann's integral an inequality satisfied 
by 0 ft ( nz ) which closely resembles the inequality satisfied by J n {nz) obtained 
in § 8’7. 

We have 

Oft (nz) - — J [{w + *J(uP + s a )} n + [w — a/(w s + ^®)} n ] er nw dw, 

the path of integration being a contour in the w-plane, and so 

I °n (nz) I < jjp J o i [{w ± ^(w 3 4- z*)} e-«] |«. | dw [, 

where that value of the radical is taken which gives the integrand with the 
greater modulus. 

Now the stationary point of 

[w + V(w* + z*)) 

is V(1 — ■*“), and so 

(1) |0.(«)I<|7P { expV(l-f»| r7 1 {W + ^ + '*~l-1I* 

where the path of integration is one for which the integrand is greatest at the 
stationary point. 


If a surface of the type indicated in § 8'3 is constructed over the emplane, 
the stationary point is the only pass on the surface; and both w — Q and 
w = + oo are at a lower level than the pass if 


/n\ 5 exp V(1 - z*) I 

(2) i + ^(1 - ?) ! < L 

Hence, since a contour joining the origin to infinity can be drawn when (2) is 
satisfied, and since the integral involved in (1) is convergent with this contour, 
it follows that, throughout the domain in which (2) is satisfied, the inequality 


(3) 


O n (nz) < 


A I 1 + V(1 - 2?) 


| z I s ‘ j z exp \/(l — **) 
is satisfied for some constant value of A ; and this is an inequality of the same 
character as the inequality of’§ 8’7. 
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9*2. Qegenbauer's generalisation * of Neumann’8 ‘polynomial. 

If we expand z v l(t — z) in ascending powers of z and replace each power of 
z by the expansion as a series of Bessel functions given in § 5‘2, we find on 
rearrangement that 

_“ z v+s 

t-z~ ~ Q V+' 

® 2*+* f £ (i/ + 5 + 2m).r(y + s + »n) r , s ) 

~ ^ +T lw! Jv+8+9m { *> j 

_ “ 2*' +n - am (p + n).Y(v + n-m) r , N | 

~ n % USo f n -“ * m! Jv+n {Z) ] ’ 

the rearrangement has been effected by replacing 8 by n — 2m, and it presents 
no greater theoretical difficulties than the corresponding rearrangement in § 9*1. 

We are thus led to consider Gegenbauer’s polynomial A Wl „(f), defined by 
the equation 


( 1 ) 




this definition is valid whenever v is not zero or a negative integer; and when 
|*|<|<|, we have 


( 2 ) 


X A n At)J, + n(z). 

t — Z jj=0 


The reader should have no difficulty in proving the following recurrence 
formulae: 

(3) (v + »- 1) 4.+.,. (f) + (p + n +1) - 2 K'' + ”)‘- 1 l ^,(t) 

. «■(>+") 8in . imr> 

„ + K_l (0 _ v + n+l ® = (a 

(5) {v + n)tA„^ hv (t)-(n+l)(v + n-~l)A n , v (t) 

/ , . 2 v (y + n) (v + n— 1) Y(v + \n~ 4) . , 

= (* + n - 1) tA\ v (f) + y - - -- sm a r, 

(6) (v + n)tA n+liV (t)-(v + n+l)(2v + n- l)-d n ,,,(£) 

, 2"(v + n) (v + n + 1) T(v + \n + £) . , t 

--(* + „ + 1 ) <4 '„.(«) +—- T& n + W - 1 -~ 


0 ) 


4,„(0 = 2 'r(ni)/(, 

Wiener Siteungsberichte, lxxxv. (2), (1877), pp. 124—180. 
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The differential equation of which A n , v (t) is a solution is 

(8) d *y i 3 ~ 2v d y ■ f» (»+l)(2v + »-l)) 

K) dt* + t Tt + 1 1 -*- 

where ; 

« /a % v (v + n) T(y + 

(9) *•' < W —f (t , + i)<~ 00811 w 

+ — sm i w?r - 

The general solution of (8) is ri ni ,(i)+rf*-i ^ +n (£). 

°f these results, (3), (4), (8) and (9) are due to Gegenbauer; and he also 
proved that 

(10) f ’ An •' ^ dt = 2 ”r (»>). (* + n) <V (5), 

where <V ( 2 ) is the coefficient of a n in the expansion of (1 -2o* + a*)-** • this 
formula 18 easily proved by calculating the residue of (izt) m A n> „ (t) at the origin. 
The corresponding formula for Neumann’s polynomial is 


(11) 

1 rto+i 

J (t) e Kl dt = i n cos \n arc cos z}. 


The following formulae may also be mentioned: 


(12) 

fpAm, v (%) An,v (z) dz ~ 0, (rri 

—11 and mj=n) 

(13) 

I z Jv+m {z) A n „ (z) dz = 0, 

•7 ( j 

(m a n~) 

(14) 

\ ( f~ V t ^ r *'+ n (*) -An,v (z) dz — 27 rile, 



where (7 is any closed contour, n = 0,1,2, ..., and k is the excess of the number 
0 positive circuits over the number of negative circuits of 0 round the origin. 

The first and third of these last results are proved by the method of S 913 • 
the second is derived from the equations 

V H-w» J v +m (z) - 0, V v+n {z'-v A n< „ ( Z )} = g n> „ ( 0 ) j 
whence we find that 

(m - n) (2 ’ + * + •)[ (,) * = gnt , W ^ w * _ o. 

9*3. Schlafli’s polynomial 8 n (t). 

■ A pol / no ' i nl,tl c '° sel y connected with Neumann’s polynomial 0,(t) was 
investigated by Schlafli. In view of the greater simplicity of some of i“ 

nomW le% ^ 18 freqUently oonrenient ‘0 ■* rather than Neumann's poly- 
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Schl&fli’s definition* of the polynomial is 


( 1 ) 

( 2 ) 


S n (t) = 


(n — m — 1)1 

m=0 Wl! 


(^)- n+3W *, 


S 0 (t) = 0. 


On comparing (1) with § 9*1 (2), we see at once that 

(3) £ n S n ( t ) = tO n (t) — cos a \mr. 


(n> 1 ) 


If we substitute for the functions 0 n (t) in the recurrence formulae, § 911 (1) 
and (2), we find from the former that 

(4) Sn+i (t) 4- (t) — 2 7it~ l S n ( t) — 4t _1 cos® | nir, 

and from the latter, 

\ (n -1) $ n _ a (t) - %(n + 1) Sn +j ( t) = nS n ' ( t ) - ntr 1 S n ( t ) - 2 tr l cos 8 
If we multiply this by 2 and add the result to (4), we get 

(5) S n . 1 (t)-S n+1 (t) = 2S n '(t). 


The formulae (4) and (5) may, of course, be proved by elementary algebra 
by using the definition of S n (t), without appealing to the properties of 
Neumann’s polynomial. 

The definition of Schlafli’s polynomial of negative order is 

(6) S_n (t) = (-)*+> S n (t), 

and, with this definition, (4) and (5) are true for all integral values of n. 

The interesting formula, pointed out by Schlafli, 

CO £«_,(*) + $«+1 (t) = 4>0 n (t), 

is easily derived from (3) and (4). 

Other forms of the recurrence formulae which may be derived from (4) 
and (5) are 

(8) tS n -i (t)— nS n (t) — tS n ' (t) = 2 cos® £ nir, 

(9) tS n+l (t) — nS n ( t ) 4- tS n ' (t) — 2 cos® |n7r. 

If we write ^ for t(d/dt), these formulae become 

(10) (S 4- n ) S n ( t ) = tS^ (i)—2 cos 2 $«7t, 

(11) (S- — n) S n (0 = — tS n + j (0 4- 2 cos 2 |mr. 

It follows that 


(^® — n®) S n (0 = t (S- + 1 — n) S n _j (0 + 2n cos® \mr 

= - V s S n (t) + 2t sin® \mr 4- 2/i cos® \nir, 
and so S n ( t ) is a solution of the differential equation 

(12) i® ^ 4- ^ ^ + — n *) V — 2i sin® | mr 4- 2n cos® £ nir. 


Math. Ann. in. (1871), p. 138. 
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It may be convenient to place on record the following expressions : 


*(0-2, It, 
*(0-2/«+16/*\ 
*(0-2/« +48/^ + 768/^ 


*(<)-4/* f 

* (£) = 8/t 8 + 96/i 4 , 

* (i) = 12/i a + 384/*< + 7680/tf 8 : 


The general descending series, given explicitly by Qtti, are 


(13) 


(14) 


» (f \_ § (jn + TO-1)! 

On 15) — , 1 „ /1 iVM 


m=l 


(^n-wi)l {^) 2m 


2n 2n (n 3 - 2 s ) 2n (n 5 - 2 2 ) (n* - 4 a ) 

_ f a + t 1 + f 8 + 

a ( f\ J (n K 15 (jn+tn-j)! 

* n{ ) ~ m Zo (i«-m-i)!(^r +1 

_ 2 2 (n* - I s ) 2 (•«.* — I s ) (w s — 3 a ) 

“tf + + f + ‘ , “ 


(n even) 


(n odd) 


The coefficients in the polynomial S n (t), for n= 1, 2,... 12, have been calculated by Otti, 
Bern Mittheilungen, 1898, pp. 13—14; Otti’s formulae are reproduced (with some obvious 
errors) by Graf and Gubler, EMeitung in die Theorie der BesseFschen Funktionen ) ii. (Beni, 
1900), p. 24. 


9*31. Formulae connecting the polynomials of Neumann and Schlafli. 

We have already encountered two formulae connecting the polynomials of 
Neumann and Schlafli, namely 


\ n S n (t) = t0 n (0 — COS 2 £ ?17T, 

&n—i {t) + $n+i (0 = 4 0 n (t), 

of which the former is an immediate consequence of the definitions of the 
functions, and the latter follows from the recurrence formulae. A number of 
other formulae connecting the two functions are due to Crelier *; they are 
easily derivable from the formulae already obtained, and we .shall now discuss 
the more important of them. 

When we eliminate cos 2 £;wr from § 9‘3 (3) and either § 9’3 (8) or (9), we 
find that 

(1) S n __ 1 (t)-S n '(t) = 20 n (t), 

(2) *+»(«)+*.'(*)-20, (*). 

Next, on summing equations of the type § 9'3 (5), we find that 


(3) S n (t) = — 2 S n- 3 m—i (t) + sin 2 ^ wr . Si (t ), 

)»=0 

and hence 

(4) S„(«) + «„.,(<) = - 2 “£* S’^ m .,(t) + S l (t). 

• Ml —0 


Comptes Bendue, oxxv. (1897), pp. 421—428, 860—868; Bern Mittheilungen, 1897, pp. 61—96. 
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Again from § 9’3 (7) and (5) we have 

4 (On—i ( t) 4- 0 n+1 (£)} — $n—a (t) + 2S„(t)+S M (t) 

= (t) - («)} - (S„ (t) - S^, (t)} 4S„ (i) 

= 2&V. (i) - 2S' W (<) + 4S„ (t) 

= 4S„''(«) + 4S„(«), 

so that 

(5) 8V (£) + 8 n (t) - (£) + 0** (£). 

This is the most interesting of the formulae obtained by Crelier. 

Again, on summing formulae of the type of §911 (2), we find that 

(6) 0 n (t)— 2 2 0 n-am—i (0 + sin ? \mr. Oi (£) + COS 3 ^ Tlir. O 0 (t) y 

»»«• 0 

and hence 

00 o n (t)+ On—i (£) = - 2 "2 

^ n—m —l (i) + O,(t) + 0,(<). 

m*=0 

9*32. Graf’s expression of S n (z) as a sum. 

The peculiar summatory formula 

(1) 8 n (z) = ir 2 [J n (z)Y m (z)-J m (z)Y n (z)} 

-n 

was stated by Graf* in 1893* the proof being supplied later in Graf and 
Gubler’s treatisef. This formula is most readily proved by induction; it is 
obviously true when n = 0, and also, by §3*63(12), when n- 1. If now the 
sum on the right be denoted temporarily by <£„ (z), it is clear that 
<£n+i (z) + <f> n— l (z) - (2 n/z) <f) n (z) 

— irJ n 4 -i (z) 2 Y m (z) — 7T Fn +1 (z) 2 J m {z) 

m=-»-1 m= -«-l 

+ TrJVi ( z ) 2 Y m (z') — 7T Fn_j (#) 2 i/m (#) 

tt»=— n+1 m=-»+l 

-(2tot r/z)J n (z) 2 Y m (z) + (2mr/z) Y n (z) 2 

m=—n m=-n 

Now modify the summations on the right by suppressing or inserting terms 
at the beginning and end so that all the summations run from -n tow; and 
we then see that the complete coefficients of the sums XJ m (z) and 2 Y m (z) 
vanish. It follows that 

(z) + (f>n-i (z) ~ (2 n/z) tf> n (z) 

— 7T</n+i (z) { Y „ +1 (z) + Y (z)) — 7T Tn+i C*) { L V-i ( z ) + J-n—\ (z) | 
- Tt/m-i (z) { F„ (z) + Y^n (*!} + 7rF„_x ( Z ) {J n (z) + «/_» {z)\ 

— - 7T {1 + (- 1} »} {Jn-x (Z) Y n (Z) - J n {Z) F n _x (Z)} 

*ss 4 z~ x cos a ^rwr, 

by §3*63 (12); and so 4> n (z) satisfies the recurrence formula which is satisfied 
by S n (z), and the induction that (z) = S n (z) is evident. 

* Math. Ann. am, (1898), p. 188. 

t Einleitung in die Theorie der Bestel’tchen Funktionen, n. (Bern, 1900), pp. 84—41. 
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9*33. Grelier’s integral for 8 n (z). 

If we take the formula §9*14 (2), namely 

f ao expta 

0„ (*) - J [(«+V(1 + <’)}” +1« - V(1 +«’)!“] tr* dt, 

' J 0 

and integrate by parts, we find that 

1 (1 l /_ 1 \nl 1 r oo exp ia J 

On (*) = M + 2 rj 0 J t lit + v(l + ?)}» + {* - V(1 + *)}•] dt 

cos^TiTT , n /' M «P < “|l54-v'a+< s )} n -|«-V(l+i 8 )] n 7 , 

* '* 2* Jo V(l+t J ) e . dt ‘ 

Hence it follows that 

(1) = If’" [i + V(1 + i X- + l ;^ (1 + ^ e~«dt. 

This equation, which was given by Schlafli, Math. Ann. in. (1871), p. 146, in the form 

(2) S n (*)= I (-)"«-»«} 

is fundamental in Crelier’s researches* of which we shall now give an outline. 


We write temporarily 

T n = {*+ V(1 + **)}" - {t - V(1 + « 3 )}« 

and then 

In+i ~2 tT n — T n _ i = 0, 

so that 


and therefore 




|P = 2i + 

■* 71 


1 


^n+i J. 1 

T n ~ Zt + 2t + 2t+...+2i’ 


the continued fraction having n elements. It follows that T n+1 (T n is the 
quotient of two simple continuants f so that 

Tn+i _ K{2t,2t ,..., 2t) n 
T n K(2t,2t,... i 2t) n _ 1 ’ 

the suffixes w, »i — 1 denoting the number of elements in the continuants. 

It follows thatj T n /K (2<) n _ 1 is independent of n ; and since 
T^VCL + n K (2t) 0 =* 1, 

we have 

T n = 2</(l + ?).K(2t)^, 


* Comptes Rendus , oxxv. (1897), pp. 421—428,860—868; Bern Mittheilungen, 1897, pp. 61—96. 
+ Chrystal, Algebra, ii. (1900), pp. 494—502. 

t Sinoe all the elements of the continuant are the same, the continuant may be expressed by 
this abbreviated notation. 
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(•S') — 2 J 
J ft 


« exp ia 


K (2 i)„_ a eft. 


From this result it is possible to obtain all the recurrence formulae for 
S n (z) by using properties of continuants. 


9*34. Schltifli’s expansion of S n (t 4- z) as a senes of Bessel coefficients. 

We shall now obtain the result due to Schl&fli* that, when 
S n (t + z) can be expanded in the form 


( 1 ) 


S n (t + z)= 2 S n -m (t) J m (z). 


The simplest method of establishing this formula for positive values of n 
is by inductionf. It is evidently true when n — 0, for then both sides vanish ; 
when n = 1, the expression on the right is equal to 

Si(t)J 0 (z)+ £ {$i-m (t) J m (z) + S in+ i (t) J(z)} 

m =1 

= 20 o (t) Jo (-*) +■ 2 (t) + S m+1 (0} J m (- z) 

«»=i 

= 2 2 e m 0 m (t) J m ( z ) 

>»=o 

= 2 ((t + z) = S 1 (t + z), 
by §9-1(1) and §9-3 (7). 

Now, if we assume the truth of (1) for Schlafli’s polynomials of orders 
0, 1, 2,... n, we have 

Sn+i (t + z) = $n—i (t + z) — 2 S n (t + z) 

— X $n-wi—l if) Jm i z ) “2 % S' t i_ w ( t ) J m (z) 

0 771 = — CO 7K =* — 00 

= 2 2»S }i-j W 0)j <T m (z) 

m = — oo 

= 2 m (0 Jm ( z )> 

m= — ao 

and the induction is established; to obtain the second line in the analysis, 
we have used the obvious result that 

Sn (t + z) = ^ S n (t + z). 

Math. Ann. m. (1871), pp. 189—141; the examination of the convergence of the Berios is 
left to the reader (of. § 0*1). 

t The extension to negative values of n follows on the proof for positive values, by § 9*8 (6). 
W. B. F. 
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The expansion was obtained by Schlafli by expanding every term on the right of (1) in 
ascending powers of z and descending powers of t. The investigation given here is clue to 
Sonine, Math. Ann. xvi. (1880), p. 7; Sonine’s investigation was concerned with a more 
general class of functions than Sohlafli’s polynomial, known as hemi-cylindrical functions 
(§ 10-8). 

When we make use of equation § 9'3 (7), it is clear that, when ( z | < 1 1 1, 

(2) 0 n (< + *)= 2 0„(t)4(«). 

T »=-°0 


This, was proved directly by Gegenbauer, Wiener Sitzungsberickte , lxvi. (2), (1872), 
pp. 220—223, who expanded 0 n (t+z) in ascending powers of z by Taylor’s theorem, used 
the obvious formula [cf. § 9T1 (2)] 

(8) 2 P 5=3 ^ ("“) m • 0,1—p+gm {t), 

«»=0 

and rearranged the resulting double series. 

It is easy to deduce Grafs* results (valid when \z\< j 1 1), 


00 


(4) 

«.(«-»)- 2 

771*= - 

$n+m (t) Jrn ( z )> 

OO 

(5) 

o n (t-z)= i 

On+m (f) Jm (%)• 


00 


9 - 4. The definition of Neumann’s 'polynomial ft n (t). 

. The problem of expanding an arbitrary even analytic function into a 
series of squares of Bessel coefficients was suggested to Neumannf by the 
formulae of § 2-72, which express any even power of z as a series of this type. 

The preliminary expansion, corresponding to the expansion of lf(t — z) 
given in § 91, is the expansion of l/(i a -,s a ); and the function fl n (£) will 
be defined as the coefficient of e n J,?(z) in the expansion of l/(i a — z % ), so Chat 

(1) p _ z i — Jo ( z ) (0 + 2 Ji ( 2 ) fli ( t) + 2J a a ( z) XI a (t) ■+•... 

= 2 € n J n a (z) fin (t). 

n=0 

To obtain an explicit expression for fl n ( t), take \z \ < |t j, and, after ex¬ 
panding 1 l(t a — z a ) in ascending powers of z , substitute for each power of z tho 

* Math. Ann. xlixx. (1893), pp, 141—142; see also Epstein, Die vier Rechuung«operationen 
mit BesseVschen Functionen (Bern, 1894). [Juhrbuch Uber die Fortschritte der Math. 1893—1894, 
pp. 846—846.] 

f Leipziger Berichte, xxi. (1869), pp. 221—266. [Math. Ann. in. (1871), pp. 681—610.] 
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series of squares of Bessel coefficients given by Neumann (§ 2*72). As in 
§ 9*1, we have 

1 00 

-= 2 — 

t'-z' 

" LI .—(') + 1 ^ 

when we rearrange the series by writing n — s for m ; this rearrangement 
presents no greater theoretical difficulties than the corresponding rearrange¬ 
ment in § 9*1. 

Accordingly the function Cl n ( t) is defined by the equations 


O (t\ = - Y n ' 1- S ) K 5 0 a 
nW 4 - s)! (2s) 1Q it)” +a ’ 


( 2 ) 

(8) n 0 (*) = i/i a . 

On reversing the order of the terms in (2) we find that 

( 4 ) n (t)=- £ M2n- ro-l )l{(n- m)!} a 

" v 4 , "o ml (2 n - 2 m) ! (£ t ) m ~ m1+2 ’ ’ 

while, if (2) be written out in full, it assumes the form 

/K\ n 1.2 4fl a (4/t 4 -2 4 ) . 1.2.3 4n a (4n a -2 a )(4?i a -4 a ) 

W «W jp + 2 t* + 3.4 ? + 475". 6 .. f - + 


(n > 1) 


(n ^ 1) 


Also 

(6) e n fl n ( t) = 


* 4 ‘ 2 '3.4 

2 an (ral) 


^an + 3 


1 + 


@ 9 « a 


0 4 i< 


+ ... 


where 


0) 


1. (2n - 1) T 1.2. (2n - 1) (2n - 2) 

,__) 

1.2 ...n.(2n- i)(2 n - 2)... n\’ 


' « _ 2n ~ 1 
” I_ 2n~~ 


p, _ (2ft —l)(2n —3) 

4 2n(2/t —2) 


e = (2 a — 1) (2n — 3) ( 2w - 5) 
2n(2n - 2)(2n — 4) 


(ft _ 
an — 


(2?i — l)(2w — 3)... 1 
2n(2n — 2)... 2 * 

Since 0 < 0^ < 1, it is easy to shew by the methods of § 211 that 

( 8 ) i €„ n n ( t) | ^ 2™ 1 1 j-" 1 " 2 (rc!) 4 exp (| t | a ), 
and, when n > 0, 

( 9 ) e n a n (t) =2 a »r 2w - a (n!) a (1 + 0), 

where 101 ^ {exp | £ | 4 — l}/(2w — 1). 


19—2 
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By reasoning similar to that given at the end of § 9T, it is easy to shew 
that the domains of convergence of the series San J n * (z) Xl n (t) and %a n {zjt'f n 
are the same. 

The reader should have no difficulty in verifying the curious formula, due 
to Kapteyn*, 

ao) =»)"• 


9*41. The recurrence formulae for H n (t). 

The formulae corresponding to § 9*11 (2) and (3) are 


(1) 

2 r* 1 / fl«-i (t) H n+ 1 (<) 2fl 0 (t) 
t n w «-l n + 1 n«-l’ 

(n^2) 

(2) 

(2/t) fij (t)=£n 0 (<)—-jfij (<), 


(3) 

(2/0 fl,' (t) « - 2n x (0 + 2H 0 (<). 



There seems to be no simple analogue of § 9*11 (1). The method by which 
Neumannf obtained these formulae is that described in § 9*11. 

Take the fundamental expansion § 9*4 (1), and observe that 

and that, by Hansen’s expansion of § 2*5, 

2«/ 1 (z) J a ( Z ) =* — Z 2 {i/* n_i (z) — »/ S n+i ( £r )}/ w * 

i»«=l 

We find by differentiations with regard to t, and with regard to z, that 

- 2 t/p S e n Jn (z) £l n ' (t), 

»*=0 

2 z/(t* — z’f = 2J 0 (z)J 0 (z) fl 0 (t) + ? « i (z) — J\+i (z)} £l n (t)/n 

= Z 2 {t/ S n_i (z) (z )} { fl n {t) fl 0 (<)}/w. 

n=*l 

On comparing these results, it is clear that 

t 1 ^ e n Jn{z)^n (t) + S f«/ S n—i (■ g ) »^ 9 n+i (#)} • {^n (^) (t)}fn — 0. 

»*=0 »*1 

On selecting the coefficient of J n a (z ) on the left and equating it to zero 
(cf. § 9*1), we at once obtain the three stated formulae. 

* Ann. Sci. de Vficole norm. sup. (8) x. (1898), p. 111. 
f Leipziger Berichte, xxi.‘(1869), p. 261. [Math. Arm. m. (1871), p. 606.] 
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9*5. Gegenbauer’s generalisation of Neumann's polynomial (t). 

If we expand l(t — z) in ascending powers of z and replace each power 
of z by its expansion as a series of products of Bessel functions given in § 5*5, 
we find on rearrangement (by replacing s by n — 2m) that 




00 ffM+y + t 

X 


t-z ~o <* +1 

w 2^ + *'+ s j * r(M+|s+l)r(i/+^+l) (fji.+v+s+2m)T(fi+v+s+m) 

~ sZo t s+l uio r(/x+v+s+l) ml 

X t/jt+Jg + m (z) «/,, + jg+m (*)} 


tyL+y+n-s 

~ ^ | ^ +n—m.+i 

n=0 lm=0 ® 


(p+v + n)T((j' + lin — m + 1) r(i/ + $w--m + 1 )V (ji + v + n — m) 


ml r (iu. + v 4- n — 2m +1) 


x J | 


M + Jn 


(z) i/k + (^) ’ j 


it is supposed that | z | < 1 1 1, and then the rearrangement presents no greater 
theoretical difficulties than the corresponding rearrangement of § 91. 

We consequently are led to consider the polynomial !?«,*,*00. defined by 
the equation 

9^+*' + n (u4-i/ + n) 

a) 


<A n V{fi+ ^n-m+I)r(y-f^~m + l)r(/i,+v+H-m) . 

X m! T (y,+ v + n — 2m+ 1) * 

This polynomial was investigated by Gegenbauer*; it satisfies various 
recurrence formulae, none ot’ which are of a simple character. 

It may be noted that 

(2) B m . o,o (t) ~ z n tCl n (t)> 

The following generalisations of Gegenbauer’s formulae are worth placing 
on record. They are obtained by expanding the Bessel functions in ascending 
series and calculating the residues. 

(3) 2 ^. J t~ v J v (ft sin <jb) B . in+l , M) „ ( t ) dt - 0. 

(4) J t~ v ./„ (2 1 sm <f)) B m . M , „ ( t) dt 

2 t k+v (g.+ v + 2w) T(/x, + 1) F(fJL + v + n)sin y <6 
«!T(/* + v + 1) 

x t F 3 (- n, fi + 1, p + v + n\ {g. + 4- Jv + I; sin 2 <£). 

In the special case in which fi-v , this reduces to 

1 f(0+) 

This formula may be still further specialised by taking <f> equal to £ir or 
* Wiener Sitzungtbarichte, lxxv. (2), (1877), pp. 218—222. 
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9*6. The genesis of LommeVs* polynomial R m>t> (z). 

The recurrence formula 

J v+1 (z) = (2vfz)J„(*) Jv—\ 

may obviously be used to express J y+m (z) linearly in terms of J v (z) and 
Jf-i (z) 5 and the coefficients in this linear relation are polynomials in 1/z 
which are known as Lommel’s polynomials. We proceed to shew how to 
obtain explicit expressions for them. 

The result of eliminating J v+1 (z), J v+3 (z), ...J v+mr - 1 (z) from the system of 
equations 

Jv+p+i (*)•- ( 2 O' + P)l*} J>+p 0) + J*+p-i 00 = 0, (p = 0,1,... m - 1) 
is easily seen to be 


•Tv + m { z )i 

0, 

0, 


-2* -1 (v + wi-l), 1, 

1, -2s -1 (j/ + »i-2), 

0 , 1 , 


0 

0 

0 


= 0 . 


0, 0, 0, . 1 

J v (*), 0, 0, -SUr^+l) 

4-l(«)“(2 v/x)Jr(8), 0, 0, 1 


By expanding in cofactors of the first column, we see that the cofactor of 
Jp+m ( z ) is unity; and the cofactor of (—) m ~ 1 J v (z) is 


2«” 1 (v +771-1), 1, 0, . 0, 0 

1, -2a- 1 (i/+m—2), 1, . 0, 0 

0, 1, -2z _1 (v+m —3), . 0, 0 

* 


0, 0, 0, . -as-^v + l), 1 

0, 0, 0, ' . 1, -2s- 1 v 


The cofactor of (z) is this determinant modified by the suppression 

of the last row and column. 

The cofactor of (— ) m ~ 1 J v (z) is denoted by the symbol (—) m R m , v (a); and 
Rm,v(.z), thus defined, is called Lommel’s polynomial. It is of degree m in 1/z 
and it is also of degree m in v, 

The effect of suppressing the last row and column of the determinant by 
which R m> „ (z) is defined is equivalent to increasing v and diminishing m 
unity; . and so the cofactor of (~) m ~ 1 (z) is (-) m_1 1 (z). 

Hence it follows that 

Jv+m ( z ) ~ Jv ( z ) Rm, v ( z ) + ] ( z ) Rm—i, i-H ( z ) ~ 0, 

* Math. Ann. iv. (1871), pp. 108—116. 
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that is to say 

(1) Jv+m (z) — Jv (f) Rm, v (z') — J ( Z ) R m — lt „-|-i (z). 

It is easy to see that* Rm, v (z) is the numerator of the last convergent of 
the continued fraction 

2r_1 (v + m- 1) - 2z -i („ + m _ 2 )-&r^+~ra- 3) - ... - 2F*v' 

The function Rm tV (z) was defined by Lommel by means of equation (1). 
He then derived an explicit expression for the coefficients in the polynomial 
by a somewhat elaborate induction; it is, however, simpler to determine the 
coefficients by using the series for the product of two Bessel functions in the 
way which will be explained in § 9‘61. 

It had been observed by Bessel, Berliner Abk., 1824, p. 32, that, in consequence of the 
recurrence formulae, polynomials A n . x ( 2 ), x ( 2 ) exist such that 

/.(*)- M4W- <»>V,«}, 

where [cf. § 9’62 (8)] 

_ 2 2n-l 

-dn-i ( 2 ) B n ( 2 ) — /l n ( 2 ) -5 n -i ( 2 ) = 2 2 . 4 s *... ( 27 i — 2) 2 2 n' 

It should be noticed that Graft and CrelierJ use a notation which differs from 
LommePa notation ; they write equation (1) in the form 

•'.+» (*) -W-C-i <*) -4-, (*)• 


9 ‘ 61 . The series for Lommel's polynomial. 

It is easy to see that (—)’ n (z), qua function of the integer m, satisfies 

the same recurrence formulae as J v+m (z) ; and hence the analysis of § 9 - 6 also 
shews that 


(1) ( — ) m J—v—m (&) — J —v if) Rm,v(z) + J — w-H (z) C^)* 


Multiply this equation by (z) and § 9‘6 (1) by J- v+l (z), and add the results. 
It follows that 


(2) J(2) J _„+i (z) + (—) m J - v—m ( Z ) J „-i (2) 

= Rm, V ( Z ) { J „ ( z ) J ( Z ) + J— v ( z ) J „_i (#) j 

2 sin vtt 


7T2 




* Of. Chrystal, Algebra, ir. (1900), p. 602. 

t Ann. di Mat. (2) xxm. (1896), pp. 46—06; Einleitung in die Theorie der Bessel'schen Funk - 
tionen, n. (Bern, 1900), pp. 98—109. 

J Ann. di Mat. (2) xxiv. (1896), pp. 181—163. 
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by § 3'2 (7). But, by § 5*41, we have 

It (AT m | (-nm+p + 2) 9 (i*y*** 
j v+m {z)j . v +iw - p t oP \r(v + m + p +1 ) r(-»+ 2 + P ) ’ 

, ^ W ” uto m r (- y - m + n +1) r (v + ») . 


i = | (-)»(- m + n ) n 

«=o«! T (— v - m + n + 1) T (v + n) 

, s (-^ +i (p +1)w . ( ^r +i 

' p=o(m + p +1)! r(-v + 2+p)r(p + ra+j9 + l)’ 

. when we replace n in the last summation by m + p + 1. Now it is clear 
•that 

(£+l)m+p+i _ ( m + 2p + 1) 1 __ (m+p + 2) p 
(m+2 } + 1)! p!(m+p + l)! p 1 ’ 

and so, when we combine the series for the products of the Bessel functions, we 
find that 

2 sin vn r (-)»+»(- m + W ) B 

ttz n,v Z „=o w! r(—v — m + n+ l)T(v + n) 

_ sin vi r (—) n (m - n) 1 P (v + m — n) (\z)~* n+m ~ l 

tt w =o (m — 2n)\ P (v + n) ’ 

the terms for which vanish on account of the presence of the factor 

(— m + n) n in the numerator. 

When v is not an integer, we infer that 

(3) p (2) = (~) n ( m ~ n ) ! r ( v + m- n) (| z)~™+™ 

»=o n ! (m - 2n )! T (v + n) 

11=0 i (v + n) ** ' 

But the original definition of R mv {z), by means of a determinant, shews 
that R^ „ (z) is a continuous function of v for all values of v, integral or not; 
and so, by an obvious limiting process, we infer that (3) is a valid expression 
oi R m v (z) even when v is an integer. When v is a negative integer it may 
be necessary to replace the quotient 

“ri) bv / y „ r(- y -« + 1) 

P (v+n) ' r (- !/ ~ TO + n + 1) 

in part of the series. 

The series (3) was given by Lommel, Math. Ann. iv. (1871), pp. 108-111; an equi- 

7 ? T Ul t 1U x ° dl 5 erent n0tation > had > h ^ever, been published by him ton years earlier, 
Archw dm' Math, und Phys. xxxvn. (1861), pp. 354_355. 

An interesting result, depending on the equivalence of the quotients iust 
mentioned, was first noticed by Graf*, namely that 

* Ann. di Mat. (2) xxm. (1895), p. 56. 
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9-62] 

In the notation of Poehhammer (cf. §§ 4 - 4, 4’42), we have 

(5) Rw,»( z ) = ( v )m {\z)~ m . a^a (£ - h m > ~ I v,-m, l -v-m] - s 8 ). 
Since R ) „„{z)fz is a linear combination of products of cylinder functions of 

orders v + m and v— 1, it follows from § 5‘4 that it is annihilated by the operator 
O 4 - 2 {(v + mf + (v- l) 2 } £ a + {(»' + my -(u- l) 2 }-] + 4s a (V + 3^ + 2); 
where § = z(d/dz); and so R m v (z) is a solution of the differential equation 

(6) [(Sr + ra) (S + 2v + m — 2) (S- - 2v - 171 ) (S - m - 2)] y 

+ 4* a S ($• + 1) y - 0. 

An equatiou equivalent to this was stated by Hurwitz, Math. Ann. xxxiii. (1889), 
p. 251; and a lengthy proof of it was given by Nielsen, Ann. di Mat. (3) vi. (1901), 
pp. 332—334; a siinplo proof, differing from the proof just given, may be obtained from 
formula (5). 


9'62. Various properties of Lominel's polynomial. 

We proceed to enumerate some theorems concerning R mtV (z), which were 
published by- Lommel in his memoir of 1871. 

In the first place, § 9 - 6 (1) holds if the Bessel functions are replaced by any 
other functions satisfying the same recurrence formulae; and, in particular, 

(I) I K+?n (z) — Y v (z) R mi „ (z) — Y(z) Rm - 5) „ + i (z), 

whence it follows that 


( 2 ) F,+* (.z) it—\ (2) J v ^. )n (#) I (<—1 (z) 

-R m , v (z) [ Y v (z) J v _ x (z) - J v (z) Yy-jiz ))= -1 2R miV (z)l(7rz). 
Next, in §9'61(2), take, m to be an even integer; replace m by 2 m, and 
v by v - m. The equation then becomes 

(3) J v +m( z)(z) + J— v — m (z)tf—i n —i+v{,z) — 2 (—) m sin vtt. Ri>, lt v — m (z)/( r irz), 
and, in the special case v — $, we get 


(4) 1 (z) + (*) = 2 <-)» i4„. (z)/(7TZ), 

that is to say 

(5) 7V,C) +(.) = 2 2 (j£gl a ";(2m-; 1 )l < 2m-2 n > | 

trz u=0 [(m — n) !}*.«! 

This is the special case of the asymptotic expansion of § 7'51 when the 
order is half of an odd integer. 

In particular, we have 

V’,0)+7*_, (*) = !;. 


(6) 


7 rz 




J\ (z) + J*- { (z) 


7 rz 




, 3 9\ 

6 45 225' 
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f 

Formula (5) was published in 1870 by Lommel*, who' derived it at that time by a 
direct multiplication of the expansions (§ 3-4) 

w= (0&<r+' - £- - *$*(±'7 , 

followed by a somewhat lengthy induction to determine the coefficients in the product. 

As special cases of § 9'6 (1) and § 9‘61 (1), we have 

Jm+i («) - sin z . (z) - COS Z . iC- 1.1 (*)> 

( 2 \i / 2 \i 

—J coBz.M m>jr (z) + (—J sin z.R„^ A (z). 

By squaring and adding we deduce from (4) thatf 

(8) R?m, 1 ( z ) + R i m-i, | if) — (~) m Ram, i-m if)' 

Finally, if, in § 9‘61 (2), we replace m by the odd integer 2m + 1 and then 
replace v by v — m, we get 

(9) J i z ) J -n+m+i f) ~ J— v —Hi—1 (z)J v 

—m-i (*) 

= 2 (~) m sin VTrR 2m+ , >v _^ l (z)/(prz). 

An interesting result, pointed out by Nielsen, Ann. di Mat. (3) v. (1901), p. 23, is that 
♦ . 71 

if we have any identity of the type 2 (z) J v+m (z) m 0, where the functions f m (z) are 

m=0 

algebraic in e, we oan at onoe infer the two identities 

s fm(*) Rm.p^sO, 2 f m ( 2 ) Am.i, v+l (z)s0, 
m=o m=0 

by writing the postulated identity in the form 

n 

2 fm ( z ) \fv if) Km, v (®) — Jv-l (®) Rm-\, p + i (z)}s0, 
m=0 

and observing that, by §474 combined with §3*2 (3), the quotient J v -\(f)lJ v ( 2 ) is not an 
algebraic function. Nielsen points out in this memoir, and its sequel, ibid. (3) vr. (1901), 
pp. 331—340, that this result leads to many interesting expansions in series of Lommel’s 
polynomials; some of these formulae will be found in his Handbook der Theorie der 
Cylinderfunlctionen (Leipzig, 1904), but they do not seem to be of .sufficient practical 
importance to justify their insertion here. 

9*63. Recurrence formulae for Lommel'8 ‘polynomial. 

In the fundamental formula 

Jv+m i z ) — J v (#) Rfti, v if ~ J k-i (#) Rm—i, h-i ( z )t 

replace m and v by m +1 and v — 1; on comparing the two expressions for 
Jv+m {*)> we see that 

Jv —1 if {-^m—i,H-i ( z ) + Rm+i, 1 (• 2 )} ** {Jv if) 4" Jr —2 i z )} Rm, v if)' 

* Math. Ann. n. (1870), pp. 627—632. 

f This result was obtained by Lommel, Math. Ann. xv. (1871), pp. 116—116. 
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Divide by J v - l {z), which is not identically zero, and it is apparent that 

(-0 Rm—i, v+i (z) + Rm+ 1 (z) = — -- R m y {£). 

z 

To obtain another recurrence formula, we replace m in § 9-62 (2) by m + 1 
and m — 1, and use the recurrence formula connecting Bessel functions of 
orders v + m — 1, v + m and v + m + 1; it is then seen that 

(2) + 2( - +m) „ (,). 

z 

and hence, by combining (1) and (2), 

(3) H>m- 1 , v ( z ) + Rm+\,v ( z ) — Rm-\,v+\ ( z ) ~~ Rm+i, v— 1 ($) == - - Rm,v(z). 

Again, write § 962 (2) in the form 

(*-■ (*)](*« «/•„(*)}, 

and differentiate it. We deduce that 

m + 2 


(4) 


R in, v ( z ) Rm, v ( z ) + Rm+ 1 , v— ] ( Z ) ~ -Rm+l, y (z), 


and so, by (3), (1) and (2), 


( 5 ) 

( 6 ) 


VYl 

R m,y(z) — — R mv (#) + Rm-\, v (z) — Rm-l,v+l ( z ), 


Z 

2 v+m 


R'mAz) = ^-'RmAz) - iW-H (*) ~ Rm+l, , (*), 

z 


0) R m ,,(,) = - " 2 R m ,,U) + (,) + -R m _,,,(*). 

z 

The majority of those formulae were given by Lomrnel, Math. Ann. iv. (1871), pp. 113— 
116, but (6) is due to Nielsen, Ann. di Mat. (3) VI. (1901), p. 332; formula (2) has been used 
by Porter, Annals of Math. (2) in. (1901), p. 66, in disoussing the zeros of 72,,^ v ( 2 ). 

It is evident that (2) may be used to define R rn v (z), when the parameter 
m is zero or a negative integer; thus, if (2) is to hold for all integral values 
of m, we find in succession from the formulae 

p / _4j/(j/ + 1) 1 D 2 v 

Ri,v\Z)— a 1) Ri,v\Z)— > 

z z 

that 

(8) R 0t u (z)=\, R_ lt „ (z) = 0, R- %v {z) = — I, 

and hence generally, by induction, 


( 9 ) 


R-m, v (z) — ( ) m 1 Rm—%i—y ( Z ). 


This formula was given by Graf, Ann. di Mat. (2) xxm. (1895), p. 59. 

If we compare (9) with Graf’s other formula, § 9'61 (4), we find that 
(10) Rm,v{z) = (—) m 1 -K-m— 2 ,»-v (#) = — R-m~<i,y+m+i { z ) = (~) m Rm,-y—m+i (fi). 
When the functions of negative parameter are defined by equation (9), all the 
•formulae (1)—(7) are true for negative as well as positive values of m. 
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9*64. Three-term relations connecting Lommel polynomials. 

It is possible to deduce from the recurrence formulae a class of relations 
which has been discussed by Crelier*. The relations were obtained by Crelier 
from the theory of continued fractions. 

First observe that § 9'63 (2) shews that J v +, n (z) and R m v (z), qua functions 
of m, satisfy precisely the same recurrenceformula connecting three contiguous 
functions; and so a repetition of the arguments of § 9’6 (modified byreplacing 
the Bessel functions by the appropriate Lommel polynomials) shews that 

(1) Rm+n, v ~ Rm, r( z } Rn, v+m ( z ) “* Rm—i, v i z ) Rn— i,»>+ to+i (z\ 

Next in §9'63(2) replace m by m — 1 and v by v+1, and eliminate 
2 (m +- v)jz from the two equations; it is then seen that 

Rm,» (z) Rm, v+i (z) — R m +i, v (z) Rm- 1 , k+i ( z ) 

— Rm—i, v (z) Rm-i,v+i (, z ) — Rm,v (Z) Rm— a, v+i (*>. 

and so the value of the function on the left is unaffected by changing m into 
m — 1. It is consequently independent of m; and, since its value when m = 0 
is unity, we have Crelier’s formula 

(2) Rm, v (z) Rm, k+i iZ) Rm+i,v (z') Rm—i, *+1 

a result essentially due to Bessel (cf. §9 6) in the special o&se v — 0. 

More generally, if in § 9*63 (2) we had replaced m by m — n and v by v + n, 
we should have similarly found that 

Rm, v { z ) Rm-n+i, v+n ( z ) ~ Rm+i, v ( z ) Rm-n, v+ft { z ) 

= Rrn—i, v { z ) Rm—n, v+n (#) Rm,v( z ) Rjn—n—i, v+n (z\ 
and so the value of the function on the left is unaffected by changing m into 
m — 1. It is consequently independent of m ; and since its value when m — n 
is Rr- i>v {z\ we find from § 9'63 (10) that 

(3) Rm, v (#) Rm—n+i , v+n {&) ~~ Rm+i, v (^)- Rm—n, v+n iz') = Rn~i, v (, z )> 
a result given in a different form by Lommelf. 

Replace m and n by m — 1 and n + 1 in this equation, and it is found that 

(4) i, v(s') Rm—n— l, v+n+i ( z } Rm, v iz') Rm—n— a, v+n+i (, z )~ Rn,v ( z )- 

If we rewrite this equation with p in place of n and eliminate J? m _,,„(*) be¬ 
tween the two equations, we see that 

Rn, v ( z ) Rm-p—i, H-P+i ( z ) Rp, v ( z ) Rm—n— j, *+n+i ( z ) 

— Rm, v iz) f-^m-p-a, v+p+i ( z ) Rm—n— 1 , H-fl+i (, z ) Rm—n—a, ( Z ) Rm-p—i , v+p+\ (*)] 

^ Rm, v ( z ) Rn-p—i,v+p+i ( z )> 

by (3). If we transform the second factor of each term by means of § 9*63 (10), 
we obtain Crelier’s result ( loc. cit. p. 143), 

(5) Rn, v ( z ) Rp—m—i, v+m+i (^) R P , v ( z ) Rn—m—i, v+m+\ ( z ) 

— Rm, v ( z ) Rp—n—i, v+n+i ( z )- 


Ann. di Mat. (2) xjciv. (1896), p. 186 et seq. 


j* Math. Ann. iv. (1871), p. 115. 
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This is the most general linear relation of the types considered by Crelier; it 
connects any three polynomials R m>v (z), R n ,v(z), Rp,v(z) which have the same 
parameter v and the same argument z. The formula may be written more 
symmetrically 

( 6 ) Rn, v (2) Rp—m—i, v+m+i ( z ) "b Rp, v (2) Rm— n—l, K+n+l 

"b Rm,v( z ) Rn—p—i,v+p+i (&) ~ 0 , 

that is to say 

(*0 2 Rn, v {&) Rp—m— (2) = 0 * 

m, n, p 

A similar result may be obtained which connects any three Bessel 
functions whose orders differ by integers. If we eliminate J v +m-\ (2) between 
the equations* 

Jv+n (2) “ J»+in (2) Rn—m,v+m ( z ) ~ Jv+m—i (2) Rn—m—i, i/+w+i ( z )> 

J u+p (2) ~ J v+m (2) Rp—m, v+m (2) J v+m—i (z)R p 

—mi— i, x+m+i ( 2 )> 

we find that 

Jv+n (2) -Rp—m—i, M-m+i (2) J v +p ( z ) Rn—711—1, k+wH-i (2) 

~ J v+m (2) \_Rn—m, v+m (z) Rp—m—i, c+m+i (2) Rp-m,v+iiL (2) Rn—m—i,v+m+i <*)] 

~ Jv+m (2) Rp—n—i, v+n+i (2) 1 

the last expression is obtained from a special case of (5) derived by replacing 
m, n, p, v by 0, n — m, p — rn, v + m respectively. 

It follows that 

( 8 ) 2 Jv+n (2) Rp-m-1 ,v+m+i (2) — 0 , 

m, n, p 

and obviously we can prove the more general equation 

( 9 ) 2 W,+ n (z) Rp—m—i, v+ 7 ti+i (2) — 9 , 
m 1 n, p 

where ^ denotes any cylinder function. 

The last two formulae seem never to have been previously Htntod explicitly, though 
Graf and Gubler hint at the existence of such equations, Einleitung in die Theorie der 
Bessel'schen Funktionen , II. (Bern, 1900), pp. 108, 109. 

[Notb. If we eliminate 1 ( z) from the equations 

Wv+m ( z ) ~ Jv ( 2 ) Rm, v ( 2 ) »^i/ — 1 ( z ) Rm -1, v +1 ( 2 )> 

\dv + m— l ( 2 ) = ^v ( 2 ) Rm — i t v ( z ) ~Jv — \ ( 2 ) Rm—'i, v + 1 ( 2 )> 
and use (2) to simplify the resulting equation, we find that 

(z) = — r T v + m ( Z ) R m —i, v + 1 ( 2 ) “b *A+ m—I ( 2 ) Rm - 1. v +1 ( 2 )> 

and so, replacing v by v-m, we have 

Jv-m ( z ) ~ ~~ Jv ( 2 ) R-m - 2 , v - m + 1 ( 2 ) + *A> -1 ( 3 ) Rm - 1 , v—m +1 ( 2 )* 

By using § 9*63 (10), we deduce that 

>-m ( 2 ) — ( 2 ) R — m, v ( z ) ~ -1 ( 2 ) R-m-l, v+l (®)> 

that is to say that the equation § 9 6 (1), which has hitherto been considered only for 
positive values of the parameter m, iH still true for negative values.] 

* It ia supposed temporarily that m is the smallest of the integers m, n, p ; but since the. final 
result is symmetrioal, this restriction may be removed. See also the note at tbeend of the section. 
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9*65. Hurwitz’ limit of a Lommel polynomial. 


We shall now prove that 



i- (‘k z ) il+m Rm, H-i (?) 

m^-oo r(i» + m + l) 


J V (Z). ' 


This result was applied by Hurwitz, Math. Ann. xxxm. (1889), pp. 250—262, to discuss 
the reality of the zeros of «/„(*) when v has an assigned real value (§ 16-27). It has also 
been examined by Graf, Ann. di Mai. (2) xxm. (1896), pp. 49—62, and by Crelier, Bern 
MittheUungen, 1897, pp. 92—96. 

Frpm § 9;61 (3) we have 

Rm.r +1 (*) ^ (~) w (^) v+ * w (m-n)lT(v + m-n + l) 

r(v + m + l) »=o nir(v + n + l)‘ (m— 2%)! r(v4 -m + 1) 

Now write 

(m-n)\T(v + m-n + l) _ a 
' (m — 2?i)! V(v + m + 1) “ ^ m> n ^ 

so that 

d/ v (m - n)(m-n - 1).,. (m - 2w +1) 

(v + m) (v + m — 1)... (v + m — n +1)' 


If now N be the greatest integer contained in | v |, then each factor in the 
numerator of 6 (m, n) is numerically less than the corresponding factor in the 
denominator, provided that n> N. 

Hence, when n > N, and m > 2 N, 

\6{m, n> | < 1, 

while, when n has any fixed value, 

lim 6 (m, n) = 1. 


Since 


n=o w! r* (v 4- n +■ 1) 


is absolutely convergent, it follows from Tannery’s theorem* that 

and the theorem of Hurwitz is established. 


... ® t _ \» 

Again, since the convergence of 2 - - ■ - r is uniform in any bounded domain f 

ft =o«! r(v + n + l) J 

of values of z (by the test due to Weierstrass), it follows that the convergence of 
W tm 4niW/ r (v + m+l) 

to its limit is also uniform in any bounded domain of values of z. 


* Of. Bromwich, Theory of Infinite Series , § 49. 

f An arbitrarily small region of whioh the origin is an internal point must obviously be 
excluded from this domain when R (v) ^ 0. 
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From the theorem of Hurwitz it is easy to derive an infinite continued 
fraction for /„_! {z)/J v {z). For, when J v {z) j* 0, we have 


= lim 

M z ) 


Rm+i 

R 


*= lim 

m-*-ao L 


-H,y (^)l 

,»+i (*jj 

i _ j I R' m, k+] ( z ) 

/ Rin— l.v+2 {. Z 


by § 9*63 (1). On carrying out the process of reduction and noticing that 


Rj, v+m-i ( z ) 


= 2(v + m — 1) z~ l — ■ 


2 z* 1 (v + m )’ 

1 1 


Ri, v+m (fi) 

we find that 

Rm+i,»( z ) _ o_~i_I 

i*m, v +1 (*) 2 (* + 1) - 2 (v + 2) r- 1 - ... - 2 (v + m) ^ * 

and hence 

(9\ ^-L^) — 2v2 _1 _1—_ _ . -.. 

1 ' /„(*) ” 2 (w + 1)-s' -1 — 2 (p + 2) £ _I — ... 

This procedure avoids the necessity of proving directly that, when m-+- oo, the last 
element of the continued fraction 

•/„_! (z) _ n _„_i 1 1 + m + 1 ( a ) 

JM 3(»+l)*-*-...-a(7+m) 2 -‘- •/„+,„(*) 

may be neglected; the method is due to Graf, daa. di Mat. (2) xxnr. (1895), p. 52. 

9*7. The modified notation for Lommel polynomials. 

In order to discuss properties of the zeros of Lommel polynomials, it is 
convenient to follow Hurwitz by making a change in the notation, for the 
reason that Lommel polynomials contain only alternate powers of the variable. 

Accordingly we define the modified Lommel polynomial g m>v {z) by the 
equation * 

(-)* T (i»_+ m - n + 1 ) z u 
«=o r (v + n+ 1) 

so that ^ 

(2) Rm,v+i(z) = (%z)~ 7n gm,y(iz*)- 

By making the requisite changes in notation in §§ 9’63, 904, the reader 
will easily obtain the following formulae: 

(3) g m +i,A z )= = ( v + m +'l)<Jvi,A z )- z 9m-i.»(z), [§ 9-03(2)] 

(4) ffm+i, v-i ( z ) = vg-m. v ( z ) - zg™- 1, v+i (z), [§ 9*03 (1)] 

-J=i ^ \ zV gm tV {z)} = zgvir-x,y(z) +ym+,,v-X {z), 

d 


(1) 


<i rn 

gin,v( z } = ^ m-nPn 


[§9-«3(7)] 


(5) 

(6) ^ m ' t2 ^{' sr m 1 v (#)} = gm+i, v—l (■3’) — gm+i,v (z), [§ 9'63 (4)] 

(*0 gm,r(z) g m +(z) ~ gm+z,v( z ) 9m-l,v+i ( z ) — Z m ffo, v ( z ) v+jn+i ( z )• 

[A special case of § 9‘64 (5).] 

* This notation differs in unimportant details from the notation used by Hurwitz. 
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These results will be required in the sequel; it will not be necessary to write 
down the analogues of all the other formulae of §§ 9’6—9‘64. 

The result of eliminating alternate functions from the system (3) is of 
some importance. The eliminant is 

(v + m) g w „ (z) =» Cm (. 9 ) g n , v (,z)-{v + m + 2 ) z*g m - % v (*), 
where Cm (z) s (v + m + 1) {(y + mi) (v + m + 2) — 2 z), 

We thus obtain the set of equations: 


(v + 2 )g iiV (z) = c, (z) g % ¥ (z) - (v + 4) z s g 0i „ (z), 
(v + 4 )g tf¥ (z) = c t (z)g <v (z) - (v + 6) &g %v (z), 


(«) 


(v + 2 s)#» +9 ,„ (*) = Cat {z) g*,, (z) - (v+2s + 2) (*)» 


[ (i/ + 2m - 2) gsm.p (s) = c M _s (s) g^jn—>i, v (z) - (v + 2m) sty**.*,, (*). 


9‘71. TAa reality of the zeros of g m> v (z) when v exceeds — 2 . 

We shall now give Hurwitz’ proof of his theorem* that when v > — 2, the 
zeros of g^m,v (z) are all real; a/nd also that they are all positive, except when 
— 1 > v > - 2 , in which case one of them is negative. 

After observing that g^viz) is a polynomial in z of degree m, we shall 
shew that the set of functions gm,*{z), g^^^z), ... g^ v (z), g a<v (z) form a set 
of Sturm’s functions. Sufficient conditions for this to be the case are (i) the 
existence of the set of relations § 9*7 (8), combined with (ii) the theorem that 
the real zeros of g^n-^ v (z) alternate with those of g^ „ (z). 

To prove that the zeros alternate, it is sufficient to prove that the quotient 
grm, v {z)jg w ^ v {z) is a monotonic function of the real variable z, except at the 
zeros of the denominator, where the quotient is discontinuous. 

We have ||^|j = - 

where Wt r , » = £>■,, (z) g\, „ (z) - g ti v (z) g' r> „ (z ); 

and. from § 9*7 (3) it follows that 

= g a m-t, v ( Z ) + (v + 2m) a> 

i,«n-B ** Z* 329sm—8,am —4 "h + 2m 2) famr-a,v{z), 

so that 

m-1 

®9»n,9mr-B = g 3 tm-t,*(z) + (v +2m) 2 (v + 2r)z m -* r -*g t ar _ l y (z), 

r=1 

and therefore, if m > 1, is expressible as a sum of positive terms 

when v > — 2. 


Math. Ann. mm, (1889), pp. 264—256. 
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The monotonic property is therefore established, and it is obvious from a 
graph that the real zeros of ffmt-a,? (z) separate those of g^m tV (js). 

It follows from Sturm’s theorem that the number of zeros of g m>l) (z) on 
any interval of the real axis is the excess of the number of alternations of sign 

in the set of expressions g W i iV {z), gm-*, v{z) . g% v (z) at the right-hand end of 

the interval over the number of alternations at the left-hand end. 

The reason why the number of zeros is the excess and not the deficiency is that the 
quotient g ^ „ (« 0 /< 7 am- 2 , v ( 2 ) is a decreasing function, and not an increasing function of z, 
as in the usual version of Sturm’s theorem. See Burnside and Panton, Theory of Equations , 
i. (1918), § 9(J. 

The arrangements of signs for the set of functions when z has the values 
— oo , 0, oo are as follows: 



2m 

2m - 2 

2m- 4 

■ 

2 

D 

— 00 

+ 

+ 

+ 

B 


+ 

0 

+ 

+ 

+ 



+ 

00 



(-)"-> 

B 

B 

+ 


The upper or lower signs are to be taken according as v +1 is positive or 
negative; and the truth of Hurwitz’ theorem is obvious from an inspection 
of this Table. 


9*72. Negative zeros of g-an, y (z) when v < — 2. 

Let v be less than — 2, and let the positive integer s be defined by the 
inequalities 

— 2s > v > - 2s — 2. 

It will now be shewn that*, when v lies between — 2 s and — 2s - 1, gm^ v {z) 
has no negative zero; but that, when v lies between — 2s — 1 and — 2s — 2, g?m,v{z) 
has one negative zero. Provided that, in each case, m is taken to be so large 
that v + 2 m is positive. 

It will first be shewn that the negative zeros (if any) of gm,M alternate 
with those of g m - a, v (z). 

* This proof differs from the proof given by Hurwitz; see Proc. London Math. Soc. (2) xxx. 
(1921), pp. 266—272. 


W. B. V. 


20 
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By means of the formulae quoted in § 9*7, it is clear that 

= ffsm—a,y(. z ) {^smr-i, k(^) + C/tm+i, 9tm,v(z) \9zm-i,t—i( z ) ~ 9wi-i,v{ z )) 

= (v + 2m) + girn-% V (■&)$#»+! , v-i ( z ) ~ 9mv-i, v-i 

~ (v+ 2m) ^am— i, v(#) — 2 sm-1 ^o, v (#) <7i, v 4 -ar»—l (^) 

= (z/ + 2m) {0V-i,v(s) “ 


> 0 , 

provided that v + 2m is positive and z is negative. Therefore, in,the circum¬ 
stances postulated, the quotient 

(_ z y+«»-yg im v (z)j gm ^ v {z) 

is a decreasing function, and the alternation of the zeros is evident. 

The existence of the system of equations § 9*7 (8) now shews that the set 
of functions 


9*m,v( z )> 9am-2,v( z )i ■ • ■ > ffo+i, v( z )i v( z )i 

~~ 9it-a,V( z )> + 928-4, 1 >( Z ), •••, (~) B 9o,y( z ) 

form a set of Sturm’s functions. 

The signs of these functions when z is - oo are 


(—)*, 

and there are s alternations of sign. When z is zero, the signs of the 
functions are 

±, ±, ±, +, +, 

the upper signs being taken when — 2s > v> — 2s — 1 , and the lower signs 
being taken when — 2s — l>z/> — 2s — 2; there are s and s +1 alternations 
of sign in the respective cases. Hence, when -2s>v> — 2s— 1, gmt, v (z) has 
no negative zero; but when — 2s — 1 >v > — 2s — 2, gsm iV (z) has one negative 
zero. The theorem stated is therefore proved. 


9*73. Positive and complex zeros of g 2miV (z) when v < — 2. 

As in § 9‘72, define the positive integer s by the inequalities 
— 2s > v > — 2s — 2. 

It will now be shewn* that when v lies between — 2s and — 2s — 1, g ^ u (z) 
has m — 2s positive^ zeros; hut that, when v lies between - 2s - 1 and — 2s — 2, 
gmA*) ho* 8 m — 2s — 1 positive zeros. Provided that , in each case, m is so large 
that m + v is positive. 

* This proof is of a more elementary oharaoter than the proof given by Horwifcz; Bee the 
paper cited in § 9*72. 
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In the first place, it follows from Descartes’ rule of signs that, in each case, 
gm,»{z) cannot have more than the specified number of positive zeros. For, 
when v lies between — 2s and — 2s — 1, the signs of the coefficients of 

1, *,*, .... *» +1 , in 

arc +>+,+, ••.,+, ..., (-) ,n ; 

and since there are m — 2s alternations of sign, there cannot be more than 
m - 2s positive zeros. When v lies between — 2s — 1 and — 2s — 2 the corre¬ 
sponding set of signs is 

_____ _ _ 4. _ (—\ m ■ 

and since there are m — 2s — 1 alternations of sign there cannot be more 
than m — 2s — 1 positive zeros. 

Next, we shall prove by induction from the system of equations § 9’7 (8) 
that there are as many as the specified number of positive zeros. 

When v lies between - 2s and — 2s — 1, the coefficients in gu t „(z) have no 
alternations of sign (being all +) and so this function has no positive zeros. 
On the other hand 

SWa^O) >0, #«+.,,„(+ oo) = -oo, 

and so g ia+S)¥ (z) has one positive zero, a lfl say; and, by reasoning already given, 
it has no other positive zeros. Next, take gu^, v {z)\ from § 97 (8) it follows 
that its signs at 0, a 1(1 , +■ oo are ; hence it has two positive zeros, and by 

the reasoning already given it has no others. The process of induction (whereby 
we prove that the zeros of each function separate those of the succeeding 
function) is now evident, and we infer that g. MiV {z) has in — 2s positive zeros, 
and no more. 

Again, when v lies between - 2s — 1 and — 2s — 2, the coefficients in 
gu+i,»(z) have no alternations in sign (being all —), and so this function has 
no positive zeros. On the other hand 

gu+ 4 , „(0) < 0, g ia+i ,A+ oo ) = + oo, 

and so g w+ilV (z) has one positive zero, and by the reasoning already given it 
has no other positive zero. 

By appropriate modifications of the preceding reasoning we prove in suc¬ 
cession that g ta +e, v (z), gm+a t y{z), ... have 2, 3, ... positive zeros, and in general 
that gam,v{z) has m — 2s — 1 positive zeros. 

By combining these results with the result of § 972, wc. obtain Hurwitz’ 
theorem, that, when v< — 2, and ni is so large that m + v is 'positive, g Wi<v {z) 
has 2s complex zeros, where s is the integer such that 

— 2s > v > — 2s — 2. 
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FUNCTIONS ASSOCIATED WITH BESSEL FUNCTIONS 


10*1. The functions J K (z) and E„ (z) investigated by Anger and H. F. 
Weber. 

In this chapter we shall examine the properties of various functions whose 
definitions are suggested by certain representations of Bessel functions. We 
shall first investigate functions defined by integrals resembling Bessel’s inte¬ 
gral and Poisson’s integral, and, after discussing the properties of several 
functions connected with Y n (z) we shall study a class of functions, first defined 
by Lommel, of which Bessel functions are a particular case. 

The first function to be examined, J„ (z), is suggested by Bessel’s integral. 
It is defined by the equation 

(1) J v (z)=-[ cos (v6 — z sin 6)dO. 

rr J o 

This function obviously reduces to J n (z) when v has the integral value n. 
It follows from § 6*2 (4) that, when v is not an integer, the two functions are 
distinct. A function of the same type as J, (z) was studied by Anger*, but 
he took the upper limit of the integral to be 27r; and the function J y (z) is 
conveniently described as Anger’s function of argument z and order v. 

A similar function was discussed later by H. F. Weberf, and he also 
investigated the function E„ (z) defined by the equation 

(2) E„ (z) = — f sin ( vd — z sin 6) dd. 

7T J o 


In connexion with this function reference should also be made to researches by Lommel, 
Math. Ann. xvi. (1880), pp. 183 — 208. 

1 r in 

It may be noted that the function — cos (v8 - z sin 8) d8 which was actually dis- 

zn J o 

cussed by Anger is easily expressible in terms of J„ (s) and E„ ( z ); for, if we replace 8 by 
2 n—6 in the right-hand half of the range of integration, we get 

f*2 JT 


If 2 

2ir Jo 


cos (j/0-ssin 6) d8> 


,i r 

2tt Jo 


cos (vd -ssin 




cos (2v7r - v8 + 2 sin 8) d8 


j cos* vir . <J V (e) + sin vn cos vt r . E„(s). 


Neueste Schriften der Naturf. Oea. in Danzig , v. (1855), pp. 1—29. It was shewn by Poisson that 


f w 

V v I cos (vd - z sin 0) dO ={z - v) sin pt, 


Additions ft la Oonn. des lamps, 1880, p. 15 (cf. § 10-12), but as he did no more it seems reasonable 
to give Anger’s name to the funotion. 

f Zurich Vierteljahrsschrift, xxiv. (1879), pp. 38—76. Weber omitB the factor l/irjin his defi¬ 
nition of By (*). 
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To expand J„ (z) and E„ {z) in ascending powers of z, write ^ir 4- <f> for 6 
in the integrals and proceed thus: 

rn t fin 

I sin m 0sin vddd — I cos m <f> sin (+ v(f>) d<f> 

Jo J - in 

. fi"- 

= 2 sin jfVTT cos” 1 <£ cos v<f>d<b 
J 0 

tt . rnlsin \vnr 


7r. m! cos fanr 
2 m F (i|w? — + 1) r ■+• fav +1) 


2™ r (-J-wi — £v + 1) F ni + ^v + 1) ’ 

by a formula due to Cauchy*. 

In like manner, 

f sin m 0cos vddd = 

Jo 

But, evidently, 

I oo /_\m -•!»» fir I oo (—\ m fir 

J Jz)=- 2 —tv— rr I sin 2 ” 1 9 cos vd dd + — 2 —-r-r-r I sin aTO+1 0sin vddd, 

' tt,,«= o (2w*)! Jo 7Tm=o(2w+ 1)! Jo 

so that 

oo /_\m (1 js) Stn 

(3) J„ (s) = COS \vTr £ rr;-1—T1T7' - - - 

w w 2 m =o F (m — %v+ 1) 1 (m + + 1) 

+ sin r (m _j- + j j r (m + JV + 3 ) ’ 


and similarly 

oo /_ \ m (itzY m 

(4) E„0) = sin|v-7r £ fyv- , 1NP , , T V"V\ 

w w w „ 0 r(?n-l)r(w + |y + l) 


- cob 1 -p 


(-r^r 1 


*0 F (m - \v + F (m + %v + f) ’ 
These results may be written in the alternative forms 


(5) J ,(*) = 


sinnr 


V7T 


t ° 

rto o + 


2* 


2 a —j/ a (2 a -j' a )(4 a -^) (2 a — v*) (4 s —v 2 )(6 a — v 1 ) 


+ ... 


sin inr 

+ -. 

TT 


Z 5 


+ 


l 2 -*/ 3 (V-v^i^-v 3 ) (l*-*/ a )(3 a -i/ , )(5 a -i' a ) 


(6) ■,<*)- 


1 — cos Vnr 


7% 


1 2 s -n* + (2 a ->)(4 ! 


- u-) 


vnr 

1 -f- COS VTT f Z 2? t 2 s 

~ vr [l a - V* ~ (I 3 - v*j(3* -7 3 ) + (vT-^lW-v*) (5 s - 7) 


Results equivalent to these were given by Anger and Weber. 

The formula corresponding to (5) was given by Anger (before the publication of his 
memoir) in a lotter to Cauchy which was communicated to the French Academy on July 
17, 1854; see Comptes Rendua , xxxix. (1854), pp. 128—135. 


M6m. sur les integrates difiniea (Paris, 1825), p. 40. Of. Modern Analysis, p. 268. 
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For a reason which will be apparent subsequently (§ 10*7), it is convenient 
to write 

(7) V W - p _ ^ (p _ (ga _ p3) + (p_p) (3 a -P)(5 2 -P) 


z 3 


s 4 


(8) ^+^(2*- V*) (2 a — v a ) (4 a — v s ) 

and, with this notation, we have 

/n\ _ . . sinwr , . vsinvTT > . 

(9) J„ (if) = —2— s 0 , ,(-s)-s-i, v W, 




( 10 ) ■,(*)' 


7T 

1 4- COS Z/7T 


/ N V (1 — COS 1/7T) / . 

V (z) ------ S_i, p (z). 


nr * 7T 

It is easy to deduce the following formulae from|these results: 

( 11 ) 


( 12 ) 

(13) 

(14) 
(16) 
(16) 


I cos v6 . cos (z sin 0) d6 = — v sin vv . a_] „ ( z ), 

Jo ’ 

| sin i/0 . cos ( z sin 0) dO = — v (1 — cos vn r) . s_j „ (z), 
Jo x 

I sin */0. sin (if sin 0) d0 = sin vw. s 0 „ (if), 

Jo ' 

f cos v0. sin (if sin 0) dd — (1 + cos vir). s 0 „ (z), 

Jo • 

/‘i’r 

cos vcf). cos (i cos <£) d<f> = — i/ sin £j/7t . v (if), 

Jo 

ri* 

cos v<j>. sin (if cos 0} d<j> = cos |v7r. s„ t „ ( 2 ). 

Jo 


Integrals somewhat resembling the integrals discussed in this section, namely 

I g sin fl («0 _ QQg dQ 

J am 

have been examined by Unferdinger, Wiener Sitzungsberiohte , lvii. (2), (1868), pp. 611—620. 
Also, Hardy, Messenger, xxxv. (1906), pp. 158—166, has investigated the integral 

/ bid (vB -z sin 6) , 

Jo o 

00 

and has proved that, when v is real, it is equal to 2 rj n J n (z), where rj n is 1, 0 or - 1 

n= -oo 

according as v — n is positive, zero, or negative. 

10*11. Weber’s formulae connecting his functions with Anger’s functions. 
It is evident from,the, formulae § 10*1 (9), (10), (15) and (16) that 


( 1 ) 


_ . N . 4 COS jtVTT [*" , , , V 7 . 

J, (z) + J_„ (z) =-=— cos vd> cos (z cos 6) d6, 

7T Jo 

(2) J„ (if) — J_„ (z) = f cos v<p sin (z cos tf>) d<f>, 



10 - 11 , 10 - 12 ] 
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(3) 

E„0) + E_. (z)- 

4cos£i/7r 

7T 

rl* 

cos v<f> sm (2 cos 0) d<f>, 
J 0 

(4) 

B.W-E..« = 48ini, ' ,r f i 

7T Jo 

7T 

cos v(f> cos ($ cos 0) d<f>. 

It 

follows on addition that 




J*- i Z ) = £ COt |l/7T [E, ( z ) — 


- i tan \vrr {E, (z) 4- E_„ (j 

so that 



(6) 

sin V7r. J„ (z) 

= COS i/yr . 

e„(*)-e_,( 2 ), 

and similarly 


(6) 

sin V7T . E„ (z) 

= J-,(*)' 

- cos 1 / 7 r . J„ (^). 


The formulae (5) and (6) are due to Weber. 

10*12. Recw'i'ence formulae for J„(f) and E v (z). 

The recurrence formulae which are satisfied by the functions of Anger and 
Weber have been determined by Weber. 

It is evident from the definite integrals that 

J „_i ( z ) + J„ +1 (. z ) - ~ J„ (z) = ^ Jo ^cos 6 — ^ cos (v0 - z sin 0) dd 

_ 2 sin i/7r 

7 TZ 

and 

if) + E,. +] (z) -E„ (z) = - f f cos 0 — sin (v0 — z sin 0) d6 

Z 7T / o \ Z) 

= ^ (cos sin (9)} d0 

2 (1— cos 1 / 7 r) 

7T Z 

It is also very easy to prove that 

J v+l (z)~2J v '(z) = 0, 

(E,-, (z) - E, +1 (z) - 2 E/ (^) = 0. 

From these results we deduce the eight formulae 

/i\ t / \ i t /\ * / \ 2 sm vi t 

(1) J„_j (z) 4- J„ + l (z) — —J v (z) -, 

z 7 TZ 

(2) J v-i (z) - J„ +1 (z) — 2 J/ (z), 

(3) (& + v) J„ ( z) = zJ v ^ ( z) + (sin vTr)jrr t 

( 4 ) - v) J„ (z) = - zJ v+1 (z) - (sin v^/tt, 
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.(5) 

E,.,W + E.t.(«)-7E, 

z 

(6) 

B,_! (z) - E„ +1 (z) = 2 E„ ( 

(7) 

(b + v)Ey(z) = zE v _i 

(«) 

(*r-v)E,(z) = -zE l 


7 TZ 


where as usual, stands for z(d/dz). 

Next we construct the differential equations; it is evident that 
(£* - v 3 ) J„ (*) ~(^r-v) (z) + (sin vir)^} 

= z(^r + l-v) J p _ a (z) — ( v sin vir )/7r 
= — z i J u (z) + (z sin vir) /it - ( v sin V7r)/ir, 

(z — v ) sin V7T 


so that 

(9) 

We also have 


V„J ,(*)« 


7T 


so that 

( 10 ) 


(^ a - v 2 ) E„ (z) = (§-v) [zE v ^ (z) + (1 - cos vir )/tt} 

= z (& +1 - v) (z) -p(l- cos vir) fir 
— ~z a E„ (z) — z( 1 4- cos — v(1 — cos V7r)/ir t 

V„b 


Formulae equivalent to (9) and (10) were obtained by Anger, Neueate Schriften d&r 
Naturf. Oea. in Danzig, v. (1855), p.' 17 and by Weber, Zurich Viertdjahrsschrift, xxiv. 
(1879), p. 47, respectively; formula (9) had been discovered earlier by Poisson (cf. § lO’l). 


10'13. Integrals eccpressible in terms of the functions of Anger and 
H. F. Weber. 

It is evident from the definitions that 

1 f* 

(1) J„ (z) ± i E„ (z) = — exp (± i{vd -zsind)] d6. 

Jo 

By means of this result, combined with formulae obtained in §§ 6'2—622, it 
is possible to express numerous definite integrals in terms of the functions of 
Bessel, Anger and Weber. Thus, from § 6'2 (4) we have 


( 2 ) 


"00 

g-vt-z si 
JO 


-zainhtdt = 


7T 


sm V7T 


{J v (z)-J v (z)), 


when |arg^|<^ 7 r; the result is valid when jarg^| = |7r, provided that 
R(v)> 0. 

Again, we have 


(3) 


f" 

I gvt-z SI 

Jo 


;-*sinht fa _ 


7r 


sm vir 
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so that, when we combine (2) and (3), 

(4) f“ $- 2 stabt cos h vtdt^l-rr tan & vtt {J„ (z) - J v (*)} - $ tt {E, (z) + Y v (*)), 

J 0 

(5) e -* aln " 4 sinh vt dt = £tt cot £ i/tt (J„ (*) - J„ 0)} - £ tt (E„ ( 5 ) + F„ (*)). 

The integral J e~ l00Bht cosh vtdt has already been evaluated (§ 6*3); but 

I e~ 2C0Bht sinh vt dt 
.'0 

does not appear to be expressible in a simple form; its expansion in ascending 
powers of z can be obtained from the formula of § 6*22 (4), 

( z ) + I v (z) — — f e Z0O8e coa vOdd + — S * n V7r [ e” zoosht sinh vtdt, 

0 7r J 0 

but, since 

J. 008 0 003 ^ - 2~(, +m) • > F ' (- m - - 5-: 1 -~ r ; - V ■> 

the integral under consideration cannot be evaluated in any simple form*. 

The formulae (2)—(5) are nugatory when v is an integer, but from §§ 6*21, 
9 33 we have 

(6) J" 6’“-""'"' * - i (S„ (») - ,rE„ (,) _ w (*)|, 

(7) f“= (S n (,) + 5 rB.(*) + wr«W). 

./ 0 


Tho associated integrals 

( e~ vt T (a? sinh 2) dt, [ e ~ vl C ° M (x cosh t) dt 
J (I sill Jo 8111 V ' 

have been noticed by Coates, Quarterly Journal, xx. (1885), p. 260, 

Various integrals of those types occur in researches on diffraction by a prism ; see, o.g. 
Whipple, Proa, hmdon Math. Soc. (2) xvi. (1917), i>, 106. 


10*14. Asymptotic expansions of Anger- Weber functions of large argument. 

It follows from § 10*13 (2) that, in order to obtain the asymptotic expansion 
of J ± v {z) when \z\ is large and | arg 21 < \ir, it is sufficient to obtain the 
asymptotic expansion of the integrals 

f 0 T»l-zomht ( lf 

Jo 

To carry out this investigation we shall first expand cosh vt /cosh t and 
sinh vt /cosh t in a series of ascending powers of sinh t. 

* See Anding, Sechastellige Tafeln der Bctwelschen Funktionen imagin&ren Arguments (Leipzig, 
1911) [Jahrbuch ilber die Fortschritte der Math, 1911, pp. 498—494], and Takettchi, TOhohu Math, 
Journal, xvm. (1920), pp. 296—296. 
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If g** a* u, we have, after the manner of § 7*4, 
, 1 /(«+.!/«+) 

“‘’ + “'‘’”2SJ 

so that 

cosh 
cosh 


4 ir-M + ?-i/4 4 ' 

vt ^ J_ /*(«+.i/«+.i+) 

, ]{ 27n‘J (£ — l) 8 — 4£smh 9 £ 

1 /•(«+,l/«+, 1+) ^ p-l 2»» R i n h »>£ 

~~ 2wij l_m==0 


; 0 (r-ir +i 


2«> f? sinh’* * 


Now 


.(£- I) 3 ?- 1 {(£- 1)* — 4£ sinh a «} 




1 f( l+ipp+m-tft r(£v + m + l) 

2 t rij (e-iy m + ies rQv-m + i).(2m)! 

(—) w cos %vrrr r(ffl + ^ + |v) r(m-f | - £v) 
7r ‘ (2wi)! 


and, if we take p so large that i2(p + £±f v) > 0, and then take the contour 
to be that shewn in Fig.’15 of § 7*4, we find that 

1 r(«+ J i/tt+,i+) £P+* r -ld£ 

2mJ (?-l)*" 1 {(£- iy - 4? sinh 8 *} 

_ (—) p cos ^ vnr f 1 x p ~l v ~ i (l — x) p+ t y ~ i dw 
vr Jo 1 + 4/r (1 — x) sinh 3 1 

If v and t are real, the last expression may be written in the form 


e (-)* co8 l* /7r r(p+j+jp)r(p+|-£p) 

1 7T (2p)! 

where 0 < 9 l ^ 1, since 1 + 4» (1 — a) sinh 8 1 > 1. 


It follows that, when R (p + £ ± \ v) 2* 0, we have 


coshvi = cos|v7r r pg (-) ^r(OT+^+^v)r(m+^-^v) sinh 
cosh* 7r j_ m =o (2m)! ' ’ 


+ *i 


+i .. +>) r Mi * l ') (2rinh t)v 


For complex values of v and * this equation has to be modified by replacing 
the condition 0 < 6 X ^ 1 by a less stringent condition, in a way with which the 
reader will be familiar in view of the similar analysis occurring in various 
sections of Chapter yii. 


Similarly we have 


w lv _ u 


j_r ( . + ^ + ) |_1_II 

2 mj i \i-u f-l/uj ai ' 
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so that 


sinh vt 1 f («+,i/«+.i+) 

sinh 2t * 27rt J (f—l) 9 —4£’sinh*£ 


1 /■(«+, i/«+, i+) r p-i sinh*" 1 i 2^ i 

"asj f L--o + (r-i) ,i, ((? 


2 s ® £* sinh^P £ 


l)a _ 4fsinh*<}J 


<*& 


whence it follows that, if we take p so large that R(p + 1 + %v) > 0, then 

ainh ^ = sin-fri/ 7 T(-) OT r(w + l + ^)r(m + l-| i/) s . nh v^+j 
coshtf 7r l_ m=0 (2m + 1)! v 


+ 


0, H* r O> + 1 +* y > y, ( P t 1 -J21> ( 2 8in h 


(2p +1)! 



On integrating these results, it follows that 

**cosh vt 1 (-)” 1 r ( m +i + i*) r 0» + 1 riy) 

OOSh^.« 2?r ^ <£*)»•« 


Alt' » h =0 \ 2 ^/ 


If v is real and z is positive, these asymptotic expansions possess the 
property that the remainder after p terms is of the same sign as, and is numeri¬ 
cally less than, the (p + l)th term when p is so large that R (p + 1 ± v) > 0. 

It follows from §§ 1013 (2) and (3) combined with § 10*11 (6) that 


(1) J + 


sin vtt 

7T2 

sin vtt 

7TZ 


l 9 -i/ a (l a — p*) (3 3 — v") 
1 z 3 + z i 


- 


v v (2 a — v 3 ) v (2 a — v~) (4 a — v 3 ) 

— j- — 

z z z 


(2) 


1 + COS V7T 


7 TZ 

1 — COS VTT 
TTZ 


L 1 —*r+ -J 


V _ v { 2 a - V 3 ) V (2 a - V-) (4 a - V a ) 
z z 3 z* 


These results were stated without proof by Weber, Zurich Vierteljahrsschrift , xxiv. 
(1879), p. 48 and by Lommel, Math. Ann. xvi. (1880), pp. 186—188. Thoy wcro proved its 
special cases of much more goncral formulae by Nielson, Handbuch der Theorie dcr 
Cylinderfunlctionen (Leipzig, 1904), p. 228. The proof of this section does not seem to have 
been given previously. 


Since the only singularities of cosh v£/coshi and sinh vt/cosht, qua functions 
of sinhi, are at sinh t — ± i, it is possible to change the contours of integration 
into curves in the £-plane on which arg (sinh t) is a positive or negative acute 
angle; and then we deduce in the usual manner (cf. § 6*1) that the formulae 
(1) and (2) are valid over the sector | arg z | < 7r. 



316 THEORY OF RESSEL FUNCTIONS [CHAP. X 


10*15. Asymptotic expansions of Anger- Weber functions of large order and 
argument 

We shall now obtain asymptotic expansions, of a type similar to the 
expansions investigated in Chapter vm, which represent J v (z) and E„ (*) 
when j v | and | z | are both large. 

In view of the results obtained in § 10*13, it will be adequate to obtain 
asymptotic expansions of the two integrals 

- [ e =Fvi-*sinlit fa 

ttJ o 

As in Chapter vm, we write 

v =ss z cosh (a + ift) =* z cosh y, 

where 0 ^ (3 ^ it and y is not nearly equal* to iri. 

(I) We first consider the integral 

1 r°° I r” 

— / e~ vt ~ z 8inh l dt= - e -z 14 °° 8b 8inb l) dt 
rrj o Wo ’ 

in which it is supposed temporarily that vfz is positive. When cosh y is positive, 
t cosh y + sinh t steadily increases from 0 to oo as t increases from 0 to oo ; we 
shall take this function of t as a new variable r. 


It is easy to shew that t is a monogenic function of r, except possibly when 
r=(2w +1) vrt cosh y ± sinh y + y cosh y, 

where n is an integer; and, when coshy is positive, none of these values of r is a real 
positive number; for, when y is real, (2n+1) in cosh y does not vanish, and, when y is a pure 
imaginary (= t/3), the singularities are on the imaginary axis and the origin is not one of 
them since y is not equal to iri. 


The expansion of dt/dr in ascending powers 


ur m -o 


where 


1 f< 0+ > 1 dt, _J_f (0+) ^ 
m 27 ri J T s,n+1 dr T ~ 27 ri J r lm+ 1 * 


and so a™ is the coefficient of 1 ft in the expansion of t" 5 ” 1 - 1 in ascending 
powers of t. In particular we have 


a _ £ a __1_ _ 9 - cosh y 

1+coshy’ 1 2(1+ cosh y) 4 ’ ** 24(1 + coshy) 7 ’ 

f _ _ 225 — 54 cosh y + cosh 9 y 
720 (1 + cosh y) 10 

From the general theorem of § 8*3, we are now in a position to write down 
the expansion 

(1) -I e~ vt -* Bi ah( dt~- j (--) ! 

Wo 7r m=0 ^ stm+1 

* Expansions valid near y=ri are obtained at the end of this section. 
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This expansion is valid when vjz is positive; it has, so far, been established 
on the hypothesis that | arg z \ < ^ 7 r, but, by a process of swinging round the 
contour in the r-plane, the range of validity may be extended to cover the 
domain in which |arg z\< ir. 

Next, we consider the modifications caused by abandoning the hypothesis 
that cosh 7 is real. If we write t = u + iv, the curve on which r is real has 
for its equation 

u sinh a sin ft + v cosh a cos ft •+ cosh u sin v = 0 . 

The shape of this curve has to be examined by methods resembling those 
of § 8-61. For brevity we write 

u sinh a sin ft -f- v cosh a cos ft + cosh u sin v = <f> ( u , v). 

Since <£> (u, v) is unaffected by a change of sign of both u and a, we first 
study the curve in which a 0. It is evident that the curve has the origin as 
its centre. 

Since 3 <t> ( u , v)jdu = sinh a sin /3 + sinh u sin v, 

it follows that, when v has any assigned value, 34>/3w vanishes for only one 
value of w, and so the equation in u 

( u , v) = 0 

has, at most, two real roots; and one of these is infinite whenever v is a 
multiple of 7 r. 

When 0 > v > — 7 r, we have 

<t> (— 00 ,?;) = — 00 , <t> (+ 00 , v) = — 00 ; 

and, when v — ft - tt, the maximum value of 4>(w, v), qua function of u, is at 
u = a, the value of <3? (u, v) then being 

— cosh a sin ft {1 — a tftnh a + (v — ft) cot #J. 

If this is negative, the equation (w, ft — tt) = 0 has no real root, and so the 
contour does not meet the line v - ft - ir or (by symmetry) the line 
v — n t — ft. 

Hence provided that the point (a, ft) lies in one of the domains num¬ 
bered 1 , 2, 3 in Fig. 21 of § 8*61, the contour <3> (u, v)= 0 lies as in Fig. 25, 
the continuous curve indicating the shape of the contour when a is positive 



Fig. 25. 


and the broken curve the shape when a is negative; the direction in which t 
increases is marked by an arrow. 
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It follows that the expansion (1) is valid when (a, ft) lies in any of the 
domains'1, 2, 3. 

Next, we have to consider the asymptotic expansion when (a, ft) does not 
lie in any of these domains. To effect our purpose we have to determine the 
destinations of the branch of the curve <f> (u, v) ® 0 which passes through the 
origin. 

Consider first the case in which a is positive and ft is acute. The function 
(a, v) has maxima at v — (2 n + 1) it — ft and minima at v = (2 n + 1) tt + ft, 
each minimum being greater than the preceding; and since <f> (a, ft — tt) is now 
positive, it follows that <p (a, v) is positive when v is greater than — tt. 

Hence the curve cannot cross the line n — a above the point at which 
v — — tt, and similarly it cannot cross the line u - — a below the point at which 
v * 7T. The branch which goes downwards at the origin is therefore confined 
to the strip — a < u < a until it gets below the line v = — 2Kir + 7 r — ft, where 
K is the smallest integer for which 

1 — a tanh a + {(2 K +1) ir — /8} cot ft > 0. 

The curve cannot cross the line v~— (2 K + 1) 7 r + ft, and so it crosses the 
line u = a and goes off to infinity in the direction of the line v — — 2 Ktt. 


Hence, if a is positive and ft is acute, we get 


( 2 ) 


1 f 00 — aXiri 

-- g-vt—zsitll ltdtrsj 

TTJo 


1 S (2m)! 
7T m =0 ’ 


while, if a is negative and ft is acute, we get 


(3) 


^ r 00 +aXVi 

•n-Jo 


g-vt-z Binht^ 

ro 


1 • (2m)! 

7r m Zo 


By combining these results with those obtained in § 8‘61, we obtain the 
asymptotic expansions for the domains 6 a and 7 a. 

If, however, ft is obtuse and a is positive, the branch which goes below the 
axis of u at the origin cannot cross the line u = a below (a, ir — ft) and it does not 
cross the u-axis again, so it must go to - 00 along the line v — - (2 L + 1) 7 r, 
where L is the smallest integer for which 


1 -atanh a - {(2L + 1) ir + /S| cot ft > 0. 
Hence, if a is positive and ft is obtuse, we get 


(4) 


ip—BX+iw 1 » 

irj 0 IT,,to 2””- 1 1 


while, if a is negative and ft is obtuse; we get 


(S) 


Trig 7T 2>™ n+1 
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By combining those results with those obtained in § 8*61, we obtain the 
asymptotic expansions for the domains 4, 6 , 66 and 76. 

Since formula ( 1 ) is the only one which is of practical importance, we shall 
not give the other expansions in greater detail. 

An approximate formula for a„j when m is large and y is zero, namely 

(“ ) m r (i) 

^ Ql/QjfSm + 6/8 ^, 1 / 3 » 

was obtained by Cauohy, Comptet Rendus , xxxvm. (1854), p. 1108. 


(II) Next consider the integral 

i i /•*> 

- / e v«-*#inh< dt = - | e -*(-«ooshr+8inht) fa 

7T J 0 irj 0 

The only difference between this and the previous, integral is the change in 
the sign of cosh 7 ; and so, when 7 lies in any of the regions numbered 1 , 4 , 
6 in Fig. 21 of §8 61, we have 


( 6 ) 


1 r°° 

- I dt ~ 

7T Jo 


1 | (2m) I a,/ 

7T m = 0 Z M ’ 


where a^' is derived from by changing the sign of cosh 7 / so that 

, _ 1 , _ 2 , _ 9 + cosh 7 

8,0 1—cosh 7 ’ 8-1 5=3 - (1 — cosh 7 )* ’ ** ~ 24(1 —cosh 7 )’’ 


This expansion fails to be significant when 7 is small, just as the previous ex¬ 
pansion ( 1 ) failed when 7 was nearly equal to iri. 

To deal with this case we write 


v~z(l — e), T*=t — sinh£, 
after the method of § 8*42. It is thus found that 

- r e-t-«inh t fa = l r°V e-'* ^ dr 

7r J 0 7rJ o clr 

= - ~ [ e? T 1 6 i(n ‘' w, B m (—ez ). (—T)b»H di 
OTT.’o - A 


tn®0 


and hence 

(?) 


irio 6 " (W” + ‘' 


A result equivalent to this has been given by Airey, Proo. Royal Soc. xoiv. A, (1918), 
p. 313. 
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10 * 2 . Hardy'8 generalisations of Airy's integral. 

The integral considered by Airy and Stokes (§ 6*3) has been generalised 
by Hardy* in the following manner: 

If s = sinh <f >, then 

2 cosh 2(f> = 4s 2 + 2 
2 sinh 3</> = 8s 3 + 6s 
2 cosh 4«f> = 16s 4 + 16s 3 + 2 
L 2 sinh 5(f) = 3,2s® + 40s 8 + 10s, 

and generally 

2 ^ n<f> = (2 s)\Fj. (- \ - \n ; 1 - n ; - 1/s 2 ), 

the cosh or sinh being taken according as n is even or odd. 

Now write 

Tn (t, a) = t n . ,-Fi (- i», i ; 1 - n; - 4«/i a ), 

so that 

’ T a (£, a) = rf 2 + 2a 
T s (t, a) = ** + 3at 
- T 4 (£, a) = i 4 + 4a£ 2 + 2a 3 
T b ( t , a) =* + 5a£ s + 5a 2 i 

.. 

Then the following three integrals are generalisations! of Airy’s integral: 

(1) Gi n (a) = ^ cos T n (t, a) eft, 

(2) $4 (a) = J sin T n (t, a) dt, 

(3) A4 (a) = J o exp {- T n (t, a)} dt 

It may be shewn J that the first two integrals are convergent when a is 

real (whether positive or negative) if n= 2, 3, 4,.... But the third integral 
converges when a is .complex ; and it is indeed fairly obvious that Ei n (a) is 
an integral function of a. 

When n is an even integer, the three functions are expressible in terms 
of Bessel functions; but when n is odd, the first only is so expressible, the 
other two involving the function of H. F. Weber. 

Before evaluating the integrals, we observe that integral functions exist 
which reduce to Gin (a) and Si n (a) when a is real; for take the combination 

Gi n (a) + («) = [ exp [iT n (t, a)} dt 

J o 

* Quarterly Journal, xli. (1910), pp. 226—240. 

f The sine-integral in the case n=8 was examined by StokeB, Camb. Phil . Trans, ix. (1866), 
pp. 168—182. [Math, and Phyt. Papers , n. (1888), pp. 882—849.) 
t Hardy, loc. eit., p. 228. 
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10*2, 10-21] 


By Jordan’s lemma, the integral, when taken round an are of a circle of 
radius B with centre at the origin (the arc being terminated by the points 
with complex coordinates R, Re^ 1 ”), tends to zero as R-^od . 

And therefore 

rooexp(iirt/») 

Gin (a) + iSii (a) — I exp T n (t, a)} dt 

J o 

= e iH/n f exp {— T n (r, ae~ n ^ n )} dr, 

J o 

where t = ter^l* ; and the last integral is an integral function of a. The 
combination Cin(a.) — iSi n (a ) may be treated in a similar manner, and the 
result is then evident. 


10*21. The evaluation of Airy-Hardy integrals of even order. 


To evaluate the three integrals Gi n (a), Sin («)> Ei n (a) when n is even, we 
suppose temporarily that a is positive, and then, making the substitution 

t — 2 a* sinh (u/n) 

in the integrals, we find that, by § 6'21 (10), 


2a* f 00 

Gin (a) + iSin (a) = — exp (2a* n i cosh u) cosh (u/n) du 

n J o 


== Trt'a* n~ l e ijH/n H l/n il] (2a in ), 

that is to say 

Oi. («) + »•«. (a) - n sil ^ /n y («*'"” J-v. (Sat”) - r** J v , (2a*»)). 
If we equate real and imaginary parts, we have 

« <«> ■- 2n^m V-* - J '» < 2 “‘”». 

< 2 > *■« - 2h Jj.w ^ < 2 “‘“> + j '"‘ 

In a similar manner, 

Ei n ( a)= — I exp (— 2a* M cosh w)cosh (u/n)du, 
n J o 

so that, by § (J22 (5), 

(3) Ei n (a) = (2ai/n)K lln (2an 


These results have been obtained on the hypothesis that a is positive; and 
the expressions on the right are the integral functions of a which reduce to 
Gi n (o), Si n (a) and Ei n (a) when a is real, whether positive or negative. Hence, 
when a is negative the equations (1), (2), (3) are still valid, so that, for example, 
we have 

7T ( (—)m a mn <® (—) m fl mn | 

Gin(a) ^ a j n (^tt jn) | w ? 0 ml T(m + 1 — 1/n) a J^o f ( m + 1 + 1/ W )J ’ 
whether a be positive or negative. 


w. B. F. 


21 
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Hence, replacing a by — j3, we see that, when $ is positive and n is even, 


then 


(4) 

(5) 

*<-*> - 2n jJU) ^ " Jll ° m 

(6) 

*<-*>- sajyi.) V(W). 


It follows from § 4'31 (9) that, when n is even, the functions Gin (a) and 
Si n (a) axe annihilated by the operator 


d 9 

dtf + n * “ W 


and that Ei n (a) is annihilated by the operator 


df 

doP 


— ?? a a* 1-2 . 


In the case of the first two functions it is difficult to obtain this result* 
directly from the definitions, because the integrals obtained by differentiating 
twice under the integral sign are not convergent. 


10 * 22 . The evaluation of Airy-Hardy integrals of odd order. 

To evaluate Gin (a) when n is odd, we suppose temporarily that a is 
positive, and then, by § 6*22 (13), 

2 a i r<*> 

Gin (a) => — J cos ( 20 *" sinh u) cosh (w/n) du 

That is to say, 

(1) CK («) = K <2«i») 

= 2nsiT(i^ ) V-* ^ - /v ” 

Using the device explained in § 10*21, we see that, when /3 is positive, 

(2) - SKfrlSi V-+ W) + W)- 

It follows that the equation § 10*21 (4) is true whether n be even or odd; 
and, whether n be even or odd, Gin (a) is annihilated by the operator 

& 

for all real values of a. 

* It haB been proved by Hardy, lac. cit., p. 229, with the aid of the theory of “ generalised 
integrals.” 
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Next we evaluate Ei n (a) when a is positive; making the usual substitution, 
we find that, by § 10*13 (4), 

2 a i TOO 

Ei n (a) = — J exp (— 2a* n sinh u) cosh (ujn) du 
= — {tan (£ 7 r/n) (2a* n ) - E 1/n (20*")} 

7b 

+ ^ (2 “*” ) “ u (2aH)1 - 

Hence the series which represents Ein (a) when n is odd and a may have 
any value is 

Tra*< n+1 > “ (~) m a mn 


(3) Ei B (a) = 


n cos (£ 7 r/n) ms , 0 T (m + f - \jn) f {m + # + £/n) 


00 

■ 2 
,m=( 


(~y m a mn 


— « 2 


(~) m d mn 


nsm^ir/n) [,tt = omir(m+l — 1/n ) w - 0 m\ T(m +1 + l/n)j ’ 

and hence it follows that 
f d? 


(4) 


Uo a 


+ ivor 


Ei n («) == na* (u “ 3) . 


Next consider Gi n (a) + i Si n (a), where a is temporarily assumed to be 
positive. From § 10*13 (4) we deduce that 

2a* f* 

0i n (a) + i Si n (a) = — exp (2a*" i sinh w) cosh (w/n) dn 

71 » n 


n o 

7ra* 

n 

+ 


{tan (£t r/n) J I/n (- 2a*"i) - E 1/n (- 2a* n t)} 
[J- U n (- 2aK) - J i/n (- 2a*”i)} 


n sin (7r/w) 
7ra* (n+1 U' - 


and therefore 

(5) «.(«)-- 


n cos (^w/w) m=0 T (m +f - £/n) T (m + $ + £/n) 

+ .’ r ? , , {«*•*• (2a*») - e-*-"” (2a*)), 

w sin (7r/n) 1 


7ra*< n+, » “ 


a mu 


n cos (£ 7r/n) m =o F (m + f - \]n) r (ra + + ^/n) 
7ra* 


2 n cos i^ir/n) 


whence it follows that, when # > 0, 


{/-x/n(2a*”)+7 I/n (2a*")}, 


^^mn 


7r ^gK«+iJ » 

(6) &n(- £) " * m ^ 0 r(m + f- J/n) T(m + f + |/n) 


+ 


7T; 




2 n cos (^7 rjn) 


(^ lM (2/9*)-/ 1 ,„(2/3*)|, 


21—S 
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and hence, for all real values of a, 

(7) — w 8 d" r_a ■ Sin (a) = — wai (n_s) . 

This equation was given by Stokes in the case n = 3. 

It should be noticed that 

(8) Si, («) + (-)**>•»> («) - {sin (*«•/») + (- 1)‘'”+") 

x (/_, ; „(2a‘") + / 1/ „(2 t <»»)) 

= - 7f , ■ {sin (birjn) + (— 1 )* ln+1> ) 
nsm(rrrfn ) 1 ' ' 1 

x{/_ 1/n (2 ^)-J 1 /n (2y8*«)}, 

where # = — a, and a and /S are real. 

The formulae of the preceding three sections are due to Hardy, though 
his methods of obtaining them were different and he gave some of them only 
in the special case n = 3. 

10 * 3 . Cauchy's numbers. 

In connexion 1 with a generalisation of Bessel’s integral which was defined 
by Bourget, and subsequently studied by Giuliani (see § 10'31), it is convenient 
to investigate a class of functions known as Cauchy's numbers. 

The typical number, N- n ,k,m , is defined by Cauchy* as the coefficient of 
the term independent of t in the expansion of 



in ascending powers of t. It is supposed that n, k, and m are integers of which 
the last two are not negative. 

It follows from Cauchy’s theorem that 

1 r(°+) / / i\»» 

(1) N-n,k, m =2 -•/ (*-*) dt 

e~ nie cos* 6 sin™ 6dQ 

— TT 

2*71+* fir 

= —— j | { e~ ni * + (-) m e nU> } cos* 6 sin™ 6 dd 

2»l+i fir 

= —— j cos witt — nd) cos* 6 sin” 1 9dd. 

It is evident from the definition that N^k,r» is zero if —n + k + m is odd or 
if it is a negative integer. 

* Comptea Rendua, xi. (1840), pp. 478—475, 510—511; xn. (1841), pp. 92—98; xm. (1841), 
pp. 682—687, 850—854. 
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From (1) it is seen that 

(2) N" -7i ,k,m ~ (—) m ^n,k,in — (~) n "~* N n ,k,m • 

These results, together with recurrence formulae from which successive 
numbers may be calculated, were given by Bourget*. 

The recurrence formulae are 


(3) -N—n,k,m — ffl—n+i, fc—i,m "h A"—n—l.Jfc— i,t»> 

(4) —n, k, m = n+i.&.Tw—x ■N'-n—i,k,m-i> 

and they are immediate consequences of the identities 
t~ n (t + l/t) k (t - 1 ft) m = t'~ n (t + I/O* -1 (t - l/0 m + r n ~ l (t + I/O* -1 (t - l/t) m , 
t~ n (t+l /0* (t - I/O™ = < 1_n (i + 1/0* (*- l/0 m_1 - t~ n ~ l (t +1 /0 "- I/O" 1 " 1 - 


By means of these formulae any Cauchy’s number is ultimately expressible in 
terms of numbers of the types N-n t k,o, 


A different class of recurrence formulae, also due to Bourget, owes its 
existence to the equation 



It follows that 


rnnH+rb 


2m (m + 1), 


by a partial integration. On performing the differentiation we see that 

( 5 ) (in ~i~ 1 ) I? —n,k,m ~ ~n t k—i,m+i (k — 1 ) N — n,k— B,m+a> 

and similarly 

(6) (k + 1) N —n,k,m = nJST —n,k+\,m— l (w 1) -— n,k+a,m—u> 


Developments duo to Ohcssin, Annuls of Math. x. (1895—6), pp. 1—2, tire 

n 

(<) Af-n, k, m 33 2 g(j r . N_ _g r , it-», mi 

r~ o 

a 


( 8 ) 


A_n, ic, m* 3 2 (~~) r gO r . ^ 


r=iQ 

These may be deduced by induction front (3) and (4). 

Another formula duo to Chossin is 

(9) N-*, k , »- 2 (- ) r uC p - . m C r , 

r=o 

where jo = £(£+m — ?i). This is proved by selecting the coefficient of t n in the produot 
* Journal de Math. (2) vi. (1861), pp. 88—54. 
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10’31. The functions o/Bourget and Giuliani 

The function J n ,k( z ) is defined by the generalisation of Bessel’s integral 

a) *.»(*)- 2sr’ n "’( (+ i) texp M f_ 7)H’ 

where n is an integer, and A; is a positive integer. 

It follows that 

J, i k (z) = -^ j* exp {— i (n8 — z sin 0)}. (2 cos Qf dd, 
and therefore 

(2) J n * (z) — - r (2 cos dy cos (n6 — z sin 6) d0. 

7T J o 

The function k (z) has been studied by Bourget, Journal de Math. (2) vi. (1861), 
pp. 42—66, for the sake of various astronomical applications; while Giuliani, Qiomale di Mat. 
xxvi. (1888), pp. 161—171, has constructed a linear differential equation of the fourth 
order satisfied by the function. 

[Note. An earlier paper by Giuliani, Qiomale di Mat. kxv. (1887), pp. 198—202, 
contains properties of another generalisation of Bessel’s integral, namely 

- / cob ( nd-z? sin p 6) rfd, 

*■ J o 

but parts of the analysis in this paper seem to be incorreot.] 

If we expand the integrand of (1) in powers of z, we deduce from § 10'3 that 

( 3 ) /.,»<*)- 

m m=0 

and it is evident from (1) that 

(4) J„ i0 (z) = J n (z). 

Again from § 10'3 (2) and (3) it is evident that 

( 5 ) J-n,k(z) = 

(6) Jn,k if) — Jn— \,k-\ if) "b J n+i,*-i ( z ) \ 
and, if we take k = 1 in this formula, 

O'M 

(7) J n>1 (z) = ^J n (z). 

z 

These results were obtained by Bourget; and the reader should have no 
difficulty in proving that 

(®) ( Z ) = J ( Z ) — J r»+i ,k( z )' 

Other recurrence formulae (due to Bourget and Giuliani respectively) are 

(9) ■ w-«-/„„.*(*)), 

(10) 
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The differential equation is most simply constructed by the method used 
by Giuliani; thus 


V n J n k (z) = - I ~ {— (n + z cos d) sin ( nd - z sin 0)} (2 cos df d$ 

' 7 T J o CLu 

= —— P (n + z cos 6) sin (nd — z sin 6) (2 cos 6) k ~ l sin 6dd 

7 T J 0 

OL* fir ( A 

« — 2 kzJ' n ,ie (z) + — j cos (nO — z sin 0) • (2 cos 0)*- 1 sin 9d9 

O 1a fir (J 

= — 2 kzJ' n k (z) -cos {n6 - z sin d) ((2 cos d sin d] dd , 

' IT Jn do 


and so 


^ nJn t k (z) — — 2fczJ\ k (z) — k? J nk (z) + 4ak (k — 1 ) J (z). 
d? 

Operating on this equation by ^- 2 + 1> an ^ us i n g (10), it follows that 

G& + *) l V ” t W + W + = 


and hence we have Giuliani’s equation 

(11) s’ J\ k (z) + (2k + 5) zJ'\ k (z) + [2z* + (k + 2 y - « 2 } J\ k (z) 

+ (2k + 5) zJ' n>k (z) + (z* + k + 2 - n a ) J nk (z) = 0. 

It was also observed by Giuliani that 

(12) e i*Binfl(2coS 9) k = i e^nJitn,k(z) cos 2nd 

n=0 

00 

+ i t e tn+l J m+hk (z)mi(2n + l)d\ 

n=0 

this is verified by applying Fourier’s rule (cf. § 2‘2) to the function on the 
right. 

A somewhat similar function J (z ; v, k) has boon studied by Bruns, A sir. Nack. oiv. 
(1883), col. 1—8. This function is defined by the scries 

00 (_ yn ^gy + 2k+2m 2v 

(13) v, ^)- m J o7nl r( ; + 2i fc + m) (v + 2£-2) (v + 2 k) ( v +2i+2m + 2)' 

The most important property of this funotion is that 

( 14 ) J (*' k)-J(z\ v, ^•+’ 1 )= 3 (^+2^4-2)’ 

whence it follows that 

r . l\ % W y+8m (g) 

J{ *’ v '*> m .k (v + 2wi - 2) (v+2m 4- 2) * 


(16) 
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10*4. The definition of Strum's function H„ (z). 

Now that we have completely examined the functions defined by integrals 
resembling Bessel’s integral* it is natural to investigate a function defined by 
an integral resembling Poisson’s integral. This function is called Struve’s 
function, although Struve investigated* only the special functions of this 
type of orders zero and unity. The properties of the general function have 
been examined at some length by Siemonf and by J. Walker^ 

Struve’s function H„ (z), of order v, is defined by the equations 


(1) H '«= r(i»+t)r(t) j>- sin a ■ dt 

provided that R{v)> — \. 


By analysis similar to that of § 3*3, we have 


H, 


(a) = 2 (^) v 1 (-) m ^ n+1 f\m +1 (l _ -y-i dt 

() T(i; + i)r(|) OT : !o(2m + l)!Jo i (1 0 * 




. m! 


so that 
( 2 ) 


P(£) (2m +1)1 T (v + m + f) ’ 


The function H„ (z) is defined by this equation for all values of v, whether 
R{v) exceeds — | or not. It is evident that H, (z) is an integral function of v 
and, if the factor ( \z) v be suppressed, the resulting expression is also an in¬ 
tegral function of z. 


It is easy to see [cf. §§ 211 (5), 3121 (1)] that 

( 3 ) 

where 

( 4 ) . 


H ' w_ r(i)V^+i) (1 + 9) ’ 


0 i < | exp 




Vo + t 


-1 


and | v 0 +11 is the smallest of the numbers |i/ + f|, |j/ + f|, |i/ + ||, .... 


* Mim. de VAcad, Imp. de» Sci. de St PAtersbourg, (7) xxx. (1882), no. 8; Ann. der Physik, 
(3) xvu. (1882), pp. 1008—1016. Bee also Lommel, Archiv der Math, und Phys. xxxvi. (1861), 
p. 399. 

f Programm, Luisenschule, Berlin, 1890. [Jahrbuch Uber die Fortschritte der Math. 1890, 
pp. 840—842.] 

t The Analytical Theory qf Light (Cambridge, 1904), pp. 892—895. The results contained in 
this section, with the exception of (3), (4), (10) and (11), are there given. 
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We can obtain recurrence formulae thus: 

- fz> H Ml = I (-) m (2v + 2m + l)z"'+™ 

dz vK)] *-o2 , ^*+ i r(TO+|)r(»+TO+t) 

and similarly 

dz l „ =0 2 *' +2m + 1 r (m +1) r (v + m + 4 ) 

z sm+i 


— V 


2-r( y +t)r(*) 

On comparing these results, we find that 

( 5 ) 


mi=—i 2^r(m + f)r( I ; + m + |) 
- sr* H„ +1 (z). 


H f _! (g) + H„ +1 (z) =-H„ (*) + =— 

w *■ vK J r(»+f)r(*)* 


(6) 

( 7 ) 

( 8 ) 


h,_ 1 (^)-h h . 1 (^)=2 h;(>) 

(* + i/) H„ (s) = 2H„_, (s), 


(i*)’ 


r(»+f)r(*) f 


In particular we have 

( 9 ) 


(* r(ir+f)r(t) 


S W =* H ° (*)> s {H„ (*)) -1 - Hi (4 
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Again, from (7) and (8), we have 

(* a - v 9 ) H, (jr) - (Sr - v) {*HU ( 5 )} 

_ / \ 

r ( v + i)r(i) “ rW 

so that H„ (*) satisfies the differential equation 
(10) V H (z)— 4( ^ +1 

' r() r<?+im tv 

The function (z) which boars the same rotation to Struve’s function oa l v (z) bears 
to J v (z) has boon studied (in the case v«0) by* Nicholson, Quarterly Journal, xlii. (1911), 
p. 218. ThiB function is defined by the equation 

(frzf+gm+i 


( 11 ) 


July (z)< 


m=o r (m + 1 ) r (i/ + m + g) 


*(*»)’ 


[i« 

Biuh (zcos0)sin^doJd, 


r ("H)r(£) 

the integral formula being valid only when R (v) > 

The reader should have no difficulty in obtaining the fundamental properties of this 
function. 


See also Gubler, Zllrich Viertetfahraachrift, xi,vii. (1902), p. 424. 
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10*41. The loop-integral for H„(.ar). 

It was noticed in § 10*4 that the integral definition of H„ (z) fails when 
R{v) < — J, because the integral does not converge at the upper limit. We 
can avoid this disability by considering a loop-integral in place of the definite 
integral. 

Let us take 

r(i+) 

(i* — l)*’ - * sin zt.dt, 

J o 

where the phase of t % — 1 vanishes at the point on the right of t = 1 at which 
the contour crosses the real axis, and the contour does not enclose the point 
1. 

If we suppose that R (v) > — we may deform the contour into the seg¬ 
ment (0, 1) of the real axis, taken twice, and we find that 

/■( i+) ri 

I (t 2 — l) 1 ' - * sin zt.dt = 2 % cos ml (1 — t 2 ) v ~^ sin zt. dt, 

Jo Jo 

where the phase of 1 — 1 % is zero. 

Hence, when R(y)> — \, we have 

(1) H, (z) = r P*’ V - 1)-* ain *. dt. 

Both sides of this equation are analytic functions of v for all * values of v ; 
and so, by the general theory of analytic continuation, equation (1) holds for 
all values of v. 

From this result, combined with § 6*1 (6), we deduce that 

(2) J, (*) + <H, (.) - r / o ' 1+> <“ (<■ -1)’" 1 dt 

To transform this result, let o> be any acute angle (positive or negative), 
and let the phase of z lie between —\tt + cd and \ir + &>. We then deform 
the contour into that shewn in Fig. 26, in which the four parallel lines 
make an angle — a> with the imaginary axis. It is evident that, as the lines 
parallel to the real axis move off to infinity, the integrals along them tend to 
zero. The integral along the path which starts from and returns to 1 + oo ie~ iu> 
is equal to H,® (z ); and on the lines through the origin we write t — iu, so 
that on them 

(i 8 — 1)*'“* a® e* l* - *) ** (1 + u 2 ) v ~K 

It follows that 

(z )+/“ (i+ u>y-i d u , 

* The isolated values f, f, ... are excepted, because the expression on the right is then an 
undetermined form. 
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where the phase of 1 -f w a has its principal value; and hence 

(3) h.o) = r.w + r 

This result, which is true for unrestricted values of v, and for any value of 
z for which - ir < arg z < tt, will be applied immediately to obtain the asym-, 
ptotic expansion of H„ (z) when | z | is large. 



A result equivalent to (2) was obtained by J. Walker*, who assumed 
that JR(v)> — £, R(z)>0, so that a> might be taken to be zero. In the case 
i/ = 0, the result had previously been obtained by Rayleigh f with the aid of 
the method of Lipschitz (§ 7-21). 

If, as in §612, we replace co by args —/S, it is evident that (3) may be 
written in the form 


(4) 




i a \ •'“i 


du, 


where - \tt < /3 < |7r and - |t r + $ < arg z < 17r + ft. 

This equation*gives a representation of H„ (z) when |arg z\<nr. To obtain 
a representation valid near the negative half of the real axis, we define H v (z) 
for unrestricted values of arg z by the equation 

(5) H„ (ze miri ) = eH, (z), 


and use (4) with z replaced by ze*"*. 

* The Analytical Theory of Light (Cambridge, 1904), pp. 894—895. 

f Proc. London Math. Soo. xix. (1889), pp. 504—507. [Scientific Paperi, in. (1909), pp. 44—46.] 
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If we write in (3), where x is positive, we see that, when R{v)<\, 

and, by considering imaginary parts, we deduce that 

(6, uw-/_.«- rl 2$g T J>w.(i+-r**. 

» „utt given by Nicholson, Quarterly *»««. ( 1911 >- * 219 ' to 89601,11 “* to 

which v=0. 

10-42. The asymptotic expansion of H„ (z) when \z\is large. 

We shall now obtain an asymptotic expansion which may be used for tabu¬ 
lating Struve’s function when the argument z is large, the order v being fixed. 
Since the corresponding asymptotic expansion of Y v (z) has been completely 
investigated in Chapter vil, it follows from § 10*41 (4) that it is sufficient to 
determine the asymptotic expansion of 


/•ooexp ip t tp\ 

L *~( 1 +?) 


l.9\ "-l 


du. 


As in § 7*2, we have 

/ uV"* _ (-) m • (h - v )m w*”* 

[ 1+ S) ' m Z 0 m\*~ 

, (-y-o-»>>«? f‘(i _,)*-■ fi+ 

+ (p-.l)ta* Jo V 


dt. 


We take p bo large that R (» - p - i) < 0, and take S to be any positive angle 
for which 

J£|^w-8, |args-£|<iw-8, 

so that z is confined to the sector of the plane for which 

- 7 r + 28 < arg z < tt — 28. 

We then have 

iu*Jt\ 


so that 


(i ± ~r) > sin a * ar s ( x ± z) 


<7T, 


|(l s<s“"'*M!(sin 

say, where is independent of z. 

It follows on integration that 

f*«p v .. L u a \ v ~^ 7 , n 

J 0 e "*( 1 + ?) <fa = i, .m -ftg- + Bf ' 

ia r< A ^ (i~ v )r 1 if* 

I’lJo 

- 0 (z-w). 


• * exp ip 


e -u u*? du 


where 
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We deduce that, when | arg z\<tt and | z j is large, 

r (r .j 


(1) H, (z)-Y,(z)+ r (u + y r (£) 


,»»=0 


mi z 


provided that R (p — v +^ 0 ; but, as in § 7*2, this last restriction may be 
removed. 


This asymptotic expansion may also be written in the form 


l *- 1 r(«» + i) 


(2) H. (.) = Y, <*) + „ s 0 + + 0 (m 


It may be proved without difficulty that, if v is real and z is positive, the 
remainder after p terms in the asymptotic expansion is of the same sign 
as, and numerically less than the first term neglected, provided that 
R (p + % — v) ^ 0. This may be established by the method used in § 7‘32. 


The asymptotic expansion* was given by Rayleigh, Proc. London Math. Soo. xix. (1888), 
p. 504 in the case v = 0, by Struve, Mim. de PA cad. Imp. dee Sci. dc St Pdtersbourg , (7) 
xxx. (1882), no. 8, p. 101, and Ann. der Phye. und Chemie , (3) xvii. (1882), p. 1012 in the 
case i/ == 1; the result for general values of v was given by J. Walker, The Analytical 
Theory of Light (Cambridge, 1904), pp. 394—395. 


If v has any of the values i], ..., then (1 + u^jz z ) v ~^ is expressible as a 
terminating series and Y v (z) is also expressible in a finite form. It follows 
that, when v is half of an odd positive integer, "H. v {z) is expressible in terms 
of elementary functions. In particular 



10'43. The asymptotic expansion of Struves functions of large order. 

We shall now obtain asymptotic expansions, of a type similar to the 
expansions investigated in Chapter vill, which represent 8 brave’s function 
H„ (z) when | v | and | z | are both large. 

As usual, we shall write 

v — z cosh (a + 'i/3) — z cosh 7 


and, for simplicity, we shall confine the investigation to the special case in 
which cosh 7 is real and positive. The more general case in which cosh 7 is 
complex may be investigated by the methods used in ^ H'O and § 10T5, but it is 
of no great practical importance and it involves some rather intricate analysis. 


* For an asymptotic expansion of tbo asHOoiated integral 

f 00 <!-“/, »*\“* , 

Jl u* \ + *V , 

Bee Rayleigh, Phil. Mag. ( 6 ) vm. (1904), pp. 481—487. [Scientific Papers, v. (1912), pp. 200—211.] 



334 


THEORY OE BESSEL FUNCTIONS 


[OHAP. X 

The method of steepest descents has to be applied to an integral of Poisson’s 
type, and not, as in the previous investigations, to one of Bessel’s type. 

In view of the formula of § 10‘41 (3), we consider the integral 

dw 


er w (1 + ty 8 ) 1 


which we write in the form 


v(i 

dw 


J V(l+w*)’ 

where r = w - cosh y . log (1 + w*). 

It is evident that t, qua function of w, has stationary points where w = e ±y , 
so that, since y is equal either to a or to i/3, two cases have to be considered, 
which give rise to the stationary points 

(I) e ±a , (II) 

Accordingly we consider separately the cases (I) in which zjv is less than 1, and 
(II) in which zjv is greater than 1. 

(I) When 7 is a real positive number a, r is real when w is real, and, as w 
increases from 0 to oo, t first increases from 0 to e~ a — cosh a. log (I + e~ 2a ), 
then decreases to - cosh a . log (1 + e® 0 ) and finally increases to + oo . 

In order to obtain a contour along which r continually increases, we suppose 
that w first moves along the real axis from the origin to the point e~ a , and 
then starts moving along a certain curve, which leaves the real axis at right 
angles, on which t is positive and increasing. ' 

To find the ultimate destination of this curve, #it is convenient to make a 
change of variables by writing 

w - sinh f, f = | + irj, e~ a = sinh f„, 
where £, tj and f 0 are real. 

The curve in the f-plane, on which t is real, has for its equation 
cosh £ sin vj = 2 cosh a arc tan (tanh f tan 77 ), 
and'it has a double point* at 
We now write 

_ 2 arc tan (tanh f tan 77 ) 

^ cosh | sin r/ . 

and examine the values of F (£, 77 ) as £ traces out the rectangle whose, corners 
0, A, B, C have complex coordinates 

0 , arc sinh 1 , arc sinh 1 + | vi, ri. 

As f goes from 0 to A, F( £, 77 ) is equal to 2 sinh £/eosh s and this steadily 
increases from 0 to 1. 


Except when a=0, in which oase it has a triple point. 
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When £ is on AB> F(%, y) is equal to 


/'tan t)\ 

\~w)' 


cosec 7}, 


V 2. arc tan 

and this steadily increases from 1 to 7 t/\/ 2 as y increases from 0 to \ir. 
Note. To establish this result, write tan r}=tj2 and observe that 

4 

c 

1 _ '.LY~ j L.- il_J_! —1- * 

li+?? 




t *4- 2/® 2^ 2 (2 *4* 

because ■ ~ y - arc tan t, which vanishes with t, has the positive derivate . 

1 + i 


When £ is on BG, jP(£, y) is equal to w sech £, and this increases steadily 
from 7 t /\/2 to tt as £ goes from B to G\ and finally when £ is on GO , ^(£, •»?) 
is zero. 

Hence the curve, on which F(tj t y) is equal to sech a, cannot emerge from 
the rectangle OABO, except at the double point on the side 0A\ and so the 
part of the curve inside the rectangle must pass from this double point to the 
singular point G. 

The contours in the w-plane for which a has the values 0, & are shewn in Fig. 27 by 
broken and continuous curves respectively. 



Consequently a contour in the w-plane, on which r is real, consists of the 
part of the real axis joining the origin to e ~‘* and a curve from this point to 
the singular point i\ and, as w traces out this contour, r increases from 
0 to + oo, 


It follows that, if the expansion of d^/dr in powers of r is 


— x J T *i 
ar o 
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then 


jV-(l + rf)r»J*-£r- dr 


5 w! 6 * 

~ 2i 


»o ^ +1 * 


/ % ’ t / \ i %(\ Z Y m^o, 

H* w ~ !j -W+r(„ + i)ra)i 0 ->R 


and hence, by 104 (1), we have 

( 1 ) 

It is easy to prove that 

60 = 1 , 61 =2 cosh 7 , b 2 = 6 cosh 2 7 — b a = 20 cosh 8 7 — 4 cosh 7 . 

(II) When 7 is a pure imaginary (= i/ 3 ), t is real and increases steadily 
from 0 to 00 as w travels along the real axis from 0 to 00 ; and so 

/; r- (i+ »■)'-* = jy dr. 

Hence, from § 10*41 (3) it follows that 

2 (\z) 


( 2 ) 




provided that j arg z | < $tt. This result can be extended to a somewhat wider 
domain of values of arg z, after the manner of § 8*42. 

From the corresponding results in the theory of Bessel functions, it is to be 
expected that these results are valid for suitable domains of complex values 
of the arguments. 


In particular, we can prove that, in the case of functions of purely imaginary argument, 
(3) L„ ( vX ) r'-i l v ( vx ) 

when | v | is large, | arg v | < $ir, x is fixed, and the error is of the order of magnitude of 

.times the expression on the right. 

[Note. If in (I) we had taken the contour from «;=0 to w=e~“ and thence to -i, 
we should have obtained the formula containing iJ v (z) in place of - iJ v (z). This indicates 
that we get a case of Stokes’ phenomenon as y crosses the line j8=0.] 


10*44. The relation between H» (z) and E„ (z). 

When the order n is ai positive integer (or zero), we can deduce from 
§ 10*1 (4) that E n (z) differs from - H n (z) by a polynomial in z; and when n 
is a negative integer, the two'functions differ by a polynomial in 1/z. 
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For, when n is a positive integer or zero, we have 

, . . . * e i<#-*) 

J„ (*) + • E„ («) - % t p (im _ + 1} r ( im + fa + ( ) 

g-Jniiri ^ ^yi+m 


- V 


and 


/.(iJ-iHuW- 2 


-n F(^Wi + 1) r(£m + K+1) 1 


=0 r (|m + 1) r (£ra + n + 1) ’ 
and therefore, since S n (z) = J n {z), we have 

n (1 z \n-m 

B " (?)= 3.i ro- |m)T(.r+i-i^) _ “* (*>■ 

that is to say 

n\ E ,,s _ 1 < 3 * r(«*+i)• „ ,,, 

(D B. (,) - - t o .p (n j r .- H» «. 

In like manner, when — n is a negative integer, 

(2) T s-r7^n5- “ () - 


10'45. The sign, of Struves function. 

We shall now prove the interesting result that H„(&) is positive when w is 
positive and v has any positive value greater than or equal to 4- This result, 
which was pointed out by Struve* in the case v = 1, is derivable from a 
definite integral (which will be established in § 13'47) which is of con¬ 
siderable importance in the Theory of Diffraction. 

To obtain the result by an elementary method, we integrate § 10*4(1) by 
parts and then we see that, for values of v exceeding |, 

ji’demise) 


„ . . _ (£ 

a ' w ~rV+ 


d6 

cos (x cos 0) sin av_1 6 


iir 
_ 0 


— (2v — 1) J cos (x cos 6) sin 2 * -11 *? cos Odd j 


It 


l — (2^ — 1) cos {x cos 6) sin tv -' 2 0 cos Odd 


i> + d)F(f) 


(i-r 

_ (X l X .... y f sin- v ~' 2 0 cos 6 j l — cos (x cos 6 )J d6 

1 \ v + a) 1 (a) Jo 

>0 , 

since the intcgnind is positive. 

* Mini. dc VAcad. Imp. den Sri. de St Pitenhourg, (7) xxx. (1882), no. 8, pp. 100—101. The 
proof given here is the natural extension of StruveV proof. 

W. B. Y. -- 
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When v is less than the partial integration cannot be performed; and, when v=we 
have 

^ " (^')^ C 1 “ 1008 *) > °. 

and the theorem is completely established. 

A comparison of the asymptotic expansion which was proved in § 1042 with that of 
F„ (x) given in § 7‘21 shews that, tohen x is sufficiently large and positive, H,, (x) is positive 
if v > £ and that H* (x) is not one-signed when v < ^; for the dominant term of the 
asymptotic expansion of (x) is 

rcfflmi) or w 

according as v >£ or v <^. The theorem of this section proves the more extended result 
that Struve’s function is positive for all positive values of x when v > i and not merely 
for sufficiently large values. 

The theorem indicates an essential difference between Struve’s function and Bessel 
functions; for the asymptotic expansions of Chapter vn shew that, for sufficiently large 
values of x , J v (x) and F„ (x) are not of constant sign. 


10‘46. Thsisinger's integral. 


If we take the equation 

Mp {'I (‘ + ;)} log I5 


iz dz 
iz s ’ 


and choose the contour to be the imaginary axis, indented at the origin* and then write 
2 — ±itau$$, we find that 

j Uo (*)-I* (*)} = cos (x cot 0) log tan &r+£(/>) , 

and so 

(1) 1 0 (x) - Lo {x) =4 [ ** cos (x tan <f>) log-cot (irp) , 

it J o ooai p 

a formula given by Theisingor, Monatshefte fur Math, und Phys. xxiv. (1913), p. 341. 


If we replace x by a; sin 6, multiply by Bin 6 , and integrate, wo find, on changing the 
order of the integrations in the absolutely convergent integral on the right, 

Ej^tan^logoot^^j)^^^ = | j** {/ 0 (a;sin 0) -1» 0 (# siu 0)} sin Odd 

so that 

(2) j* El<*0logoot(W) =!•'~~ , 

on expanding the integrand on the right in powers of x. This curious result is also due to 
Theisinger. 


* The presenoe of the logarithmio factor ensures the convergence of the integral round the 
indentation. 
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10*6. Whittaker's integral. 

The integral 

z \ j e tit P v ^(t) dt t 

which is a solution of Bessel’s equation only when 2 v is an odd integer, has 
been studied by Whittaker*. 

It follows from § 6T7 that, for all values ofv, 

(1) V, L* f 1 (t) dt\ = - lim [z^e™ (1 - « a ) F v -i(t)] 

(. J —1 J t — 1+0 

2 

= - cos, 1/7r. 2 * e"^ 1 . 

7r * 

If we expand the integTand (multiplied by e**) in ascending powers of z and 
integrate term-by-term t it is found that 


(2 iz) m . m\ 


( 2) - 

uggests that we write 

S)L e “ ,p ~ i{t)dt ~ w ' w> 


The formula of § 3‘32 suggests that we write 
i*- v 2 J r l 


and then it is easy to verify the following recurrence formulae, either by using 
the series (2), or by using recurrence formulae for Legendre functions: 

(3) W,_, (z) + W„ +l (z) = - W„ (z) - ^2V)T ~- v) P (I + j/) 


(4) W,_ t (z) - W„ +l (z) = 2W ^(z) - 

(5) (* + v)W v (z) = zW v _ l (z) + 


2il~ v z~te~ iz 


V(27r)r(t-i/)r(| + i/)’ 

2i i ~ v z^e'~ iz 


V(27t) . T (f — v) F + v) ’ 


( 6) ( »- y) w, M =- w :*:; r (l - +7) . 


An asymptotic expansion of W„ ( z ) for large values of | z \ may be obtained by 
deforming the path of integration after the manner of Lipschitz (§ 7'21). 


* Proc. London Math. Soc. xxxv. (1903), pp. 19B—206. 
f By a use of Legendre's equation the recurrence formula 

j\ (i+fl-iVj W *- r H * 

/ I 2 

A* (|q. y )r(f ' - ») ^ expanding 

F (i -i>, J + p; 1; £ - 40 in ascending powers of 1 - 1, and integrating term-by-term. 

22—2 
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The function is thus seen to be equal to 


e -iza-t) 


V( 2 ^) 

Now it is known that*, near t= 1, 

+ ; 1 ; £-££)* 

„ , /'cos vttV ^ T (m — v + i) F (m + v + £) (\ — t\ m 

. io ; (wi? 1 2 ) 

x jlog - 2i/r (m +1) + yjr (m - v + £) + \fr (m + v 4- J)|, 


and since 


rl-aoi / 

/, -*■*■•( 




2 ; 


dt 


2' t ^ +1 






we obtain the asymptotic expansion 
(7) W„(z) ~ \S:» (z) 

e -4 cos mr f S (», m) . . . 

+ we™) 

+ ^ (m + £ + p) — ^jr (m ■+• 1)— log2#~ \iri) 

Some functions which satisfy equations of the same general type as (1) have been 
noticed by Nagaoka, Journal of the Coll, of Soi. Imp. Univ. Japan, iv. (1891), p. 310. 

10*6. The functions composing Y n (z). 

The reader will remember that the Bessel function of the second kind, of 
integral order, may be written in the form (§ 3‘52) 

■ vY n (z) = - 


m =0 


+ .l, ( Ji*(l+y (2i °g(i«)-*(»»+ i)-»(»+«+D}. 

The series on the right may be expressed as the sum of four functions, each of 
which has fairly simple recurrence properties, thus 

(1) wY n (z) - 2 {log (*«) -1 (1)} Jn {») - Sn (*) + T n (z) - 2 U n (z), 

* Of. Barnes, Quarterly Journal, xxxix. (1908), p. 111. 
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where 



(2) 

r.W—V ( “-"r 1)l tt«r«- 

m>*n mi 



and (cf. § 3’582) 


» (—\ m (X *\»+ 2 m 

+ J„ m!(iVm)!' ['K» + m +1) -f («t +1)}, 


00 /_\m /I »\»+am 

(3) l7 -«-i. 1 s»sjr^(- + * +1 )-+w 


The funotions T n (z) and U n (z) have been studied by Schlafli, Math. Ann. III. (1871), 
pjp. 142—147, though he used the slightly different notation indicated by the equations 

S n (z)=-20 n (z), T n (z) = 2M n (z), V n (s)= — E n (z ); 
more reoent investigations are due to Otti* and to Graf and Gublert. 


The function T n (z) is most simply represented by the definite integral 
(4) T n (z) f (W — 0) sin (s sin 0 — n6) dd. 

TT Jq 

To establish this result, observe that 


T„(*) = 


a 

de, 

27TI 


(~) m (£s) n+aMl 


1 — e)_ 


r (m + 1 H- e) P (n + in + 

(_)m (^)n+aw r< o+) ^ _j_ ^n-l-atn 


e «*0 


i | 


(n + 2 m) 


ham r(o+ 

ri 


= _i_ - (-) m (|g ) n+9 

2t (n + 2m)l 


pn+i+t 

am f(o+) (1 + £)n+am l 0 g t 


dt 

_ »-o 


ft 0+1 (1 H 


pn+i 


dt 


= r | (- t g sin 0) n+ztn . (0 - | tt) dQ 

irij 0 (n + 2m)J ’ 

where t has been replaced by e i ‘ i9 ‘ mw)i . 

It follows that 


Now 


and so 


o (»+ 2 m)! j 

(— t'g sin 0 ) n +' Ml _ (cosh (— i# sin 6) (n even) 


(n + 2m)! [sinh (— is sin 0) 

= £ (e-feHln» _j_ (_)n g<*sinflj ) 

If"' 

Tn (g) = . (6 - W) + gHi(0 -it)+ iarsin01 ^0. 

7rt J 0 1 


(n odd) 


* Bern Mittheilungen, 1898, pp. 1—58. 

t Einleitung indie Theorie der Bessel'tchen Funktionen, n. (Bern, 1900), pp, 42—89. Lommel’s 
treatise, pp. 77—87, should also be consulted. 
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If 0 is replaced by it — 0 in fehe integral obtained by considering only the 
second of the two exponentials, the formula (4), which is due to Sehlafli, is 
obtained at once. 

The corresponding integral for U n (z) is obtained by observing that 

n frv_ P g H ffl (^) M+a>t r(i + 6 ) l 

w ^ ' L3«»-o -m 1 T (n + m + 1 + e) Jv- 0 

and so, from § 6*2 (4), we deduce that 
(5) U n (z) = {log (\z) - ^ (1)} Jn (z) 

+ — f 6 sin ( n6 — z sin 0) dd -f (— ) n f e~ ,u ~ zainbt dt. 
w Jo Jo 

10‘61. Recurrence formulae for T n {z) and U n (z). 

From § 10‘6 (4) we see that 
T n -i {?) + T n+1 (z) - (2 nfz) T n (z) 

2 

= - J Gtt — 6 )sin (z sin 6 — nd ). {2 cos 0 — 2 n/z] d0 

— ~~J (*w-0)^{cos(*sin0-^)] dO 

4 4 

= - COS 2 %mr — - J n (z), 

on integrating by parts and using Bessel’s integral. 

Thus 

(1) Tn-i (z) + T n+1 (z) = (2 nfz) T n ( z ) + 4 {cos a \nir - J n (z)}/z. 

Again T n '(z) = ^j (|w — 0) sin 0 cos (2 sin 0 — w0) c£0, 
and so 

(2) . T n - 1 (z)-T n+1 (z) = 2T n '(z). 

From these formulae it follows that 

(3) + n ) T n (z) = zT n ~ x (z) - 2 cos 8 %mr + 2 J n (z), 

(4) (§- n) T n (z) = -z T n+ j ( z ) + 2 cos a \mr- 2J n (z), 
and hence (cf. § 1012) we find that 

(5) T n («) = 2 {z sin* %nir + n cos 9 \mr) — 4n J n (z). 
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With the aid of these formulae combined with the corresponding formulae 
for J n (z), Y n (z) and S n (z), we deduce from § 10*6 (1) that 

( 6 ) Un-i (z) + U n +1 (z) - (2nfz) U n (z) — (2/z) J n (z), 

(?) Vn -1 (*) - U n+ 1 (*) = 2 U n ' (z) - (2/z) J n (z), 

(8) (£ + n) U n (z) = (z) + 2J n (z), 

(9) (%-n) U n (z) - —zU n+1 (z), [cf. §§3-58(1), 8*68(2)] 

(10) V n U n (z) = -2zJ n+1 (z). 

The reader may verify these directly from the definition, § 10*6 (3). 

It is convenient to define the function T_ n (z), of negative order, by the 
equivalent of § 10'6 (4). If we replace 8 by tt — 6 in the integral we find that 

Zln (z) = — [ (4 7r — 8) sin (z sin 6 + nd) dd 

TT J o 
2 [v 

~ (l 7r - 6) sin ( z sin 6 — nd + wr) dd, 

TT J 0 

and so 

(11) T_ n (z) = (-)«+! T n {z). 

We now define U- n (z) by supposing § 10-6 (1) to hold for all values of n ; 
it is then found that 

( 12 ) U- n (z) = (-V* { U n (z) - T n (z) + S n (z)\. 


10*62. Series for T n (z) and U n (z). 

We shall now shew how to derive the expansion 

(X) T„ (z) = I I (z) - (z)) 

m= 1 m 

from § 10*6 (4). The method which we shall use is to substitute 

t a 3 sin 2 m8 

5 7T — P = 2.-—- 

w=l 

in the integral for ( 2 ), and then integrate term-by-term. This procedure 
needs justification, since the Fourier series does not converge uniformly near 
d — 0 and 8 = fr, and, in fact, the equation just quoted is untrue for these two 
values of 8. 


To justify the process*, lot ft and t bo arbitrarily small positive numbers. Since the 
series converges uniformly when 8 <5 6 £ir—8, wo can find an integer such that 


(br-0)- 


M sin 2m6 

2 - 

m=i m 


<f, 


* The analysis immediately following is duo to D. Jackson, Palermo Rendiconti, xxxn. (1911), 
pp. 257—202. The value of the oonstant A is r8519.... 
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throughout the range 3 < 8 <ir- 8, for all values of M exceeding Again, for all values 
of 8 between 0 and n, we have 


„ sin 2 m3 

■-8 - 2 - - 

m-l m 


C 

I {l+2cos2tf4-2cos4i + ... + 2cos2J/i£}^ 

■it 


'(3f+4)«r sin a? 


dx 


' l* sin (2lf-t-I) t t ^ 
g t ‘ sill t 

= r< 

* J 0 t J (iM+l)<t> X 

for some value of <f> between 8 and by the second mean-value theorem, since tj sin t is 
a monotonio (inoreasing) function. 

By drawing the graph of .r -1 sin x it is easy to see that the last expression cannot 

exceed lir 1 - -dx in absolute value; if this be called §irA, we have 

jo * 

y.M-*-* 

w m=l J 0 


sin (asin 8 — n8) d8\ 


2 1 f* (n ns * sin 2m6) . . . . ,\ 

s=- I -hJrr-0)- 2 — V Hin (asm 8 - 718 ) d 6 \ 


sin 2 m8 
m 


. | sin (2 sin 8 — nd) \d8 


< — {irA 8 4- (ir — 28) f} B, 

7T 

where B is the upper bound of | sin (2 sin 6 - «0) | . 

Since 2 (A5 + e) J? is arbitrarily small, it follows from the definition of an 

infinite series that* 

„ 2 2 /“"sin 2 m6 . . 

T n (z)~— z -sin ( 2 - sin 0 - nd) dO 

rr in= 1 -j 0 w 

00 j 

~ ^ ~ (^) Jn—ttn i 2 ')}> 

m=l m 

and the result is established. 


It will be remembered that U n (z) has already been defined (§ 3*581) as a 
series of Bessel coefficients by the equation 

V " W " ® n W + J, ( J " +m W ’ 

and that, in § 3*582, this definition was identified with the definition of U n ( 2 ) 
as a power series given in § 10*6 (3). 


10’63. Graf’s expansion of T n (z + t) as a series of Bessel coefficients. 
It is easy to obtain the expansion 

(1) T n (z + t)= 2 T n _ m (t) J m (z), 

m= - oo 


This expansion was discovered by SohlSfli, Math. Ann. in. (1871), p. 146. 
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for, from § 10'6 (4), it is evident that 

T n (z + t) — — f (^t r — 9 ) sin (t sin 6 — n9 +z sin 9) dd 

'TTJ 0 

= JL ["(^TT - 0) S J m (z) { e i(t*ine-nB+mO)_ e -i(t*i n e-n3+mO)} £0 

TTX J o 7«= — oo 

= - f (%7r — 9) 2 (^) sin {£sin 0 — («. — w) 0} dd, 

7T J o ' i»= -as 

by using § 2*1; since the series under tho integral sign is uniformly con¬ 
vergent, the order of summation and integration may be changed, and the 
result is evident. 

The proof of the formula given by Graf, Math. Ann. xr.ni. (1893), p. 141, iB more com¬ 
plicated ; it depends on tho use of the series of § 10'62 combined with § 2-4. 

There seems to be no equally simple expression for U n {z+t). 


10*7. The genesis of LommeVs functions „ (z) and .? Ml „ (z). 

A function, which includes as special cases the polynomials zO n (z) and 
S n ( z ) of Neumann and SchlaHi, was derived by Lomrnel, Math. Ann. IX. (1876), 
pp. 425—444, as a particular integral of the equation 


(1) V„ y = kz+ + \ 

where k and /x are constants. It is easy to shew that a particular integral of 
this equation, proceeding in ascending powers of z beginning with z^ 1 , is 


( 2 ) 


V = k 


(p, +1)- — 


J> 2 


z* +n 

iy -»*i KM+sr-vf . 


= kzi JL ~' 2..—*... 

»K + 1 • (l/ 4 + 2 1 ' "f* s)'«+l 

s (-)>"r (iii -jv + 1)r (in+\p ±p 
r<p.-p.+« + pr(p.+ i»+»#+p ' 

For brevity the expressions on the right are written in the form 

ks hV (z). 

The function s^ v (z) is evidently undefined when either of the numbers 
fx + v is an odd negative integer*. Apart from this restriction the general 
solution of (1) is evidently 

(3) y = '(!> v (z) + ks^ „ (z). 


In like manner tho general solution of 


(4) 
is 

(5) 


{r/» v {z)+ka^ v {*% 


* Tho solution of the equation for such values of y. and v is disoussed in § 10*71. 
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Next let us consider. the solution of (1) by the method of “variation of 
parameters.” We assume as a solution * 

y = A(z)J v (z) + B(z) JL,(*}, , 

where A (z) and B (z) are functions of z determined by the equations 
J v {z) A' (z) + j_ v (z) B' (z) = 0, 
t T v {z) A' (z) + J'_ v (z) B' (z) = kz^~\ 

On using § 3-12 (2), we see that 

4 ( 2 ) -i r*j.wdM. 

Hence a solution f of (1) is 
hrr 


Jy (M) JV J. v (z).dz ~ J- V {Z) J V J v (Z) dz 


(6) y= . 

2 sin vtt 

where the lower limits of the integrals are arbitrary. 

Similarly a solution of (1) which is valid for all values of v, whether 
integers or not, is 

0) y = p7r 1F„ (z )JV J v (z) dz - J v (z) J V Y v (z) dzj . 

It is easy to see that, if both of the numbers /* ± v +’1 have positive real 
parts, the lower limits in (6) and (7) may be taken to be zero. If we expand 
the mtegmnds m ascending powers of *, we see that the expression oh the 

2* ;i 6 irr !r a r r series containi ^ n ° p**™ ° f - 

7 ’ ’ . ’ " * ‘ ence ’ from ( 3 )> ^ follows that, since neither of the 

numbers n± vis an odd negative integer, we must have 

(8) V W "17SW^ ^ W/J ^ (^> ^ . 

In obtaining this result.it was supposed that v is not an integer • but if 
we introduce functions of the second kind, we find that 

( 9 ) v.w=i «• y. w/V j, 

and m this formula we may proceed to-the limit in making v an integer. 

It should be observed that, in Poohhammer's notation (§ 4-4), 

(10) V.W = 7 - *** 

(/l- — v + 1) (fi -f*jr + 1) 

Of. Forsyth, Treatise on Differential Equations (19141 8 aa. it in 
v is not an integer. ? ' ai4 b 18 su PPosed temporarily that 

- ’• « -;'■»(>) V so arbitrary ration 

Baa^rC.^”' (19 ° 3) ' * U “' - 
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The associated function v (z) is derived from a consideration of a solution 
of (1) in the form of a descending series. We now prooeed to construct this 
solution and investigate its properties. 

10-71. The construction of the function v (z). 

A particular integral of the equation § 10-7 (1), proceeding in descending 
powers of z, beginning with s' 4-1 , is 


(1) y = kz 


1 _ (/* —l) 8 —* a . {0* -1) 8 - v a ] {(/* - 3) a - z/*} 

* 


This series, however, does not converge unless it terminates j but if it terminates, 
it is a solution of § 10 - 7 (1), and it will be called kS, Mi y(z). 

The series terminates if ft — v is an odd positive integer, or if fi + v is an 
odd positive integer, and in no other case. 

In the former case we write ft = v + 2p + 1, and then we have 


S^ v (z)-z> 1 - 1 2 


(-) TO i" {b* - b + i) r (i/* + + i) 


=0 + + + | - m) 

y. r(p + i)r(i>+ p +1) 

j ft =o 1 ( m + 1) l 1 ( v + >n + l) 

= (-)P 2' t_1 r (Jft ~lv + 1) T {\fi + \v+ £)</,(*) + s^y (z) 

=- 2"- r (ir - i, + i) rftp+i v+ i) cu8 + v) ” j. w+«,,, (4 


sill vir 


When (x — v *= 2p 4- 1, the function 

2 - r Gv. - iv+i) r (in + \v + ^« 


am i/tt 


vanishes, and so, when ft — z/ is an odd positive integer, we have 

(2) S„(z) = s „,„ (*) + g — i ’' + i)r(i '* + i " +J) 


Sill I/7T 


X [cos \(fX — v)tt . </_„ (s) — COS £ (ft + v) IT . Jy {z) ]. 

Since both sides of this equation are even functions of v , the equation iB 
true also when ft + v is an odd positive integer, so that it holds in all cases in 
which S lt y(z) has, as yet, been defined. We adopt it as the general definition 
of $ Mi „($), except that, when v is an integer, we have to use the equivalent form 

(3) 8 IJi< y(z) = s»'y(z) + 2»- 1 r(!/t -\v + £)r(&ft + lv+ |) 

x [sin |(ft - 1 /) tt .J v (z) - cos £ (ft — v) tt . Y v (z)]. 

It will be shewn in § 10‘73 that 8 ^( 2 ) has a limit when ft+ v or ft - v 
is an odd negative integer, i.e. when fy t „ (z) is undefined ; and so, of Lommel’s 
two functions s Mi „ (z) and 8^ „ (z), it is frequently more convenient to use the 
latter. 
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It will appear in § 10*75 that the series (1), by means of which „ (4 is 
defined'when either of' the numbers fi ± v is an odd positive integer, is still 
of significance when the numbers fi + v are not odd positive integers. It 
yields, in fact, an asymptotic expansion of „ (z) valid for large values of 
the variable 


10*72. Recurrence formulae satisfied by Lommel’s functions. 
It is evident from § 10*7 (2) that 


S/sr(4 


- s * 1,+1 ~ fy+a, v if) 


that is to say 

( 1 ) s m-z,v (4 — — {(y> + 1) 4 ~ 1/2 } (4 

Again, it is easy to verify that 

d 

\f fy, V (z)] = (/u + v-l )z v 1. „_1 (4. 


so that 


(2) 4, y (z) + ( vjz) , (4 “ 0* + v-1) (4 

and similarly 

(3) s ii t y{z) (v/z)s flt y(z ) = (/a v — 1)(4* 

On subtracting and adding these results we obtain, the formulae 

(4) (2v/z) s^y(z) (il + v — 1) s,,^. (z) —• (fi — v — 1) 8fy_ lt ,,+x (z), 

(5) 24*(4 - (/a + v -1) s^' M (z) + (fx-v- 1) s^_ liN4 (4 

The reader will find it easy to deduce from § 10*71 (2) that the functions of 
the type „ (z) may be replaced throughout these formulae by functions of 
the typp y (z) ; so that 

(6) p (4=** +1 - {(A +1) 3 - *•} (4, 

(7) (4 + (44 (4 = (/A + V ~ 1) &u-I,r-I (4i 

(8) S'*, (4 - W4 S ftr (4 -</*-■ * -1) (4 

(9) (2i>/4 Sp t y(z) = (/i + v — 1) —i, k— i (4 0* v — 1) i, r+i (4> 

(10) 2/S>,*> fy) = (/ti + 1 / -.1) S^y-J (z)+(fM-V-l) S^y+l (4 

These formulae may be transformed in various ways by using (1) and (6). They are 
due to Lommel, Math. Ann. ix. (187(J), pp, 429—432, but his methods of proving them were 
not in all cases completely satisfactory. 


10*73. Lomond's functions „ (z) when fx±v is a/n odd negative integer. 

The formula § 10*71 (2) assumes an undetermined form when /l —v or ji + v 
is an odd negative integer*. We can easily define Sy-ap-i^iz) in terms of 
(4 hy a repeated use of § 10*72(6) which gives 

(1) Bmp-i. W - (- P}m+1 („ -p) w + 2 * 2 ,! (X - v) p ’ 

* Since v (z) is an even function of v, it is sufficient to oonsider the ease in whioh n - v is an 
odd negative integer. 
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(2) = lim ~———' 

IX-^V—I |_(^ — V + 


^h+q, v (#) 


■ i) 0* ■+* v + i)J 

The numerator (which is an analytic function of fi near /i = v-l) vanishes 
when /* = v - 1, and so, by L’Hospital’s theorem * 


S v ^ iV ( z )- — 

Now it is easy to verify that 

= ^I> + 1) 2 




dfyt+3. v (-g) 


d/j, 

Also 


3 fJL 




H = v—l 


<*«*•-1 " ' ' »»=o(wi +1)! r(i/ + m+ 2) 

x {21og£ + ^(l) + ^fy^i)_.^( w + 2) — yfr(v -i- m -f-2)}. 


“ 0 

dix f 2,1+I r (i/* ~ \ V + f) r (h* + \v + f) COS %(fj, + v) 7 t}] 

Jm^-1 

and = 2 V Tfy -f 1) sin vtt {Jog 2 +• (1) + (v + 1 ) 4 - ^ 7 r cot V 7 r], 

"3 ^ 

I 2 '' 41 r (*/“■- *» + 1 ) I’d /*+4 v +jj) COS I (ft - v) tt]1 = 2 ” -1 7 T I> + 1), 

and hence it follows that 
(3) 

l»=:0Wd 1 (»/ + w + 1) 

x (21og^-^(i; + TO -|.l)_^.(TO + I)] - 2 *'- a 7 r r(y) F,^), 

and this formula, which appears to bo nugatory whenever v is a negative 
integer, is, in effect, nugatory only when v = 0; for when v = -n (where n is 
a positive integer) we define the function by the formula 

Ti-i,— n (#) = &-n—1, n ( 2 ), 

in which the function on the right is defined by equation § 10'73 (1). 

To discuss the oaso in which i/=0, we take the formula 

whioh gives «-,.o • 

8mco .S,,a. „(«)=«“*> + I 1-)" W* 1 * * 

m=o 0 (^M + m + |)} 8 

+ 2^ +1 {r (i/i -f-|)} a (cos j/xir. y 0 ( Z ) - sin ^fin . J 0 (e)}, 
it follows, on reduction, that 

* Of- Bromwioh, Theory of Infinite Series, § 152 . 
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10*74. Functions expressible in terms of Lommel's functions. 

From the descending series given in § 10*71 (1) it is evident that Neumann s 
polynomial O n (z) is expressible in terms of Lommel’s functions by the equations 

(1) O iin (s) — (l/$) $i,am (#)) = 4- Y){z\ $o,stn+i (*). 

and Schlafli’s polynomial 8 n (z) is similarly expressible by the equations 

(2) (z) — 4 m (^)) Bton+i if) ~ 2>S 0i (z). 

It is also possible to express the important integrals 

1 . ' J z»J v (z) dz, J z* Y v (z) dz 

in terms of Lommel’s functions; thus we have 

~ {z v J v (z).z 1 - 1 '(z )} = zJ v - x {z)8„- Xtu - x (z)+ (fM-v-l)zJ v (z) *V Bi „ (z), 

~ {z x ~ v J v - X (z). z~ v 8^ „ (*)} - - zJ v (z) 8„ iV (z) + (fi + v- l)*^_i (z) 8 h - X) (z). 

On eliminating , y -i(z) from the right of these equations, and using 
§ 10*72 (6), we find by integrating that 

(3) J z* J v (z) dz — (fi + v- 1) zJ v (z) &V- 1 , k-i (z) — zJv~\ 00 v (z), 

and proofs of the same nature shew that 

(4) J z* Y v (z)dz = (p + v-l)zY v (z)8^y-i(z) - zYy- x (z)S Mi „ (z), 
and, more generally, 

(5) J z* (z) dz — (/i + v~! l)z^„ (z) S M - j, „_i (z) - z r $ v - x (z) * (z). 

Special cases of these formulae are obtained by choosing ft and v so that 
the functions on the right reduce to Neumann’s or Schlafli’s polynomials, thus 

(6) J zffiftn (z) dz = z a _ J (z) Oam —1 if) ~ ^•snn-i {z) 0»n (■ 2 )|‘ > 

(7) J ^am+i (z) dz — \z {^sm+i if) Ngm (z) ~ ffitm if) $sm-H (^)}» 

Of these results, (1), (3), (4) and (6) are contained in Lommel’s paper, Math. Am. ix. 
(1876), pp. 425—444; (6) and (7) were given by Nielsen, Handbuoh der Theorie der 
CylinderfiTdctionen (Leipzig, 1904), p. 100, but his formulae contain some misprints. 

It should be noticed that Lommel’s function, in those cases when it is 
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expressible in finite terms, is equivalent to Gegenbauer’s polynomial of § 9*2. 
The formulae connecting the functions are* 

2 v V(v + m) v + 2m 


( 8 ) 


■Asm, v (#) — 


_i_„ 


ml Z 

a /.\ __ r (i/ + m +1) v + 2 m 4-1 0 

"2wi+i,»^-p.H-am+i v 2 /* 
v 7/1 • Z 

It follows that the most general case in which the integral (5) is expressible 
in terms of elementary functions and cylinder functions is given by the formula 

, 9 i iv.* ( , )dtm . fj 

(■» J * i»r(» + m)L » + 2m-l 

(f) ^aOT,i> ( g ) 

+ 2m 

The function defined by the aeries 

m I q r(v + Sm+l)“" r(r-l) 

has been studied in great detail by W. H. Young +; this function possesses many properties 
analogous to those of Bessel functions, but tho increase of simplicity over Lommel’s more 
general function seem#insuffioient to justify an account of them here. 

[°° J (t) 

The integral v / - dt has been studied (when v ia an integer) by H. A. Webb, 

Jo t \z — t) 

Messenger, xxxur. (1904), p. 58; and he stated that, when v=n, its value ia O n (z). This ia 
incorrect (as was pointed out by Kapteyn); and the value for general values of v is { 

{S lt i >(-*) — vS {) ,„ (— z)}/z, 
when R(v)> 0 and | arg (- z) | < it. 


10*75. The asymptotic expansion of 8^ v (z). 


We shall now shew by Barnes’ method§ that, when n±y are not odd 
positive integers, then admits of the asymptotic expansion 


( 1 ) S' t¥ (g)~gr 


(M-l )'-* 


when | £ j is large and | arg z 


z* 
< t r. 


+ 


(fc-!)■--■) (0»-3y-£| 

2< 


* * } 


Let us take the integral 

_ z fH f COi ~ P h * nr{\zYds 

27nT(J-- + \v) — £i>) ‘ sins-nr 


The contour is to be drawn by taking p to be an integer so large that the 
only poles of the integrand on the left of the contour are poles of cosec sir, the 
poles of the Gamma functions being on the right of the contour. 

* Gegenbauer, Wiener Sitzungsberichte, lxxiv. (2), (1877), p. 120. 
t Quarterly Journal, xhin. (1911), pp. 101—177. 

J Of. Gubler, Zilrieh Vierteljahrsschrift, xlvii. (1902), pp. 422—428. 

§ Proc. London Math. Soc. (2) v. (1907), pp. 59—118; of. §§0-5, 7’5, 7*51. 
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The integral is convergent when j arg z | < tt, and it may be seen without 
difficulty that it is 0 (^ -sp ). 

It may be shewn from the asymptotic expansion of the Gamma function 
that the same integrand, when integrated round a semicircle, of radius R with 
centre at - p - §, on the right of the contour, tends to zero as R oo, provided 
that R tends to infinity in such a manner that the semicircle never passes 
through any of the poles of the integrand. 

It follows that the expression given above is equal to the sum of the 
residues of 

r (I ~ I/* + - s) r ($ - ~\ v - s) ir(\zY 

+ 8in«7r 

at the points 

0, — 1, — 2, ~(p— 1), 

1,2, 3,..., 

i...» 

+ | v, §+ + .... 

When we calculate these residues we find that 


(~) OT T (\-\p J r\v + m)V -Mra) 

t»°o (h z T n f (i~ y + \v )r 

+ S n-1 V (~) w r (I + -1 y) r (£ -h ^ + jy) (\zy m 

m=i rd + J/i — \v + m) + + \v + m) 

. 2 ^- 1 7 rr(H^ + ^) l (-) m .{\z)-'’+™ 

r(i —i/* + i») s in w*.o«»I T(1 -v + w) 

2^7rr(^+|u-^) | (-) m (j^ +3wt . 

- iv)sin i/7r w _ow! r(v +?a +1) ' '* 

so that 

(~) OT r(|-^ + ^v + m) r(|-^-^y + m) 

_ 2 >t ~ 1 r(j+^ ~ f (j + 

sin v7r 


X [cos £ (/Z - v) 7T . ( 5 ) - COS i(fl + v) 7T . J v (*)] = 0 (^~*P), 

and so, by § 10*71 (2), we have the formula 
$ (A-rn-i P Y 1 (“)" r (1 ”$** + §*+ TO )r(i-T$/*“ii' + »ii) ^ 

*’ () -to (WT(H7+'wnH»-}»! +0(r*). 

and this is equivalent to the asymptotic expansion stated in (1). 
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10 * 8 ] 

10*8. Hemi-cylindt'ical functions. 

Functions S ft (z) which satisfy the single recurrence formula 

(1) . Bh (*)- S 71+1 (z) = 2Sn (z) 

combined with 

(2) Bfz) -S 0 ' (z) 

have been studied in great detail by Sonine*. They will be called hemi- 
cylindrical functions. 

It is evident that S n (z) is expressible in the form 
S» (z) =f n (D). S 0 (z), 

where D = djdz and f n ( D ) is a polynomial in D of degree n ; and the polynomial 
fn (£) satisfies the recurrence formula 

/U (£)*-/«+.(f)-2£fc(f) 

combined with 

/.(f)-1. /.(f) —f- 

It follows by induction (cf. § 9*14) that 

fn (f) - 4 [{“ f + V(f 8 + 1)}” + {- f- V(P + 1)}’*], 

and therefore 

(3) S„ (z) = 4 [{- D + + 1)} W + {- D - V(I> J + 1)}"]. S u (s). 

If it is supposed that ( 1 ) holds for negative values of /?, it is easy to see that 

(4) S_ n (*) = (-)" S» (4 

To obtain an alternative expression to (3), put £ = sinh t, and thenf 



(cosh ut 

JnW- |_ sinh ^ 

(ti even) 
(n odd) 



K'-'W- 

(n even) 



J n t n 
( IP 3! * 

(n odd) 

Hence 

1 

f . , 7i* _ „ . . ;r (77* — 2 3 ) . 

1 s o {z) + 2 j ®° ( z ) 4-41 s « (z) + ... 

(neven) 

(5) 

s„W = 

1-jjSa (z)~ 8 ,-- S„ (z)-.... 

(n odd) 


It is to be noticed LhatO n (z), T n (z) and E, t (s) are hemi-cylindrical functions, 
but 8 n (z), U n (z) and H n (4 rtrc not hcini-cylindrical functions. 

It should be remarked that the single recurrence formula 
2„-i (z) + 2„+, (z) = ~ X v (z) 

gives rise to functions of no greater intrinsic interest than Lommel’s polynomials. 


w. b. p. 


* Math. Ann. xvr. (1880), pp. 1—U, 71—80. 
t See e.g. Hobson, Plane Trigonometry (1918), §264. 


23 
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10*81. The addition theorem for hemi-cylindrical functions. 

We shall now establish Sonine’s important expansion* 

S,* (* + *)- 2 f n (t) S„ 


( 1 ) 


.(*); 


the expansion is valid when z + t lies inside the largest circle, whose centre is 
at the point z, which does not contain any singularity of the hemi-cylindrical 
function under consideration. ' 

Take as contour a circle G with centre z such that S 0 (£) has no singularity 
inside or on the circle. Then 

-^/ 0 S »(»{i dt 

The series converges uniformly on the contour, and so we have 

B m (z + 1)~ ■ 2 e n J n (l) f 8 m (£) On(£—z) d£ 

atti J o 

d' 


■■ x e n J n (t)f n (- 8 m (z) dz 

' J„ *’ J ’‘ w* (~ £)/* (£) s " w dz - 


But it is easy to verify that 

*/. (- i)fm (f) (f) + (-)“/»+» (0. 


so that 


W = 1 


whence Sonine’s formula is obvious. 

It should be noticed that, if S n (z) denotes a function of a more general 
type than a hemi-cylindrical function, namely one which merely satisfies the 
equation 

Sji_x (z) — S n+1 (z) ~ 2S n ' (z), 

without satisfying the equation Sj (z) = — S 0 ' (z)> we still have 

/. (~ g) (*) = —» (*) + (-)“ 8™+,, (*), 

and so the formula (1) is still valid. We thus have an alternative proof of 
the formulae of §§ 5*3, 91, 9*34 and 10*63. 

* Math. Ann. xn. (1880), pp. 4—8. See also Ettnig, Math. Ann. v. (1872), pp. 810—340; ibid. 
xvn. (1880), pp. 85—80. 
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10*82. Nielsens functional equations. 

The pair of simultaneous equations 

(1) F v . x (z) - F v+1 (z) - 2 FJ (z) - 2/„ {z)/z, 

(2) F v - X (z) + F v+1 (z) - (2 v/z) F v (z) = 2 g v (z)/z, 

where f„(z) and g„(z) are given arbitrary functions of the variables v and z, 
form an obvious generalisation of the pair of functional equations whereby 
cylinder functions are defined. It has been shewn by Nielsen* that the 
functions /„ (z) and g v (z) must satisfy the relation 

f-x (z) +f+i (z) - (2 v/z)f v (z) = g v ._ x (z) - g v+x (z) - 2 g,' (z ); 

and it has been provedf that, if this relation is satisfied, the system can be 
reduced to a pair of soluble difference equations of the first order. 

For brevity write 

fv (z) + g v (z) s a„ (z), f (z) - g v (z) = (z), 

and the given system of equations is equivalent to 

(3) + v ) F v (z) = zF v - x (z) - or, ( z), 

(4) (Sr - v ) Fv (z) = - zF v+l ( z ) - (z). 

It is now evident that 

(S a - v •) F v ( z) = (Sr - v) [zFv-i (z) - or, (*)] 

= - z*F v (z) - zfiv-x (z) - - v) a v {z), 

so that V V F V {z) = — zftv -1 (z) — (Sr — v) a v ( z ). 

Again 

(S’ - *») Fv (z) - (»■ + v) [- zFv +l (z) - (3v (z )J 

= — z*Fv (- z) + za v + 1 ( z) - (S + v) /9„ (z). 

! We are thus led to the equation 

(5) V v F v (z) — z-GT v (z), 

where 

(6) zviv (z) = - z$v-\ (z) - (S- - v) u v (z), 

(7) zra v (z) = 4- zciv+x ( z) - (S' + p) Pv ( z ). 

On comparing these values of (z), we are at once led to Nielson’s 
condition 

(8) f v - x (z) +f +1 (z) - (2v/z)f v (z) = (z) - <7„ +1 (z) - 2 gj (z). 

It now has to be shewn that Nielsen’s condition is sufficient for the exist¬ 
ence of a solution of the given system. To prove this, we assume (8) to be 


* Ann. di Mat, (3) vi. (1901), pp. 51—CO. 
t Watson, Messenger , xlviii. (1919), pp. 49—58. 


23—2 
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given, and, after defining ta v (z) by (6) and (7), we solve (5) by the method 
of variation of parameters. The solution is 

(9) F, (z) = J v (z) | Cy-fa J Yy (0 ®V (t) 

+ 7 V (z) |dy + lir J v (t) «■„ (t) , 

where a and b are arbitrary constants; and c„ and d v may be taken to be 
independent of z, though they will, in general, depend on v. 

It remains to be shewn that c„ and d v can be chosen so that the value of 
F v (z) given by (9) satisfies (1) and (2), or (what comes to the same thing) 
that it satisfies (3) and (4). If (3) is satisfied, then 

zjy-l (z) ■ Cy — fa j Fy (t) Wy ( t ) j — ^7 TZ Jy (z) Yy (z) VTy (z) 

4- zY v - x (z) jd; + faj (2) vt v (t) + faz Y v (z) J v (z) w y (z) 

= zJy- X (Z) | Cy- X Yy -j (t) 'tVy-l (t) dt\j 

+ zYy- x (z) jd V— 1 d" iw Jy 1 (ty fZy—1 (ty -- <X V (z), 

that is to say, 

Zj ^ (*) - Cy- X - fa J' { Yy (ty Vy (t) - Yy- X (ty Wy—l (t)} dij 

+ zYy- x (zy — dy- x + fa ^ [J v (ty ztTy (ty — Jy -j (ty nTy_ x (£)] dt + er„ (zy — 0 . 
But it is easy to verify that 

dz ^r 1 W ~ (*) a * (*)} = ^ ( z ) w* {^y - (zy <$y- x ( z y, 

since (6) and (7) are satisfied; and so (3) is satisfied if 

zJp~i (zy jc„- Gy—i - fa £ Yy_ x (zy /9„_j (zy — Y v (zy dy (zy e | 

+ z Yy_ x (zy \dy-dy- x + \ir (z) fiy_ x ( z y - J v (z) a v ( z ) * J + 0p (*) = q , 
and this condition, by § 3*63-(12), reduces to 

zjy- x (zy { C y - Cy- X + fa [ Yy- x (ay @y_ x (a) - Y, (a) ay (a)]} 

+ » Yy- X ( Z y {dy - dy- X ~ fa [J V - X (ft) (ft) - J, (ft) (ft)] J » Q. 

. 80 far “ (3) . is concemed . it is sufficient to choose c„ and d 

to satisfy the difference equating a * 

{(10) y .-i (a)(a)- 7, (a) a, (a)) 
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and the reader will have no difficulty in verifying that, if these same two 
difference equations (with v replaced by v + 1 throughout) are satisfied, then 
the value of F v (z) given by (9) is a solution of (4). 

These difference equations are of a type whose solutions may be regarded 
as known*; and so the condition (8) is a sufficient, as well as a necessary, 
condition for the existence of a solution of the given pair of functional equa¬ 
tions (1) and (2). 

If, as z -*■ oo, 

fy (?) = 0 (tfi -*), g v (z) = 0 (z*-*), 
where 8 > 0, then we may make a-*- oo , b -*■ oo , and we have 

Op = Cy —i, dp “ , 

so that the general solution may be written 

(12) F v (z) = Jy (z) j-7ri ( v ) + |tt I* Y v (t) Up (£) eftj 

+ Yp(z)^rr B (v)-^ir j J v (t) u v (t ), 

where 7 Ti (v) and tt 2 (v) are arbitrary periodic functions of v with period unity. 

Note. Some interesting properties of functions which satisfy equation (2) only are to 
be found in Nielsen’s earlier paper, Ann. di Mat. (3) v. (1901), pp. 17—31. Thus, from a 
set of formulae of the typo 

Fp _, (z)+F V + , (z) - (2 viz) F(z) = 2,/p (z)/z, 

it is easy to doduce that 

(13) F v+n (z) =*Fp ( z) /S,,, i> ( 2 ) — Fp _ i ( 2 ) 1 , im i ( z ) 

ft-i 

+ (2 /z) 2 ffy + m ( z ) Fn— m—1. v+m+l ( 3 ) > 

VI =0 

the first two terms on the right are the complementary function of the difference equation, 
and the series is the particular integral. 

* An apoount of various memoirs dealing with suoh equations is given by Barnes, Proc. London 
Math. Soc. (2) n. (1904), pp. 438—469. 



CHAPTER XI 

ADDITION THEOREMS 

11*1. The general nature of addition theorems. 

It has been proved (§ 4‘73) that Bessel functions are not algebraic functions, 
and it is fairly obvious from the asymptotic expansions obtained in Chapter vii 
that they axe not simply periodic functions, and, a fortiori, that they are not 
doubly periodic functions. Consequently, in accordance with a theorem due 
to Weierstrass* it is not possible to express J v (Z + z) as an algebraic function 
of J V (Z) and 4(4 That is to say, that Bessel functions do not possess 
addition theorems in the strict sense of the term. 

There are, however, two classes of formulae which are commonly described 
as addition theorems. In the case of functions of order zero the two classes 
coincide; and the formula for functions of the first kind is 

4 W(Z* + z 3 - 2 Zz cos </>)} - 5 e m J m (Z) J m {z) cos m<j>, 

»-o 

which has already been indicated in § 4 , 82. 

The simplest rigorous proof of this formula, which is due to Neumann f, 
depends on a transformation of Parseval’s integral j another proof is due to 
Heine J, who obtained the formula as a confluent form of the addition theorem 
for Legendre functions. 


11*2. Neumanns addition theorem §. 

We shall now establish the result 

00 

(1) 4 (sr) = 2 e m J m (Z) J m (z) cos m<f), 

»n-0 

where, for brevity, we write 

■or = *J{Z 3 + z 3 — IZz cos <p), 

and all the variables are supposed to have general complex values. 

* The theorem was stated in §§ 1—3 of Schwarz’ edition of "Weierstrass’ lectures (Berlin, 
1893); see Phragm&n, Acta Math. vn. (1885), pp. 88—42, and Forsyth, Theory of Inunctions (1918), 
Ch. xm for proofs of the theorem. 

f Theorie der BesseVschen Functionen (Leipzig, 1867), pp. 59—70. 

t Handbvush der Kugelfunctionen, i. (Berlin, 1878), pp. 340—348; cf. § 5*71 and Modern 
Analysis, § 15‘7. 

§ In addition to Neumann’s treatise cited in § 11T, see Beltrami, Atti della R. Accad. di Torino , 
xvi. (1880—1881), pp. 201—202. 
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11-1—11-3J 


We take the formula (Parseval’s integral) 




~J e ivrooae d6 = ~J e iv «>s(«-*) dd , 


which is valid for all (complex) values of m- and a, the integrand being a periodic 
analytic function of 6 with period 2? r. We next suppose that a is defined by 
the equations 

rs sin ot — Z — z cos <f>, w cos a = z sin <£, 
and it is then apparent that 


1 [v 

J 0 (or) = — J exp [i (Z - z cos 0) sin 6 4- iz sin tf> cos 0} dO 

= [' j 5 J m {Z)e mi9 \e iz «"U-*Hd 

ZlT J —tt ( JttC— 30 ) 


I Jm(Z) [* e mi0+i **"'®- e 'd6 

LIT w 00 . — 7r 


1 

27T 


1>l= — 00 j —It 


= 2 
m= — » 

the interchange of the order of summation and integration following from 
the uniformity of convergence of the series, and the next step following from 
the periodicity of the integrand. 

If we group the terms for which the values of in differ only in sign, we 
immediately obtain Neumann’s formula. 


The corresponding formulae for Bessel functions of order were obtained by CloLmch, 
Journal f Ur Math. lxi. (1863), pp. 224—227, four years Ijoforo the publication of Neumann’s 
formula; see § 1T4. 


11*3. Graf s generalisation of Neumanns formula. 

Neumann’s addition theorem has been extended to functions of arbitrary 
order v in two different ways. The extension which seems to be of more 
immediate importance in physical applications is due to Graf*, whose 
formula is 

(1) J.(w) . I - (Z ) J m (») 

and this formula is valid provided that both of the numbers | ze ±i4> | are less 
than \ Z\. 

* Math. Ann. xliii, (1893), pp. 142 —144 and Verhandlungen der Schweiz. NaturJ, Gee. 1896, 
pp. 69—61. A special case of the result has also been obtained by Nielsen, Math. Ann. ui. (1899), 
p. 241. 
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Graf’s proof is based on the theory of contour integration, but, two years after it was 
published, an independent proof was given by G. T. Walker, Messenger^ xxv. (1896), pp. 76— 
80; this proof is applicable to functions of integral order only, and it may be obtained 
from Graf’s proof by replacing the contour integrals by definite integrals. 


To prove the general formula, observe that the series on the right in (1) 
is convergent in the circumstances postulated, and so, if arg Z—a, we have 

^ J\>+m (Z)J m (z)e mi * 

,» = —00 

= ^ f +) exp hz(t-^\r'- m -'J m (z)e mi *dt 

flitt-oo J —oo exp(—<a) ( \ 

i iz (*-?)- h (i - t)I % ’ 

there is no special difficulty'in interchanging the order of summation and 
integration*. 

Now write 

(Z — ze't*) t — cm, (Z — ze^)lt = tv/tt, 
where, as usual, «r = \J(Z 2 + z % — 2 Zz cos </>), 

and it is supposed now that that value of the square root is taken which makes 
■or -*■ + Z when z -*■ 0. 


For all admissible values of z, the phase of tz/Z is now an acute angle, 
positive or negative. This determination of tv renders it possible to take the 
w-contour to start from and end at — ao exp (— ifi), where /3 = arg nr. 

We then have 


S J „ + ,„ (Z) J m (z) e mi ^ 


J_ / Z-ze-'t y 
27 ri \ -or J J - 

(Z — ze~ i +\t y r , . 

~[ z~ze i *J Jv 

by § 6‘2 (2); and this is Graf’s result. 


oo exp (—tjS) 


exp 




du 

„K+1 


If we define the angle -v/r by the equations 

Z — z cos <h — tveos ^Jr, z sin <£ = tv sin yfr, 

where t/r 0 as z -*• 0 (so that, for real values of the variables, we obtain the 
relation indicated by Fig. 28), then Graf’s formula may be written 

(2) **J m ( tv)= S J v+m (Z)J m (z) e”*, 
and, on changing the signs of tj> and y/r, we have 

(3) *-**/,(«,). 2 

Wt= -00 


Of. Bromwich, Theory of Infinite Serieti § 176. 
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Dill Pisz— 00 Hill 



Fig. 28. 

If, in this formula, we change the signs of v and m , we readily deduce from 
§ 3‘54 that 

(5) 2 

olll HI ~ r *i Dill 

and so 

( 6 ) 2 

9111 -00 Dill 

The formula (5) was given by Neumann in his troatiso in tho special case v=0; see 
also Sormuerfeld, Math. Ann. xlv. (1894), p. 27G; ibid, xr.vn. (1BOG), p. 3I>G. Somo physical 
applications of tho formulae are duo to Schwarzschild, Math. Ann. lv. (1902), pp. 177—247. 

If we replace Z, z and -cr in these equations by iZ, iz and im respectively, 
it is apparent that 

(7) /»(w)“:V= 2 (2)/,„(<“ 

“111 VI ^ — CD nin 

( 8 ) 2 

HI 11 111 — — 00 Dill 

Of these results, (7) was Htated by Beltrami, Atti della R. Accad. di Torino , xvi. (1880— 

1881), pp. 201—202. 

The following special results, obtained by taking <£=| it, should be noticed: 

(9) %(vr)co8nf = £ (-) w (Z)J.„ n (z\ 

(10) ®.( w )sin^= 2, (-)»% +m+1 (2)J m+ .W, 

w -oo 

where Z = ct cos yfr, z = vr Bin and \z\<\Z\. 

For the physical interpretation of these formulae the reader is referred to 
the papers by G. T. Walker and Schwarzschild ; it should be observed that, in 
the special case in which v is an integer and the only functions involved are 
of the first kind, the inequalities J ze ±{ ^ I <\Z\ need not be in force. 
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11*4. Gegenbauer’s addition theorem. 

The second type of generalisation of Neumann’s addition theorem was 
obtained by Gegenbaue?* nearly twenty years before the publication of 
Grafs paper. 

If Neumann’s formula of § 11T is differentiated n time? with respect to 
cos 4 >» we find that 

m Jn (*) - 3 Jm+n (Z) J m +n (*) d n COS (w + n) 4> , 

{) m to €n+n Z n Z n d(cos 4>) n 

This formula was extended by Gegenbauer to functions of non-integral order 
by means of the theory of partial differential equations (see § 11 *42); but 
Soninef gave a proof by a direct transformation of series, and this proof we 
shall now reproduce; it is to be noted that, in (1), ar is not restricted (as in 
§ 11*3) with reference to Z. 

We take Lommel’s expansion of § 5*22, namely 


^Mv'(£+^)1 __ 5 (— ^h) p J v+ P (y^ ) 

(?+A)*’ p to p 1 

and replace f and h by Z* + z* and — %Zz cos <£ respectively; if we write 12 
in place of J„ (vr)f‘sr v for brevity, it is found that 


q- 2 (^gcos 4>) p 
~Vo 


Jy+p {V (Z* + g 8 ) } 


5 f (-)?cosP 4> J^ q {Z) 
p-o <r-o 23. p\q\ Z' + * 


by a further application of Lommel’s expansion with f and h replaced by Z* 
and z\ 


But, by § 5-21, 

J v +p+q{Z)_ 4 ^ v+p+2k r(v4-p + &) r 

Z* m t Zo k\[q-k)\ 28 ~r{» + p + q + k+l) J *** {t 

and so 


12= ill (-) q (v + p + 2k) V(v + p + k) a * 4 *?cosp 4> J V+P ^(Z) 
p-Og-oA-o 2^p\k\{q-k)\r{v+p + q+k+l) Z* f 

the triple series on the right being absolutely convergent, by comparison 
with 

_ _ T(v+p+k) Z v+ ^ k _ 

2?+2Q+3kp j Jq j f^q _ p ( v +p + 2 ^) V(v +p+q+k+ 1) 

* Wiener Siteungsberichte , ura.. (2), (1875), pp. 6—16. 
f Math. Ann. ivi. (1880), pp. 22—28. 


00 CO Q 

ni 

«_0 <j -0 &-0 
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But, for an absolutely convergent series, 

oo q oo 00 

X 2 u k x q~ 2 X W/fe,jfc+n> 

3=0 A=»0 k =0 n=0 

and so 

« « * (-)^( y +p + 2^)r(v + p+^)^i^^cos^^ /, 4P+Sjfc (^) 
p-oi-oa-o 2 2 * +an p! A; 17 i! !?'(*> + p + 2 & 4 - ft - 1 - 1 ) 2 ' 

b J 5 (-)* (v + p + 2lc)r(v+p + k) COS * 0 J v+p+zk (Z) Jr+p+ aiz) 

piok-o P-kl Z v z v 

a j| (-)* gw* ( 1 / + <w) r (!> + m - A) COS ^0 J^,(g) / M+m (^) 

*-0»»-2* (m-2k)\k\ Z v Z v 

oo, <*?* (—)* 2 l ' +n, '' a * (v + m) T (v + m - k) cos’” -2 * <£ J v+m (Z) J v+m (z) 
~ * Z (vi-2k)\k\ Z* 


m-0 k-0 

Now 


<*'” (-)* 2*"-’* r(v + m-k) COS"*’ 2 * <b „ , 

1 (m~ 2 k)\k\r (v) ' ~ ° mV (C0S 


k-0 


where, as in § 3*32, C m v (cos <j>) denotes the coefficient of <x m in the expansion 
of (1 — 2a cos cf> + a 2 )-*' in ascending powers of a. We have therefore obtained 
the expansion 

J* i™) _ o, r 1 /.A V j \ 'fy+rn (^) Jv+m ( z ) 

z v 


(2) ^-2'rW 2 (* + <V (cos 0), 


W j» - 0 

which is valid for all values of i?, z, and <f>, and for all values of v with the 
exception of 0 , - 1 , — 2 , .... 

In the special case in which v = we have 
(3) 52-H = t I (m + i) P m (cos f). 

■or m-0 V" V 2 


This formula is due to Clebsch, Journal /Ur Math, lxi. (1863), p. 227; it iN also 
given by Heine, Journal fHr Math. lxtx. (1868), p. 133, and Neumann, Leipzig?)' Bench to, 
1886, pp. 75—82. The formula in which 2v is a positive integer has been obtained by 
Hobson, Proc. London Math. Soc. xxv. (1894), pp. 60—61, from a consideration of solutions 
of Laplace’s equation for space of 2 j/ + 2 dimensions. 

An extension of the expansion (2) has boon given by Wondt, Monatshefte ftir Math, and 
Phys. xi. (1900), pp. 125—131 ; the effect of her generalisation is to express 

w -v-p Hinap <pj v + p (m) 

as a series of Bessel functions in which the coefficients are somewhat complicated 
determinants. 


11*41. The modified form of Gegenhauev s addition theorem. 
The formula 


(1) —d^ = 2T(„) £ (-)»(»+ m ) J --S~L Z)J ‘ 

tx m =0 " 


i>+»i 


(•) 


C, n v (COS <f>) 


m =0 % 

may be established in the same manner as the Gegenbauer-Sonine formula of 
§ 11*4. This formula does not seem to have been given previously explicitly, 
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though it is used implicitly in obtaining some of the results given subsequently 
in this section. 

Unlike the formulae of § 11'4, the formula is true only when \z\ is so 
small that both the inequalities | ze^ | < | Z | are satisfied; but, in proving the 
formula, it is convenient first to suppose that the further inequalities 

| 2Zzcos(f >\< | Z a + z? |, \z\<\Z\ 

are satisfied. 

We then use Lommel’s expansion of § 5*22 (2) in the form 

p =o P 1 

which is valid when | A| < | £|. 

It is then found by making slight alterations in the analysis of § 11*4 that 

1 Z ‘ (g+•«■)-♦<■■+» W (Z ‘+*»)) 

p=o?=o &piqi 

2 " « (-) p+1 (v + 2k) T (- v - p - q — k) z* +i * cos? <f> J ( Z) 


^og-oA-o 2*p\k\{q-k)\T{\~v-p-k) z* 

2 2 2 (-) p+1 {y + p + 2/fc) r (- v — p - 2k — n) # p+lfc ' Hm cos * <f> & (Z) 



m=o a=o (m-2k)\k\ 

= 2- r W I (-)» (» + m) J -j} Z) CV (cos £), 

so the required result is established under the conditions 
12 Zz cos <f> | < | Z i 4- z a |, | z | < | Z |. 

Now the last expression is an analytic function of z when z lies inside the 
circle of convergence of the series* 

\ ( y + m ) Z~‘ 2y ~ m G m v (cos 6) 
r (1 — v — in) r (1 *h p ■+• m) 

and this circle is the circle of convergence of the series 

Jo (jr) 0 m v (cos (f>). 

Hence the given series converges and represents an analytic function of z 
provided only that | ze*** \<\Z\ \ and, when this pair of inequalities is satisfied, 
J- ¥ (ot)/w*' is also an analytic function of z. 


Of. § 5*22. 
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Hence, by the theory of analytic continuation, (1) is valid through the 
whole of the domain of values of z for which 

If in (1) we replace v by - v we find that 

J 0 Z'Jv-m{Z)z* J_ v+m (z)G rn - (cos 0). 

Again, if we combine (1) with § 11*4 (2), we see that, for the domain of 
values of z now under consideration, 

(3) I‘Sp = 2' r M j o (, + m) Lt~£l 0U- ( 008 

and so, generally, 

W = 2 ' r W J o O' + m) ^ (oos # 

If in (3) we make v 0 and use the formulae 


<7 0 °(cos </>) = !, lira {r (v) (v + m) G m v (cos </>)} = 2 cos ra0, (m =jfe 0) 


we find that 

(5) 


F 0 (to-) = 2 €„, F m (F) J m (z) cos m d>. 

vi =0 r 


The formulae (1) and (2) have not been given previously; but (3) is duo to Oogenbuuer, 
and (5) was given by Neumann in his treatise (save that the functions Y m wore replaced 
by the functions Y( m )). The formula (3) with v equal to an integer has also been examined 
by Heine, Handlmch d&r Kugelfunctionen , i. (Berlin, 1878), pp. 403—464. Some develop¬ 
ments of (4) are due to Ignatowsky, Archiv dor Math, und Phys. (3) xviii. (1911), pp. 322— 


If we replace Z , * and w by iZ, iz and its- in the formulae of § 11*4 and 
this section we find that 

(«) *'£- = 2' T (») (-)” O' + »*) 0.- (cos 

(7) -M*> =2 -rW(»+«*)<*.■(cos 

( 8 ) - 2' r (0 I (,+m) IssW 0.. (oos ^ 


Of these formulae, (8) iB due to Maedonald, Proc. London Math. Soc. xxxii. (1900), 
pp. 156—157; while (6) and (7) were given by Neumann in the special case v= J. 
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The formulae of § 11’4 and of this section are of special physical importance 
n the case v = If we change the notation by writing ka, kr and 8 for Z, 
and <f> we see that the formulae become 

✓a* sin k y/(r* + a 3 - 2 ar cos 6) 

+ a 3 — 2ar cos 6) 


=. j o (n+i ) (oo, 


, jqx cos k y^r 3 + a* — 2ar cos 8) 
\/(r* +a* — 2ar cos 8) 


*'2 (m + i) p (ma ff) 

m =0 a/cL Jr ■* , "' COS 


(l i) ex P_t~ k\/(?' 2 -f a 8 — 2ar cos 6)\ 

V (V 2 + a 8 — 2ar cos#) 

WhiCi ~ taa a 

centre is at the origin. Of. Cnrclaw, Hath. Ann. ** 8PhWe Wl> °* 

The following special oases of (4) were nointeri ™,t v, n 
are worth recording: ' P ted out by Gegenbauer, and 

If <f> = 7r, we have 

rjZ I . 

^ (Z + z)» = ^r (v) JZy (—) m (v + m) J»+m ($) f (2 v + m) 

II <£ = air, we have 2 m ' ^ X (^ v ) 

not -{- z 2 ) J ® _ 

~(Z* + ^)* 7 ~ ~ 2l> m ^ n (~) w (v + 2m) ^igL(£) ^+wt(g) T ( y + 

It s, <f> = 0, and $*„ is taken to be J Vi 

( 14 ) = 2^r* n/o . 

T(^) ~ 2 (v + m) Li^-t-^Ojra r 

V } m=Q 7 w j J v+m{Z), 

a torinula already obtained (8 5-5) hv « ri'ff 

the reader should consult Gegenbauer W^ n %“ ethod; in this c <™>exion 
1877 ), p. 221. genoauer, Wiener Sitzungeberichte, lxxv. (2), 

More generally, taking Z-e, A + o V-j 

J , g . - , We h ave 

( 15 ) s in 4 W>) * 

T^sinJ^p* = 2 " T (*) 2 { v + m) s8 ^ , 

( i i w=0 ( z* f (cos <b). 
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Again, it can be shewn that* if JR (v) > — £, 

(=° 

sin 8 " 0 G m v (cos 0) G p v (cos <j>)d<f>{ 


'V 

0 


(m^p) 


and so, provided that JR (v) > — £, 


2 8 *'- 1 (v + ?n).m!{r(i/)} 8 K p) 


(10) Jo -psw^SS^F”' 1 ^- 2 r ( l '+i) r (i ) -> — 


and, more generally, 

f ^{V(£ 8 +* a -2^co 8 0)} 
U) J 0 (IT 8 + £ 8 — 2^ cos 0)*" 


G m v (cos 0) sin 8 " 0 d<f> 

= nr r ( 2/ y + w ) (#) J h-w (-g) 
= 2"- 1 . m ! f~(v) Z v ~ z v 


A simple proof of this formula f, iu the special case in which m—0 and the cylinder 
functions are functions of the first kind, was given by Sonine, Math. Ann. xvx. (1880), 
p. 37. Another direct proof for functions of the first kind is duo to Kluyver, Proc. Section 
of Sci., K. Acad, van Wet. te Amsterdam, xi. (1909), pp. 749—755. An indirect proof, 
depending on § 12-13(1), is due to Gegenbauor, Wiener Sitzungsberichte, lxxxv. (2), (1882), 
pp. 491—502. 


[Note. An interesting consequence of (4), which was noticed by Qegenbauer, Wiener 
Sitzungsberichte, lxxiv. (2), (1877), p. 127, is that, if | ze^ \ <\Z\ throughout the contour 
of integration, then (cf. § 9-2) 


(18) 


If 

2 TTt J 


(0 + )$>„(nr) 

A \ 

W 


V? v . m (Z) 

, ( z) dz-W r (v). (r + m ) — — G m v (cos 0). 


Special cases of this formula, rosombling the results of $ 9'2, are obtainable by taking 0 
equal tq 0 or nJ] 


11‘42.. OegenbauePs investigation of the addition theorem. 

The method used by Gogenbauer, Wiener Sitzungsberichte, lxx. (2), (1875), pp. 8—10, 
to obtain the addition theorem of § 11 -4 iB not quite ho easy to justify as Sonine’s 
transformation. It oonsists in proving that £8 is a solution of the partial differential 
equation 

3 8 Q 2v+1 3£8 1 3 3 fl 2v cot 03i2 

3 2 8 z dz z i 30 8 z l 30 ™ ’ 

and assuming that £8 can be expanded in the form 

Q= 1 D m . <V (cos 0), 
m=o 

where Ji, n is independent of 0, and C , „ 1 , '(ooh 0) is a polynomial of degree m in cos 0; it 
follows that 

* Qegenbauer, Wiener Sitzungsberichte, i.xx. (2), (1875), pp. 488—448, and Bateman, Proc. 
London Math. Soc. (2) iv. (1906), p. 472; of. also Barnes, Quarterly Journal, xxxrx, (1908), p. 189; 
Modern Analysis, § 16-51 and Proc. London. Math. Soc. £2) xnu (1919), pp. 241—246. 

t Formula (16) has been given in the Bpeoial ease v=0 by Heaviside, Electromagnetic Theory, iii. 
(London, 1912), p. 267, in a somewhat disguised form. 
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is a constant multiple of (V («*$), and so 0 m v {cos cf>) may be taken to be the coefficient 
of a m in the expansion of (1 -2acos 4+a 3 )-*'. And then B m) qua function of satisfies the 
differential equation 

&B n , 2v + l dB m , {, m (2 v+m)] p =ft 

-3?- + ~r~^r + r _ ** j m ’ 

so that B m is a multiple of v J v+m (z\ the other solution of this differential equation not 
being analytic near the origin. 

From considerations of symmetry Gegenbauer inferred that Bm} qua funotion of Z., is 
a multiple of Z~ V J V + m {Z\ so *kat 


2 

n=o 


i. £*5® <V (oos 4 ), 


Z> 


where b m is a function of v and m only; and b m is determined by comparing coefficients of 
z m Z m cos”* <f> in Q and in the expression on the right. 

A similar process was used by Gegenbauer to establish § 11*41 (3), but the analysis 
seems less convincing than in the case of functions of the first kind. 


11*6. The degenerate form, of the addition theorem. 

The formula 

(1) efecos * = (£/J 0 ( 2n + 1 ) in (*) ( cos £) 

was discovered by Bauer* as early as 1859; it was generalised by Gegenbauer f, 
who obtained the expansion 

(2) «*«•*-2T(») 1 (» + m )t»^S^o„«(coe«b); 

m=0 z 

Bauer s result is obviously the special case of this expansion in which v = J. 
In the limit when v-*-0, the expansion becomes the fundamental expansion 
of §2-1. 

Gegenbauer’s expansion is deducible from the expansion of § 11-41 (4) by 
multiplying by Z v+ * and making Z— oo; it is then apparent from § 11*41 (9) 
and (10) that the physical interpretation of the expansion is that it gives 
the effect due to a train of plane waves coming from infinity on the axis of 
harmonics in a form suitable for the discussion of the disturbance produced 
by the introduction of a sphere with centre at the origin. 

A simple analytical proof of the expansion consists in expanding z v e izooa ^ 
m powers of s and substituting for each power the series of Bessel functions 
supplied by the formula of § 5-2; we thus find that 

z 9 g«p 0s ^_ 2 i n cos" <f> 

«=o n\ 

= 2 l Z v+n (v + n + 2k).r(y + n + k) 

1»=0 n\ k=Q ~ "]fc! ~ ~ Jv+n+tfc {z). 


* Journal far Math. lvi. (1859), pp. ^p4, 106. 

(2) ' (W4) ' PP - 866 - 867; («)• <‘«7). p. 128; « nd 
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If we rearrange the repeated series by writing n — m — 2k , we deduce that 

00 n'm —ok nr\aOn—Ok fk 

z v e {zcoa * = 2 2 Vr? -— ^-2 v+m '^ k (v + m)r(v + rn-k)J P+m (z) 

m=o a=»o A?!(m-2A?)! 

= 2" r (^) 2 (v + m)t m /p +wl (2)C' m ,, (cos 0), 

7» = 0 

and this is Gegenbauer’s result. 

Modified forms of this expansion, also due to Gegenbauer, are 


(3) 


gjcos* = 2*' r (p) 2 (v + m) 


(^) 


m=0 


G m v (COS </>), 


( 4 ) g-zcos* = 2** r (i/) t (~) m ■ (i; + m) —C'm 1 ' (cos <£), 

m=0 * 

z 

^-MOT+l l 2 ) 


(5) cos (j? cos <£) = 2 V r (i/) 2 (—)* 

m=0 


(6) sin (z cos$) = 2 y F (v) 2 (—) m .(v + 2?n + 1) 

m=0 


G v m+1 (cos </>), 


0) 


1 = 2-1 + 

7H-0 * 7,41 


(8) f e* 2008 '*’ G m v (cos <f>) ain 3l, <f> d</> 
J 0 


2 v r {i>+^ ) r(i) r (2 i?h- m) , m J y+1lt (g) 

1 0 ■ m! f 1 (21') 2 " 

The last is a generalisation of Poisson’s integral, which was obtained by a 
different method in § 332. It is valid only when R (v) > - 

These formulae are to be found on pp. 363 — 365 of the first of Gegonbauer’s memoirs 
to which reference has just been made. 

Equation (1) was obtained by Hobson, Proc. London Math. Hoc. xxv. (1891), p. 59, by a 
consideration-of solutions of Laplace’s equation in space of 2 p 4-2 dimensions, 2<' + 2 being 
an integer. 

A more general set of formulae may be derived from (2) by replacing 
cos 0 by cos <jo cos </>' + sin cf> sin cfo' cos multiplying by sin 2 '"" 1 yfr, and inte¬ 
grating with respect to \jr. The integral * 

|* C m v (cos </> cos </>' -f sin 0 sin <f>' cos sin 2 *' -1 ^frdyfr 

- —k ^ Gm (cos </>) C m * (cos <£')> 

1 (2 v + m) 

which is valid when R ( v ) > 0 , shews that 

f exp [ig (cos $ cos tf)' + sin </> sin <£'cos ^)] sin 4 " -1 yjrdty 
Jo 

-m,-0 1 \£ v + ltL ) Z 

* Of, Gegenbauer, Wiener Sitzungsberichte, lxx. (2), (1874), p. 433; on. (2a), (1898), p. 942. 

24 


W. B. F. 
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and so 

®> ,J ' F t®™ * ™ ^ 

The integral used in the proof converges only when R (v) > 0, but the final 
result is true for all values of v, by analytic continuation. 


This result was given by Bauer, MUnchener Sitmngsberickte , v. (1875), p. 263 in the 
case v=$; the general formula is due to Gegenbauer, Monatshefte ftor Math, und Phys. x. 
(1899), pp. 189—192; see also Bateman, Messenger, xxxm. (1904), p. 182 and a letter from 
Gegenbauer to Kapteyn, Proe. Section of Soi., K. Acad, van Wet. te Amsterdam, IV. (1902) 
pp. 684—588. 


Interesting special oases of the formula are obtained by taking <// equal to $ or to ; 
and, if we put equal to £ir, multiply by e iZo0B ' l> sin 8 *' (j> and integrate, we find that 


(10) f* J v -\ if sin 4>) e iZmk * sin 8 *' <j>d$ 

_ gy ^J(9,n-) I (_ )m r(v+ffl>). (v -j- 2m) «/y + 2 m ( z ) J r v+tm {%) 

* m=o' wi! z v Z v ’ 

so that the expression on the left is a symmetric function of z and Z\ this formula also 
was given by Bauer in the case v = 


116. Bateman’s expansion. 


We shall now establish the general expansion 
(1) izJn(z cos <j> cos <E>) J v ( z sin <f> sin <£) 

= cos'* $ cos' 4 <E> sin’’<£ sin 11 2 (—) n {ji + v + 2n + l)J M . v+m+l (z) 

n-0 


X 


F (fi + v + n + 1) T (v + n + 1) 
n! T (p + n + 1) [r {v + 1)}* 


. 2 F 1 (—n,fjk + v + n+l-, y+1; sin a <£) 


xJF^-n, n + v + n + l; v + 1; sin* $>), 


which is valid for all values of p and v with the exception of negative integral 
values. 


Some of the results of § 11*5 are special cases of this expansion, which was 
'discovered by Bateman* from a consideration of the two types of normal 
solutions of the generalised equation of wave motions examined in § 4*84. 
We proceed to give a proof of the expansion by a direct transformation. 

* Messenger, xxxm. (1904), pp. 182—188; Proc. London Math. Soc. (2) in. (1906), pp. Ill—128. 
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It is easy to deduce from the expansion (§ 5-21) of a Bessel function as a 
senes of Bessel functions that 
\zJy,(z cos $ cos 4>) J v (z sin <f> sin <I>) 

__ X (-) m (b z Y +i ' n+] ( c O a 4>COS<&Y +am r , 

»-o mll> + m + l)-T“ J ‘ (* sm * 0 in 4>) 


= cos'" (f> cos'" <E> sin" <f> sin’’ $ % 


m-0 


( —)OT CO g2W ^ CQS aw (J) 

m\ r (/x + m + 1) 


x I Lx..xa„xe M .i ) r fr + »+2’’» + »-H) 

«-o l ' »!r(»+i)- ' 


M v+aro+sn-H 


(*) 


x (— n, n + v + 2m + n + 1; v 4-1; sin 2 sin 2 4>)| 


— cos'" <f> cos'" <I> sin* 1 <f> sin” <1> S 


»-o 


0* + V + 2n + 1) J M+ „ +an+1 (z) 


x 2 [ (~) mcosawC08iWl ■ T (ya + y + n + m +1) 
m=o ( m!(n-m)!r(i/ + l)r(^ + »/i+ 1) 

x a^i (wt — n, ft + v + m -f n 4-1; v + 1; sin 2 $ sin 2 <E>)j 

= cos'"<Acos'"sin”<6sin”<t> I \^± v + 2 »+ 1 ) r (/^ + »' + n + l) , 

„.„L w!F(/i+i)r(v+'i) *' 


f M+M+fin-f-'i 


W 


x §* (— w, ^ + v + n + 1; /x -f 1, v + 1; cos 2 <ft cos 2 sin 2 <f> sin 2 <&) 


where $ 4 denotes the fourth type of Appell’s* hypergeometric functions of 
two variables, defined by the equation 

&(<*> £; % 7 ; £. v)= 2 - ? V *. 

We now have to transformf Appell’s function into a product of hyper¬ 
geometric functions in order to obtain equation (1); in effecting the trans¬ 
formation we assumo that R (/x) > 0, though obviously this restriction may 
ultimately be removed by using the theory of analytic continuation. 

The transformation is a consequence of the following analysis, in which 
series are rearranged, and a free use is made of Vandermonde’s theorem: 

cos 2f " <t>. Jp 4 (— n, (x + v + n + 1; fx +1, v + 1; cos 2 cf> cos 2 <1>, sin 2 <f> sin 2 <l>) 

_ v n ^ r ( 2 0f+s (a 4 + v + ii + 1 ) r > „ 

r r„~ 0 i\~r\-Qx+i)7(V+i)r coaW * C08 *' Hto(I>8inap * Hin "* 

= 2 n ^ r y|, W« (p + v + n + l) ,. +8 £ (—) t sin 2,+2t 0 ” (—) M sin 2r+2W <1> 

>-o -o r ! (v 4- l) r ; f-o ~J\ (s-t)T K to '«!'0* + 1)~ 

* Comptes Jlendua, xo. (1880), pp. 296, 781. 

f This transformation has not been previously noticed to exist except in the speoial case in 
vfhich *=0, see Appall, Journal de Math. (8) x. (1864), pp. 407—428; some associated researches 
are dne to Tisserand, Annales {MAnwirea) de VObaervatoire (Paris), xvm. (1885), m4m. C. 
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= 2 *X *2* '2 ^ n ^ r+a (/^ + y + ^ + 1 )r+« (—) t+M sin 8 * (f> sin 8 ** <I> 

r-0 3-0 t-r u-rr\(v+l) r (t-r)\ (?• + $-£)! (w — r)! (/i + l)r +a _ M 

— % X X n X V (~ n )r+a (p + v + n 4- l)r+8 (—) t+M sin 8 * <ft sin 81 * <I> 
t-Q «-0 r- 0 s-t-r r ! (v + l) r (t - r) ! (r + s -1) ! (u - r )! (fi + 1)^^ 


= X X X (~ n '> t (f J ‘ + v + n + l) t (i, + t + u + 1 ) n _ t (-)»+“ sin 3 * <f> sin au< j> 
t-ou-or-o rl(v + l) r (t-r)\(u-r) K/i+lV-u 

= H ( ~ W)l , ( f . + 1 + " + 1)1 sin M $ . fe± ii± % <~ th!=! sinm 0 
tf-0 m-0 


( )” ^ ^ (->-w, /a + v + w+ 1; i/ + l; sin 3 <£) 

x 2 ^i(— M — n, v + n + 1; v + 1; sin*<£) 
— (“) ^ +1)~ 0082,1 ^^ 1 ("“+ ^ + w + v +1; sin* (f >) 

X!^(-w,/i + i/+?i+l; i/ + l; .sin*<I>). 
Hence we at once obtain the result 
\zJv.(z cos (f) cos <£) «/„ (z sin (f> sin 3>) 

— cos' 1 cos'* $ sin*' <f> sin v <3? 2 (/f 1 ^ y ^ y + w +1) _ 

V n-0 Wir^+^r^+l) JH+v+2n+l \Z) 

X (/i+ 1)” * ^ 1 (*” w, iA 4 + J, + w + l; *> +1; sin* <£) 

x-tF^-n, fi + v + n + l; i»+l; Bin 9 *!)), 
from which Bateman’s form of the expansion is evident. 



CHAPTER XII 


DEFINITE INTEGRALS 


12*1. Various types of definite integrals. 

In this chapter we shall investigate various definite integrals which contain 
either Bessel functions or functions of a similar character under the integral 
sign, and which have finite limits. The methods by which the integrals are 
evaluated are, for the most part, of an obvious character; the only novel feature 
is the fairly systematic use of a method by which a double integral is regarded 
as a surface integral over a portion of a sphere referred to one or other of 
two systems of polar coordinates. The most interesting integrals are those 
discussed in §§ 122—12’21, which are due to Kapteyn and Bateman. These 
integrals, for no very obvious reason, seem to be of a much more recondite 
character than the other integrals discussed in this chapter; their real sig¬ 
nificance has become apparent from the recent work by Hardy described in 
§ 12’22. The numerous and important types of integrals, in which the upper 
limit of integration is infinite, are deferred to Chapter xm. 

The reader may here be reminded of the very important integral, due to 
Sonine and Gegenbauer, which has already been established in § 11*41, namely 


r $ v + s a — 2 Zz cos <f>)} 
o (Z' l + z h — 2 Zz cos <j> j* 


O m v (cos <f>) sin 21 ' 


ttT (2v + m) c $ v+m (Z) J v+m (z) 
2>-Km\r(v) Z v z v 


12*11. Sonine’s first finite integral. 

The formula 

gV+l ft V 

(1) J, +v+l ( e) = 2 ^p(v+ 1) l 0 J ^ Z ain ^ sinW+I 6 C0sa,,+1 9d6 ’ 

which is valid when both R(g.) and R(v) exceed - 1, expresses any Bessel 
function in terms of an integral involving a Bessel function of lower order. 

The formula was stated in a slightly different form by Sonine*, Rutgersf 
and SchafheitlinJ, and it may be proved quite simply by expanding the inte- 

* Math. Ann. xvi. (1880), p. 86; see also Gegenbauer, Wiener Sitzungsberichtc, ucxxvm. (2), 
(1884), p. 979. 

f Nieuw Archief voor Wisktmde, (2) vi. (1906), p. 870. 

J Die Theorie der Dessel’sehen Funktionen (Leipzig, 1908), p. 81. Sohafheitlin seems to have 
been unaware of previous researches on what he describes as a new integral. 
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grand in powers of z and integrating term-by-term, thus 

- [ Jp (z sin 6) sin ** 41 8 cos a,,+1 8 dQ 
l)Jo 


[CHAP. XXI 


*v+l 


2‘T(i/ + l). 


= 2 


gfi+v+am+i 


r 


o 2'* + *' +swl mI T(fi + w + l) T(y + 1) Jo 
; (—) m (■^-^y A +>'+ em + i 


gin^+awi+i 8 cos 2,,+1 8d8 


mao m\Y (ji v m ■{• %)’ 
and the truth of the formula is obvious. 


It will be observed that the effect of the factor sin M+1 8 in the integrand 
is to eliminate the factors r (jx + m 4-1) in the denominators. If we had taken 
sin 1- '* 8 as the factor, we should have removed the factors ml. Hence, when 
R(v)> — I and fi is unrestricted, we have 

(2) J* J,(z Bin e)8m^ 6 cos** $d»- £?£?§}>) ■ 

In particular, by taking v = — we have 

(3) (—) [ Jn {z sin 8) sin 1- '* 8d8 = H^_j {z). 

\w/ Jo 


A formula* which is easily obtained from (1) is 

(4) J (z sin 8) I v (z cos 9) tan 8d8 — (■*)» 

when R (v) > R (/a) > — 1 . This may be proved by expanding /„ (z cos 8) and 
integrating term-by-term, and finally making use of Lommel’s expansion 
given in § 5'21. 

The functional equation, obtained from (1) by substituting functions to be determined, 
F t i and F^ +v+u in place of the Bessel functions, has been examined by Sonine, Math. Ann. 
LIX. (1904), pp. 529—552. 

Some special cases of the formulae of this section have been given by Beltrami, 
Istituto Lombardo Rendiconti, (2) xiil (1880), p. 331, and Rayleigh, Phil. Mag. (5) xxi. (1881), 
p. 92. [Scientific Papers, I. (1899), p. 528.] 

It will be obvious to the reader that Poisson’s integral is the special case of (1) obtained 
by taking fi= • 

For some developments of the formulae of this section, the reader should consult two 
papers by Rutgers, Nieuw Arokiefvoor Wiskunde, (2) vl (1905), pp. 368—373; (2) vn. (1907), 
pp. 88—90. 


12‘12. The geometrical proof of Sonine'8 first integral. 

An instructive proof of the formula of the preceding section depends on 
the device (explained in § 3 33) of integrating over a portion of the surface of 
a unit sphere with various axes of polar coordinates. 

If (l, m, n) are the direction cosines of the line joining the centre of the 
* Due to Butgers, Nieuw Architfvoor Wishmde, (2) vn. (1907), p. 175. 
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12 * 12 ] _ _ 

sphere to an element of surface do whose longitude and co-latitude are (f> and 
9, it is evident from an application of Poisson’s integral that 

r (/u, + f) r (£) z) v+1 [* Jn (z sin 9) sin '* +1 6 cos s, ' +1 9d6 

0 

= (kzY+ v+1 I I e** 8111 ® 008 * 8in s ^ +1 8 cos 4, ' +1 6 sin 8 '* <f>d<f>d8 
J o J o 

= (|^)* ,+, ' +1 f f e w m* n iv+l do 

~(hz)^ v+1 fl e*™. V* m? v+1 do 

J J Z>0, m>0 

= (kzY +v+1 [ [* e iSC09e sin 3A+a ’' +!1 9 cos 4 '* <f> sin 4,,+1 <£ d$d9 
Jo o 

_ rt>i+i)r(»+i)(}»^' (>„, 8 . nV+1 „ +! edg 
2T (/I -f v +1) Jo 

- * r o*+*) r {v +1) r (*) / M+ „ +1 <*), 

and the truth of Sonine’s formula is obvious. 

An integral involving two Bessel functions which can be evaluated by the 
same device* is 

f J v (zmn*8)J v (zcos a 8)9in 3, ' +1 8 cos 3v+x 9d9, 

Jo 

in which, to secure convergence, R(v) > — $. 

If we writo 

OT 2 = sin 4 0 + cos 4 # — 2 sin 2 0 cos a 0 cos <f> = 1 — sin 2 2 8 cos 2 1 <J>, 
and use § 11'41 (16), we see that the integral is equal to 


faY 


i’f” J.(z-a) 


r(»+l)r(D 


JTJ 


sin 4,,+1 9 cos 4,,+1 8 sin 21 ' cf)d(f) dO 


IT T—sin" + '« sin- 2 
JoJo (l-sin 3 0cos a 0)*'' r r 


2 4 ^r(v+^)r(i) 

(M" 


jf 

JJl>0,n>( 


JUMW-fty llV) . lvda> 


&*Y(VVi)Vfajj l>0 . n>0 (i -n*y* 

~—-r—=• <tf> rrTT7 T - f * [ J v (z sin 9) sin '" H 9 cos 4 ” </> cos 2w 9 d9 d(f> 

2 a * +i r(«/ + i)r(J)J-*J 0 v 

—. I* Jy(z sin 6) sin 1 ’'^ 1 9 cos 4v 8d9, 

1 {v+ 1) Jo 


22*+1 

so that finally, by § 12'11 (1), 

r** 


(1) J* J v (z sin 2 #) J v (z cos 4 9) sin 21 '* 1 9 cos 2 ^ 1 8d8 = (v + 1)^* * 

* This integral has been evaluated by a different method by Rutgers, Nieuw Archief voor Wis- 
hunde , (2) vn. (1907), p. 400; of. also § 12-22. 
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Some integrals which resemble this, but which are much more difficult to evaluate, 
have been the subject of researches by Bateman, Kapteyn and Rutgers; see § 12-2. 

As a simple example of an integral whioh may be evaluated by the same device, the 
reader may prove that, when R{v)> — •§, 

(2) J'(**-«■>► co ;t. i. ‘B- srvftfyvfl . 

by writing the integral on the left in the form 

- —■ — — f" ( * cos e+x sin 8 cos * s i n 2*'+1 e sin 2 *' cbd0dd>. 

2" + ir(v+i)r(J) Jo Jo r r 

This formula was given (with j/=» 0) by B6cher, Annals of Math. A r m. (1894), p. 136. 


12*13. Sonine's second finite integral . 

The formula 

(1) |* 4 (z sin d) J v (Z cos 6) sin M+1 0cos v ' H 6d8 = ’ 

which is valid when both JR, (fi) and R (v) exceed — 1, is also due to Sonine* ; 
and, in fact,, he obtained the formula of § 12*11 from it by dividing both sides 
of the equation by Z v and then making Z -*-0. 

A simple method of proving the formula is to expand the integral in powers of s and Z 
and to verify that the terms of degree p-{-v+2m on the left combine to form 

(-Y 2? Z v (Z 2 +a 2 ) m 
ml r(fi+v+m+2) ’ 

The proof by this method is left to the reader. 


We proceed to establish Sonine’s formula by integrating over portions of 
°the surface of a unit sphere. Under the hypothesis that R(/j.) and R (v) 
exceed — we see that, with the notation of § 12>12, we have 

wT (fi + 1) R(v + i) f j ^ C08 ^ ginM+i $ cos *’ +1 6 d$ 

(i Jo 

— [[ [ e i^Bit ' eooa,/,+iZooaecoa ' , ' sin 2 ' t+1 8 cos 2,,+1 6 sin^0 sin a, 'i|r dfydtydB 
Jo .oJo 

Qisl+iZnaost n t»+i sin 3 " yjrdood^jr 


. 0 J J m>0, n>0 


] 0JJ n>0,l>0 
fit* ft* 


e izm+iZl ooa * n *P- l^+i gin^ doo d^r 


= rf j e tsinfl(<roos^+^sin^co8^) G05 *h$ ain* v+1 <f> sin 8 *'* 8 *? sin iv \frd<f>d8dyjr 

JoJo J -Jir 

= f* f I e is[n9 m t, cos ^$ sm^Bda) dd 

Jo J. m>0 

— j j j e i sin 9 (zl+Zm) n *v cos *i Q S i n av+s $d(t) dO 

Jo JJn>0 

m ix 

e i sin Osin (/> (e cos f+Z sin *) qqqSv (f> BUI <j> COS 8 ' 4 ' 6 sin fiv+s 6 dlfr d<f> dd . 
j ■ 

* Math. Ann. xvi. (1880), pp. 86—86. 
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Now the exponential function involved here is a periodic analytic function of 
yfr with period 2 tt, and so, by Cauchy’s theorem, the limits of integration with 
respect to yjr may be taken to be a and 2v + a, where a is defined by the 
equations 

m cos ol = z, ■or sin ct — Z, 

and nr = V(£ 2 + z-). If we adopt these limits of integration, and then write 
+ a for •xjr, the triple integral becomes 

fi IT ri tr /"Sir 

giwaindsin^cos* cos 2 * </> s i n $ cos 2 *# am iv+ * dd^d^dO, 

Jo Jo Jo 

and this integral may also be obtained from its preceding form by replacing 
z by nr and Z by zero. On retracing the steps of the analysis with these 
substitutions we reduce the triple integral to 

f f e iw Bin 0 oon</> s i n nn+i0 cos 2l,+1 0 sin^fi Bin^xfrdfldifrdd, 

Jo Jo o 


r(y+pr( i) 
I> + 1) 

r(v+i)rd)jj 


f l 0, 


e ivrl w Sfx n »+l du 


M> 0 


e ivu m w + l dco 


I> + 1) JJf>0,»i>0 

= [" [*" e ,wv0 * 0 sin a * +a * +a 0 cos 3 ! 1 # sin av+1 <f>d<f>d 0 

= . V in r (^ + &) r (| ) 

2T<j* + v + i) Jo 

and we obtain Sonine’s formula by a comparison of the initial and final 
expressions. 

Sonine’s own proof of this formula was based on the use of infinite dis¬ 
continuous integrals, and the process of making it rigorous would be long and 
tedious. 

The formula may be extended to the domains in which — \^R (/x) > — 1, 
and — £ > R (v) > — 1, by analytic continuation. 

In Sonine’s formula, replace Z by ^/(Z i + ^ i — 2i/£ , cos<£), multiply by 
sin 211 ^>/(^ + f 2 — 2££cos <£)**', and integrate. It follows from § 11*41 (16) that 

(2) f Jp (s sin 6) J v (Zcoa 0)t/„(£eos 0)sin'* +I ^cos Odd 
Jo 


r « Wh W(z* + Z* + p-2Z£ cos<£)} . d , 
(v + i)T(1)Jo (z^ + ^ + ^- 2 Z ^08 6)i^ 9 9> 


2- r {v + \) r (i>Jo (*+#+$*-2^cos 0 ^ +v+ " 
provided that 

R(n)>- 1, R{v)>-^. 

This result is also due to Sonine, ibid. p. 45. In connexion with the formulae of this 
section the reader should consult Macdonald’s memoir, Proc, London Math. Soo. xxxv 
(1903), pp. 442, 443. 




378 


THEORY OF BESSEL FUNCTIONS 


[CHAP, xn 


12*14. Gegeribauer f s,finite integral. 

An integral which somewhat resembles the first of Sonine’s integrals, 
namely 


/, 


cos 


(z cos 9 cos yfr) (z sin 6 sin yfr) G r v (cos 6) &in w+ * ddd, 

has been evaluated by Gegenbauer*; we shall adopt our normal procedure of 
using the method of integration over a unit sphere. 

It is thus seen that 

f e *e coseoos* dsin'^r) 0/ (cos 9) sin l ' + * 9d9 

" 0 

= JSS (00S S 008 ^ +8iD 810 ^ 008w G * ( cos e ) sin2v ^ sin* 1 ' -1 <j> d<f> d9 

— f f e^ n00B *+ lala ^ G r v (n) m*- 1 dro 

I \V/ I (i) J J m>0 

= f f d* il 608 ,<!+,n8ln 0/(0 ft 31 '" 1 do> 

r \ v ) r (i) 

— f f e ' z ainecos ^"^ (7/ (sin 0 cos </>) cos 2 " -1 0 sin 9d<fy dd 
\^/ * \2/ J 0 J 0 

(1 z sin \ir Y'“* ft* f 2v 

— r(y)f (^) j J eiz8in6c08 ^ Qr {sin 9 cos ((j> + a|t)| cos 3 ’’ -1 9 sin 9 d<j> dd, 

since the penultimate integrand is a periodic analytic function of <f> with 
period 2tr. 

If we retrace the steps of the analysis, using the last integral instead of its 
immediate predecessor, we find that the original integral is equal to 

^/ S wtn\ (f e<zl (IcoB'dr — m sin \lr) n 2v ~ 1 day 

1 \ v ) 1 ii) J- 1 »>o 

= th\ ’ [f &im G r v (n cos yfr — l sin ifr) m iv ~ l day 

I {?) *• vj) J J m>0 

— r ~ ( | y / / e i * C0se (7 r ,/ (c08^cos^-sin yfr sin 9 cos<£)sin 21 ' Oein^'cjydifidd. 

Now, by the addition theorem f for Gegenbauer’s function, 

0/ (cos cos 9 — sin yfr sin 9 cos <f>) 

_ r(2i>-l) Z 2^.(r — p)l {F (v 4-ff)} 3 /q . Op l’) sin^^sin 0 ^ 

- \T{v)}* * 0 T(2v+p + r) {2v + 2p 1)8m ^ 8m Y . 

x Ocos 9) 0£* p (cos f) C;-* (cos 0). 

# Wiener Sitzungiberichte, nxxv:.(2), (1877), p. 221 and lxxxv. (2), (1882), pp. 491—602. 
f This was proved by Gegeabaner, Wiener Sitzungeberichte , lxx. (2), (1874), p. 488 j on. (2a), 
(1898), p. 942. 
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12 * 14 , 12 * 2 ] 

When this is multiplied by sin 3 '- 1 <f> and integrated, all the terms of the integral 
of the sum vanish except the first which is 

r (2 v + r) ^ C0S ^ G ( cos J 0 si 1321 ' -1 4>d<f>> 

We thus find that 

j e izC09(>C0 *' ,/ J v -i (z Bin 0 sin G/ (cos 6) sin 11 -* 6 d6 

J 0 

_ r\ r (2v). (^sin r* . 

r(i/ + i)r(2»+r) ° rV ( cos ^ J o e ‘ z 008 * Gr " ( cos d ) ain3v dde > 

and hence, by § 3 •32, 

(!) J o e isooaecos * J v _ k (z sin 6 sin yfr) Q* (cos 6) sin , ' + * Odd 

/27r\^ 

-[t) »' SmV ^ f °r V (COS f) J v+r (.%). 

If we equate real and imaginary parts, we obtain Gegenbauer’s formulae 
(2) / cos (z cos 8 cos y\r) J v _± (z sin 6 sin yfr) G/ (cos 6) Bin 1 ' 4 '* Odd 

J 0 


and 


_ |(~)* r (j~) s * n,, 1 V 0 0/ (cos ^fr) <T v+r (z), (r even) 

(r odd) 


0 


f°. 



(t)’ 


(r even) 

sin" - * yfr G r v (cos yfr) J v + r (z ). (r odd) 


12’2. Integrals deduced from Bateman's expansion. 

In Bateman’s expansion of § 11*6, write <£ = <f >; and then, noting Jacobi’s 
formula* 

firr 

2 | { a ^ i(-n, p + v + n+1] v + 1; sin 2 <£)} 2 cos^ +1 4> sin 2 >' +1 $d<p 

__ n\ r(/a + n+ 1) { T (v+ l)] 3 _ 

•(/* + v + 2 n + 1) r (p + v + n + 1) T (v + n +1) ’ 
we deduce that, when R (p) and R(v) both exceed - 1, 

(!) *[ cos 2 (f>)J v (z sin 2 <f>) sin<£cos (f>d(f>= 2 (-) n J^ +v+m+1 (z), 

J 0 »=o 

* Journal filr Math. lvi. (1859), pp. 149—175 [Werhe, vi. (1891), pp. 184—202]. 
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that is to say 

(2) j (z t)dt — 2 2 (—) n J 114 .^+ 271 +! {z). 

J 0 »=0 

An important deduction from this result is that, when R(ji)>0 and R(p)> — 1, 

rx dt ( 0 

2/4 J J v {z — t) — — j {J n_i (£) + J n +1 (i)} J v (z — t) dt — 2 Ju.jf.p (z), 

so that 

(3) fV„(i)/,(ir-«)f = i^. 

Jo t (J, 

This formula is due to Bateman*; some special cases had been obtained 
independently by Kapteynf, who considered integral values of /i and v only. 

It will be observed that we can deduce from ( 2 ), combined with § 2’22 ( 2 ), 
that 

(4) I Jfj. (t) J-n (jz — t)dt = sin z, I (t) Ji_ M (z — t)dt — J 0 (z) - cos z, 

Jo Jo 

when — 1 < R (/a) < 1, and when — 1 < R (/a) < 2 respectively. 

By interchanging /a with v and t with z — t in (3), we see that, if R (/a) 
and R ( v) are both positive, then 

(5) [ e Jy ( z ~~ t) _ A , 1\ Jn+v (*) 

' ' a Jo t ' z — t \/a v/ z 

It seems unnecessary to give the somewhat complicated inductions by 
which Kapteyn deduced (3) from the special case in which /x — v = l, or to 
describe the disquisition by Rutgers]: on the subject of the formulae generally. 


12*21. Kapteyn s trigonometrical integrals §. 

’A simpler formula than those just considered is 

(1) f cos (z — t) J 0 ( t ) dt = zJ 0 (z). 

Jo 

* To prove this, we put thp left-hand side equal to u, and then it is easily 
verified that . 

d 2 u T . . 

and therefore 

u — zJ Q (z) + A cos z + B sin z, 
where A and B are constants of integration. 

* Proc. London Math. Soc. (2) in. (1905), p. 120. Some similar integrals oeoorring in the theory 
of integral equations are examined by the same writer, ibid. (2) it. (1900), p. 484. 

\ Proc. Section of Sci., K. Akad. van Wet. te Amsterdam, vn. (1905), p. 499; Nieuw Archief 
voor Wiskunde, (2) vn. (1907), pp. 20—25; M&m. dela 8oc.lt. des Sci. deLiige, (8) vi. (1906), no. 5. 
| Nieuw Archief voor Wiskunde, (2) vn. (1907), pp. 885—405. 

§ Mtm. de la Soc. it. des Sci. de LiSge, (8) vi. (1906), no. 5. 
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Now, when z is small, 

u — z + O ( 2 s ), 

and so A = B — 0, and the result is established. 

It follows from (1) by differentiation that 

(2) f Bin{z-t).J 0 (t)dt = zJ 1 (z), 

J o 

and, by a partial integration, 

(3) [ sin (z -1 ). Ji ( t) dt = sin 2 - zJ 0 (z). 

Jo 

The formula 

ft T (f\ 0 00 

(4) sin (* — t) '■!*£■> dt _ ± s (_)»j 

which is valid when R (/ 1 ) > 0, is of a more elaborate character, and the result 
of the preceding section is required to prove it. 

We write v=[ J„(z — t)J M (t)di f, 

Jo 

and then we have 

p+ v - r 1 y." (* - 0+(* -«)) j, <0 <;«+<// (z) 

HZ . 0 

Jo Z — t 

JO 6 

by § 12-2. 

. By the method of variation of parameters (cf. §7*33), we deduce that 

v = yl cos 2+71 sin z + /x f sin (2 - £) —d7, 

Jo t 

2 m+i 

and, since v = ^ p (/*“+ 2) + ° 

whep 2 is small, it follows that, when H (fi) > 0, 

A = Ji = 0. 


Hence we obtain the required result. 

By differentiating (4) with respect to 2 we find that 

(5) f cos (2 - 1) dt = - S (-)’ 1 e n J h+in ( 2 ). 

.0 ® A 1 «=o 
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12*22. Hardy's method of evaluating finite integrals. 

As a typical example of a very powerful method of evaluating finite integrals*, wo shall 
now give a proof of the formula (of. § 12*12) 

I 'O i + i) r ( ,, +i) «^*+K + t ( 3 ) 


(I > /.* 


which is valid when R £ and R(v)> - £. 

The method is more elaborate than any other method described in this chapter, because 
it involves the use of infinite integrals combined with an application of Lerch’s theorem+ 
on null-functions. 

Let j** dp (#* s sin 2 6) J v (sr 8 cos* 6) r* 4+8, ' +s sin^ + 1 6 cos 2 " 4-1 6d6s f x (r), 

r (/*+i‘) r ( v +i) j ( sr a\ 1 Sn+2 v -¥2 — f ( r \ 

2T ((i+v+ 1)^(2^) > t+v+i { ) ^ 

By changing from polar coordinates (r, ff) to Cartesian coordinates (x, y) and using 
S 13*2 (5) we see that, whenever t > j 1 (a) |, then 

j exp(— i^t) .fi(r)dr = j ^ exp {-a?t)J v (zx % )3? vJrl dx J exp(-y 2 0*4* ( z 2/ 2 )2/^ +1 

_ (a»y»+»r Qi+i) r(»+i) 

•4 rr(t i +&Y + v+ ' 

- j u exp (-7*t).f 2 (r)dr, 

and hence, by an obvious modification of Lerch’s theorem, f (r) is identically equal to 
f% (r); and this establishes the truth of the formula. 


12*3. Chestin's integral for Y n (*). 

A curious integral for Y n if) has been obtained by Chessin, American Journal, xvi. 
(1894), pp. 186—187, from the formula 


4-. 

I 2 n + m 


/"* 1 — t n+t 
Jo 1 -t 


dt; 


if we substitute this result in the coefficients of the ascending series for Y„ («), wo obtain 
the formula in question, namely ' ' ’ 


( 1 ) 


Y»W=2(r+logW4W- 

to= o m ! 




l-t 


dt. 


I must express my thanks to Professor Hardy for oommunioating the method to me before 
the publication of his own developments of it. The method was used by Eamanujan to evaluate 

many cunous integrals; and the reader may nse it to evaluate the integrals examined earlier in 
.this chapter. 1U 

j tkmatica, xxvn. (1903), pp. 839-362. The form of the theorem required here is 

tnat, if/{r) is a continuous funotion of r when r > 0, such that 


/; 


exp(-r 2 t) ,/(r) dr=0 


for all sufficiently large positive values of t, then /(r) is identically 



CHAPTER XIII 

INFINITE INTEGRALS 

13*1. Various types of infinite integrals. 

The subject of this chapter is the investigation of various classes of infinite 
integrals which contain either Bessel functions or functions of a similar character 
under the integral sign. The methods of evaluating such integrals are not 
very numerous; they consist, for the most part, of the following devices : 

(I) Expanding the Bessel function in powers of its argument and inte¬ 
grating term-by-term. 

(II) Replacing the Bessel function by Poisson’s integral, changing the order 
of the integrations, and then carrying out the integrations. 

(III) Replacing the Bessel function by one of the generalisations of Bessel’s 
integral, changing the order of the integrations, and then carrying out the 
integrations; this procedure has been carried out systematically by Sonine* 
in his weighty memoir. 

(IV) When two Bessel functions of the same order occur as a product 
under the integral sign, they may be replaced by the integral of a single 
Bessel function by Gegenbauer’s formula (cf. § 121), and the order of the in¬ 
tegrations is then changed f. 

(V) When two functions of different orders but of the same argument 
occur as a product under the integral sign, the product may be replaced by 
the integral of a single Bessel function by Neumann’s formula (§ 513), and 
the order of the integrations is then changed. 

(VI) The Bessel function under the integral sign may be replaced by the 
contour integral of Barnes’ type (§ 6‘5) involving Gamma functions, and the 
order of the integrations is then changed; this very powerful method has not 
previously been investigated in a systematic manner. 

Infinite integrals involving Bessel functions under the integral sign are 
not only of great interest to the Pure Mathematician, but they are of extreme 
importance in many branches of Mathematical Physics. And the various types 
are so numerous that it is not possible to give more than a selection of the 
most important integrals, whose values will be worked out by the most suitable 
methods; care has been taken to evaluate several examples by each method. 
In spite of the incompleteness of this chapter, its length must be contrasted 
unfavourably with the length of the chapter on finite integrals. 

* Math. Ann. xvx. (1880), pp. 88—60. 

f This procedure has been carried out by Gegenbauer in a number of papers published in the 
Wiener Sitzungeberichtc. 
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13*2. The integral of Lipschitz, with HanheVs generalisations. 
It was shewn by Lipschitz* that 


0) 



1 

V(a s + &T 


where R (a) > 0, and, in order to secure convergence at the upper limit of in¬ 
tegration, both the numbers R(a± ib ) are positive. That value of the square 
root is taken which makes | a 4- + &*) j > j b |. 

The simplest method of establishing this result is to replace the Bessel 
coefficient by Parseval’s integral (§ 2*2) and then change the order of the in¬ 
tegrations—a procedure which may be justified without difficulty. It is thus 
found that* 


[ e-otJo (bt) dt — — ("V* r e ibtoose d Q dt 
Jo 7tJ 0 Jo 


i r 


dd 


frJo a — ib cos $ 

and the formula is proved. 

Now consider the more general integral 


e~ at J v (bt) dt. 

This integral was first investigated in all its generality by Hankelf, in a 
memoir published posthumously at about the same time as the appearance of 
two papers by Gegenbauer* These writers proved that, if R + v ) > ()j to 
secure convergence at the origin, and the previous conditions concerning a 

and b are satisfied, to secure convergence at infinity, then the integral is 
equal to ° 

(lb/a) v V (jm+v) jp fg+ v /j. + v + l k 

o-r^ + i) *■'> l, T • —2—+ 

To establish this result, first suppose that b is further restricted so that 

61 < 1 “ K “ ™ ei P and the “tegrand in powere of 6 and integrate term-bv- 
term, we find that y 



Jo r»=o«il T(p + m + 1)J 0 r e 


(- ) m (lby +^ 


Wl== oml T (v + m + 1) 


£ (g, + v -f 2m) 

dH+v+im 


* Journal fUr Math. lyi. (1859), pp. 191—192. 
t Math. Ann. vm. (1875), pp. 467—468 

in ™’; pp -1 88 ^ “• ““ < 2 >- 
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The final series converges absolutely, since | b j < | a j, and so the process of 
term-by-term integration is justified*. Hence 

( 2 ) re-«J,(to)p-'dt 

J o 

_(%b/a) v r(fi + v) JJ, f/JL + v fj. + v+ 1 , b*\ 

a^r( v + l) 2 J 2 ;p + 1; ~a?)' 


The result has, as yet, been proved only when R (a) > 0 and \ b | < | a |; 
but, so long as merely 


J2(a + »&)> 0 and R(a-ib)> 0, 

then both sides of (2) are analytic functions of b ; and so, by the principle of 
analytic cobtinuation, (2) is true for this more extensive range of values of b. 

Again, by using transformations of the hypergeometric functions, (2) may 
be written in the following forms: 


(3) [ e~ al J v ( bt ) tP" 1 dt 

Jo 


_ (hb/a) v T (fi + v) ( 6 a \*~^ „ [v-fi + 1 

__ ($b) v r (f L + v) w (fl + V l—fl + V 

(a 3 +&$&+*)' r (v +1) 2 1 \ 2 ’ 2 ’ 


V — jJL 


+ 1; v + l\ 


v + 1 ; 


b 3 \ 

a 2 + by ‘ 


i 3 


The formula (2) has been used by Gegenbauerf in expressing toroidal 
functions as infinite integrals; special cases of (2) are required in various 
physical researches, of which those by LambJ may be regarded as typical. 


By combining two Bessel functions, it is easy to deduce that 


W 


j e~ ai Y v {bt)tP~Ult 

{\byv(p+ v ) 


— cot i 


— cosec vi t 


(a 2 +6 a )* r(*+l) 2 

(\b)~ v r(n- v ) 


(a 2 +4 2 ) i(,1 "' ) r(i ->») 


'’•Or- 1 

(nzi 1 

\ 2 ’ 


-p + v _ 


-p-v 

2 


, ' b 2 \ 

’ a* + by ’ 


provided R (p) > | R ( v ) | and R(a±ib) > 0; spocial cusos of this formula are due to Hobson, 
Proc. London Math. Sue. xxv. (1892), p. 75, and Heaviside, Electromagnetic Theory , m. 
(London, 1912), p. 85. 

It is obvious that interesting special cases of the formulae so fur discussed may be 


* Cf. Bromwich, Theory of Infinite Series, § 176. 

t Wiener Sittungsberichte, c. (2), (1891), pp. 745—766; Gegenbauer also expressed series, 
whose general terms involve toroidal functions and Bessel functions, as integrals with Bessel 
functions under the integral sign. 

t Proc. London Math. Soc. xxxiv. (1902), pp. 276—284; (2) vn. (1909), pp. 122—141. See 
also Macdonald, Proc, London Math. Soc. xxxv. (1908), pp. 428—448 and Basset, Proc. Gamb. 
Phil. Soc. v. (188G), pp. 425—438. 


W. B. F. 


25 
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obtained by choosing p and v so that the hyper geometric functions reduce to elementary 
functions. Thus, by taking p equal to v +1 or v + 2, we obtain the results 

'J v (bt) rdt*- ^- r ( v ±& 


( 6 ) 


( 6 ) 


/ oo 

/ oc 

0 


e-rtJribt) t v+1 dt-. 


(a a +h*) v+i s/»r* 

2a.(26) > r(»+|) 


(a s +b*y+ij* 

provided that R (v)> - R (v) > -1 respectively. 

These formulae were obtained by Gegenbauer, Wiener Sitzungsberichte, lxx. (2), (1876), 
pp. 438—443; they were also noticed by Sonine, Math. Ann. xvx (1880), p. 46; and Hardy, 
Tram. Camb. Phil. Soc. xxx. (1912), p. 12; while Beltrami, Atti della R. Accad. delle Sci. 
di Torino , xvi. (1880—1881), p. 203, and Bologna M&morie , (4) n. (1880), pp. 461—606, has 
obtained various special formulae by taking /x»l and v to be any integer. 

Other special formulae are 


00 

( 8 ) 


/; 

/; 




e~ ai J„ (bt) dt ■ 


vb v 

{J(a*+b*)-ay 


o b v *J(a % +lP) 

[Noth. It was observed by Pincherle, Bologna Memorie, (4) vrn. (1887), pp. 126—143, 
that these integrals are derivable from the generalised form of Bessel’s integrals (§ 6*2) by 
Laplace’s transformation (cf. § 9*16). This aspect of the subject has been studied by 
Macdonald, Proc. London Math. Soc. xxxv, (1903), pp. 428—443, and Cailler, M6m. de la 
Soc. de Physique de Oenhie, xxxiv. (1902—1906), pp. 295—368. The differential equations 
satisfied by (6) and (6), qua functions of a, have been examined by Kapteyn, Archives 
Nierlandaues, (2) vi. (1901), pp. 103—116.] 

The integral j Jo(bt) tdt was obtained by Neumann, Journal filr Math, lxxii. 

(1863), p. 46, as a limit of a series of Legendre functions (cf. § 14*64). The integral does 
not seem to be capable of being evaluated in finite terms, though it is easy to obtain a 
series for it by using the expansion 


cosech 7T<= 


p 2 2 a~(2»+i) 

»=o 


A series which converges more rapidly (when b is large) will be obtained in § 13*51. 
Some integrals of the same general type ai*e given by Weber, Journal fiir Math. ixxv. 
(1873), pp. 92—102; and more recently the formula 


(9) 


/; 


J v (bt) t v dt (26) y r (V+-^) - 


v S 


1 


Jrr w=i (?i 2 7T 2 + &y + *’ 

which is valid when R (v) > 0 and 1 1 (b) [ < «■, has been obtained by Kapteyn, Mim. de la 
Soc. R. des Sci.de Liige, (3) vi, (1906), no. 9. 


13*21. The Lipschitz-Hankel integrals expressed as Legendre functions. 

It was noticed by Hankel that the hypergeometric functions which occur 
in the integrals just discussed are of the special type associated with Legendre 
functions; subsequently Gegenbauer expressed the integrals in terms of toroidal 
. functions (which are known to be expressible as Legendre functions), and a 
little later Hobson* gave the formulae in some detail 

* Proc. London Math. Soc. xxv. (1898), pp. 49—76. 
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To obtain the fundamental formulae 11 of this type, we shall change the 
notation by writing 

a = cosh a, b = i sinh a, 
where a is a complex number such that 

- J7r</(a)^^7r; 

we thus obtain the formula 

(1) f e~ tooaha I v (t sinh a) P- dt = T (/j. + v + 1) (cosh a), 

Jo 

provided that R (/j, + v) > - 1. 

The special case of this formula in which v*=0 had been given by Callandreau, Bull, des 
Bd. Math. (2) xv. (1891), pp. 121—124, two years before Hobson published the general 
formula. 


It follows at once from (1) that 

(2) [ .e -*°“ h ‘ K v (t sinh a) P dt = - r (/*-»» +1) Q/ (cosh a), 

J 0 Sin (A t + VJTT 

provided that R (ft + 1) > | R (v) |. 

The modification of (1) which has to be used when the argument of the 
Legendre function - }* is positive and less than 1 is 

(3) f e~ tcoaf> J v (t sin /S) t* dt = T (ju + v + 1) P,T V (cos 0), 

J o 

and hence we find that 


(4) f e~ t008f ? y^sin/Q)^ dt = — 
Jo 


sin fXTT Tfa-v + l) 


Sin (fl + V) 7T ' 7T 

x [Q/ (cos & + 00 + Q/ (cos /3 - Oi) 


Some special cases of this formula have boon given by Hobson, loo. dt. p. 75, and by 
Heaviside, Electromagnetic Theory, in. (London, 1912), p. 85. 


An apparently different formula, namely 


(5) 


/, 


0-fowh.jr^) 

0 V® 


dt _ Q v -i (cosh a) 

V(iw) 


has been studied by Steinthal^. This formula is connected with formulae of 
the previous type by Whipple’sjj transformation of Legendre functions, which 


* Since, by a change of variable, the integrals are expressible in terms of the ratio of b to a, no 
generality is lost. The various expressions for Legendre functions as hypergeometric series which 
are required in this analysis are given by Barnes, Quarterly Journal, xxxix. (1908), pp. 97—204. 

f The reader will remember that it iB customary to give a different definition for the Legendre 
function in such circumstances; cf. Hobson, Phil. Trans, of the Royal Soc. olxxxvii. A, (1896), 
p. 471; and Modem Analysis , §§ 15’B, 1B’6. 

t Quarterly Journal , xvm. (1882), pp. 837—340. 

§ Proc. London Math. Soc. (2) xvi. (1917), pp. 301—314. 
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expresses a function of cosh a in terms of a function of cotha. The more 
general formula of the same type is 


( 6 ) 


J'° e -tC08ha J v p- 1 dt = -r 


cos wir (cosh a) 


sin (jx + v) ir ^/{i’Tr ). sinh**"* a ' 


In these formulae, R (fi + v) > 0 and R (cosh a) > 1. 


On replacing v by — v in (6), we find that 

/•«• (cosh a) 

(?) v ( i«' ) . r o*-» ) rot+ v) • 

and this formula is valid when R (p) > | JR (v) | and R (cosh a) > — 1. 


If we take cosh a=0, we deduce that 

(8) J* r(e±i), 


a result given by Heaviside* in the case v =0. 
When p,«= 1, (7) becomes 

(9) K v (fydt 

and hence, if v=0, 


it sinh va 
sin vit sinh a ’ 





arc sinh J(a 2 -1) 


are sin J(l — a 2 ) arc cos a 
v/(l—a 2 ) *V(1 -a 2 )' 


If we replace o by + i‘6, we find that 

f v /i\ jt 'i ,r + * sinh 6 

and so, when 1 1 (6) | < 1, 

( 10 ) J q cos (bt) . 2T 0 (<) , 

arc sinh 6 


(ID 


/, 




The former of these is due to Basset, Hydrodynamics , il (Cambridge, 1889), p. 32. 

[Note. Various writers have studied the Lipsohifcz-Hankel integrals from the aspect of 
potential theory; to take the simplest case, if (p, <fi, z) are cylindrical coordinates, we have 

/o e ~ PtJ »(zt)dt'= j~+jy 

It is suggested that, since e~f ,t / 0 (zt) is a potential function, the integral on the left is a 
potential function finite at all points of real space except the origin and that out the plane 
z®0 it is equal to 1/p, and so it is inferred that it must be the potential of a unit chaise at 
the origin But such an argument does not seem to preclude the possibility of the integral 
being a potential function with a complicated essential singularity at the origin, and so 
this reasoning must be regarded as suggestive rather than convincing. 


* Electromagnetic Theory, in. (London, 1912), p. 269. 
t On the axis of z, the integral 1 b equal to a constant divided by 1 1 1. 
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For various researches on potential theory with the aid of the integrals of this section, 
the reader may consult Hafeu, Math. Ann. lxix. (1910), pp. 517—537. For some develop¬ 
ments based on the potential function 

/>* J{(*- 0 2 +y 2 }]/(0 dt, 
see Bateman, Messenger , xu. (1912), p. 94.] 


13*22. .Applications of the addition formula to the Lipschitz-Hankel integrals. 

It is easy to deduce from the results of the preceding sections combined 
with § 1T41 (16) that, if all four of the numbers 12 (& i i6 + ic) are positive 
and R(p + 2v ) >0, while cr is written in place of V(6 2 -f c*- 26ccos <f>), then 

(1) f e r®* J v ( bt ) J v ( ct) P 1 - 1 dt 

J 0i 


atcy 


rr 




tp+v-i 


i> + 4)T(*) 

(bc) v V(p + 2v) [” + p + 2v + l , , 7 „ 

^«'T(2i/+ x)Jo ,f '\ r ■ —2—; ”+ 1 ; - sr) sm *’ 


The hypergeometric function reduces to an elementary function if p. — 1 or 2; 
and so we have 


( 2) / V» /, m j.. (co * - ^ (rr) ■ 

The case p — 2 may be derived from this by differentiation with respect to a. 


Theso formulae, or special coses of them, have been examined by the following writers: 
Beltrami, Bologna Memorie, (4) II. (1880), pp. 461—505 ; Atti della R. Accad. delte Sci. di 
Torino , xvi. (1880—1881), pp. 201—205; Sommerfeld, Kbnigsberg Dissertation , 1891; 
Gogenbuuer, Monatshefte filr Math, und Phys. v. (1894), p. 55 ; and Macdonald, Proc. 
London Math. Soc. xxvi. (1895), pp. 257 — 260. 

By taking — 1, j/«= 1 in (1), we find that 

[ c~ al *^ 1 (^^xa-L f { v /(aZ + 2-2cos^))-a}(l-! -os <£)c?$, 

J o *- Air J o 

so that the integral on the left, which was encountered by Rayleigh, Phil. Mag. (5) xlii. 
(1896), p. 195 [Scientific Papers , iv. (1904), p. 260], is expressible as an elliptic integral. 


An integral which may be associated with (1) is 

r» ft* dd 

(3) j n cos at I . (bt) K, (ct) dt = J t . 

This was discovered by Kirchhoff* as early as 1853; the reader should have 
no difficulty in deducing it from § 13'21 (10) combined with § 1T41 (16); it 
is valid if all the numbers 

R(c±b± ia) 


are positive. 


Journal filr Math. xhvm. (1864), p. 864. 
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A somewhat similar result, namely 
(4) r—J* ( bt) J v (ot) dt 

- XW(W r ( 2/1 + 1) (*_ _ sin to'jtcht, _. 

r ( v +k) r (i) Jo (a s +2tacoos0-^! 2 cos 2 0+2» ^ )'* + i , 

which is valid when R (a + ib + tc) >■ 0 and R (p) > ■— ■J, is due to Qegenbauer, Wiener 
Sitzungsberichte, lxxxviii. (2), (1884), p., 896. It is most easily proved by substituting 
integrals of Poisson’s type for the Bessel functions. In the memoir cited Qegenbauer has 
also given a list of cases in which the integral on the right is expressible by elementary 
functions (cf. § 1323). 


13*23. Gegenbauer’8 deductions from the integrals of Lipschitz and Hankel. 

A formula due to Qegenbauer, Monatshefte fWr Math, und Phys. IV. (1893), 
pp. 397—401, is obtained by combining the results of §13*2 with the integral 
formula of § 5'43 for the product, of two Bessel functions; it is thus possible to 
express certain exponential integrals which involve two Bessel functions by 
means of integrals of trigonometrical functions*. The general result obtained 
by Gegenbauer is deduced by taking the formula 

2 ft* 

Jp(bt)J„ (bt) = -J (2 bt cos <f>) cos (p — v)<f> d<f>, 

multiplying it by jH-* and integrating from 0 to oo; it is thus found that,, 
if R (a) > 11 ( b) | and R (p + v) > — then 

J o e-* a J li (bt)J y (bt)tr + '’dt= | cos*)^cos (p-v)<f>.d<f>dt 

2 fif/•* 

“ - J Jo <rtatJ r+* (% ht 008008 0* - v) (f>. dtd(f> 


2 ffr (46 cos (j>Y +v T (p + y + |) . , 

7T J o (4a* + 46* cos* <f>Y +y+i s/ir ^ V ^' d ^' 


The inversion of the order of the integrations presents no great theoretical 
difficulties; hence 

(1) f e~ sat J /i (bt)J,(bt)t t+y dt 

J 0 

_ T(p + v +'fr) 6^ +v i COS’** 1 ’ <f> COB(p-v) (f) J, 

vr 5 Jo (a? + 6* cos* <py i+v+ i V ‘ 

This result, in the speoial case in which n=v—0, had been obtained previously by 
Beltrami, Atti della R. Acoad. delle Boi. di Torino, xvi. (1880—1881), p. 204. 

As particular oases of (1) take fi<=> 1 and v equal to 0 and to — 1. It is found that 


( 2 ) 

(3) 


/; * 

* See also an earlier note by Gegenbauer, ibid. pp. 879—380. 
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where the modulus of the complete elliptic integrals K and E is b}-J(a 2 +6 s ). Beltrami’s 
corresponding formula is 

' ( 4) 

Replacing 6 by ib, we deduce from (2) that 

(6) 

where R (a) > | R (6) |, arid the modulus of the elliptic integrals is 6/a. The formulae (3) 
and (4) may be modified in a similar manner. 

It was stated by Gegenbauer that the integrals in (2), (3) and (5) are expressible by 
means of elliptic integrals, but he did not give the results in detail; some formulae 
deducible from the results of this section were given by Meissel, Kiel Progrcimm, 1890. 
[Jahrbuch iiber die Fortschritte der Math. 1890, pp. 521—522.] 


13*24 Weber’s infinite integral, after Sckafheitlin. 


The formula 
( 1 ) 


rm j v (t) dt _ r(M _ 

o t*-** 1 2 , '“' 4+i r (v - b p +1) * 


in which 0 < R (a) < R (v) + was obtained by Weber* for integral values of 
v. The result was extended to general values of v by Sonin ef; and the com¬ 
pletely general result was also proved by Schafheitlin j. 


The formula is of a more recondite type than the exponential integral formulae given 
in § 13*2; it may bo established as a limiting case of these formulae, for, since the conditions § 
of convergence are satisfied, wo have by § 13 - 2 (3) 


ra3 J v {t)dt 
o r~' A+1 


lim 

a-*-+o 


/; 


c - ai J v (t)dt 


r (m) ct (p 1 — /* 4* 2i/ 

2*'r(v + l) -a 1 \ 2 » 2 ’ 


v+1; 


0 ’ 


whence the formula is at once obtained. 


A direct method of evaluating the integral is to substitute Poisson’s integral for the 
Bessel function, and then change the order of the integrations; this is tho method used by 
Schafheitlin, but the analysis is intricate because the result is established first for a 
limited range of values of p and v and then extended by tho use of recurrence formulae 
and partial integrations. 


Analytical difficulties are, to a large extent, avoided by using contour 
integrals instead of the definite integrals of Schafheitlin. If we suppose that 

* Journal filr Math. lxix. (1868), p. 230. The special cose in which i»=0 was set by Stokes as 
a Smith’s Prize question, Jan. 29, 1867. [Math, and Phys. Papers, v. (1905), p. 347.] 
f Math. Ann. xn. (1880), p. 39. 
t Math. Ann. xxx. (1887), pp. 157—161. 

§ CJt Bromwich, Theory of Infinite Series, § 172. 
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B(l tt) < 0 and R (v) > — we then have (the integrals being absolutely con¬ 

vergent) 

= o |p ■* £ - fr+ os<tcos 0)sin- 8 d6dt 

i+oo (-2-- 1 r (»+i) r<i >J +« K f Jo v ' 

— 2t sin /i,TT. r (/i.) COB |/i7T r i,r * . av ede 

-2-T(v+i)r® Jo “ a 91 “ 

__ — 2tsin/Lwr. r($7*) 

- 2 v-^+ir( v -^+i)- 

By the theory of analytic continuation, this result is valid when [i and v are 
subjected to the single restriction R (/i) < R (v + f). 

When JR (ji) > 0, we deform the contour into the positive half of the real 
axis taken twice, and we at once obtain the Weber-Schafheitlin formula. 

The integral* 

f (o+) h„ (— t) dt 

may be treated in exactly the same manner; the only difference in the 
analysis is that cos (t cos 6 ) has to be replaced by — sin (t cos 6 ), and so, by 
Euler’s formula (adapted for contour integrals), the factor cos has to be 
replaced by — sin \ivrr. 

It is thus found that 

r (o+JH, (— t) dt __ 2 i sin fiir. F (b/i) tan \fiir 

J+« (- ty -* +i 2 v_fi+i r (v—^+1) 

provided 1 that R(fi)< R(v + f) and R (/*) <0. 

When R (jj) > - 1, the contour may be deformed into the positive half of 
the real axis taken twice, so that 

f JrL v (t)dt __ T (|/x) tan (%/nr) 

2 ^+ i rCv-i / a + l)’ 


( 2 ) 


J o t v ~* +l 

provided that — 1 < R (jj,) ^0 and R(jz)< R(v) + f. 
If we take p = 0, v — 1, we see that 

Hj ( t ) dt 


( 3 ) 


f 


£ 2 




This result, combined with the asymptotic formula 

‘Hi (2 t)dt 2/1 1 \ cos(2#+£tt) 

- 


i r 

ir ) a 


& Jr 2 \ > a' 2 ' 12s 3 / 2ir m a 612 
was used by Struve, Ann. der Physik und Cherniy (3) xvii. (1882), p. 1014, to tabulate 

1 (2 Q dt 

ir J a t 2 

for both small and large values of x. The last integral is of importance in the Theory of 
Diffraction. 

* Generalisations obtained by replaeing Bessel fonotions by Lommel’s functions (§ 10-7) in 
the integrals of this section and in many other integrals are discussed by Nielsen, K. Danske 
Fidenskabemei SehRabs Shifter , (7) v. (1910), pp. 1—87. 
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[Note. By differentiating (1) under the integral sign we obtain Weber’s result 

(4) J 0 {t) log * eft = — y—log 2; 

this formula has also been investigated by Lerch, Monatehefte filr Math, und Phys. L 
(1890), pp. 105—112. 

The formula for functions of the second kind, corresponding to (1), is 
... [“ Y v (t)dt _ r (^) r (kjj- - V) cos (&* — v)n 

W J Q + i +1 TT ’ 

provided that | i2(v)| <.#(/*-i>)<§. This result has been given by Heaviside, Electro - 
magnetic Theory , in. (London, 1912), p. 273, when j/ = 0.] 


13*3. Weber’s first exponential integral and its generalisations. 

The integral formula 

(1) J o J,{at)^p(-pn^.tdt = ^^{-^i 

was deduced by Weber* from his double integral formula which will be 
discussed in § 14‘2. This integral differs froln those considered earlier in the 
chapter by containing the square of the variable in the exponential function. 
It is supposed that | arg p | < \tt to secure convergence, but a is an unrestricted 
complex number. 

It is equally easy to prove Hankel’sf more general formula, 


( 2 ) 


J J„(at)exp (— pH*).^ x dt 

- T (hv + h*)-(k a lpY F 
2^r(y + i) 11 


(jtv + v +1; — 



by a direct method. To secure convergence, at the origin, it must now be 
supposed thatj 

R (fjb + v) > 0. 

To obtain the result, we observe that, since (by § l 7'23) 


f I\ v] (| a | £). | exp (— p*?) |. | <* x \dt 
J o 

is convergent, it is permissible§ to evaluate the given integral by expanding 
J v (at) in powers of t and integrating term-by-term. 


* Journal filr Math. lsix. (1868), p. 227. Weber also evaluated (2) in the case fx = v + 2, v being 
an integer. 

t Math. Ann. vm. (1875), p. 469. See also Gsgenbauer, Wiener Sitzungsherichte, lxxu. (2), 
(1876), p. 346. 

X This restriction may be disregarded if we replace the definite integral / by the contour 
/■( 0+) 

integral I 

§ Of. Bromwich, Theory of Infinite Series, § 176. 
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It is thus found that 


[ J v (at) exp (—pH 1 ). P-~ x dt — 2 
J o «»=■ 


- 2 


(-) m (la) v+im 

omir(v4-7n, + l) 

(-)” (i d) v+3m T(\v + ^n + m) 


("tr*** m ~i exp (-pW) dt 
Jo 


l Q m\r(v + m + iy 2p v+ f t+m ' 

and this is equivalent to the result stated. 

If we apply Kummer’s first transformation (§ 4*42) to the function on the 


right in (2), we find that 

(3) f J v (at) exp (-p 3 t 3 ). t*" 1 dt 
Jo 


_ r(iv+iri.(ja/py / «i\ F ( jrv _i ru+1 . v+1 .^\ 

~ ip r(i» +1) P V *p)'' V , + 

and so the integral is expressible in finite terms whenever p — v is an even 
positive integer. 

In particular, we have 

( 4 ) J 0 

provided that R(v)> — 1. This integral is the basis of several investigations 
by Sonine, Math. Ann. XVI. (1^80), pp. 35—38; some of these applications are 
discussed in § 13*47. 

In order that the hypergeometric function on the right in (2) may be 
susceptible to Kummer’s second transformation (§4*42), we take 1; and, 
if we replace v by 2i/, we then find that 

(5) J o J& (at) exp (— p 3 t 3 ). dt = ^ exp (" jgi) 4 (g-p)> 

a result given by Weber in the case v = 

If we replace y by — v, it is easy to see that 

(6) | F a „ (at) exp (— pH 3 ) dt 

—(-[ 4 (|?) ton ”■ + 1 K - (|?) 8ec H • 

when | R (v) | < ^; and, if we make p -*■ 0, (a being now positive), we find that 

(!) I” Y*(at)dt — 

Jo a 

when | R>(v) | < by using § 7*23; and, in particular, 
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Formulae (5) and (6) were given (when »»0) by Heaviside, Electromagnetic Theory, III. 
(London, 1912), p. 271. 

Another method of evaluating the integral on the left of (3) is suggested by Basset, 
Proo. Camb. Phil. Soo. viii. (1895), pp. 122—128; the integrals have also been evaluated 
with the help of Laplace’s transformation by Macdonald, Proc. London Math. Soc. xxxv. 
(1903), pp. 428—443; see also Curzon, Proo. London Math. Soc. (2) xm. (1914), pp. 417— 
440; and Hardy, Trans. Camb. Phil. Soc. xxi. (1912), pp. 10, 27, for formulae obtained by 
making p* a pure imaginary. 

For some applications of the integrals of this section to the Theory of Conduction of 
Heat, see Rayleigh, Phil. Mag. (6) xxn. (1911), pp. 381—396 [Scientific Papers , vi. (1920), 
pp. 61—64]. 


13*31. Weber's second exponential integral. 

The result of applying the formula §11*41(16) to the integral just dis¬ 
cussed is to modify it by replacing the Bessel function under the integral 
sign by a product of two Bessel functions of the same order. 

If ra- = V(a a + b 3 — 2ab cos <£) and if R (v) > — R (2v -+- yu.) > 0, | argjp | < 
we thus deduce that 


f exp (— pH 3 ) J v (at) J v (bt) tr -1 dt 
J o 


(ja by r [ w 
~r(v+i)rQ)JoJo 


exp (— pH 3 ) — f'+M-i sin 2 ” <fjcUf)dt 
tsr 


~ 2^r (2r + 1) lj)*J Jo P l ipV 11 V 2 ’ 

The hypergeometric function reduces to unity when p = 2; so that 


1- ! ; v+1] ^) sin2,,< w* 


exp J ’ < a( > J - W tdt = yrj^Srti) f? xp (~ 


^) sin 


dri/p')- f o’ + l>’\ f’ (<* «M.f\ Bin * 6d6 
r (7+"fjf(S) P ( 55^/ J. P \ W ) sm W 


2/r(„ + i)r (« 

If we expand the exponential under the integral sign, we find that 


< x > \ 


o exp (- pH 3 ) J v (at) Jy(bt) tdt = i exp (-) /, ( 


4 p 3 

This formula is valid if R (v) > — 1 and | arg p \ < $ir. 


ab \ 

2pV * 


Like the result of § 13 3, this equation is due to Weber, Journal fttr Math. lxix. (1868), 
p. 228; Weber gave a different proof of it, as also did Hankol, Math. Ann. viii. (1876), 
pp. 469—470. The proof given here is due to Gegenbauer, Wiener Sitzungsberichte, lxxii. 
(2), (1876), p. 347. Other investigations are due to Sonine, Math. Ann. xvi. (1880), p. 40; 
Sommerfeld, Konigsberg Dissertation, 1891; Macdonald, Proc. London Math. Soc. xxxv. 
(1903), p. 438; and Cailler, Mdm. de la Soc. Phys. de Oenhve, xxxiv. (1902—1906), p. 331. 
Some physical applications are due to Oarslaw, Proo. London Math. Soc, (2), vm. (1910), 
pp. 366—374. 
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13*32. Generalisation# of Weber’s second exponential integral. 

When the Bessel functions in integrals of the type just considered are 
not of the same order, it is usually impossible to express the result in any 
simple form. The only method of dealing with the most general integral 

[ Jy. (at) J p (bt) exp (— pH 1 ) t x ~ l dt 
J o 

is to substitute the series of § 11*6 for the product of Bessel functions and 
integrate term-by-term, but it seems unnecessary to give the result here. 
In the special case in which X = v — p, Macdonald* has shewn that the integral 
is equal to 


p*T(ji-v) 



coa^-av-i e sin v+1 8I V 


fab sin 9\ ( b 1 + a a sin® 0\ 

h^H e *p (- ' v ' " ) 


de, 


by a transformation based on the results of §§ 12*11, 13*7. 


An exceptional case occurs when a — b ; if R (X + p 4- v) > 0, we then have 


r 

J 0 


Jy. (at) J ¥ (at) exp (— pH 1 ) dt = 


r a + y N \ 
ar +v { 2 J 

2 m+k pK+y+ v T(p + l)T(v + l) 


w v +1 p + v + 2 

*■>*•{—f '-2- 


X + p + V m 
2 ’ 


p + 1, v+ 1, p + v + 1; 



by using the expansion of § 5*41. Some special cases of this formula have 
been investigated by Gegenbauerf. 


13*33. Struve’s integral involving products of Bessel functions. 

It will now be shewn that, when R (p + v) > 0, then 

m f if T(jt + p)r(i) _ 

w Jo v* 2^'ro*+»+j)ro* + i)r(» + i)' 

This result was obtained by Struve, M4m. de VAcad. Imp. dec Sci. de St Pdtersbourg , (7) 
xxx. (1882), p, 91, in the special case /x=j» = l; the expression on the right is then equal 
to 4/(8*). 

In evaluating the integral it is first convenient to suppose that R (p) and 
R (v) both exceed It then follows from § 3*3 (7) that 

r JMJpjt) , (2p —1) (2v — 1) 

Jo tP +v 2»+''-*TrT(p + b)V(v + $) 

f* fi* ri*gin (t sin 0)sin(£ sin 6) „ a Q . .jnj.j. 

x II —;-——--— cos 3 ' 4 *" 3 6 cos 3 *’ -2 <j> sin 6 sin <pd8d<pdt. 

J 0 J 0 J 0 t 3 


* Proc. London Math. Soe. xxxv. (1908), p. 440. 
t Wiener Siteungeberichte, Lxxxvin. (1884), pp. 999—1000. 
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In view of the fact that ir 3 sin (t sin 6) sin (t sin <£) does not exceed numeri¬ 
cally the smaller of 1/i 3 and sin 6 sin <£, the repeated integral converges 
absolutely, and the order of the integrations may be changed. 

Since * 

f 00 sin (t sin 8) sin (t sin <fr ) , (fr 7 r sin 6, 

Jo t a ||-7rsin^>, (&><!>) 

we find that the triple integral is equal to 
* r*' ft 

%7rj J cos 3 ' 1-3 6 cos 31 " -8 (j> sin 3 6 sin (f>ddd(f> 
ri * [9 

■b^Trj J cos 3 '* -3 flcos 2 *" -3 sin0 sin 3 <f>d(f)d9. 

But, by a partial integration, we have 

( 2v — 1) J cos 31 ' -3 <f> sin <f> | J cos 3 '* -3 6 sin 3 Odd] | d(f> 

— jj- cos 21 ' -1 <f) J cob 3 ** -3 6 sin 2 6 ddj + J cos 31 ' -1 (j ). cos 3 * 4-3 <j> sin 3 <f>d<f> 
m rQi + y -i)r (t) 

2r (ji + v + 

The other integral is evaluated in the same manner, and so we have 

,, ry + r-i)r(t){(2j*-i) + (2 y -i)i 

Jo #*+•- Ub ^f(^ + ir + i)rc» + j)r(p + i) • 

whence the result stated is evident. The extension over the range of values 
of fi and v for which merely R (fi + v) > 0 is obtained by the theory of analytic 
continuation. 

It may be shewn in a similar manner that, when R(p + v) is positive, then also 

[°° H m (Q H v (0 dt rQx+y) r(j) 

Jo t* +v W+TU + v+tirU+l 


(2) Jo P+* 2*+Tfa+ v +tir(?+$)r( v +i)' 

This result was also obtained by Struve (ibid. p. 104) in the case = 1. 

By using § 10’45 we find that, when R (p) and R (v) exceed £, 

H m (Q H v (t ) , 

Jo t*+ v 

(2/a-1)(2i/-1) f” fi* fi* {l— cor (i sin fl)} {1 - cos ((Bin <f>)} 

m *2 fi+, '- 2 Trr (fi+i)r(v + i) J0 Jo Jo <* 

X cos 2 ' 1-2 6 cos 2 ’' -2 <f) sin 6 sin $ dddcf> dt. 
Now, if a and /9 are positive, it appears from a consideration of 


/ 


(1 - a**) (1 - eP**) 


dz 


This result is easily proved by contour integration. 
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round a contour consisting of the real axis and a large semicircle above it, that 
f" A ~ cos U - 008 (&)} jj E f* sin (g*)sin (fit) g 

J o Jo & ‘ 

Hence the triple integral under consideration is equal to the triple integral evaluated in 
proving (1), and consequently (2) is established in the same way as (1). 

The reader will prove in like manner that, if 22 (/x) and R (v) both exceed \, then 


(3) 


/, 




dt 


2v-l 


0 ^+--1 s*+»(p+F-i)r (#*+$) r(v+$) 


and this may be extended over the range of values of /x and v for which R(y)>h and 
R{p+v)> 1 . 


The integrals 


/; 






p+v+2 J 0 jM+V+1 

may be evaluated in a similar manner, but the results are of no great interest*. 


13-4. The discontinuous integral of Weber and Schafkeitlin. 
The integral 

(p&) Jv ( bt) - 


r 


in which a and b are supposed to be positive to secure convergence at the 
upper limit, was investigated by Weber, Journal fihr Math. lxxv. (1873), 
pp. 75 80, in several special cases, namely, 

(i) X.^-0, v = l, (ii) X = -i, M = 

“•“tf r Wal ^ fer *“ TalUM 0f X > " “* ' fcr which it is oonvcrga.it, by 
Sonmet Jfort. dan tv. (1880), pp. 51 - 52 ; hut ha did not emmi „ e ^ ^ 

great detail, nor d.d be lag any stress on the discontinuities which occur S a and b 
become eqnal^ Some years later the integrel was investigated very thoroughly bgThaf 
heithn+, but his preliminarv analvsis rest* in « Dn n lom v, ± j J ® J y ocnaT 
linear differential equatdona. tomewhat undue eatent on the theory of 

The special case in which X«=0 was discussed in iroa n u o , 
elegant transformation of contour integrals ■ unfortim^l / » uWer 8 who used a very 
to adapt Gubler’s analysis to the more^ral case ,n whfch 1'“““P 088 ® 0 

special case wiU be given subsequently (§ 13 - 44 ). h * X ^°‘ The analysis 111 the 

Some related integrals have been evaluated hv Ri<mr nn d 
1890CyaM^iH,„ d< « Famckritod4rMa( /“ 0 b ^ S 3 ^°“. Luixmclmte, Berlin, 

tx I p.S( 8 l^Pp. 0 9“" i ‘ ithe "t~r SiUu^UrUM,. 

§ Math. Arm. xlviii. (1897) pp 87—48 L ia,’ *** Am ' IXXI * < 1888 )> P- 15«. 

Funktionen, ii. fBern,lflO0), pp.Ysd-lis GUbIer ’ EinUitun ° in die Th “>rie 
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The first investigation which we shall give is based on the results of § 13‘2. 
The conditions for convergence are* 

(R (/a + v +1) > R (X,) > — 1, (a^b) 

|R (/a + v + 1) > R (X,) >0, (o = 6) 

it being supposed, as already stated, that a and b are 'positive. 

We shall first suppose that the former conditions are satisfied, and we 
shall also take b < a. The analysis is greatly shortened by choosing new 
constants a, 0, y defined by the equations 
|2a = fA + v — X- +1, 

<,20 = v — X — /a +1, 
l 7 = v+ 1, 

It will be supposed that these relations hold down to the end of § 13’41. 

It is known that 

liin [V c< J ^ Jv(ht) dt, 

Jo t K c-^+0 J 0 t K 

since the integral on the left is convergent; now, when c has any assigned 
positive value, the integral on the right is convergent for complex values of 6; 
we replace b by z and the resulting integral is an analytic function of z when 
R(z)> 0 and \I(z)\< c. 



Now 


"o 

J <] 


-at ^“-8 {ut)J y —i (zt) 


t y-a-p 


dt 


-Jo* m! I 1 (7 + 1 


III) 


dt 


_ v (\ z ') y 1 ' J '" ‘ [*a-* J a _j, (at) P + * +w, ~ I dt, 
m =o w! 1(7 + m ) J o 

provided thatf * 

/ \* M /i v«. 4 .otn — i reo 

e“ ct | 


L 

J U 


m=o »«ir(7+»») 

is absolutely convergent; and it is easy to shew that this is the case when 

| z I < c. 

Hence, when \z\< c, 

Vet <*> | _(*f> r+a, "7 1 .... <*«>•;* r(2a+ 2m) _ 


l 


tr- a -P 


,r„ mi r(7 + «o’' (« a + r(«- £ + D 

/ \ 
x fa + m, %-0-m; a-0+ 1; a a + ^J> 


* It follows from the asymptotic expansions of the BcesoI functions thut the conditions 

R {/± + v +1) > R (X) -■* - 1 

are sufficient to seoure convergence when n = b, provided that n~v is an odd integer. 
t Cf. Bromwich, Theory of Infinite Series , § 176. 
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and the hypergeometric function on the right may be replaced by* 

r(q-£ + i)r(fr) »/ , i r i. ^ \ 

r(g-^+i)r(-^) o F ( , t o a. o* \ 

+ r(^^-m)r(a + m)v/(a s + c a ) ,aFl r + m + ^ 1 & a 9 + dV' 

Now the moduli of the terms in the expansion of 

a-F^a + m,a) 

do not exceed in absolute value the alternate terms in the expansion of 
(1 - ^x)~ A ~ im , where A is the greater of | 2a | and 12/3 — 1 [; and, similarly, the 
moduli of the terms in.the expansion of 

^(a+m+ljl — $ —m; f; a?) 

do not exceed in absolute value the alternate terms in the expansion of 

(1 — *Jx)~ A ~ im ~ l /\/x. 

Hence the terms in the infinite series which has been obtained do not 
exceed in absolute value the terms of the series 


S R m (la)'- 1 * r(2a+2m) [ T (J) (1 

»to mir (7 + m) (a’ + c 3 )*-^ Ll T(1 - /5 — i 


~V*)' 


A—2m 


m) T (a + m + J) | 

, |r(R)l(WaR-*»-i 

I r (£ - m) T (a + m) | 

where x = ^/(a* + 0 s ). But this last series is absolutely convergent when 
\z\< V(« 2 + c 3 ) - c, and it represents an analytic function of * in this domain. 

Hence, by the general theory of analytic continuation, 

Jo tr—' M 

= £ (~) mF ( 2 «+ 2m ) 
m\T(y + m) (o a -f- C s ) a+7n r(a- J3 + 1) 

XzF^a + m, l-P~m;a- $ + 1; 

provided that z satisfies the three conditions 

M (z)>0, 1 1(z)\<c, \z\< v '(a* + c 9 )- c. 

Now take 0 to be a positive number so small that 

b < V(a 2 + C*) - C, 

and take 0 < c ^ (7, so that also 

< V(a 2 + c*) - c. 

* Of. Forsyth, Treatise on Differential Equations , (1914), § 127. 
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Then in the last integral formula we may take z = b, and when this has been 
done, if we use fonctions majorantes j ust as before, we find that the resulting 
series has its terms less than the terms of an absolutely convergent series 

” (-) m (^)v +8m - ] (£a) a -0 T (2a + 2m) T T(£) (1 - ,/X )-■*-** 
m-o' w! T (7 + m) ' ' (a 3 + 0 3 ) a+ ™ [| V (1 - £ - m) V (a + m + J) j 

|f(£-£-m)r(a + m)| ’ 

where X = (^/(a 3 + C 3 ). 

Hence, by the test of Weierstrass, the original series converges uniformly 
with respect to c when 0 ■$ c $ C, and therefore the limit of the series when 
c 0 is the same as the value of the series when c = 0 . 

We have therefore proved that 

lim [°° 0 -ot .WZy-V W dt 

(-) m (i6)^ +2m " 1 T (2a + 2m) „ 

m!r( 7 +‘w) a 2a+2m T (a — + 1) 4-Pl ' a 


t»=o m i i (7 + m) 
and therefore 

Jg-fi (at)J y -i(bt) 


+ m, £ - /3 - m; a - 0 +1; 1), 


/; 


p-a-p 


dt 


(-)"* by +lim ~ l r (2a + 2 m) T (4) 


m=0 wi! F (7 + m) 2 «-#»+7+a»-i «•+*+*» V (1 - £ - m) V (a + m + ' 

It has therefore been shewn that 


a) /■ 


Jg-P (ttt)Jy-\ (bt) , _ 


ft*- 1 T(a) 


p—g—p dt 2y-*-P a a+ P f ( 7 ) T (1 - /3) ' 7; a 2 ) * 


that is to say 


(2) 


r* ($/-<- + + |) 


A+1 r ( 1 / + 1 ) r (| x +1 /j. - j 1 /+i) 

fl+V 


X 2^1 


-X+l i/-X-/i+l _ ft 3 

2 -,- 2 — ; v + i; ^ 


a > 


provided that 0 < b < a, and that the integral is convergent. This is the result 
obtained by Sonine and Schafheitlin. 

If we interchange a and b, and also /jl and v, throughout tl^p work, we find 
that, when 0 <a< b and the integral is convergent, then 

/q\ [“Jg-pMJy-libt), (i a ~ p r(a) _ 

w Jo ty-«-r ai — '2 y-»-0 b ia ~'*+ l F (7 — a) F (a — /S -+• 1) 

x ^(a.a-7 + 1; a-/8 + l;~). 


W. B. F. 


26 
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Now it so happens that the expressions on the right in ( 1 ) and (3) are not 
the analytic continuations of the same function. There is consequently a 
discontinuity in the formula when a = b; and it will be necessary bo examine 
this phenomenon in some detail 


13*41. The critical case of the WeberSchafheitlvn integral. 

In the case of the integral now under consideration, when a = 6 , we have, 
as before, 

[ * £ foft/rW dt= lim f°V rt W dt, 

Jo » <*-*■+o Jo If 

assuming that B (fi + v + 1) > R (X.) > 0, to secure convergence. 

Now consider 


/, 


*( at ) j* 

o 6 P=Z+ ' 


where z is a complex variable with R (z) positive. 

When R (z) > 2a we may expand the integrand in ascending powers of a 
and integrate term-by-term, this procedure being justified by the fact that 
the resulting series is convergent. 

We thus get, by using § 5*41, 


f 


o-zt 


4 J »-/} {at) J y_i (at) 


p-a-p 


dt 


00 fa 

= 2 I 

w-0 J 0 


e~ zt (-) m (ja) a ~ 3+ ^ 8m ~ ] t^ m ~ l r (a - ft + y + 2m) 

^o wi! r (a — ft -I- m + 1) F (7 + m) T (a — ft + 7 + m) 

= | (~) w (^aY~ p+r ^ m - 1 T (2a + 2m) T (a - ft + 7 + 2 m) 

m-o 2 * a+8 " 1 mI T(a — j S + m + l)r(y + w) T(a — ft + y + m j ' 


dt 


Now the integral on the left is an analytic function of z when R (z) > 0 , 
and so its value, when z has the small positive value c, is the analytic con¬ 
tinuation of the series on the right. 

But, by Barnes’ theory*, the series on the right and its analytic continua¬ 
tions may be represented by the integral 

J_f“< (^q) a ~^+y +2i ~ 1 T (2a -{- 2s) T (g - ft + 7 + 2g) , 

27rf j T (a — ft + s + 1) T (7 + s) r (a — ft + 7 + s) 

and this integral represents a function of z which is analytic when | argz | < 7 r. 
It is supposed 'that the contour consists, of the imaginary axis with loops to 
ensure that the poles of T (— s) lie on the right of the contour, while the poles 
of T ( 2 a + 2s) and of F (a — ft + 7 + 2s) lie on the left of the contour. 

When | z | < 2a we may evaluate the integral by modifying the contour so 
as to enclose the poles on the left of the contour and evaluating the residues 


Proc, London Math. Soc. (2) y. (19uy), pp. 59—118. See also §§ 6*5, 6-51 supra . 
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at them. The sum of these residues forms two convergent series proceeding 
in ascending powers of z ; hence, when R(z) > 0 and \z\< 2 a, 

[ V * ( ai 0 Jy-\ ( a 0 jf. 

Jo tv-*-* 

_ 1 » (— z m T(y-a-i3-m)T(a+ \m) 

~ 2 m t 0 m! T(1 —# — r (7 - a - £in) T ( 7 - /3 - £m) 

1 ” (—) m r (a + /3 - 7 - m) T (^a + £7 - j/3 4- 

+ 2 m t 0 wir(|a-^-i7-im + l)r(^ + ^7-^a-|m)r(^a-^ + |7-|m)' 

Now J2 (7 — a — /?) > 0, and so, when we make z assume the positive value 
c and then make c 0, we deduce that 

n v f 00 4^ (gQ 4 - 1 ( 0 *) , (^q)Y -q-P- i r (7 - a - fi) r(«) 

W Jo ' 2r(l -/3)"r(7-'a)r'(7-/8) 

provided that R(a)>0, R (7 — a — /3) > 0. 

From the Gaussian formula for 2 jPi (a, /3; 7; 1),‘ there is therefore no discontinuity 
in the value of the integral, though there is a discontinuity in the formula which 
expresses that value as b increases through the value a. 

The result may be written in the alternative form 

(2 ) rw*>w*>di 

_ (U(Y-^V(\)T(hn + hv-l\ + l) 

2T + fa — + fa f (^X, + + fa 1 + fa F + fa “ ^ +fa 

provided that R fa + v + 1) > R (X.) > 0. 

If /l — v is an odd integer the integral converges when 0 > R (X.) > — 1 ; 
this case next demands attention. 

We shall make a change in notation by writing a+p and a-p — 1 in 

place of p and v in the preceding analysis ; if R (X) > 0, we then find that 


r Q-zt ^« +p fafa Jg-p -1 (®0 ^ 

0 t K 

__ _1_ f xi _ (|tt) ,a+M ~ 1 r (2a + 2s) r (2a + 2 s-\) , 

27rf; _oo 1 2 2tt+28_A T (a + p 4- s + 1) r (a — p 4- s) T (2a 4 - s) 

_ 1 » ( —) m (la/"” 1-1 z m F (X. - m) T (a - | X 4- fai) _ 

2 m ~ 0 m! r (p — fan 4- £X, +1) T (— p — 4- fa) f (a 4- |X — fan) 

1 * (-) m z K+m T (- X — m) T (a + fan ) 

+ 2 rT-x m ! T (p — \m 4 - 1) F (-p — fan) T(a - fan) ’ 

26—2 
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and hence 


(3) P ( a 0 J «-y-i ( a *) ^ 

Jo ^ 


a^ 1 r(\)r(a-j\) _ 

2 x r (p + jx+1) r (a+^x) r (^x —p)' 


unless X — 0. This should be compared with the more general formulae 
obtained from § 13*4, namely that, when b < a,, 

J a+p (o£) t/a— p —l (bt') 

'0 


ft 


dt 


(4) f 
Jo 

-2^a*-*~^^(u-p)T(p + l\ + l) ^Fl \ a ~^’ , P a P> a 3 )’ 

and, when & > a, 

( 5 ) f ( at ) ^ 

Jo ft 

= r(a+p +\)V(*X — j>)^( a “^-P + 1 ~* X; a+ ^ + lj &?)* 

Since X ^ 0, the functions on the right in (4) and (5) do not tend to limits 
when a -*■ 6. 

On the other hand, when X is zero, the contour integral becomes 

(ia )*-*'**- 1 {r (2a + 2a)t 8 T (~ «) 


i_ f*' 

?nJ-o 


ZiriJ-mi * Sa+a * r (a +J) -M +1) F(a — p + «) T (2a + s) 
and the residue at * « — a is (—) p /(2a). 

It follows that 

T (a) 


ds, 


*-p-i r (a) „ f fr\ 

,« r -T{a-p).pl aF '\ a ’ P,a P> eft)’ 

(G) J o Ja+p ( a t) Ja-p-1 {bt) dt — •{ 


0, 

according as b < a, b = a, b > a. Since 

a^i( a > —jP5 a -p\ 1)-(“) P 2>I T(a-p)/r(a), 


it is evident that the value of the integral when 6 * a is the mean of its limits 
when J * a - 0 and b = a + 0. 


The result of taking\*=1 in (2) is 


( 7 ) 


j Jp. (at) J v (at) 


dt 2 sin ^(v~n) it 

t tr V s —f i 4 


i 


which is also easily obtained by inserting, limits in § 5*11 (13); this formula has been 
discussed in great detail by Kapteyn, Proc. Section of Sci., E. Akad. van Wet. te 
Amsterdam, iv. (1902), pp. 102—103; Archives Nderlandaites , (2) VI. (1901), pp. 103— 
116. 
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13*42. Special cases of the discontinuous integral. 

Numerous special cases of interest are obtained by giving special values 
to the constants g, v in the preceding analysis. To save repetition, when 
three values are given for an integral, the first is its value for b < a, the second 
for b * a, and the third for b > a ; when two values only Eire given, the first is 
the value for b ^ a, the second for b > a ; and the values are correct for all 
values of the constants which make the integrals convergent. 

The following are the most important special cases *: 




£ (&/*. Yh*, 

i (albY/ft. 

yT x sin {/a arc sin (6/a)}, 


I> -1 sin W arc 8m (m) . 

f a* sin i/nr 

Jo ‘ h(J + v'(6*-o ! ))'' 

rj'W cosw,, r"T (/i r s i nWa) )' 

- at = \ a* cos h/iTT 

J o t //i.« • 


J0 • lyu. [6 + V(6 a — a 3 )}' 1 ' 

sin \(jl arc sin (6/a)} 

. fJJF-b*) * 

4) f (at) sin bt .dt= \ or 0, 

0 a M COS hfMTT 

k V(6 3 — a 3 ). (6 + V(6 a - a 2 )}' 4 ’ 

'c os (>u. arc sin (6/a)} 
vV~6 3 ) ~ 

5) I J M (aOcos bt.dt^ I oo or 0, 

0 _ sin |/i7T _ 

\ V(6 3 - a 3 ). (6 + V(6 3 - a*jP 

Special cases of preceding results are 


sin bt ,dt — j 00 » 

(l/\/(6 2 — a 2 ). 

(l/V(a s -6 2 ), 


( 6 ) 

[ Jo (at) 
Jo 

CO 

[ Jo (at) 
Jo 


[ie (ya) > 0] 
[R(f*)>-1] 

[*(/*)> 0] 

[22 (/*)>-2] 


[R(p)>-1] 


These two formulae, which were given by Weber t, Journal fUr Math. lxxv. (18»3), 
p. 77, are known as Weber’s discontinuous factors ; they are associated with the problom of 
determining the potential of an electrified circular discj. 

* Numerous other special cases are given by Nielsen, Ann. di Mat. (3) xiv. (1908), pp. 82 90. 
The integrals in (4) and (5) diverge for certain values of y. when a = b. 

| The former was known to Stokes many years earlier, and was, in fact, set by him as a 
Smith’s prize examination question in Feb. 1858. [Math, aiidfhys. Papers, v. (1905), p. 819.] 

% Of. Gallop, Quarterly Journal, xxi. (1886), pp. 280—281. 
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Another special formula is 


( 8 ) 


( (at) (bt) dt 

/A 


1/(26), 

0 ; 


[chap, xm 


[*B (A*) > 0] 


and if we put = 1, we obtain Weber’s result (ibid., p. 80), 

* r f 0 ’ 

(9) J a (at) J, (bt) dt - -1/(26), 

° (1/6. 

The result of putting /x=J in (8) is known as Dirichleft discontinuous factor ; see the 
article by Yoss, Encyclopttdie der Math. Wist. n. (1), (1916), p. 109. 

Some other special formulae have been found useful in the theory of Fourier Berios by 
W. H. Young, Leiptiger Berichte, Lxm. (1911), pp. 369—387. 

Another method of evaluating (0) has been given by Hopf and Sommerfeld, Arohiv der 
Math, vnd Phys. (3) xvm. (1911), pp. 1—16. 

A consequence of formula (1) must be noted. When v > 0, we have, by § 5*61 (D), 

2 (V„*(0v 

n-0 Jo t 

^vT^it)- 

Jo t 

and so * = 

(10) l^(«)|<i, |^ +x (*)|<i/va, 

STif tta \ V ** this is an interesting generalisation of Hansen’s inequality 

(<3 2 5) which was discovered by Lommel, Munchener Abh. xv. (1886), pp. 548_549. 

The reader may find it interesting to deduce Bateman’s integral*, 

( 11 ) 

from the Weber-Schafheitlin theorem. 




13-43. Oegenbauer’s investigation of the Weber-SchafheiUin integral. 

In the special ease in which the Bessel functions are of the same order 
that b? hiS meth0d Weber ' 8 ^ - Id be evaluated 

If R (2v + 1) > R (\y > R (v + ^) we have 

r 


t 

__(ia6) 


= 1?^, v f°° r J 'l* v / ( a8 + 6 8 -2 ab cos <^>)| . 

r ( v + i) r (i) J o J 0 t K ~ v (a* + 6 s - 2 ab cos </>)*•' 8m3y $ d $ dt 


(ab) v T (y — + A) 


— oTtW -r-- - r si 1 

r ( v + *) r ^ r (^ + i)J oV + 6 s - 2ab cos 

Messenger, xm, (1913^ ppj’g^gg’ f ° r * Pr °° f ° f ^ formuLa another method, see Hardy, 
t Wiener Sitzungsberichte, lxxxvui. (2), ( 1884 ), p. 991. 


COS <f>)h* 

sin i f€f>d(f> 
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by § 13*22. When b < a, the expression on the right is 

r (v +*) r (i) rax+j) JL (s) /„ Gn " " ,i+i(oos W 8 ”” 

Now from the recurrence formulae 

5 {(1 - <T*”C„*(*)) = (» + 2p- 1)(1 - CV-i(*), 

£ id - TO) = -(»» +1) (1 - 

we see that 

(» +1) [ (1 - O«+i0) dz 

= (n-h2/i-2v-l)J z(l-z-) v ~^G n >L (z)dz 

-**«*' s { (1 

- (n+2 ^:^-^^ '/> - *Y-'0^)cU, 

so that 

f ^n+i (cos <£) sin 2 *' <f>d(f> 

J 0 

(n + 2fi — 2v — l)(?i-f-2u—1)/^^. / . T 

= - (2, + n + l)(n + l) j 0 0 (C0S *> sm +**■ 

Hence it follows that 

i><*> F= ^K^r ( t)rax^ ) J?^ 

x a^i i^ + b i~ v + 15 ^a) » 

and this agrees with the result of § 13‘4. 

The method given here is substantially the same as Gegenbauer’s; but 
he used slightly more complicated analysis in order to avoid the necessity of 
appealing to the theory of analytic continuation to establish the result over 
the more extended range R (2v + 1) > R (X) > - 1. 

By expanding the finite integral in powers of cos <f>, we obtain the formula 

(T1 f J (at\ J (hf\ ^ (a&) 1 ' r (v — £X + £) 

(1) | o J. {at) J v (i hi) ¥ - 

„ (2v + 1 — X 2v f 3 — X , 4a 2 6 2 

x,F, f 


^v+l—X 2v f 3 — X 

_ , ^ v+1 j ( a . + 


)• 


which is valid whether a > b or a < b. This result was given by Gegenbauer, 
and with this form of the result the discontinuity is masked. 

The reader will find it interesting to examine the critical case obtained 
by putting 6 = a in the finite integral. 
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13*44. Gubler’s investigation of the Weber-Schafheitlin integral. 

The integral 

(at) J v (bt ) dt 


f 

J o 


will now be investigated by the method due to Gubler* It is convenient, 
first to consider the more general integral 

r Jv. (at) J v (bt) 

J ft 


dt 


.'o t K 

even though this integral cannot be evaluated in a simple manner by Gubler’s 
methods. It is first supposed that R ( v ) > 0, R (X) > J, R (fi - X) > — 1; and, 
as usual, a and b are positive, and a>b. 

From the generalisation of Bessel’s integral, given by § 6*2 (2), it is evident 
that the integral is equal to 

2mJo t k zJ) 

We take the contour as shewn in Fig. 29 to meet the circle | z \ — 1 and the 


dzdt. 



line R(z) = 0 only at z — ±i\ and then, for all the values of z and t under 
consideration, 

R \\bt(z-lfz)) ^0; 

and the repeated integral converges absolutely, since 


f 




0 I ^ 

is convergent. The order of the integrations may therefore be changed, and 
we> have 




zr*- 1 dtdz. 


If we write 


6(^-1/*) —«(f-I/O, 
Math. Ann. xtvin. (1897), pp. 87—48. 
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and suppose that that value of £ is taken for which | £| > 1, we have, b,y § 13'2, 
(«J.(at)J v (bt)^_ 1 r +) _ _ (ja^rQa- X + l) _ 

Jo ¥ at " J - ft a (£ +1/0)^ r(/t+l) 

x b^i ^x + |,^ + |X; /* + i; ^-J^ya) dz 

1 (^a) x_1 r (/* - X +1) [< 0 +> z-*- 1 

"2t n T(/* + l) 

x a-f 1 i X +1, /* 4* X, /a 4* 1, j~yy£2^ 

by Rummer’s transformation*. 

Next consider the path described by £, when z describes its contour. Since 
the value of £ with the greater modulus is chosen, the path is the curve on 
the right of the circle in Fig. 29; and the curve is irreducible because different 
branches of z, qua function of £, are taken on the different parts of it. The 
curve meets the unit circle only at e ±ib> ] where a> is the acute angle for which 
b = a sin ©. 

Now both the original integral and the final contour integral are analytic 
functions of X when R (X) > - 1, so long as a b. Hence we may talcef X =0, 
provided that R (/a) > - 1; and then we have 

/9 l,j\ f(«+) z~ v ~ l t- 

Mat) J „ (I it) dt = ^ J^ -ps- ,; fJ dz. 



Next write £ = zr and then 

a = Pl± a : p = r ( br + a ) 

2 r (cir 4- b) ’ ar + b 

and the t contour is that shewn in Fig. 30; it starts from — b/a, encircles the 
origin clockwise, and returns to — b/a.) where the contour crosses the positive 
half of the real axis, we have arg t = 0. 


Since 


dz 

z (1 4 - £ a )' 


1 adr 


2 r(br + a) ’ 

we find (on reversing the direction of the contour) that 
j“‘j f (at)J,(bt)dt = ~-. jy rl (bT + a)-^-*^" (or + dr 

= * r (l + *' „r“’ + '‘ +,, (1 + w^> da,. 

2Tria v+l J -i \ a 2 / 


* Journal far Math. xv. (1880), p. 78, formala (67). See abo Barnes, Quarterly Journal, xxxix. 
(1908), pp. 116—119. 

f If X^sO, the hypergeometrio function does not in general reduce to an elementary fnnotion, 
and the analysis becomes intractable. 
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If we expand in ascending powers of b a fa a and substitute the values of the 
Euler-Pochhammer integrals, then Gubler’s result 


.'0 


(at) J v (bt) dt 

b v v 


a-»i> + i)r(*,»-*,+*)■* 

is manifest. 




/L4+V+1 V — (A + 1 


, &*\ 
: v+1 > w 



13*46. A modification of the Weber-Schafheitlin integral. 

The integral J " ^ (&) ^ 

which converges if S (a) > |/(h) | and B (k+ 1 - X) > | R W |, * expressible in 
terms of hypergeometnc functions, like the Weber-Schafheitlin integral but 
unlike that integral it has no discontinuity when a = 6. 

lhlJl„Tt Ua !!. i \ e ?r d .' 7;WinpOWer8 temporarily that 

I6|<|a| m order that the result of term-by-term integration may be a 

convergent senes. By using § 13-21 (8) it is found that 7 

(1) | 08 Kji(at ) J y (bt ) - * (_)»(lJNv+an roo 

(} J. f— dt = „? 0 OT^ 7 i)j 0 

= tlOjLzii+i/s + i) r (ir - Jx. - 

2 A+1 cr~ A+l r (jT+T)~ ’ 

x a i T 1 f^Z x+ / A + 1 y-x-^+1 p\ 

and, in particular, ^ 2 ’ * a 2 / 

(2) J o K* (at) J . (fo) fr+ni ^ - C 2 ^ (2&) y r + 1 ; + n 

provided that *(„ + !)> |JJ W| miR(a) > 

Formuk W was given by Heaviside* when „ „ „ = 0 and X is 0 and -1 
Electromagnetic The*,, m. (London, 1912), pp. 249, 268, 276. 
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13*46. Generalisations of the Weber-Schafheitlin integral. 

To obtain the values of integrals containing three Bessel functions under 
the integral sign, take the integral 

C* Jn(at)J v (bt) dt 
Jo ft 

replace 6 by f(b 3 + <f — 2bc cos <£), where b and c are positive, multiply by 
sin 2 *’ <£/(6 2 + c 2 - 26c cos <f>) iw and integrate. It is thus found that 

r i!?ww) dt _ (fo); r- -r M * LQs*> sin> 

Jo ft +v r(v+|)r(i)Jo Jo T* v ft r r 

where «r = V(6 2 + c 2 - 26c cos <f >); and the integral on the right is absolutely 
convergent if 

R (v) > — J, R (ft + v + 2) > R (\ ■+■ 1) > 0. 

Change the order of the integrations on the right; then the result of the 
integration with respect to t is an elementary function of -sr if \ -t- v + 1 = ± ft, 
by the formulae 

dt =| (a 2 - ■a- 2 )'*-'" 1 


/; 


•nr 1 ' r 


ay- r ( fi-v )■ 


(a > tsr) 


It follows that 

(1) j; (at) J v (bt) J v (ct) t'~* dt 
Jo 


Obey 


ay- T (ft - v) T {v + \) V (£) J 0 
in which the value of A is 


f A (a u - b a - c 2 + 26c cos <f>Y~ v ~' 1 sin * v <f>d<f>, 
Jo 


0, arc cos 


6 a + c a — a u 
26c 


7r 


according as a 3 is less than, between, or greater than the two numbers 

(6 - c) 2 , (6 4- c) a , 
provided that both R (ft) and R ( v ) exceed — 

In particular 

(2) j‘(at) J.(bt) J,(ct) f = > r SW ) U ^ *** 

Multiply by a^ 1 and differentiate under the integral sign with respect to 
a; and we then obtain the interesting result that, if R (v) > — 
r * dt 2*' -1 A 2 ” -1 

(3) | ^ J y (at) J v (bt) J v (ct) — - p ^ + - ^ r ^, 

when a, 6, c are the sides of a triangle of area A; but if a, 6, c are not sides 
of a triangle, the integral is zero. 

This formula is due to Sonine, Math. Ann. xvi. (1880), p. 46; other aspects of it have 
been investigated by Dougall, Proo. Edinburgh Math. Soo. xxxvii. (1919), pp. 33 47. 
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always expressible in “ te ^ on the Ieft “ W is 

denved from the integral on the ri/ht in the touZn^Z^ * 
When a, 6, o are the sides of a triangle, by the substitution 
we have ^ ^ ^ ®ni $ A ®in 6 

fo (' a>3 ” 11 “ cS + 2ic cos sin 31 ' 

= (2&c)m->'-i ( cos £ _ cos sinav ^^ 

= 2^-i(fc)i*-i 8in8 g—n, [** • al , . 

* ’ io sm i ^ sma 3 sin 2 *' 0 cos 2 '*- 2 *'-! 0<£0 

= 4^- J (ic)'*" 1 '-!sin^-i 14 jp 

o , ,, , . r(^ + ^) + + 

and therefore, if 72 (u) anH 7? i \ , 

triangle, we have W 6 * Ce6d ~*'“ d “• h o are the sides of a 

( 4 ) / <4 («*) «/„ (6$) ^ ( Ci5 ) *i- M ^ = (ic)^-i . 

(27r)ia' t *-i( C08 ^)- 

If, however, « 3 > (6 + c)a>and W0 ^ 
we have « 2 — 6 3 — c 3 = 26c cosh J#, 

/o ^ “ h% ~~ c * + 2 ^ c c °s tf)*-- 1 sin 2 *' ^ 

( 2 bcY 1 J o (cosh ^ + cos 8 i n ^ ^^ 

= (26c cosh S#Y~ v ~ l —■- + i) r (i) 

ror+i) 


L_^. i ^-/a + 1 v 

2-5 v + l;sech 2 t ^J, 


x ^ (* 

80 tha t,when a 3 >(6 + c ) Sj we have 
^ /o ^ *4 (fa)«/„ (ct) t 1 -* Af. _ 0 )c Y~ l cos vt t . sinh^-i.c^ 

r ... TPF^ ( cosh <&)■ 

In like manner, we deduce from § 13-45 (2) that' 

^ Jo K * w Jv ( bt ) J » (ct) t* +1 dt = - y_cos vtr . (Z 2 - l)-fr-t 

where 26c Z = a 2 + 6 a +c 2 - H * ,• W. 

provided only that the four numbers ^ f0rmi ^ a a ’ b ‘ c raa 7 be complex, 

R(a ± ib + ic ) 

are poertive ; this result is also due to Macdonald. 

•Proc. Union Hath. Son. (2) (1909), pp . 142 _ 149 
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[Note. The apparent discrepancy between these formulae and the formulae of Mac¬ 
donald’s paper is a consequence of the different definitions adopted for the function Q n m ; 
see § 5-71.] 


Other formulae involving three Bessel functions may be obtained by taking 
formula § 11*6 (1), replacing z by x, multiplying by 

2«7p (x cos 6)/x k 

and integrating. 

It is thus found that 


r oo # j 

(7) ( x cos $ cos < ^ > ) Jv ( w sin <fy sin <I>) J p (x cos 6) — z - 

J A £tT 1 

_ cos'* <j) cos* 1 4> sin” <f> sin” <E> cos p 6 
- —fr-i v j p + 1} (y + 

x 2 (-)" (M + V + 2n +1) 1 ± r M + 1) I (■> + " +1) 

n=oL nir(/* + n + l) 


+ ^ + — + n 4-1 ) 

l'(^/' + ^v — ^p + |X< + w + l) 


x - F, 


■( 


fJt + v 4- p — \ 


+ H +1, 


p — \ — fjb — V 


— n; p + 1; cos*0 


x/^-Bj/i + v + ji + l; v +1; sin 4 $) 

x a-^i (— n, p. + v + n + 1; v + 1; sin 3 <J>) , 

when R (p + v + p + 2) > R (X) > - \ 

and cos 6 is not equal to ± cos (4> ± <f>). 


Some special caseB of this result have been given by Gegenbauor in a letter to Kapteyn, 
Proc. Section of Sci., K. Acad, van Wot . to Amsterdam*, iv. (1902), pp. 684—688. 

Some extensions of formula (3) have been given recently by Nicholson*. 
If Oj, a 2> ... a m are positive numbers arranged in descending order of magnitude 
it is easy to shew that, if 

m 

Cti > 2 Clrtii ( V ) > 1, 

»=2 

then 

(8) ffiwu-* 

the simplest method of establishing this result is by induction, by substituting 
Gegenbauer’s formula of § 1T41 [on the assumption that R{v)> — |] for 
/„(«,*_it) J v (a m t), and then changing the order of the integrations. 

When a,, ... are such that they can be the lengths of the sides of 

a polygon, the integral is intractable unless m = S (the case already considered), 
or m = 4. 


* Quarterly Journal, xlviii. (1920), pp. 821—829. Some associated integrals will be discussed 
in § 18-48. 
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When On Oj, a t , a t can form the sides of a quadrilateral, we write 

■ 4 

16A* = IT (a 1 + a a + a s + a 4 ~2a n ), 

»=nl 

so that A is the area of the cyclic quadrilateral with sides a 1} a z , Og, a 4 . 

The integral can be evaluated in a simple form only* when v = 0; but 
to deduce its value, it is simplest first to obtain an expression for the integral 
when Jt ( v ) > $■, and deduce the value for v — 0 by analytic continuation; the 
value of the integral assumes different forms according asf 


i.e. according as A a t . 

We write «r s = + af — 2a, n % cos and replace J v (a % t) J v (a$t) by 

Gegenbauer’s formula, so that 

f°° A T ( n f\ ^ _ ('J'ttaOs)*’ f°° f* (<ht) Jv (<M) J v (®^) ■ n„ ± JA*rh 

Jo *r' (a 9 t) ^-T^+f)~mJ 0 Jo —— sm * d * dt 

(q,q,y (g.q,)- f. v,,.., ^4>d<4 

1 ir <v +' 4 -> r (i)j *j ,+ 4 ' 1 ” ’ 

where the lower limit is given by vt =a l — a 4 and the upper limit by nr = ctj + a 4 
or a a 4- <h, whichever is the smaller. 


We write 

^_ a - (<h ~ a *Y = («i + a t f -(or -_a 4 ) 3 
w 3 - (cr B — tig) 3 (a! + a 4 ) 3 - (Os - a.,) 3 * 

so that the upper limit for a; is 1 or /^j^(a 1 a i a t a 4 ): this expression will be 
called 1 jk. 

We now carry out the process of analytic continuation (unless +a 4 =o s a 3 , 
when the integrals diverge at the upper limit if v — 0), and we get 


0 n 


II J 0 (a n t)tdt 
1 


~ ~ij tK® 1 + a *y ~ , ®‘ a } {*** ~ (**» ~ a <) a } i'®’ 9 ^a) 8 } + a a )- — ®r a }]~* vrd'Gr 

1 f 1 or lflc fa 

~ t^A Jo V{(1 -«“)(!- &V)} ’ 


Hence 

(9) 


[ II J 0 {Ont)tdt — 
0 « = 1 


-i- rr / a 4 )\ 

tt’A * l A J ’ 

1 _/ A 


liT 


l7r a V(cri^a 3 a 4 ) VV(a 


a 8 «» a iV ’ 


where K denotes the complete elliptic integral of the first kind, and that one 
whose modulus is less than unity is to be taken. 


* For other values of v it is expressible as a hypergeometric function of three variables, 
f We still suppose that a 1 ^a s ^a 3 ^o 4 . 
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Nicholson has also evaluated 


when R (v) > 0 and a > 0. The simplest procedure is to regard the integral as 
a special case of the last, so that it is equal to 




{2a s (l ■+■ cos )}■'“* 


sin iv 4>d<j) 

{2a a (1 — cos <f> )j* * * § * 


and hence* 

( 10 ) 



a i *'- a r(2i/)r(i/) 


13*47. The discontinuous integrals of Sonine and Qegenbauer. 

Several discontinuous integrals, of a more general character than the Weber- 
Schafheitlin type, have been investigated by Soninef and GegenbauerJ; some 
modifications of these integrals are of importance in physical problems. 

The first example§ which we shall take is due to Sonine, namely 


(D f 

J 0 


fO, 


( a<b ) 

(a>b) 


- j v _„ {z^-b% 

To secure convergence, a and b are taken to be positive and R(v) >R(fi)>~ 1; 
if a = 6, then we take R (v) > R (g. + 1) > 0. The number z is an unrestricted 
complex number, and the integral reduces to a case of the Weber-Schafheitlin 
integral when z is zero. 

, The integrals involved being absolutely convergent||, we see from § 0*2 (8) 
that, if c > 0, then 

1 r ® i-fl+oo i 
ZiTTt J o ./ c—ooi 


exp 


\a I m — 


t* + 2?\ 


u 


dudt 


Jyi r tJ+o 

27ritt' A+1 . 0 _ a 


u >1 ~ v ex. p 


(a 3 — 6 s ) u az *" 

2 a 2 u 


du. 


* An arithmetical error in Nicholson's work has been corrected. The result for values of R ( v) 
between 0 and \ is obtained by analytic continuation, 

t Math. Ann. xvi. (1880), p. 88 et seq. 

$ Wiener Sitzungaberichte, lxxxviii, (1884), pp. 990—1008. 

§ This formula is also investigated by Cailler, M6m. de. la Soc. de phya, dd Genbve, xxxiv. 
(1902—1906), pp. 848—849. 

|| The convergence is absolute only when II (») >R (m + 1)>0; for values of v not covered by 
this condition, the formula is to be established by analytio continuation. 
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K, (aV(<* + **)| , . ¥ ( V(a‘ 4 ¥) 

( t‘ + 2*)*” ^ “a’l * 


v — ft — 1 




When a < 6 the contour involved in the last integral may be deformed into an 
indefinitely great semicircle on the right of the imaginary axis, and the 
integral along this is zero; but, when a^b, we have to apply § 6’2 (8), and 
then we obtain the formula stated*. 

A related integral 

(2) r 

Jo. 

may be evaluated in a similar manner. 

We suppose that a and b are positive f, and that R (jx) > — 1; in evaluating 
the integral it is convenient to suppose that | arg£ | < \ir, though we may 
subsequently extend the range of values of z to |arg^|<^7r by analytic 
continuation. 

From § 6*22 (8) it' follows that the integral on the left of (2) is equal to 
| J I Jp ( bt ) £ M+1 u~ 9 ~ 1 exp j — \a [u + -~—J dudt 

b» f* ' r (a a + ¥)u azPl , 

“ 2^Jo * exp L" 2”a - ISJ du 


=| l* V(»‘ + »)), 


by § 6*22 (8); and this is the result stated. 

Now make arg s-*~± $tt. If we put z = iy t where y > 0, we find that 

[J,.„ (y ,/(«•+»*)) — {y 

a i y ) 

provided that R (v) < 1; and it is supposed that the path of integration avoids 
the singularity t=*y by an indentation above the singular point, and that 
interpretation is given to V(£ s — y 1 ) which makes the expression positive when 
t>y. 

If we had put z » - iy, we should have had the indentation below the real 
axis and the sign of i would have been changed throughout (3). 

In particular 

r J (i f \ ex P g V(^ — y 8 )} . j. _ exp fT iy V(a a +&*)} 

(4) J o /o(M) tdt ~ V(a a + 6 J ) 

where the upper or lower sign is taken according as the indentation passes 
above or below the axis of y. 

* For physical applications of this integral, see Lamb, Proc. London Math. Soe. (2) vn. (1909), 
pp. 122—141. 

f With certain limitations, a and b may be complex. 
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The last formula (with the lower sign*) has been used in physical investigations by 
Sommerfold, Ann. der Physik und Chemie, (4) xxvm. (1909), pp. 682—683 ; see also 
Bateman, Electrical and Optical Wave-Motion (Cambridge, 1915), p. 72. 

If in (1) we divide by b* and make b-*- 0, we obtain Sonine’s formula 

(5) flM «m+1 (It = ^^(+ + 1) J- . . 

' * J 0 (t 2 + z*f v 1 ^-M-1 (az)> 

provided that a>0 and R(\ v - £) > R (p) > - 1; this might have been 
established independently by the same method. 

Similarly, from (2) we have 

rK,{aw + *)} & r^ + i) . 

(6) J„ —ir + FF" * dt - K -*-' (az) > 

if a > 0 and R (pi) > - 1. 

In (5) replace v by 2v, a by 2 sin 6 and integrate from 6 = 0 to &-& r. It 
follows that 

m r J* W* + / 2 M +1 ,n - r (p + 1 ) f (2a sin 6) dO 

W Jo (f J +s 2 r TT^-^'o sin * + 'T 5 

this is valid when R(v — -J) > R (/x) > — 1. 

The integral on the right is easily expansible in powers of z\ but the only 
case of interest is when 2e = 2/4 + 3, and we then have 


( 8 ) 

so that 

(9) 


r j a yw +i*)i dt _ r (v - 1) 

Jo (P+* 8 )' ' W 


* J ’ ( “ ) (“ a - <«« = »j£, £ H„ (2*); 


vr~ l ' ' 2s , ’ +1 vV 

and these are valid if i2 (v) > J. The hist formula was established in a 
different manner (when n=l)by Struve f; and from it we deduce the important 
theorem that J, when v > \ and x >0, H„ (w) is positive. Struve’s integral is 
of considerable value in the Theory of Diffraction. 

Some variations of Sonine’s discontinuous integral are obtainable by 
multiplying by 6 M+1 and then integrating with respect to b from 0 to b. 

It is thus found that 


{*'/<*+*))* a 


0 J * +l ^ (P+ *■)*' 

= [ 21^+1 

a v b* +l Jo 


\/(a a — M*)' 
z 


V— ft — 1 


Jy-H-l [z \/(tt“ — ft 2 )} du, 


the upper limit in the last integral being b or a, whichever is the smaller. 

* My thanks are due to Professor Love for pointing out to mo the desirability of emphasizing 
the ambiguity of sign. 

+ Ann. dor Physik und Chemie, (3) xvn. (1882), pp. 1010—1011. 
t Of. § 10-45. 


W. B, IT. 


27 
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If b < a , the integral on the right seems intractable, but, when b> a, we 
put u = a sin 6 and deduce that 

(io) j # («) —* dt -5tk-^ - 

provided that R (v + 1) > JR (/*) > — 1; this is one of Sonine’s integrals. 

If we replace a by w in (1) and then take a^b and integrate with respect 
to u from a to oo after dividing by u v ~\ we find that, token z is restricted to be 
positive, 


L 


T (hA '^ p ~ 1 '^ S )l jp.4-1 J* 






a*' -1 6^ 

~~Z' 


- 1 b ** f a 
~ M_1 Jo 
2a l,_1 6* 

T (i/) s 1 '-'* 

2'* -, ' +1 a” -1 6^ f“ 


v”"'* (vz) dv 

(y + 6*)" 


r(v) 


— f f f 1 " 1 v v ~* J v -tL~ i (v2) exp {— rf 2 (« 2 + 6 2 )} 
Jo Jo 


by § 13'3 (4), and thence we see that 
( 11 ) 


f °° r /J.A ^*>-1 l 0, V(^ 2 ■ g8 )l ju+i Ji _ ct|1 ' 1 ^ jr n.„\ 

1 0 W (p + jp+t P dt- 2v _ lF ^ ( bz ), 

provided that a < b and R (v + 2) > R (fi) > - 1; the restriction that z is 
positive may now be removed. 

Formula (10), which may be written in the form 

mi f"j (ii) Jy ,g ^ ^ f- dt -r 2> "‘ r w (g£) 

where jR(i> + 2)> i2(/*)> 0 and 6>a, has been generalised in two ways by 
Gegenbauer*, by the usual methods of substituting Neumann’s integral and 
Gegenbauer’s integral (cf. § 13T) for the second Bessel function. 

The first method gives 

„ ^ m cos ( x-„) 

— 2 ft ~ 1 Tip) Jy (as) Jk( az) 

— gK+v ' 

provided that & > 2a and R {v + X 4- §) > R (fi) >0. 

* Wiener Sitzungtlerichte, Lxxxvm. (2), (1884), pp. 1002—1003. 


(13) f 

JO 


2 [h 

7T Jo JO 
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If t«r — \/(a a + o* — 

(14) — 

Jo 


2ac cos <f>), the second method gives 

&*/(&+ a*)} /„ {c ^(t 1 + ^)1 , 

( <8 + ^), 1 


(|oc) v 


rr 

'Jo Jo 


i>+i)r(£) 

_2 M_1 IV) /„ (as) /„ (car) 

& z* ~z v ’ 

if b > a + c and R (2v + §) > R (/*) > 0. 

By induction it follows that, if b > 2a, 
n [J, (a +$*)}] 


J ^ bt) shi * v W* 


(i5> r 

Jo 


J»(bt) -2- 


t»~ l dt 


r (pl) 

b* 


J v (dz)~ 

~V~j ’ 


where the product applies to n values of a, and 

R(nv + %n + $)>R(fx,)> 0. 

If the induction of the second method is used after applying the first method once, we 
find still further generalisations. 

The special case of (15) when z-*-0 is 

(16) * ” 2 ~^r^) n TFTTTil; 

Jo a (/■ a L r [ v + 1)J 

this has been pointed out by Kluyver, Proc. Section of Sot., K. Akad. van Wet. te Amster¬ 
dam, XI. (1909), pp. 749—755. 


13‘48. The problem of random flights. 

A. problem which was propounded by Pearson * (in the case of two-dimen¬ 
sional displacements) is as follows : 

“ A man starts from a point 0 and walks a distance a in a straight line ; 
he then turns through any angle whatever and walks a distance a in a second 
straight line. He repeats this process n times. 

"I require the probability that after these n stretches he is at a distance 
between r and r -f Sr from his starting point, 0.” 

The generalised form of the problem; in which the stretches may be taken 
to be unequal, say Oj, a 9 ,a„, has been solved by Kluyverf with the help of 
the discontinuous integrals which were discussed in § 13*42; and subsequently 
Rayleigh J gave the full details of the analysis of the problem (which had been 
examined somewhat briefly by Kluyver), and then obtained the solution of the 
corresponding problem for flights in three dimensions. 

If is the resultant of a x , a s ,..., (m = 1,2,..., n -1), and if 6 m is the 

* Nature, lxxh. (1905), pp. 294, 842 (see also p. 818); Drapers' Company Monarch Memoirs , 
Biometric Series, in. (1908). 

fProc. Section of Sci., K. Akad. van Wet, te Amsterdam, vm. (1906), pp. 841—850. 

%Phil. Mag. (6) xxxvn. (1919), pp. 821—847. [Scientific Papers, vi, (1920), pf>. 604—626.] 

27—2 



420 THEORY OF BESSEL FUNCTIONS [CHAP. XIII 

angle between s 1n and a m+1 , then, in the two-dimensional problem, all values of 
the angle 6 m between — nr and 7r are equally probable. 

Now let P n (r; a u a 2 , of) denote the probability that after n stretches 
the distance from the starting point shall be less than r, so that the probability 
that the distance lies between r and r -f- Sr is 


It is then evident that 


dP n (t, a lt a 3 , ..., ((ft) ^ 
dr 


P n (r , 05], q 2 , ... , ttji). — j J ••• J J d@n—i d9 n _^ ... dQ% dO x , 

where 6 1} d 3 , ..., 0 n -s assume all values between — nr and nr, while 0»~i is to 
assume only such values as make* 


s n ^r, 


for each Bet of values of 6 U 0 2 ,..., A-a* 


Now (§13*42) 


'/o ^ = {o' 


(s n < r) 

(s n >r) 


and so, if this discontinuous factor is inserted in the (n — l)-tuple integral, the 
range of values of 0 ft - x may be taken to be (- nr, nr). 

We change the order of the integrations with respect to # n -i and t, and, 
remembering that 


A — s s w + a\ x - 2$„_ 1 a n cos 0„-n 

we get • 

r j j J 1 ( ri ) Jo (s n t) dt d0 n -i = 2nr>' [ J x (rtf) J 0 (s n ~it) J 0 (ci n t) dt 

J — 7T J 0 J 0 

by § 11*41 (16). We next make the substitution 


A-1 = A—a + <A-i — 25,^2 a n _j cos 0 n -a> 

and perform the integration with respect to By repetitions of this pro¬ 
cess we deduce ultimately that 

Pn ix > j &e 1 • • •, of) = r [ J i (rtf) IT Jo ix^m 0 dt, 

Jo «t-l 

and this is Kluyver’s result. 

We shall now consider the corresponding problem for space of p dimensions. 
In this problem it is no longer the case that all values of 6 m are equally likely. 
If generalised polar coordinates (in which 9 m is regarded as a co-latitude) are 
used, the element of generalised solid angle contains 9 m only by the factor 
sin p ~* 6 m d9 m , and 9 m varies from 0 to 7r. The symmetry with respect to the 
polar axis enables us to disregard the factor depending on the longitudes. 

* It is to be remembered iliat » m is a funotion of the variables 6\, 0 fl , ..., 0 m _j. 
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If*!P n (r; (h>a*, •••, ct n \p) denotes the probability that the final distance is 
less than-r, we deduce, as before, that 

P w (r; a^Oa, ...,a»|jp) 

r(ij>-«r(t)} JJ."'io/il 
where the integration with respect to extends over the values of <9 n _i 
which make < r. 

The discontinuous factor which we now introduce is 



r*r\~J kp <,rt) .P- ( s »< r ) 

Jo Sn^- 1 (0, (s n > r) 

and then, since by § 11*41 (16), 

S in p-to^de^ = r(ip-^)r q) , 


0 

we infer that 


P.(r; a,,a..a,|p)-r {r(ij>))“- f (irt)*-'.J*(rt) ft 

Jo m=l {Kk a mtr ) 

When the displacements a X) On,a, n are all equal to a, and n is large, we may 
approximate to the value of the integral by Laplace’s* process. The important 
part of the integrand is the part for which t is small, and, for such values of t, 


exp 


(-©■ 


so that (§ 13*3) 

P n (r; a,a,...,a\p)~ f^)f o J ip (rt)exp (- dt 

This process of approximation has been carried much further by Rayleigh in 
the cases p = 2, p = 3, while Pearson has published various arithmetical tables 
connected with the problem. 


13*49. The discontinuous integrals of Gallop and Hardy. 

The integral 

r Jn{a (z + t)} J, {&(£+*)} , 

J .» lz+ty (t+ty dt 

is convergent if a and b are positive and R (p 4 - v) > — 1 ; when a = b the last 
condition must be replaced by R{p + v)> 0. 

The special case of the integral in which n—O, v = \ has been investigated by Gallop, 
Quarterly Journal , xxi. \1880), pp. 232—234; and the case in which a™ft has been 
investigated by Hardy, Proc. London Math. Soc. (2) vn. (1909), pp. 469. The integral is 
obviously to be associated with the discontinuous integrals of Weber and Schafheitlin. 

* La th4orie analytique des Probability (Paris, 1812), chapter m. The process may be 
recognised as a somewhat disguised form of the method of steepest desoents. 
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To evaluate the integral in the general case, the method discovered by 
Hardy is effective; suppose that a^b, and at first let us take R(v)> — ■£•> 
R ( jt ) > so that Poisson’s integral may be substituted for the second 
Bessel function and all the integrals which will be used are absolutely con¬ 
vergent. Write t in place of t + £, and let z—^—Z, so that the integral to be 
evaluated becomes 

j 00 {Z + 0} (bt) 

J-cc (Z+ty ' v 

■ = r(„ + J)T(i)/-» lo ” 008 ^( j - Z) 008 0]sin”' 4>d$dt 

2 (\by f® r*J (ctf) 

- 1> + |) r (I) j 0 1 0 V ‘ 008 ^ 008 0) cos 008 0)sin 8 *' <l>d<f)dt 

“ ^ro.Vft Tv T T) j „ (a * “ ^ cos ’ cos {hz 008 *> 9iD ” 

by a special case of § 13 - 4 (2). 

This integral is expressible in a simple manner only when /i = |, a case 
considered by Gallop, or when a = 6, the case considered by Hardy. 

We easily obtain Gallop’s two results 


( 1 ) 


( 2 ) 

and Hardy’s formula 

TOO 

(3 > L 


L **7$*'•<*>*-*'•< k 


COS UZ . du 


(6 <a) 

(b>a) 


J f {a (*+*)] J, {a ((+ <)} . r ( M + v) r (i> 

(*+ty (t+ty “ ro.+i)i>+i) 

2\*» r ^w {« («-£)! 


(!) 


(z - 


The reader will find it interesting to obtain (1) by integrating 

■ga^+t) 


P 


z+t 


Jq (hi) dt 


round the contour formed by the real axis and an indefinitely great semicircle above it; it 
has to be supposed that there is an indentation at —z when z is real 


The integral 




has also been considered by Gallop. To evaluate it, we observe that 

« 

t ocl _ 

Z + t** B+t’ 
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and so the integral may be written in the form 

r 0 /•» 

{—sin a(z + 0} Jo (bt)dt + sin a(z +1) J 0 (bt)dt 

J —oo J 0 

+J" 3jMg+i>j-, (lt)dt _ 2 , r■?_■ (» +a Jo 

J _ao .2 T C Jo ZtI 

r oo rar ® 

= 2 cos az sin ai Jo (&£) dt + z\ cos u(z + t)J 0 (bt) dtdu 

Jo Jo J -oo 

ra r oo 

— 2s cos w (2 + 1) J 0 (6t) dt d u 

J 0 J 0 

r oo fa r« 

= 2 cos atf sin at J 0 (&t) dt + 2z sin as sin ut J 0 (&£) dtdw. 
Jo Jo Jo 

Hence, when a > b, 

... f 00 It|sina(.z + t) r N , 2cosa^ f a ainuz , 
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2 cos 


but, when a < 6, 

(5) 


V(tt a — 6 2 ) 


/, 

r l*L“E«L*±i)/,(«)*. a 

J -00 # T t 


arc cosh alb 


sin (zb cosh 0) dd, 


13*5. Definite integrals evaluated by contour integration. 

A large number of definite integrals can be evaluated by considering 
integrals of the forms 

2^ j <f> (z) Hv {1) (az) dz, ™. J<f>(z) f S\ (bz) H „ (1 > (02) dz, 

taken round suitable contours; it is supposed that <f>(z) is an algebraic 
function, and that a is positive. 

The appropriate contours are of two types. We take the first type when 
</> (z) has no singularities except poles in the upper half-plane; the contour is 
taken to be a large semicircle above the real axis with its centre at the origin, 
together with that part pf the real axis (indented at the origin) which joins 
the ends of the semicircle. 

We take the second type when <p (z) has branch points in the upper half¬ 
plane; the contour is derived from the first type by inserting loops starting 
from and ending at the indentation, one loop passing round each branch point, 
so that the integrand has no singularity inside the contour. 

A more powerful method (cf. § 131) which is effective in evaluating 
integrals with Bessel functions under the integral sign is to substitute for the 
Bessel function one of the integrals discussed in § 6'5, and change the order of 
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the integrations; since the integrand in § 6'5 (7) is 0 (a^“ 4 ), qua function of a?, 
where $ is an arbitrarily small positive number, th© double integral usually 
converges absolutely when the original integral does so, and the interchange 
produces no theoretical difficulties. 


13*51. EankeVs integrals involving one Bessel function. 

Before Btankel investigated the more abstruse integrals which will be 
discussed in Chapter xiv, he evaluated a large class of definite integrals * by 
considering 

1 (az) , 

2t rij (z 3 - r 3 ) m+1 

taken round the first type of contour described in § 13‘5. In this integral, a 
is positive, to is a positive integer (zero included), r is a complex number with 
positive imaginary part, and 

| R (v) | < R (p) < 2m +1. 


The first inequality secures the convergence of, the integral when the radius 
of the indentation tends to zero; and (as a consequence of Jordan’s lemma) 
the second inequality ensures that the integral round the large semicircle 
tends to zero as the radius tends to infinity. 

The only singularity of the integrand inside the contour is the point r. It 
follows that 


—.r 

2 i jrtJo 


as**” 1 {HT,,* 1 * (ax) — e** 1 Ef ] (axes^)} 


2t rij (z* — r 3 ) wl+1 


(#-r 8 ) ra+1 

_ _l r* er: . jl i± r ^ B » (ar)] 

4 ml (f-r 1 )”* 1 2.mll dr*) ~ ’ wt ' 


It follows from § 362 (5) that 

(1) r[(l + «0.-'W)J-,( IM ) + i(l-e<»-'')' i ) r,(o«)] — 1<k 


(a) 8 — r a ) TO+1 
d V 


This result can be expressed in a neater form by writing r = ik, so that 
R ( k) > 0. It is thus found thatf 

(2) [cos l(p-v)Tr.J,(ax) + Bin$(p-v)'Tr.Y v (ax)} 1 ~^^ x 

**<«*»■ 


* Hankel’s work was published posthumously, Math. Ann. rax, (1875), pp. 458—461. A partial 
investigation of the integral with v=n, p=2n + 2, m=2n was given by Neumann, Theorie der 
BetseVachen Funetionen (Leipzig, 1867), p. 58. 

t The evaluation of integrals of this character which contain only one of the two Bessel 
funotions is effected in § 18*6. 
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The reader should notice the following special oases of this formula: 

(3) f {cos vi t.J v (ax) - sin vtr . Y„ (ax)) f^ 

Jo " (xP+ls*)™* 1 2 1 *. ml ’ 
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(4) 


/; 


x v+1 J v (ax)dx a m k v - m K v _ m (ak) 


The former is valid when - 2m - $ < R (v) < 1, and the latter when -1 < R (v) < 2m+f. 
For an extension of (4) to the cose when m is not an integer, see § 13'6 (2). 

The special formula 

(6) 

has been pointed out by Mehler, Math. Ann. xvm. (1881), p. 194, and Basset, Hydro¬ 
dynamics, ii. (Cambridge, 1889), p. 19; while Nioholson, Quarterly Journal, xlii. (1911), 
p. 220, has obtained another special formula 

/on f" Y 0 (ax)dx K 0 (ak) 

W Jo tf + t? = k ’ 

by a complicated transformation of repeated integrals. 

Some integrals resembling those just given may be established here, 
though it is most convenient to prove them without using Cauchy’s theorem. 

Thus, Nicholson has observed that 

f* J 0 (ax)dx 2 f 00 /’l ,r cos(aa;cos^) , 

J, -*TF- = ;)J . —+* iedx 


1 f 1-r 
~k\ o 6 


ak cob 0 fiQ 


= 2k {^°( a ^) — I, o( a ^)}» 

by § 10‘4 ( 11 ), provided that a and R (k) are both positive; so that 

* ik t 7 °( ah )“ L «Wl- 


CO 


rJoic 

Jo & 


More generally, if R (v) > — J, we have 


ri* 

e ” 

Jo 


akcoBO s i n 2 . QdQ f 


-ak cos 0 


and since, by a special form of ( 2 ), 

x * gaixcaBO fa v 

provided that R(v)<2 and a is positive, it follows that 

co v sin 91 ' 0089 


/: 


r , 7 . , . IX 2 ki~ v (\a) v 

I v (ak) Im v (ak) ~ 7rV ^ + ^ r ^ 


n: 


aP + k* 


dxdO 


ki 

7T 


r*' p J v (ax) + i‘H„ (ax) j 
t r afi + k* 

JU—y /**> 

= J 0 [(1 •+ «"*) J* (ax) +»(1 - e-) H„ (a*)] 
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t 

and so we have the formula 

dco 

(8) J [cosJv 7 r.+ sin .H?(aa)]— ^{I v (ak)—Jj v {ak)}> 

where a > 0, R (k) > 0 and - £ < R (v) < 2. The change in the order of the 
integrations presents no great theoretical difficulties. 

A somewhat similar integral is 

f°° a?K v (aw) dx 

Jo 

which converges if _K (v) > — ^ and R (a) > 0. 

If we choose h so that R ( k)> 0, we have, by § 6T6 (1), 

(2 a) v cos tm. dudoa 


f* w v K v (ax) dw I>+i) r r 
Jo + ~ r(l) Jo Jo (* + *■)(*'+<*)■** 


_irr(v + i) [* (2a) v er^ k du 

“ MT($) % Jo (u a +a 3 )>+* 


{H_ v (ak) - Y^„ (a&)}, 


4 COS V7T 

when we use § 10*41 (3). Hence, when R(v)> — ^, 

w r lH _ {Gi) _ ^ (a4)1> 


7r 


{H„ (ak) — Y v (ak)). 


and therefore, when R ( v ) < J, 

r *,(a*y d* _ 

' J Jo ri*+ k? a? 4Jfc v+ ' 1 cos vi r 

These formulae (when v = O') are due to Nicholson, and the last has also 
been given by Heaviside. 

The integral 

has been investigated by Gegenbauer*. To evaluate it, we suppose that 
R(v) > — \ a nd that a and R ( k ) are both positive; we then have 


and so 
( 11 ) 


J o w* + k? w v r (v + ^) r Q) J o J o a? + k? 


* Wiener SiUungtberichte, lixil (2), (1876), p. 849. Gegenbauer’s result is incorreot because 
he omitted to insert the term -X>, (ale ); and consequently the results which he deduced from his 
formula are also incorreot. A similar error was made by Basset, Proc. Camb. Phil. Soc. vi. (1889), 
p. 11. The correct result was given by Gubler, Zurich Vierteljahrisckrtft, xLvn. (1902), 
pp. 432—424. 
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The condition R (v) > — ^ may now be replaced by the less stringent 
condition R (v) > — by analytic continuation. 


An integral which may be evaluated in the form of a series by this method is 


/; 


(bx)x^dx 
sinh ^x vK ° X)X 


which is a generalisation of Neumann’s integral described in § 13-2; it is supposed that 


|.R(a) | +1 i(6) |< »r and R{y)> -1. 

Bytokin s 

round the contour used in this section, we find that the definite integral is id times the 
sum of the residues of 

sinh aa „ 

—r —HJD (bz)z v + ' 
smh irz ' 1 

at the points i, 2i, 3i, .... It follows that 


f 00 sinh cub 9 ^ 

( 12 ) 2 (-)»- 1 n*'+isinwa.ir v (w 6 ). 

J o sinn 7 r ncai 

The series converges rapidly if b is at all large. 

An integral expressible as a similar series was investigated by Riemann, Ann. der Phyeilc 
und Chmiie, (2) xcv. (1855), pp. 132—135. 


13*52. The generalisation of HankeVs integral. 

Let us next consider the integral 

1 (az) dz 

27 ri J ( z s + k 

This differs from Hankel’s integral in containing the (complex) number p. 
in place of the integer m. The conditions for convergence (with the second 
type of contour specified in § 13*5) are* 

a > 0 , \R(v)\<R(p)<2R(fi) + l. 


The contour is chosen with a loop to exclude the point iJc, as shewn in 
Fig. 31, and then there are no poles inside the contour; and the integral round 
the large semicircle tends to zero as the radius tends to infinity. Hence 


1 

27T4 


(ax) — (cwje**)] 


af-'das 

(x' i +k? t ) fl+1 


1 r(Qw (az) dz 
frrnJo (zt + k?)^ 1 


1 r«*+) sp-'dz 
ZiriJo (z* + k?y +1 




k'-t-iTQp) 

TQp-p,)r(ji+iy 


As in § 18*51, we take R(k)>0. 
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Hence, when we expand („) in ascending powers of a, we fcrd that 

Jo [(l + e (p v (gg.'j ^ _ gtp-p-a^)^ -pr ^ .i x p ~ l da 

. wJH-ww w (^ + ^) p+1 

_T (ip + 4- m). (kak) am 


(faY &+>-*-* | - - >„ ■ -a- . lv . v|w r - 

m=0 m! I >+^rKl) r(5+P- fMTm) 

£SjP ~fa + nh ). ( 4 aM 2m ~| 

)J ' 


sin j>7r. r(/z + 1) 

- (^a)-*' A-pJ a ^)2m 

X p ~ l dcc 

* x ~ r~j " • -£ » i fi.'/; 11 — 

7r& p-2 ** -2 


and therefore 
/»00 

(1) J o foo».ftp-ji.- M )i r v,( a i, ) + ahl( ^_^_ aW g >-<fe 

7rkP-^-2 JJ (a?+k*y+i 

2sinV7T. r(ytt+ 1) 

fT^XtTTO^ 1 ^- Wei*’. ? + " a*^ 



« 4 le CeT^rilut"? ^ * ** ^ -*** <*»*»■ 

-thod of evainating it is the me thod 

of Bessel functions instead of a single R ’ 6 ^ C ® pt t , hat the y contain a product 

^=-f^%(bz)S^S2^£ 

in whi h > ^ 7ri ^ » 

positive i.agina^'^ - 

l-BWI + |JJ(p)|<iJ 0 , )<2m + 4 

* Ann. vm, (1875), pp. 461-407. 
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[When is a Bessel function of the first kind, | R (fi) j may be replaced by —R(p) in 
this inequality.] 

When a — b, the presence of a non-oscillatory term* in the asymptotic ex¬ 
pansion of the integrand shews that we must replace 2m + 4 by 2 m + 3 in the 
inequality in order to make the integral, when taken round a large semicircle 
above the real axis, tend to zero as the radius tehds to infinity. 

The contour to be taken is that of § 13-52; and if we proceed in the 
manner of that section, we find that 


( 1 ) 2 hiio [K(bx)H ' m (««")] 

= 2 m+1 . m ! {rdrj ^ **&*■&') («*’)]■ 

Numerous special cases of this result are given by Hankel. 

It must be pointed out that, when. p=2»i+3 and a = b, the integral round the large 
semicircle tends to a non-zero limit as the radius tends to infinity; and, if 


(as) 3 C\ II^ (as) + c 2 (as), 


we then obtain the new formula 


(2) ~ f [# (ax) II „(») (ax) + (axe™) HJJ) (axe'*)] 
zm Jn 

-ss4^r, («.)’ [<**♦'% <«•> w" (“-a-— 


x im + % dx 
c 2 ei ^~ v ' ) wi 


The particular case of (1) in which p = 2, m = 0 and ^ is a Bessel function 
of the first kind deserves special mention; it is 

(3) I Jp (bx) [cos it (p — v) it . J v (ax) + sin \(p — v) ir . Y v (ax)] --—■- 
Jo x J — v 

= ^7rie^ {y ~rt H J^ (hr) H v w (ai'), 

provided that a^b> 0 and 11 (p) > \ R (v) | — 2. 

If we take p — v and R(v)> — 1, we see that 


(4) 


J t 


J v (atv) J v (bx) 


xdw 
x l — ? a 


\’rriJ v (6r) H} 1) (ar), 
\iriJ v (ar) H v w (br), 


according as a 5 6. 

The existence of the discontinuity in the expression for this integral was 
pointed out by Hankel. 

If we modify formula (3) we see that, if a ^ b > 0 and R (k) > 0, then 


(5) [ ai X n (^®) [cos k(p — v) ,ir .J v (ax) + sin ^ (p — v) xr . F<, (ax)] dx 

J (j x a + Ic 

— I M (bk) K v (elk). 

* Since II^M ( az) I/** 1 * ( az) m when | z | Is large. 



430 THSOBT OF BESSEL FUNCTION'S [CHAP. Xm 

More generally, taking equation (1) with m - 0 and % = J we have 

(&■) ,, • 
Jo a? + k* [ C0& ^ p+ P- v )”' J *(™) + ^h(p+fi~v)Tr.y,(cM)]d(v 

~ -1(L{bk) K v (ak) kf>-\ 

«- IMtansTim, ' ' “**“ 
(7) I™ &IL W «£> (ca) r 

Jo + # l - 00S ^^ + / A ) ,7rt7 *'( a ®) + sini(p + /4)7rF v (aa;)]rfa; 

_ . — — Iy. ( bk) Iy ( ck) Ky (ak) 

etinrieT 7 be repeated " 0ften as We P lease ; «d we and that, if 

/o\ [• af-'J^bx ) # 

V> i 0 + ^ ^^(Ob^Cqos £ {p + p + (N-l) v }Tr.Jy(ax) 

+ 8 in£{p + /* + (iV-l) J ,} 7r . Y v (aw)]dtc 

JV 

A , . =-4Wn I,(c n k).K v (aJc).h>-*. 

Again, by considering w==1 

1 f zP -1 

27ri J ^ 4 -^ ^ (^)] -®p (1) («f) dz 

roqnd the contour previously used, where both 6 and „ differ in the di!W„t 
factors of the product, we obtain the slightly more general result 

C« gjp—i 

^ Jo ■ t C0S Hp + 'Zfl~v)’7T.Jy (acc) 

A ^ ^Up + 'Zp.-v) 7T. F„ (a*)] d® ^ - [n 4 (bk)] Ky (ak) hr* 

provided that a > 21 R (b )} and R {p + 2 (^j > | JR ( v ) |. 

of I'gfcix. r^utsivr^ 1 on ? he ieft “ voive8 

of the ffrst kind of this type of functions 

necessity for this restriction^. § liffl). ^ genbauer - Tho overlooked the 

An extension of Henkel's results is obtained by considering 

sL/ViiMf+P)! zr.«(o») , 

4 27n J (z* + £»)*M (^ZT ^m+i ** 

round the contour, where a » 6 > 0, m is a positive integer, and 

I -R (v) | < i2 (p) < 2m + 4 + i2 (u). 

It follows that 

A r «*-* J", {M«*+ {*«•._ 

ZmJ o (®> - r>)”+‘ — + (a®) - e>*<U,’» («=<)) dw 


5^5 - ( 4 -Y“ L-* rr „ , .'1 

2 ,ft+1 ml \rdrj [_ (?j + £ 2 ^ HI, 
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and, in particular, 

^ ^ Jo o a + ^ a (aJ 3 +r')^ J ^ ax ) dx - lc*)^ k *( a ^ # 

a result obtained in a much more elaborate manner by Sonine, Math. Ann. 
xvi. (1880), pp. 56—60. 

13*54 Generalisations of Nicholson's integral. 

An' interesting consequence of Mehler’s integral of § 13*51 (5) is due to 
Nicholson*, namely that, when a and k are positive, 

« \fwr^r K ' (ak)J ‘ {ah) - 

The method by which this result is obtained is as follows: 

K, ( ak ) J, (ak)=T PMapJ,(ak) d 

JO p- + AT 

= tt Jo Jo ^ + ** “ 2pk C0S d $ d P‘ 

This repeated integral may be regarded as an absolutely convergent double 
integral, since the integrand is 0 (p~ s ) when p is large. Now make a change 
of origin of the polar coordinates by writing 

p cos <j b = k + r cos 9, p sin (f> = r sin 9, 

and we have 

Ko(ak)J,(ak) = J [” [* y 11 * _ J„(ar) rdr 

7 r Jo J o f + 2 kr cos 9 + 2k* J 0 v(r* + 4 k*j' 

and this is the result to be .established. 

To generalise the result consider 

f z p ~ l H v m (az)dz 

J 

taken round the contour shewn in Fig. 32. 



It is supposed that a is positive, and, to ensure convergence, 
\R(v)\< R(p)< 4 R(p.) + 4f. 

* Quarterly Journal, xlii. (1911), p. 224. 
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It is also supposed that | arg k | < ^tt, and the loops in the contour surround 
the points 

& ri k*J2, e s,rf &y2. 

# 

By analysis resembling that of § 13*52, the reader will find that 

f AjP*l /Trt* 

(2) J o [cos Qp - fry - 2p) nr . J v (aat) + sin ftp - v - 2 /*) tt . 7, (ax)] ~ ~ 

tt (fc y2y-^-* f £ (akf^/2) v+2m f 1 ftp + -f ^-m) p+ v— 4/2+2w 

2 sin V7r.r(^+i) l_w=o m\r(y+m+i)T(%p+.\v— /i+^m) cos 4 1T 

™ 5 ( a k/*/%)~ v+Bm r ftp — jv + %m) p- v — 4s/x +2m 1 

ffi =«m!r(- v+m + l)rftp — \v — p. + iw) C0S 4 J ' 

If the series on the right are compared with those given in § 5*41, it is seen 
that the former is expressible as a product of Bessel functions ifp — 2 = v=p.4ft 
or if p — 4 = v — (i + while the latter is so expressible ii p —2 = — v = p + \ 
orifp — 4 = — v = p, + £. 

The corresponding integral which contains a single Bessel function will be 
considered in § 13*6. 


13*55. 8mines integrals. 

A number of definite integrals, of which special forms were given by 
Sonine, Math. Arm. xvi. (1880), pp. 63—66, can be evaluated by the method 
of contour integration. 

The most general contour integral to be taken is 
1 r fiUz+t) 

ah . 

round a contour consisting of the parts of the circles 

1*1 = 8 , |*| = R, 

terminated by the lines arg (—*) = + ir, and the lines which join the extremities 
of these circular arcs*. 


It is supposed that m is an integer and k is not a negative real number. 
The^integral round | * | = 8 tends to zero as 8-*-0, provided that R(p)>\R(v)\, 
and the integral round | * | = R tends to zero as R -*■ oo, provided that 


R(p)<m + f. 

By Cauchy’s theorem we have 

e i(z+*) 


S3 J 


Of. Modem Analysis, § 6*2; or § 7*4 supra. 
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13*55] 


and thus we have 

/_ oik Jm 

« 4 f 

J /•« gt(a:+fci ^-1 

= 2S J 0 (« + *)"+* I®”'' 5 ’'"' (“"‘l _ (*«''*)] 

1 foo fl i(as+*> a *-l 


( -— IV* (®) ( 8 ^ n (p + v) tt + 2i COS J/7T COS p7r} 

+ i Y v (x) sin (/> — v) n r] rfa?. 

In particular, taking m = 0, we get 


( 2 ) = 


1 r « g»( a ’+*> af 1 


tt I a + AT ^ ^ (P + *0 7r + 2i cos P7r cos p7r} 

+ i Y v (x) sin (p — j/) 7r] dx. 


If we consider the integral 

' g—Hi+k) 


we find that 


1 r o-iv+k) 

sJV+ Tfe(-‘W(-*)«fe, 


(3) kp-'H v n(k) = - [ 

7r I 


1 f“ g—»(*+*) 1 


[«/„ (a;) (sin (p + v) 7r — 2i cos i/tt cos p7r) 
— tF,, (x) sin (p — v) 7r] dx. 


7r J o ^ + k 

If we take p - 1, v — 0, we get 
/a\ t n\ 2 f “ sin (x + k) T , 

/ K \ v /n 2 f” cos (a; + k) r . s , 

(5) *«--Sj 0 • / ° W *' 

The last two results are due to Sonine*. 

More generally, taking p == v + 1 and — | < jK (i>) < we get 
1 r<*> /»±i(*+t) v v aim 

(6) - I . - J v (x) dx = + sp-A” {/„ (A) ± iY v (A.-)}, 

TT ./■(> .r + « 2'4COSI/7T 

a result also due to Sonine. 


tj -x- cos (x + k) 1 f 1 • ,, . ;\7. 

By writing „ + yt - “ ^ -]„ *'» t (* + *)*. 

and using the formulae (6) and (7) of § 13’42, Sonine deduced from (5) that 

(7) Y,(. it) = - 2 - [“ J- (X j (iir + - f ,r sin (i- cos 0) tiff, 
and hence from §§ 3’5(3(2), 9'11 (2), 

(8) Y n (k) = -~ I O n (x + /c)J 0 (x)dx + 2 - f* sin(A-cos 6mr) cos nBdO. 

IT J o 7T .1 o 

* See also Lercli, Monatshefte fUr Math, uhd Phys. i, (1890), pp. 105—112. 


W. B. F. 
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18-6. A new method* of evaluating definite integrals. 

B D0W e J aluato ™ rious integrals by substituting for the 

fonatlon > und f‘he integral sign, the definite integral of § 65 and 
reversing the order of the integrations. 3 ' 

As a first example consider the integral of Hankel's type 

[‘ *-*M <*>) , 

Jo (td + fry*' “*> 

in which it is at first supposed that 

S(n)>0, R(2g. + 2)>S(p + n)>0; 

and a I8 a real (positive) number, in order that the integral may converge. 
The integral is equal tof 


_L f" ["* £0- *) , , i /•*» r/_„\ 

2«J„ J.. ir(„+s+i) l?+TrB-* (fa -isL l r^7^ 


D 


(^<x) I ' +2s . ^^+>'+^-84-3 ^ (jp ~h + r (/A 4- 1 — — \v — , 

£ rfa +1) --- *• 

poleTon^the^rivht'of nf ^ ^ the °° Dto ” 80 « to enclose the 

poles on the nght of the contour) we find that 

m f°° aP ~ 1 J n (cue) da 
. o (a* + fay 1 * 1 

= „ a a h 8 \ 

2 r (m + 1)r(„ +1) ■ ljPa l—2— * —2 —m, v + ij-v-j 

, o' p+ *^ra»+i/.- a -n / 

+ ^^V(r + 2 +iv -yyJ,(t‘ + l;g + 2 + ^,p + <i- v -+!L. ! 2 *). 

i T n tUVt lrr the right " re “ to Unctions 

” ± “ ,rCUm8tance8 ’ the former if , - , + 2 or p = , + + 2 , the latter 

By the principle of analytic continuation (1) is valid when 

-R(v)< R(p)< 2R(fi) + 

In particular, taking p=v+2, we find that 


( 2 ) 


f" a ? +1 J v {ax)dx 

Jo (a? s +jfc*y t+1 2f*r(^i+1)( a ^)» 


.jlraula obtained b7 a “°“ Ier m0th0d by S ° ni “> Matk - A~t XVI. (1880), p. 60, it is 

-i <£(,/) <2ieo*) + §. 

A/"a *A^(ia96)^p. 0 288] f ta^sheroed 1 ^ ^ 28 V*** ^ «• *«•■"«» *' 


•f 23 * 4 W_aoi «r(* + l) ’ 


but no other use has been made of the. method. 

t The change of the order of the integrations may be justified without difficulty. 
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A formula of some interest is obtained by making p = 1, — — the 

hypergeometric functions then reducing to squares or products of Bessel 
functions; and another such formula is found by making p = 1 — v, fi=*v — 

It is thus deduced that (cf. § 5*41) 


(3) 




provided that R (?) > — 1; and that 

« II - - < f|rrif L) <*“*> K - <*«*>■ 

provided that R (v) > — |. 

Next consider 


/; 


af~ l J v (ax) dx 


_ 17 r(k V2 y-4n-* 

sin(^p + \v — 2/a) 7T r (/4 + I) 


' 0 (a,* 4 + 4ArT +1 

in which a > 0 and | arg k | < \tt. It is first to be supposed that 
R(v)>0 , JR (4/a + 4) > R (p 4- v) > 0. 

The integral is equal to 

j_ r r 4 r(-« ) (ior , , 

Sin-Jo J —mi r(v + 8 + l) (x 4 + 4k , y +1 

STrtJ-ooi f(v+s + i)ro* + i) 

X (lo) v ^ (k V2 y+*+*-+-* ^ 
v (akf*J2y +m r (i p + ]■ y + jm) 

^ 0 m! r(v*h/u + I) l^ip + iv-p + ^a) 
x cos (£/> + £ v — p, + £m) 7r 

, _ (~) m (q^/V2)^ +4 -? +4OT r(/x + w + 1) _“ 

lowi! r (2 ft — |p + |v + 2m-f 3) T (2 /a — §p — + 2 m + 3)_ 

This expansion is a representation of the integral when the conditions to be 
laid on /a, v and p are 

4 R (/a) 4 -ty> R (p) > — R (v). 

Now take the cases in which the first series reduces to a product of Bessel 
functions, namely 

p-2 = v = /A + ! or p — 4 = v = /a+J. 

By § 5*41 we then obtain the formulae 

x v+1 J v (ax) dx (£»)” V 73 " 


+ 


(5) 


( 6 ) 


/o (as 4 + 4Ar‘) ,,+ A (2 k)" v V (v + £) 
J” x v+s J„ (ax) dx {ha) v */ir 


J v (ak) K v (ak), 

Jv—i (ak) Ry —i (ak). 


o (t#+4sfry+* 2.(2fc) 8, '- a r(v+4) 

The former of these is valid when R (v) > — the latter when R (v) > £, and, 
in both, a > 0 and j arg k | < | ir. 


*28-2 
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Finally, as an example suggested by § 13*55, we shall consider 

f ® J„(ax)dx 

J o (x + kf +1 5 


in which a > 0 and ] arg k j < ir. It is first to be supposed that 


R(v)> 0, R(fi + l)>R(p + v)>0. 


The integral is equal to 

i r f*‘ r(-») 

2wijo J _«>< r(v 4-s + l) (aj + &) a+1 


1 

2tti 



r(-a)r(p + »> + 2s)r(^ + l-p~y-2g) /1 „\v+38 
r( y +a+i)r(p+i) ^ 


_ TTfr-*- 1 F | (~) w ($ ak) v +awt r (p + 1 / + 2m) 

sin (p + v — f) tt . r (fi +1) |_ m= o wi 1 r(v4-OT + l)r(p4-y-/U’ + 2m) 

“ (j r q/;> t+1 ~P' Hw F (p, + m -j-1) sin -|(p + v — p. — m) tt ~1 

m =0 wt'l r (|j£i + + F (|p — &V — \p + \'M' + |)J 


The first series reduces to J v (ak) when p = 0, and the second serieB is then 
expressible by Lommel’s functions (cf. § 10 -l 7). In particular we have 

r //.Mt _ _^L_ [H (o4) _y (at)] 
w Jo « + & 2 cosvtt l v 7 v 

provided that — | < i2 (v) < $. 

The reader will find that a large number of the integrals discussed in this 
chapter may be evaluated by this method. 


13*61. Integrals involving products of Bessel functions. 

If an integral involves the product of two Bessel functions of the same 
argument (but not necessarily of the same order), it is likely that the integral 
is capable of being evaluated either by replacing the product by Neumann's. 
integral (§ 5*43) and using the method just described, or else by replacing the 
product (x) J v ( x) by 

1 f coi V(-8)V(fi+v + 2s + l)(^xY +v+3s , 

2 7riJ _ ooi F (p + 8 + 1) r (y + s 1) F (p +• v + s + 1) 

in which the poles of T (— s ) are on the right of the contour while those of 
r(p-bi> + 2s+l) are on the left; this expression is easily derived from §5*41 
by using the method of obtaining § 6*5. 

The reader may find it interesting to evaluate 

/ ’ °° 1 (ax) J v (ax) dx 

by these methods. The result is a combination of two functions of the type sF 4) and the- 
final element in each function is cfifc 1 . 



13*61] INFINITE INTEGRALS 

Another integral formula, obtainable by replacing J v (b/x) by an integral, is 

/•« p-i 

(1) I x Jjj. (ax) J„ (bjx) dx 

--- i ’ r -(ie±fe=fe)- (v+i, 1„ i+jp+i. 
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2v ~ p+1 r (v+i) r (iiM+fr -4P+1) 


« 2 6 a 

“16 


) 


+ ; 


Qv-^n-hp) w ( p-p+p p+p+p a 2 6 2 \ 

+ir(u+i)r(U + i, + i P +l)' * * ’ ~T- + i- 2 +1 ’ 167 


2 2 ^ + ' >+ l r 0x + l) r (4/i + Jj/+4p + l)' ° 

This is valid when a and b are positive and 

- R (n+ ij) < R (p) < R ( v +f). 

The general formula was given by Hanumanta Rao, Messenger, xlvii. (1918), pp. 134— 
137; special oases had been given previously by Cailler, Minx, de la Soc. de Phys. de Oenbve, 
xxxiv. (1902—1905), p. 352; Bateman, Trans. Camb. Phil. Soc. xxr. (1912), pp. 185, 186; 
and Hardy, who discussed the case of functions of orders ± (see § 0-23). 


An interesting example of an integral* which contains a product is 


lim 

& *»-4'0 


dx 


r oo . dl 

ex-p (— fta?) J v (x) J(x) ~ 
, s ® 


XT 

sin vrr 


+ 4t tv (l-“ 7) ^ + 2 lo £ ~ f ( v + 1) ~ ^ (2 - *0} 
which may be written in the form 
f 00 , „ ( _ . . r / \ J « sin i/7t ) dx 

j 0 WvJ T ^v ) ) !? 


sin vn t 


+ 4.TTV (f-7) (2) - f (v + 1) -1 (2 - V) - 2 log 2p}. 


It is easily proved that 


f 

J o 


’ , „ f r , . r , \ .Vasili vtt) dx 

exp U, (*) J,„ (*)-;„ (1 _ 4 ,,i 


J_ r(-x) r ( 2» + 2).(H“-' d3ib . 

8 min Ji-„, 1H P ' I> + « + 1) r(2 - 1 / +*) r(« + 2) " 

= j_ _ r(-»>r(2» + 2) 

STTl'Jj-ooi «(« + I) !> + *+ 1) V{'l — V 
(2n + l>! (2p)"“ 


ds 

+ *) (2pf 


_1 V 


4 «=i w • (w + 1) 1 r (y + n 1) I 1 (2 — v + n) ’ 
and this series is an integral function of I/p. 

To obtain an asymptotic representation of the integral, valid when | p | is 
small and | argp |< r, we observe that the last integrand has double poles 
at 0 and — 1, and simple poles at — $, — 2, - §, — 3, .... 


* This integral was brought to my notice by Mr 0. G. Darwin, who enoountered it in a 
problem of Diffusion of Salts in a circular oylinder of liquid. 
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Hence we find 

r (— 5 ) r ( 2 s+ 2 ) dg 


[chap, xrct 


1 ri+*i 
^TriJl-aci 


i-cci 8 (s + 1) r (v + s + 1) r (2 - V + s) (2 p) 
sin vir 


i&s 


BIU VTT . 

4 irv (1 -~Z) W ( 2 )~ ^ O' +1) - ^ (2 - v) - 2 log 2p] {1 + 2 u (1 - v) p a } 


and so 


(1 — 2v) sin vir - 

'2w(i_„) ^ + „f s a».(»-2)r(» + i_i B )r"(2-t 


. {n — 2) 1 


(2) lim 
a-*-+o 


f exp (-p‘w‘)S,( lc )j- l _ y ( a .)d? 

-* * or 

sin 2>7r -1 

+ f 1 + 2 lo g **•~ + (»■+ !)■- + (2 - v)J 

sin vir , , ... ,, _ . . 

2^ 1^(2)-^ (y + l)-^(2~z;)~21og2pU»- iLzM!lE^ y ) 8 

27rv(l —v) 


+ 2 




«=3 2?? (n - 2jY(v + i - £ti) l 1 (2 - i/ - In). ( 7fc _ 2 )! * 
In the special case v = 0, we find that 

( 3) lira + I* exp 


~-£i> a + s 


f f (m + -f)} 3 (2jp) !Wt+3 


M= o vr 3 (2m + 1)=> (2m + 3). (2w + 1)!' 
13-7. Integral representations of products of Bessel functions. 

,, 7 “'°“ « e g™^u e r-s formula of § 1141 (16) an interesting result is obtain- 

th^reLrofTfl^sTf ^ r°‘ i0n *° te ° f the fir8t tind and substituting 
the result of § 6 2 (8) for the funotion under the integral sign. 

This procedure gives 

w(>+j)r(i 

= 2S I’ CZ sin ’^ • *-“■ e *P {»« - £!±il^225ij dtd ^ 

and if we change the order of the integrations, we find that 

(1 > 

T Uit is . pr ° ved " hen * W > - i and \,\< \Z\; but the former restriction 
may obviously be replaced by R („) > - 1 , and the latter may be removed on 

“ymaHn^H^r ' ^ 56—16 *° p ™ eed * the 



INFINITE INTEGRALS 


439 


13*7,13-71] 


By using the results of § 6*21 (4) and (5), 

(2) JT,U(Z)S,(t) = LJ" + ‘°'exp{it- 

(3) 

provided that R (v) > — 1 and | z j < | Z |. 


we find in the same way that 
Z % + z 2 } (zZ\ dt 

2 1 j "U ) t’ 

- Z 1 + z l\ j ( zZ \ d l 
' 2t j‘M t) t * 


The formula (1) was obtained by Macdonald, Proc. London Math. Sot. xxxir. (1900), 
pp. 152—155, frpm the theory of linear differential equations, and he deduced Gegenbauer’s 
integral by reversing the stops of the analysis which we have given. The formulae (2) and 
(3) were given by Macdonald, though they are also to be found in a modified form in 
Sonine’s memoir, Math. Ann. xvi. (1880), p. Gl. 

A further modification of the integrals on the right in (2) and (3) was given by Sonine, 
the object of the change being to remove the exponential functions. 

For physical applications of these integrals, see Macdonald, Proc. London Math. Soc. 
(2) xiv. (1915), pp. 410—427. 


13*71. The expression of K v ( Z) K v {z) as an integral. 

We shall next obtain a formula, due to Macdonald*, which represents the 
product K V (Z)K v (z) as an integral involving a single function of the type 
K v , namely 

(1) K.(Z)K.O) = \ 


f 

Jo 


exp 


Z° + z* 

" 2v 


JC 


'Zz\ dv 
\ 0 ) v 


This formula is valid for all values of v when 


| arg Z | < 7T, | arg z | < tt and | urg (Z + z) j < £ tt ; 


but it is convenient to prove it when Z, z have positive values A', tt:, and 
to extend it by the theory of analytic continuation; the formula, which is 
obviously to be associated with § 11*41 (16), is of some importance in dealing 
with the zeros of functions of the type K v (z). It is possible to prove the formula 
without the rather elaborate transformations used in proving’§ 1.1*41. (10); 
the following proof, which differs from Macdonald’s, is on the lines of § 2*6. 

By §0*22(7) we have 


K v ( X) K v (x) = 



e —*((+«)- A* cosh f-arcoshu did-It 


A'cosh(3T4- U)—xvmh(T- U) dUdT. 


If (Xe T + xe~ T ) e u be taken ms a new variable v, in the integral 



Q - X cush (7M- CT) - Z cosh ( T- U) flU, 


Proc. London Math. Soc. xxx. (1899), pp. 1(59—171. 
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, r f 1 f , X s + a^ + 2Xa3COsh 2Z , |"] dv 

rt becomes, J„ “P ["M---}J 7 . 

.and so we have 

K v (X)K v (x) = \f £ e -*r-(z+)o o^exp ^dT, 

and, on performing the integration with respect to T, we at once obtain 
Macdonald’s theorem when the variables X and x are positive. 

13*72. Nicholson's integral representations of products. 

We shall now discuss a series of integral representations of Bessel functions 
which are to be associated with Neumann’s integral of § 5 ’4:3. 

The formulae of this type have been developed by Nicholson*, and the 
two which are most easily proved are 

(1) {z)K v (z) — 2 f Kp+v (2 z cosh t) cosh (p — v)t dt 

Jo 

= 2 (2 z cosh t ) cosh (p + v ) t dt, 

Jo 

when | arg z | < £tt, while p and v are unrestricted. 

To obtain these formulae we use § 6’22 (5) which shews that 
1 f" f 30 

Kn 00 K v (z) = - I e~ z < cosh *+«»*«) cosh pt cosh vu dtdu. 

The repeated integral is absolutely convergent, and it may be regarded as a 
double integral. In the double integral make the transformation 

t + u = 2T, t — u = 2U, 

and it is apparent that 

X* (*) K, (*) = lf « _2i500sh Too * b u cosh p (T+ U) cosh v(T-U)dTd U. 

But 2 cosh p (T -f U) cosh v(T— U) 

— cosh (p+ v)T cosh {p — v)U+ cosh (p - v) T cosh (p + i>) U 
+ sinh ( p + v)T sinh (p - v) U + sinh ( p — v)T sinh ( p + v) U. 

The integrals corresponding to the last two of these four terms obviously 
vanish; and, if we interchange the parametric variables T and U in the integral 
corresponding to the second of the four terms, we obtain the formula 

AGO A CO 

(*) K v (z) = g I ~ * j ~ e - 2 *oo»hroo 8 h u cosh ( fl + v )T cosh ( p-v)UdTdU . 

If we integrate with respect to U we obtain the first form of (1), and if we 
integrate with respect to T we obtain the second'form of (1). 

* Quarterly Journal, xlii. (1911), pp. 220—223. 
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(2) I h (z ) I v (z) — - f I^ +v (2z cos 9) cos (fi-v) Odd, 

7T J o 

which is valid when R(/j,+ v) exceeds —1, is at once deducible from Neu¬ 
mann’s formula. 


If we take p = 0 and change the sign of v, we find that 
(3) I 0 (z) K v {z)-~ I K v (2z cos 0) cos v0 dd. 

7T o 


More generally, if we take /n = — m and then replace g, and v by m and — v, 
we find that, if j R (v — to) j < 1, then 

(4) I m (z) K„ (z) = —- K v - m (2z cos 0) cos (to +v) 0 dd. 

7T ./ o 


If we combine (3) with § 6‘16 (1) we find that 

fi* f°° (4 z) v cos (u cos 0) cos v9 

Jo Jo co 


rMrM _2r(F+D 

I 0 (z)K v (z) ^ r ^ 


cos 1 ' 0 (u* -f 4.z‘ J ) v+ b 

provided that — £< R (v) < 1; and in particular 


dud0 , 


w-/; 

a result of which a more general form has been given in § 13‘6, formula (3). 


13'73. Nicholson’s integral* for J v - (z) 4- Y* ( z). 

The integral, corresponding to those just discussed, which represents 
Jj > (z) + Y v -(z) is difficult to establish rigorously. It is first necessary to 
assume that the argument is positive (=&), and it is also necessary to appeal 
to Hardy’s theory of generalised integrals, or some such principle, in the course 
of the proof. 

Take the formula (§ G‘2l) 

I r « +wf 

H® (as) = — ; e? Binh W ~ PW dw. 

TTl J - oo 

From the manner in which the integrand tends to zero as jw>j-*-oo on 
the contour, it is clear that when an exponential factor exp (— Xw"} is inserted, 
the resulting integral converges uniformly with regard to X, and so it is a 
continuous function of X. Hence f 

1 fio+ffi 

Hf) (w) = Urn —. exp {— Xw' 1 ] t^ 8inhw “ ,,iy dw. 

7Tt — oo 

w Phil. Mag. (6) xix. (1910), p. 234; Quarterly Journal, xlxi. (1911), p. 221. 

t Hardy, Quarterly Journal, xxxv. (1904), pp. 22—66; Trans. Camb. Phil. Hoc. xxr. (1912), 
pp. 1 — 48. In this integral (as distinguished from those which follow) the sign lim is commuta¬ 
tive with the integral sign. 
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By Cauchy’s theorem, the contour may be deformed into the line* 
I (w) — r, so long as X has an assigned positive value; writing t -f for w, 
we get 

g—Jvirt r» 

(x) — lim —— I exp {— X (t + e ixcoaht ~ vt dt 

\-*-+o yn J -w 

a —iwi r 00 

--—-G e iX0Mht ~ vt dt, 

TTl J _® 

in Hardy’s notation. In like manner 

gjvir i r 00 

J5T„W (x)= - -G e -ixc°ah «-.« 

iri J _oo 

with an implied exponential factor exp {— X(u — \ynf). 

Since the requisite convergence conditions are fulfilled when X>0,we may 
regard the product of the two integrals 

| e 1 (t)e ixooaJlt - vt dt x j e a (u)e- i!BC03hM - w du f 

J - CO J -00 

(in which ^ (t) and e z (u) stand for the exponential factors) as a double 
integral 

| | (t) e a (w) <-co8h«)-i-«+ti) (dtdu). 

J -00 J — 00 

We thus find that 

tt'HM (x) jET„ ( s) (as) = <? P° [" fl**(OOlh«- 00 «hM)-Ftf+ 1 ») (dtrf u ) ) 

J —00 J -00 

with the implied exponential factor 


exp (— X (t + ^ 7 rt ) 3 — X(u — ^ 7 ri) 2 }. 

Make the substitution t + u = 2 T, t — u = 2U and then 

i7rM^ 3 (*) + ^ 2 («)} = G t r f" ^^TBinhU-toTtfTdU), 

J — 00 J — 00 

with an implied exponential factor 


exp {— 2 XT 3 — 2\(U+ \7riy}. 


In view of the absolute convergence of the integral, it may be replaced by 
the repeated integral in which the integration with respect to U is performed 
first, so that 

{’/„ 2 (a?) + Y* (a;)} = G 


a 00 

-to 


g2ir sinh Tsinh U-2vT 


n oo 

g- 2 ixsmh Tain\iU+2vT fljJJd'P 

— 00 

with an implied exponential factor in each case equal to 


exp {- 2A,T a - 2\ ( U 4- $7rt) a }. 
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We first consider the integral 

f exp {-2 \(U+lirif] e 8 *® 8inh T sinh v dXJ, 
in which T is positive. 

When T is positive, the 17-path of integration may be deformed into the 
contour I (JJ) = \nr ; if we then write U=v + where v is real, the integral 
becomes 

j exp {- 2X (v -t- 7ri*) a ] e- a * Hinh Tcoahv dv 

= 2 exp (2X.7 t s ) j exp (— 2Xu a ) cos 47rXv ,e~ 2x 8inh T00811 v dv 

= 2exp(2X.Tr 2 ) rcoBhv 

-'o 

— 2 exp (2X , 7r 2 ) f {1 — exp (— 2Xv a ) cos 47rXtd e~ ix sinh T00811 v dv. 

J o 

To approximate to the latter integral when X is small, we use the 
inequalities 

0^1— exp (— 2Xv 2 ) cos 47 tXv 

= 1 — exp (— 2Xv a ) + 2 exp (— 2Xv a ) sin 2 27 r\v 2Xu a + 87 r 2 X 2 i> 2 , 
so that, for some value of 8 between 0 and 1, 


"CO 

exp {- 2X (U + ^Ta) 2 } e 2ix » MxTahlhu dU 

J _eo 


= 2 exp (2X7T 2 ) 


= 2 exp (2X7r 3 ) 

If we treat the integral 


'CO j'CO 

g~'ix ainh T oobIi v _ (2X + 87T 2 X 2 ) 8 ^-SasHlnh T cobIio 
. o .0 


K 0 (2 x sinh T) — (2X + 87r 2 X ,J ) 8 - „ K^ (2x sinh T) 


#*-oJ 


r exp {- 2X (U + .]Trt) 8 } e~ lix8i,lhTiilnh u dU 

J -CO 

in a similar manner, we find it equal to 

2/f 0 (2a; sinh T) — 2\8 X j ~- K^ (2x sinh T) l , 

[Cp J*i = <) 

where 0 ^ 8 X < 1, provided that T is positive. 

f rXl 

On collecting the results and remembering that means the same thing 

o 

r oo 

as lim I , we find that 
2+0 J & 

+ F, a («)} 

= lim lim f exp (2XTr a )if 0 (2a; sinh T) 

\-*-+08-*- + OJ 8 L 

1 e-* T dT 


- (2X + 87r a X a ) 8 exp (2X7r a ) j— 5 (2a; sinh JP) j- 


+ lim lim I 
x-*-+oa-+-+o Js L 


7f 0 (2a; sinh T) — 2X0j \^K IX (2a; sinh T)[ 


Jm-oJ 

L-oj 


e ivT dT. 
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Now) qua function of T, 


a a 


(2<c sinh T)\ =0 {(logsinh T) 1 }, 

opr j fi—o “ 

when T is small, and so we may proceed at once to the limit by making 8 t -*- 0, 
since the integral is convergent; and, since the integrals 


£{&*'<*"***> 






are convergent, the result of making \ 0 is 

i 7T 3 \J V * (x) + Y v \ (a?)} « f* E 0 (2<c sinh T) {e~ * vT + # vT ) dT. 

J 0 

It is therefore proved that, when x > 0, 

Jy (a) + F„ a (x) = ~ [ K 0 (2x sinh T) cosh 2 vTdT.. 

’Jr J [i 

If we replace x by z } both sides of this equation become analytic functions 
of z, provided that R ( z ) > 0. Hence, by the theory of analytio continuation, 
we have the result 

(1) Jy ( z ) + IV (z) — ~ J K 0 (2 z sinh t) cosh 2 vtdt, 

provided that R (z) > 0. 

Another integral formula which Can be established by the same method* is 


,( 2 ) 




_4 f* 

7T.Jo 


K 0 (2 z sinh t) e~ ivt dt. 


To prove this formula, we first suppose, that z is a positive variable (which 
we replace by x), and then 


dYy (x) 


dJy (X) 


= a{^ 

i r® r” 

= 2 ~q GJ J iu-t-m)e™ (coahi-cosh«) e -Ht- b»>. ( dtdu) 

= — -j-- O f ” P {W+Tri)e % ™*^ T *^ u e- ivT .(dTdU) 

IT l J ~ oo J - oo 

= - ^ 0 (2U+ m) e 2 ^ ,lnh T,inh 17 e~ ivT dTJdT 

-4-^ f*r (2U+m)e~ ii!CaiahTBinhu ^ T dUdT. 

'JJ 1 J 0 J —a> 

1 For the foil details of the analysis, see Watson, Proc. Royal Soc. xorv. a, (1918), pp. 197—* 
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Now, T being positive, we have 

r oo 

I ( 2 U + 7rt) exp {-2\ (IT+£ 771)2} Fatah 17^ 

= 2 I (v + 7rt) exp {- 2 \ ( v + 7 rt) s } Tcosh*^ 

and, ainco r«-.. j s odd function of it may be proved that the 

last integral is 


2rn j 0 - 2 *dnh Tcosh v + Q (X), 
J —00 


where the constant implied in the symbol 0 (\) is a function of T such that 
its integral with respect to T from 0 to 00 is convergent. 

In like manner, 

r 00 

(2 U + 7n) exp {— 2\ ( U + £ 7ri) a j e“ 2l ‘'' 8 sinli TahihUflff 

J — 00 

— f 2 v exp (— 2Xv 2 ) e -2 ® 8 * 1111 cfo — 0. 

TT . , J -00 

Hence it follows that 

r , . 0F„(.r) Tr . .3 J v (x) 2 /■“/*“ 

-IV («) Qj, = ~-J I e-2asinhTco 3 ht;-2nT^^y 


4 

W.'o 


K a ( 2 xsmhT)e- ivT dT. 


The extension to the case in which the argument of the Bessel functions is 
complex with a positive real part is made as in (1). 

It should bo mentioned that formula (2) is of importance in the discussion 
of descriptive properties of zeros of Bessel functions. 

The raider may find it interesting to prove that 

v„ [•/„ (!) - j'(1) 

= 2! ! [./; (!) -1 V (!) - (!>-.■) [4 (!) - r, (!) 5^3], 

and hence that 

(3) JJ (a) - 1 (3) - fV (*) (3) - - f “ (z l cosh 2 T- v*) Ao (2.r skill 7 1 ) o~ ivT dT. 

o' w ws 4 y 0 

Other formulae which may he estahlishod by the methods of this section are 

(4) 

4 f 00 

= I /i^_^(2ssinh tf). + e-0*+ , ')f cos(/*— 1 /) rr}tff, 

it J 0 


(f>) 


(a) Y w {z)-J,(z) \\(*)--— ^-1- f Kv-y. (a*ninh <) a-OH-.-)* dti 

it‘ J 0 


those are valid when /i(s)>0 and | /£(/*- v) | < 1; they do not appear to have been 
previously published. 
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13 ’ 74 . Deductions from Nicholson's integrals . 

Since JT 0 (f) is a decreasing* function of £ it is clear from § 13-73 (1) that 

/„ a (a?) + F „ 9 (a;) 

is a decreasing function of « for any real fixed value of v, when x is positive. 

Since this function is approximately equal to 2/(™), when x is large, we 
shall investigate . 6 

®\J;‘(x)+Ys(x)} 

and prove that it > a decreasing function of x when v>|, and that it is an 
increasing function of x when v<\. 

It is clear that 

^,[a{JS(x) + Y,?(x)}] 

= ^/o Sinl1 + 2aJ sinl1 TK ° ( 2a? sinil ^Icosh 2 vTdT 
= ^ ^0 (2® sinh T) tanli T cosh 2 vT 


+ 


7 , [ N 0 ( 2 x sinh T) 


Jo 


v\i o 


d 


l^eosh 2 vT~^ {tanh T cosh 2 vT) 


dT, 


on integrating the second term in the integral by parts. Hence 
8 r°° * 

= ^ J o (2x sinh T) tanh ^cosh 2 vT {tanh T-2v tanh 2 vT\ dT. 

1 wJjT hVZ ' ^ an inCreasin S funotion ° f * when X>0, and so the last 
^Ses theTu™ OT I ” SlblVe “ fc>1 or 0 < 2 -l ; «d this 

Next we prove that, when x ^ v ^ 0 , 

(x 3 -!^ {J?{x)+Y>{x)) 
is an increasing function of x. 

If we omit the positive factor 8 (d> - *<)-!/„’ f rom the derivate of the ex- 
pression under consideration we get 

/, ^ (2x smh t) + ~ (*' - O ^nh t. K; (2 x sinh f)| cosh 2 vt dt, 

“Jolitive^ 11 ^ the0re “ Sta ‘ ed ^ k SUffi0i6nt ‘° P r ° ve that this i nte K ra l 


* This is obvious from th& formula 
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13*74] 

We twice integrate by parts the last portion of the second term in the 
integral thus 

r oo 

sinh t K 0 ' (lx sinh t ) cosh 2 vt dt 

J o 

[ ~1 00 
v sinh t sinh 2 vt K 0 ' (2x sinh t ) 

= - v J ^ {sinh tK 0 ' (2x sinh t )} sinh 2vtdt 

r ao 

= — v 2x sinh t cosh tK 0 (2x sinh i) sinh 2 vtdt 

Jo 

= — x sinh t cosh tX Q (2x sinh t) cosh 2vt 
d 


f® d 

— v I ^ [sinh tK 0 ' (2x sinh £)} sinh 2 vtdt 


+ x 


r oo ^ 

I -j- [sinh t cosh t K a ( 2x sinh £)] cosh 2utdt 
j o dt 


r oo 

= | \[x cosh 2tK 0 ( 2 a; sinh t) + 2t& sinh t cosh a tK 0 ' (2x sinh t )] cosh 2vt dt: 

Jo' 

the simplification after the second step is produced by using the differential 
equation 

zK" (z) + KJ (z) — zK 0 (z) = 0. 

The integral under discussion consequently reduces to 

[— 2x sinh 3 tK 0 (2x sinh t) — 2a? sinh 3 1K 0 ' (2a? sinhf)] cosh 2 vt dt 


A r 0 (2a? sinh t) cosh 2 vt 


— 2 sinh 2 1 cosh 2 vt + ~ j~ cosh 2 vt 
dt (cosh t 


dt 


+ x [ K 0 (2x sinh t) 

Jo 

r oo 

— x Kq ( 2 a? sinh t) [tanh 8 1 cosh 2 vt + 2v Binh 3 1 sech t sinh 2 vt] dt, 

Jo 

and this is positive because the integrand is positive; hence the differential 
coefficient of 

(x a - v 2 )* [J v a (a?) + Y* (a;)] 
is positive, and the result is established. 

Since the limits of both the functions 

x {./„ a (a?) + Y v * (a?)j, (a? - v 8 )* { J „ a (a?) + 1 (.r)} 

are 2/tt, it follows from the last two results that when x > v ^ J, 


( 1 ) 


(5wj* > J ‘ w+ Y " w ' 


An elementary proof of the last inequality (with various related inequalities) was 
deduced by Schafhoitlin, Berliner Sitzungaberichte, v. (1906), p. 86, from the formula 
(of. § 6-14) 

dt 

i* 

= i (a ' + 6>) - * + %' (*>}’+ 2 (l -W (») + V.* (*)]. 


(4**-i) fV»i 

J X 


where (a?) a aJ v (j ?)+b Y v (a?). 
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The next consequence which we shall deduce from the integrals of § 13*73 
is that, when v is positive, 

To obtain this result, we observe that the expression on the left may be 
written in the form 


d Y„ (a?) 


-Fr(«) 


+ 


dv dv J*, 

dY v (x) YJx) dJp ^ ~\ 


^(*) 

= — - - f" K o (2*/ sinh T) a-** dT 
ww TTJo 

” il [* ~ ]/“ K ‘ ( 2 ” sinh s) *] ■ 

But, for each positive value of t, 2v sinh(|£/v) is a decreasing function of v, 
and so, since K 0 (x) is a positive decreasing function of its argument, we see that 

1 — J e~ l K 0 (%v sinh —j dt 

is a decreasing function of v , and therefore 

d Y v if) — y dJ v (j/) 


v | J v (y) 


— lim 

v —*■ oo 


by using the asymptotic expansions of § 8*42; and this establishes the result 
stated. 


13*76. The asymptotic expansion of J„ a (z) + Y* ( z). 

It is easy to deduce the asymptotic expansion of J*(z)-\-Y v a (z) from 
Nicholson’s formula obtained in § 1373, namely 

J a if) + Y a if) = f K* (2s sinh t) cosh 2 vt dt ; 

7T J o 

for we have, by § 7*4 (4), 


cosh 2i >t 
cosht 



«i =0 


m\(v, m) 

(2 to )! 


2 SOT sinh 217 * t + Rp, 


where 


I Bp I < 


cos vir 
cobR (vir) 


p\\(R(v),p)\ 

(2P)I 


2 * sinfrs’i; 


and, when v is real and p is so large that p + \>v i R p lies between 0 and 


■ PKp.JP) 

(2p)l 


2 ^p sinh^ t. 
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We at once deduce the asymptotic expansion 


J * (z) + Y v - (z) ~ — 2 |p 2 2w f K t) (2 zu) u* M clu, 
n m-0 {Am) l Jo 

that is to say, by § 13'21 (8), 

(1) jr/M + r/(.)"!; S |1.3...(2m-l)]^; 


TTZ }>i = o 


this is proved when R (z) > 0, but it may be extended over the wider range 
| arg z | < 7r; and, if v is real and z is positive, and p exceeds v — \, the remainder 
after p terms is of the same sign as, and numerically less than, the (p + l)th 
term. 


13 * 8 . Ramanujan’s integrals. 

Some extraordinary integrals have been obtained by Ramanujan* from an 
application of Fourier’s integral theorem f to Cauchy’s well-known formula 

f iir cob' 1+ ’'-‘ 2 0 e i0 -*+W) d&<= ^(p + v-l) _ 

which is valid if R(p + v)> 1. The application shews that 


* _e lt } d%_ 

-oo r {fi + %) r (v - 


= ir( Ai + I /-i) ’ 1| 1 n 


o, 


(I t\>ir), 


where t is any real number. 

By expanding in ascending powers of x and y, and then applying this 
formula, it is seen that 


( 1 ) 


(y) „m fijr 


r 

2 cos \t 


J(M-f-i') 


= ^ CV(2 cos \t (*KrV* + feV‘))l 


if — 7r < t < 7r; for other real values of t, the integral is zero. 
In particular 


( 2 ) 


I* 00 

(«) Jv-t («) d% = J^ +v (2.x). 

J —to 


In view of the researches of March, Ann. der Physik and Chemic, (4) xxxvil. (1012), 
pp. 29—50 and Rybczyriski, Ann. der Physik mid 0hemic, (4) xu. (1913), pp. 191—208, it 
seems quite likely that, in spite of the erroneous character of the analysis of theso writorsf, 
these integrals evaluated by Ramauujun may provo to be of the highest importanoo in the 
theory of the transmission of Electric Waves. 


29 


W. B. F. 


* Quarterly Journal, xlviii. (1920), pp. 294—rflO. 
t Cf. Modern Analysis, §§ 9 - 7, 11*1. 

J Of. Love, Phil, Tram, of the Royal Soc.. eexv. a, (1915), pp. 128—124. 
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MULTIPLE INTEGRALS 

14T. Problems connected with multiple integrals. 

The difference between the subjects of this chapter and the last is more 
than one of mere degree produced by the insertion of an additional integral sign. 
In Chapter xm we were concerned with the discussion of integrals of perfectly 
definite functions of the variable and of a number of auxiliary parameters; in 
the integrals which are now to be discussed the functions under the integral 
sign are to a greater or less extent arbitrary. Thus, in the first problem which 
will be discussed, the integral involves a function which has merely to satisfy the 
conditions of being a solution of a partial differential equation, and of having 
continuous differential coefficients at all points of real three-dimensional space. 

In subsequent problems, which are generalisations of Fourier’s integral 
formula, the arbitrary element has to satisfy even more general restrictions 
such as having an absolutely convergent integral, and having limited total 
fluctuation. 


14*2. Weber’s infinite integrals. 

The integrals which will now be considered involve Bessel functions only 
incidentally; but it seems desirable to investigate them somewhat fully 
because many of the formulae of Chapter xiii may easily be derived from 
them, and were, in fact, discovered by Weber as special cases of the results of 
this section. 

Weber’s researches* are based upon a result discovered by Fourierf to the 
effect that a solution of the equation of Conduction of Heat 


du _ d*u d*u fill 
dt da? dy* ds a 


]S 


[ f ^ > (® + 2X \Jt, y + 2Y «Jt, z + 2Z*Jt) 

*' xexp{-(XM -Y* + Z*)}dXdYdZ, 

where $ is an arbitrary function of its three variables. 

Weber first proved that, if 4> ( x , y, z) is restricted to be a solution of the 
equation 

( 1 ) 


^* 3*® a** 
ac 2 + Sy 1 + 02" 


* Journal fllr Math. lxix. (1868), pp. 222—-287. 

t La Thiorie Analytique de la Chaleur (Paris, 1822), § 872. The simpler equation with only 
one term on the right had previously beep solved by Laplaoe, Journal de V&coU polytechnique, 
Yin. (1809), pp. 285—244. 



14*1,14-2] 


MULTIPLE INTEGRALS 


461 


then 

(2) u - exp (- JcH) <£ (x, y, z), 

provided that <I> has continuous first and second differential coefficients, and 
the integral converges in such a way* that transformations to polar coordinates 
are permissible. 

The method by which this result is established is successful in expressing 
a more general triple integral as a single integral [cf. equation (4) below]. 

If we change to polar coordinates by writing 

2X \/t — r sin 6 cos j>, 2 Y\Jt = r sin 6 sin <f>, 2Z ^Jt — r cos 6, 

we get 

J 1*00 r rr rv 

u = ri —it? <J> (x + r sin 6 cos 6, y •+• r sin 6 sin 6, z + r cos 6) 

(My J 0 Jo J-* 

x exp (— ^ r a sin 6 dfydddr. 

Now consider the function of r, «r (r), defined by the equation 

tar (r) =s f I <E> (« + r sin 0 cos <£, y + r s'm 6 sin (f>, z+ r cosO) sin 6 d<f>d8. 
JoJ-ir 

It is a continuous function of r, with continuous first and second differential 
coefficients when r has any positive value; and the result of applying the 
operator 


to -sr (r) is 


/; m (•* + ■ k " 4 Bin e ' m9 - 


We proceed to shew that the last integral is zero. If we make use of the 
differential equation (1), which <P satisfies, we find that 




1 ff( 1 a / . a d<f>\ 1 9 a <*>] • QJ . 
-?Jj{sreSff( 8me de ) + sre ap} 9,n ***"• 


To avoid the difficulty]' caused by the apparent singularity of the last inte¬ 
grand on the polar axis, we consider the integral taken over the surface of a 
sphere with the exception of a small cap of angular radius 8 at each pole; 
since the integrand on the left is bounded at the poles, the integrals over the 
caps can be made arbitrarily small by taking 8 sufficiently small. 

If we perform the integration of the second term on the right with respect 

* A sufficient condition is that $ should be bounded when the variables assume all real values, 
infinite values of the variables being included. Gf. the corresponding two-dimensional investigation, 
Modern Analysis, § 12-41. 

t This difficulty was overlooked by Weber. 


29—2 
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to <f> s we see that its integral vanishes because 0$>/3 <j> is supposed to be a one¬ 
valued function of position. The first term on the right gives 

and this can be made arbitrarily small by taking 8 sufficiently small since 

cX&/(sin d dff) 

is continuous and therefore bounded. 


Hence 




can be made arbitrarily small by taking 8 sufficiently small, and therefore it 
is zero. 


Consequently 

(3). 

so that 


d\{rvr (r)} 


dr* 


+ k^rnr ( r ) = 0, 


cr(r) = 


A sin hr + B cos hr 


where A and B are constants; since m- (r) and its derivate are continuous for 
all values of r, A and B must have the same constant values for all values 
of r. 

If we make r 0, we see that 

-3 = 0, A = 4nr® (od, y, z)jlc. 

Hence* 

“ = L exp (- Q sin ir - rdr “ ex P (-*■<)* (*. y. *)> 

and this establishes Weber’s result. 

A similar change to polar coordinates shews that, if <3> (%, y, z) is a solution 
of ( 1 ) of the type already considered, and if f(r) is an arbitrary continuous 
function of r, then 

(4) r r r 9(x,Y,z)fy[(x-o,y+(,Y- y r+(z- ! ,)>\-]dXdYdz 

J — CO J — CO J — 00 

47 r<E> (x, y y z) f°° j.. . . , j 
— —.— v -31 — f if) sin hr .rar. 

K ,'0 

The reader will have no difficulty in enunciating sufficient conditions 
concerning absoluteness of convergence to make the various changes in the 

* This Integral is most easily evaluated by differentiating the well-known formula 

J «’“ p ( - ^ cosir. dr=tJ(irt)ezj>(-k*t) 


with respect to i.. 
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14 * 3 ] 


integrations permissible. One such set of conditions is that <S> should be 
bounded as the variables tend to infinity, and that 

f (r) —0 (r~P), (r -*■ 0) ; /(»*) = 0(r“«), (r-*■»), 
where p < 3, q > 1. 


A somewhat simpler formula established at about the same time by Weber* is that, 
if «(r, 6) is a funotion of the polar coordinates (r, 6) which has continuous first and second 
differential coefficients at all points such that whose value at the origin is « 0 , 

and whioh is a solution of the equation 


then 

when O^r^a. 


/: 


cPu d*u M 

S? + ^+^“= 0 ’ 


u (r, 6) d6 =2ttMo J 0 (hr), 
The proof of this is left to the reader. 


14 * 3 . General discussion of Neumann's integral. 
The formula 


(1) [ udu [ [ ^(jR,^>).J o[M\/{i2 a + ^ — 2Rrcos(<P — <f})}]R(d<&dR) 

JO J 0 J -IT 

— 2tt F (r, $) 

was given by Neumann in his treatisef published in 1862. In this formula, 
F (U, <£>) is an arbitrary function of the two variables (R, <J>), and the in¬ 
tegration over the plane of the polar coordinates (R, <X>) is a double integration. 

In the special case in which the arbitrary function is independent of 4>, we 
replace the double integral by a repeated integral, and then perform the in¬ 
tegration with respect to <5; the formula reduces to 

(2) f udu [ F(R) J 0 (uR) J 0 (wr) RdR = F(r), 

Jo Jo 

a result which presents a closer resemblance to Fourier’s integral]: than ( 1 ). 
The extension of ( 2 ) to functions of any order, namely 


(3) udu F(R) J v (uR) J v (ur) RdR — F{r), 

J o J o 

was effected by Hankel§. In this result it is apparently necessary that v ^ 
though a modified form of the theorem (§§ 14‘5—14’52) is valid for all real 
values of v ; when */=+£, (3) is actually a case of Fourier’s formula. 

The formulae ( 2 ) and (3) are, naturally, much more easy to prove than ( 1 ); 
and the proof of (3) is of precisely the same character as that of (2), the 


* Math. Ann. i. (1869), pp. 8—11. 

t Allg&meine L'dsung des Problemes ilber den stationtlren Temperaturzustand eines homogtnen 
K'drpers, welcher von zwei nichtconcentrischen Kugelflilchen begrenzt wird (Halle, 1862), pp. 147— 
161. Of. Gegenbauer, Wiener Sitzungsberichte, xov. (2), (1887), pp. 409—410. 

J Of. Modern Analysis , § 9*7. 

§ Math. Ann. vm. (1876), pp. 476—488. 
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arbitrariness of the order of the Bessel functions not introducing any additional 
complications. 

Following Hankel, many writers* describe the integrals (2) and (3) as 
“Fourier integrals” or “Fourier-Bessel integrals.” 

On account of its greater simplicity, we shall give a proof of (3) before 
proving (1); and at this stage it is convenient to give a brief account of the 
researches of the various writers who have investigated the formulae. 

As has already been stated, Hankel was the first writer f to give the 
general formula (3). He transformed the integral into 

lim f RF(R)dR [ J v (uR) J v (ur).udu 
A-*>» J 0 .’0 

= lim j“ RF(R) [RJ W (XR) J, ( Xr ) - rj w (Xr) J. ( XR ) , 

and then applied the second mean-value theorem to the integrand just as 
in the evaluation of Dirichlet’s integrals. Substantially the same proof was 
given by Sheppard J. who laid stress on the important fact that the value 
of the integral depends only on that part of the JJ-range of integration which 
is in the immediate neighbourhood of r, so that the value of the integral is 
independent of the values which F(R) assumes when M is not nearly equal to r. 


A different mode of proof, based on the theory of discontinuous integrals, 
has been given by Sonine§, who integrated the formula (§ 13‘42) 


(nr) J v ( uR) du = ’ 

after multiplication by F (R) RdR, from 0 to oo, so as to get 


( R<r ) 
(R>r) 


r v+1 1 J J v + X (- ur) J v (uR) F (R) RdRdu — j*** i2 H_1 F (R) dR; 

and then, by differentiating both sides with respect to r, formula (3) is at once 
obtained; but the whole of this procedure is difficult to justify. 

A proof of a more directly physical character has been given by Basset||, 
but, according to Gray and Mathews, it is open to various objections. 


A proof depending on the theory of integral equations has been constructed 
by WeyllF. 


The extension of HankeJ’s formula, which is effected by replacing the 
* See e.g. Orr’s paper cited later in this section. 

t A statement of a mode of deducing (8) from (1) when r is an integer was made by Weber, 
Math. Ann. vx. (1878), p. 149, hut this was probably later than Hankel’s researches, since it is 
dated 1872, while Hankel’s memoir is dated 1869. 

J Quarterly Journal, xxm. (1889), pp. 228—244. * § Math. Ann. xvi. (1880), p. 47. 

|| JProc. Oamb. Phil. Soc. v. (1886), pp. 425—133. See Gray and Mathews, A Treatise on Bessel 
Functions (London, 1895), pp. 80—82. 

If Math . Ann. wm. (1909), p. 824. 
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Bessel functions by arbitrary cylinder functions, was obtained by Weber*, and 
it will be discussed in §§ 14'5—14*5 2. 

An attempt has been made by Orrf to replace the Bessel functions by any 
cylinder functions, the w-path of integration being a contour which avoids the 
origin; but some of the integrals used by him appear to be divergent, so it is 
difficult to say to what extent his results are correct. The same criticism 
applies to the discussion of Weber’s problem in Nielsen’s treatise. It will be 
shewn (§ 14-5) that if, as Nielsen assumes, the two cylinder functions under 
the integral sign are not necessarily of the same type, the repeated integral is 
not, of necessity, convergent. 

It should be stated that, if r be a point of discontinuity of F(R), the 
expressions on the right in (2) and (3) must be replaced byj 

i{f(r-0) + F(r + 0)\, 
just as in Fourier’s theorem. 

For the more recent researches by Neumann, the reader should consult his treatise 
Ueber die nach Krais-, Kugel- und Cylinder-functionm fortschreitcnden Entwiokelungen 
(Leipzig, 1881 ). 

Neumann’s formula (1) was obtained by Mehler§ as a limiting case of a 
formula involving Legendre functions; in fact, it was apparently with this 
object in view that he obtained the formula of § 5*71, 

lirn P n [cos (z/n )j = J u ( z ), 

n -*» w 

but it does not seem easy to construct a rigorous proof on these lines (cf. 
§14-64). A more direct method of proof is given in a difficult memoir by 
Du Bois Reymond|j on the general theory of integrals resembling Fourier’s 
integral. The proof which we shall give subsequently 14'6 et seq.) is based 
on these researches. 

Subsequently ErmakofflT pointed out that the formula is also derivable 
from a result obtained by Du Bois Reymond which is the direct extension to 
two variables of Fourier’s theorem for one variable, namely 

¥ (®. y) 

= zLf” f” f“ r 't'(^,r)co S (a(2 :-*) + / 3(7-y)}.( ! JXdF)da^. 

w J—ooJ -ooJ -ooJ —00 

Ermakoff deduced the formula by changing to polar coordinates by means of 
the substitution 

a = u cos tw, /3 = u sin o>, 

and effecting the integration with respect to to. 

* Math. Ann. vi. (1878), pp. 146—161. 
t Proc. Boyal Irish Acad. xxvn. a, (1909), pp. 206—248. 

t The value of the integral at a point of discontinuity has been examined with some care by 
Cailler, Archives des Sci. (Hoc. HelvStiqne), (4) xiv. (1902), pp. 847—850. 

§Math. Ann. v. (1872), pp. 185—187. 

H Math. Ann. iv. (1871), pp. 862—390. 


IT Math. Ann. v. (1872), pp. 689—640. 
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If ( r } <fj) and (R, <3>) be the polar coordinates corresponding to the Cartesian 
coordinates (w, y) and ( X , 7) respectively, the formal result is fairly, obvious 
when we replace W (X, Y) by F(R, <E>); but the investigation by this method 
is not without difficulties, since it seems to be by no means easy to prove that 
the repeated integral taken over an infinite rectangle in the (a, /8) plane may 
be replaced by a repeated integral taken over the area of an indefinitely great 
circle.' 

If the arbitrary function F (R, 0) is not continuous, the factor F (r, <f>) 
which occurs on the right in (1) must be replaced by the limit of the mean 
value of F{R, 4>) on a circle of radius 8 with centre at (r, <f>) when $ -*~0. 
This was, in effect, proved by Neumann in his treatise of 1881, and the proof 
will be given in §§ 14‘6—14‘63. The reader might anticipate this result from 
what he knows of the theory of Fourier series. 

A formula which is more recondite than (3), namely 

(4) I JIJ' J,<v-T)!l%^F(R)dudR*.P<.r), 

has been examined by Bateman, Proo. London Math. Soc. (2) iv. (1906), p. 484; cf. § 12‘2. 


14*4. Hankel's repeated integral 

The generalisation of Neumann’s integral formula which was effected by 
Hankel (cf. § 14‘3) in the case of functions of a single variable, may be formally 
stated as follows: 

Let F (R) be an arbitrary function of the real variable R subject to the 
condition that 

f°V(I2) jR.dR 

Jo 

exists and is absolutely convergent; and let the order v of the Bessel functions 
be not * less than — Then 

(1) ( udu [ F(R) J„(uR) J v (ur)RdR=:%{F(r + 0 ) + F(r — 0 )}, 

provided that the positive number r lies inside an interval in which F (R) has 
limited total fluctuation. 

The proof which we shall now give is substantially Hankel’s proof, and it 
is of the same general character as the proof of Fourier’s theorem; it will be 
set out in the same manner as the proof of Fourier’s theorem given in Modern 
Analysis , Chapter ix. It is first convenient to prove a number of lemmas. 

* It seems not unlikely that it is sufficient for v to be greater than -1; but the proof for the 
mors extended range of values of v would be more difficult. 
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14*41. The analogue of the Riemann-Lebesgue lemma. 

A result, which resembles the lemma of Riemann-Lebesgue * in the theory 
of Fourier series, and which is required in the proof of Hankel’s integral 
theorem is as follows: 

fb 

Let\ I F(R)\/R.dR exist, and (if it is an improper integral ) let it be 

. a 

absolutely convergent; and let v^ — Then, as X -*■ oo , 
f F(R) J v (XR) RdR - o (1/-A). 

J a 

It is convenient to divide the proof into three parts; in the first part it is 
assumed that F(R)fR is bounded, and that b is finite; in the second part 
the restriction that b is finite is removed; and in the third part the restriction 
that F(R)\/R is bounded is also removed. 

(I) Let the upper bound of |F(J?)\/^| be K. Divide the range of in¬ 
tegration (a, b ) into n equal intervals by the points <v lt x 2 , ... x n ^ (x 0 =a, 
x n = b), and choose n so large that 

n 

S ( U m Lin) (®m ®*a—i) ^ 

m -1 

where e is an arbitrarily small positive number and U m and L m are the upper 
and lower bounds of F(R)fR in the mth interval. 

Write F (R) */R = F (R m -i) fR m -i + % (R), so that, when R lies in the mth 
interval, | <u wl (R) | < U m — L m . Now, when v ^ - \, both of the functions of x, 

at J v (x), f £* J v ( t) dt, 

Jo 

are bounded when x ^ 0, even though the integral is not convergent as x -*■ oo . 
Let A and B be the upper bounds of the moduli of these functions. It is then 
clear that 


F(R)J*(XR) RdR 

n 

= 2 J v (xR) fR . dR 

m=»l • *»n -1 

+ 5 r G) m (R) J v (XR) \JR.dR 

»»-l J Xm-i 

< S p" + I r 

m -1 A ! m=l J Xm-i V 


AdR 

fx 


2 BnK Ae 
* X* + *JX ' 


* Cf. Modem Analysis, §9'41. 

f The upper limit of the iutegral may bo infinite ; and a^O. The apparently irrelevant faotor 
JR preserves the analogy with § 14-3 (8). 
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By taking X sufficiently large (n remaining fixed after e has been chosen) the 
last expression can be made less than 2 AeJfX, and so the original integral 
is o (1/VX). 

(II) If the upper limit is infinite, choose c so that 

3 

r\F(R)\</R.dB<e ) 

J 0 

and use the inequality 

j" F{R)J, (\R) Rd.R J S j J ' ° F (R) J v (\R) R dR j + —- J‘* | F (R) \ <JR . dR j 

then, proceeding as in case (I), we get 

2 BriK 2Ae 


f*F(R) J V {\R) RdR 

\ J a 


X» 


+ 


Vx 


The choice of n now depends- on e through the choice of c as well as by the 
mode of subdivision of the range of integration (a, c); but the choice of n is 
still independent of X, and so we can infer that the integral (with upper limit 
infinite) is still o ( 1 /yX)- 

(III) If F(R) \/R is unbounded*, we may enclose the points at which it is 
unbounded in a number p of intervals 8 such that 


tf \F(R)\JR.dR<e. 

8 J 8 


By applying the arguments of (I) and (II) to the parts of (a, b) outside these 
intervals, we get 

\\ b F(R)J.(XR)RdR < 2 *^.e+M + M5, 

| J a X s y X 

where K is now the upper bound of \F(R) j \fR outside the intervals 8. The 
choices of both K and n now depend on e, but are still independent of X, so 
that we can still infer that the integral is o (l/\/X). 

14*42. The inversion of HankeVs repeated integral. 

f ao 

We shall next prove that, when v > - J, and F(R) *JR. dR exists and 

J o 

is absolutely convergent , then 

r udu I* F(R)J v (uR)J v (ur)RdR 
Jo Jo 

= lim [ F(R) j [ J v ( uR ) J v (ur) udu l RdR, 
oo Jo [Jo } 

provided that the limit on the right exists. 


Of. Modem Analym, § 9*41. 
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For any assigned value of and any arbitrary positive number e, ex 
hypothesi there exists a number ft such that 

j~\F(R)UR.dR<^, 

where A is the constant defined in § 14 41. 

If we write F ( R ) J v ( uR) J, ( ur ) uR = <j> ( R , u), 

it is clear that* 


I | I" <f> (R, u) cfoj dR — J 11°° <f> (R, u) dR 

= j J | J (f> (R, u) dwj dR - J | [ <f>(R,u) dlij du 

^ j | j* \<f> ( R, u) | dfetj dR+J | j" | <f> ( R , u) | dR du 

$ r f X 4!| F(R) | \/R.dudR + P f ~ \F(R)\*JR.dRdu 

J B J 0 V J 0 J jS V* 


< e. 

Since this result is true for arbitrarily small values of e, we infer that 

[ [ 6 (R, u) dudR — ( f <f)(R, ti)dRdu, 

Jo Jo Jo Jo 

the integral on the left existing because the integral on the right is assumed 
to exist. If the integral on the left has a limit as X oo, it is evident from 
the definition of an infinite integral that 

[ udu [°° F (R)J v (uR) J v (ur) RdR 
Jo Jo 

= lim [ udu j F(R) J v (uR) J v {ur)RdR 

*-*-00 JO Jo 

= lim | F(R)\ [ J y (uR) J v (ur) udul RdR, 
and this is the inversion formula which had to be proved. 


14*43. The relevant part of the range of integration in HankeVs repeated 
integral. 

Next we shall prove that, in Hankel’s integral, the only part of the E-range 
of integration which contributes anything to the value of the integral is the 
.part of the path in the immediate vicinity of r, provided merely that F(R) fR 
has an absolutely convergent integral. 

* The justification of the inversion of the order of integration for a finite reotangle whose sides 
are X and £ presents no great theoretioal difficulties. 
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„ effect to, it is sufficient to prove that, if r is not a point of the 
interval* (a, b), then 

f’nfoJV(B) J, (*R) («*•) RdR = a 

We invert the orier of the integrations, as in § 14-42, end we find that, if 
the limits on the right exist, 

J"uduJ b F(B) J v (uB) J„(ur) RdR 

= lim I l F(R) | M) J* ( ur ) RdR 

VO X.RdR 

= litn \ b F{R) [RJy + i 0-R) O) - rJ **( Xr ) Jv ( XR ^ W-~r* 

. ‘Z Z „,)(■ r M£ 

Since both the integrals 

r m # dR , pim* 

J a 


J 

J a 


J a R*~i* j a J&--T- 

are ex hypothec absolutely convergent, it follows from the generalised Riemann- 
Lebesgue lemma (§ 14-41) that the last two limits are zero; and so 

f °°udu [ b F(R) J v (uR) J v (ur) RdR-0 
Jo J a 

provided that r is not such that a %r^b. 

1444. The boundedness of J j J v (uR) J v (wr) uRh dudR. 

It will now be shewn that, as X -*• co , the repeated integral 

f [ J y ( uR ) J v (ur) uR * dudR 
J a J 0 

remains bounded , provided that a and b have any (bounded) positive values . It 
is permissible for a and b to be functions ofX of which one (or both) may tend 
to r as \ oo. 

Let us first consider the integral obtained by taking the dominant terms 
of the asymptotic expansions, namely 
2 r b f K 

—— / cos (uR — \vjr — \ir) cos (ur — \vrr — far) du dR 

VsJrJaJo 


R* — r 2 


dR 


i J a o 

__ 1 f b TsinX (R — r) _cos [\(R + r)— vrr} — cos 

~ 7r d r Ja L R — r R+.r 

1 J" f x(6 “ r > sin x ^ _ p(6+r) cos (as — vtt) ^ 

TT dr L.'A{o-r) ® Jx(a+r) # 


— dR 

+ COS VTT 


, b + r 
° a + r 
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The first integral is bounded because I 

! ' J - 00 ® 


461 

dx is convergent; and the 


second integral is bounded because J C ° — ~--' 7r -- dx is convergent; and so 

the integral now under consideration is bounded, and its limit, as X oo , is 
the limit of 


7 T \/v L/Ate-**) 
provided that this limit exists 
But we may write 

/T 


r A(6-r) sm x 5 

- dx + cos vtr log- 

J \(a-r) M a 


b + r 
+ r 


J v (uR ) J v ( ur ) uR^ dudR 

= —~T [ \ [\ttuJ v (uR) J v (ur) J(Rr) 

7r yrj a J o 

— cos ( uR — ^vir — J7r) cos (ur — \vn r — W)] dudR 


7r *Jr Ja .'a 


b r 00 


tyt tuJ v (uR) J v (ur) V (Rr) 


— cos (uR — \in r — J 77 -) cos (ur — \vn r — | 7 r)] dudR 

2 f h f A 

-|-- I I cos (ujR — — J 7 r) cos (ur — 7 r — | 7 r) dudR. 

rr \JT J a J Q 

Now, of the integrals on the right, the first is the integral with respect to 
R of an integral (with respect to u) which converges uniformly in any positive 
domain of values of R and r, and so it is a continuous (and therefore bounded) 
function of r when r is positive and bounded. 

The third integral has been shewn t.o be bounded, and it converges to a 
limit whenever 

/•A(6-r) gj n x 

- dx 

J A(a—r) 

does so. 

The second integral may be written in the form 

4v a - 1 f 6 


_ 1 /•& raj 

—^ —- sin (uR - \vtr - W) cos (ur - \m r - ft r) 

4?r *Jr ) a J \ luR " 

4 - — cos (ul?- Jv 7 r - ^ 7 r) sin (ur — ^vrr - \tr) + 0 (l/u*) 


dudR 


4^-1 f b 
47 r *Jr 


J £ fa^X) + - fa(X) + fa(X) dR, 


where fa (X), fa (X) and fa (X) are functions of X and R which tend uniformly 
to zero as X —co . 
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Hence, for all bounded positive values of a, b, r, the integral 
f • [ J? ( uR ) J, ( ur ) uR^ du dR 

la J o 

is bounded as X-*- oo ; and it converges to a limit whenever 

rAtfi-r) sina?^ 

J k(a-r) V 

does so. 


14*45. Proof of HankeVs integral theorem. 

Now that all the preliminary lemmas have been proved, the actual proof 
of Hankel’s theorem is quite simple. 

Since F (R) has limited fluctuation in an interval of which r is an internal 
point, so also has F(R) *JR ; and therefore we may write 

F(R)JR= Xl (R)-te(%\ 

where Xl (R) and % 2 (R) are monotonic (positive) increasing functions. 

After choosing a positive number e arbitrarily, we choose a positive number 
8 so small that F (R) has limited total fluctuation in the interval (r — 8 , r + 8 ) 
and also 

Xi ( r + s )~ %i (r + 0) < <0 ft (r - 0) - X i (r-8)< e) 

toir + S) " ( r + 0) < 4 ’ (r - 0) - Xz {r- 8) < el' 

If we apply the second mean-value theorem, we find that there exists a 
number £ intermediate in value between 0 and 8 such that 


f [ Vi (R) tT„ (v R) J v ( ur) n *JR. dudR 
J r Jo 

rr+8 rk 

= Xi ( r + 0) I ( U -S) (. ur ) u s/R • dudR 

Jr ' 0 


4- {%i 0’ + 8) — Xl (r + 0)} I J v (uR) J v (itr) u *JR . dudR. 

J r+f J o 

Since f^—dw^iTT, 

Jo X 

as X oo, 8 remaining fixed, it follows from § 14*44 that the first term on the 
right tends to a limit as \ -*» oo while 8 remains fixed. And the second term 
on the right does not exceed Oe m absolute value, where G is the upper bound 
of the modulus of the repeated integral (cf. § 14-44). 

Hence, if 

lim f [ J v (uR) J v (ur)uR^ dudR = CJ*Jr, 
k—co J r Jo . 

it follows that 


lim [ [ %i (R)Jy(uR) Jy(ur) uR* dudR 

A. -►go J r J 0 

exists and is equal to G\ Xl (r + 0 )/*Jr. 
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We treat (R) in a similar manner, and also apply similar reasoning to 
the interval (r — S, r) ; and we infer that, if 

lira f I J v ( uR) J v ( ur ) uR^ dudR = (7 a /0\ 

A-*-oo J r—S J 0 

rr+s r\ «. 

then lim F(R) J v (uR)J v (ur)uRdu,dR 

A-*» oo j* -5 J 0 

exists and is equal to 

C 1 jP’ (r + 0) 4 - G 2 F (r — 0). 

We now have to evaluate (7i and C 3 . By the theory of generalised 
integrals*, we have 

Q = f f J v (uR) J v (ur) uR^ dRdu 

\/r Jo Jr 

/■» rr+i , 

= lim exp (— p 2 w a ) 1 J v ( uR) J v (ur) tiR 4 dRdu 

p-+- o Jo •' r 


= lim [ [ *exp (— p a u a ) J„ (uR ) J„ (ur) uR^ dudR 

= lim [ r+S 1 
n-*0 J r 


2 p ,J 


5 ex P 


f R* + r a ) 

/Rr\ 

t ” 4p a f 

* Iv V2pV 


rf/ 2 , 


by §13-31(1). 

Now, throughout the range ot integration, 

(Rr\ 


and 

as p 0 . 
Hence 

and similarly 


( 5)=v(-Wj 11+0 ( ^ )l oxp (^) ■ 


(R-ry 

4p 3 


1 f r,s ( 

C, = lim =—j - exp 
,,^„2 p \/ 7 rj r [ 

1 fWr 

*= lim - 7 -- exp(— a?)our = 
p-*-0 v'^" Jo 


1 r° 

6 'j, = lim - 7 - exp (- a 10 ) d.r = 


c//e 


p-^0 *JTT J —J5//J 

We have therefore shewn that 

lim l r [ F(R)J v (uR)J v (ur)uRdudR 
k -*- 00 J r— fi J 0 

exists and is equal to 

Ij^r+OJ + jFCr-O)}. 

* Hardy, Quarterly Journal, xxxv. (1904), pp. 22—66. For a different method of calculating 
C x and C a , see §14'52. 
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But, if this limit exists, then, by § 14'42, 

[ udu [ F (B) J, ( uR) J v ( ur ) R dR 
Jo Jo 

also exists and is equal to it; and so we have proved Hankel’s theorem, as 
stated in § 14'4. 

The use of generalised integrals in the proof of the theorem seems to be due to 
Sommerfeld, in his KQnigsberg Dissertation, 1891. For some applications of such methods 
combined with the general results of this chapter to the problhne des moments of Stieltjes, 
see a recent paper by Hardy, Messenger, xlvil (1918), pp. 81—88. 

14*46. Note on HankePs proof of his theorem. 

The proof given by Hankel of his formula seems to discuss two points somewhat 
inadequately. The first is in the discussion of 

lim [ f F{R) J v (uR) J v (ur) uRdudR, 
a-**J o Jo 

which he replaces by 

lim [ ~F{R) [RJ V+ x (hR) J v (hr) - rJ v+ , (hr) J v (X R)] . 

Jo a 

In order to approximate to this integral, he substitutes the first terms of the asymptotic 

expansions of the Bessel functions without considering whether the integrals arising from 

the second and following terms are negligible (which seems a fatal objection to the proof), 

and without considering the consequences of \R vanishing at the lower limit of the path of 

integration. 

The second point, which is of a similar character, is in the discussion of 
rr+6 r A 

lim I J v (uR) J v (ur)uRdudR\ 

A-*-oo J r+£ J 0 

after proving by the method just explained that this is zero if £ tends to a positive limit 
ahd is ^ if £=0, he takes it for granted that it must be bounded if £-*-0 as X~*~oo ; and 
this does not seem prima fade obvious. 

14'6. Extensions of Hankel’s theorem to my cylinder functions. 

We shall now discuss integrals of the type 

J udu J F ( R ) ^„ ( uR ) f & v (ur) RdR, 

in which the order v of the unrestricted cylinder function r $ v {z) is any real* 
number. The lower limits of the integrals will be specified subsequently, 
since it is convenient to give them values which depend on the value of v. 

For definiteness we shall suppose that 

98 w ( z ) = <r (cos a. J v (z) + sin a. Y v (z)), 
where <r and a are constants. 

* The subsequent discussion is simplified and no generality is lost by assuming that *>^0. 
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The analogue of the Riemann-Lebesgue lemma (§ 14*41), namely that 
rb F(R) {\R) RdR = o (l/s/\), 

rij 

provided that | F(R)fR.dR 


r 


exists and is absolutely convergent , may obviously be proved by precisely the 
methods of § 14*41, provided that a £ b <■ oo , and 

fa >0 if .0 ^ v ^ 

\a > 0 if v > 8 

The theorem of § 14*44 has to be modified slightly in form. The modified 
theorem is that the repeated integral 

f $ v ( uR ) (nr) u a JR . dudR 


"b r* 
J a J r 


is bounded as \-*-x while r remains fixed; as in §14*44, a and b may be 
functions of \ which have finite limits as The number r is positive, 

though it is permissible for it to be zero when 0 ^ v 
Also the repeated integral and the integral 


* 

J / 


A ( / ' -, *> sin x , 
—— dx 

A (a-r) lC 


both converge or both oscillate as \ oo . 

[Note. If the two cylinder functions in the repeated integral wore not of the same 
type, i.e. if we considered the integral 
■b r a 


/:/: 


r 6f v (n It) f (r\ ( ur ) u >JIt. du dR, 


it would be found that the convergence of this integral necessitates the convergence of the 
integral 

r A(6-r) l - cos ,v , 

-— dv ; 

A (a-r) X 

and so, if X (6 — r)-*-ooas X-*-oc, the repeated integral is divergent*.] 


/; 


14*51. The extension of Hankel’s theorem when 0 v % 

Retaining the notation of §§ 14*4—14*5, we shall now prove the following 


theorem. 


Let [ F(R)fR.dR exist and be an absolutely convergent integral, and 
Jo 

let 0 $ v < £. Then 

(1) f udu f F(R) ffy (uR) (u?') RdR 

Jo Jo 


= i<r* {F(r + 0) + F(r- 0)} ■ 


2 o- 3 sin a sin (a 4- vtt) f “ R? v — r" v 

j < 


7r sm vrr 


o R v ~ l r v {R--r a ) 


F{R)dJR, 


* This point was overlooked by Nielsen, Handtmcli der Theorie der Cylinder,•funktionen 
(Leipzig, 1904), p. 865, in his exposition of Hankel’s theorem. 


W. B. S'. 
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provided that the positive number r lies inside an interval in which F{R) has 
limited total fluctuation. 

As in § 14*42, we may shew that 

f udu [ F (R) 9$ v (uR ) $*„ (ur) R dR 
J o Jo 

= lim f F (R) f 9fi v (uR ) (ur) uRdu dR, 

K -+■ oo 0 JO 

provided that the limit on the right exists. 

But now we observe that 

( (uR) 9§ v (ur) udu 
Jo 


■ \ uR <& v+1 (uR) % (ur) - ur r 0 v+l (ur) <@ v (uR) 

= [-B Sfc+i (^B) ^ (Xr) - r r #„ +1 (Xr) ^ (X22)] 

_ 2 cr 8 sin a sin (« + V 7 r) Jp' _ ^ 

n sin vi r (R r —~r*)' 

Hence we infer that, if r is not a point of the interval (a, b), then 

f a ^ f 0 < ^ >p ( u -^) ( Mr ) uRdudR 

_ n /i\ 2 <r a sinasin(a + v 7 r) f 6 R? y - r iv 

ir sin vtt J a R v r v jR r ~ ^dR> 

BS X- 00 ; and so the last repeated integral has a limit when X ^ oo . 

a ; bi 1 T y P° 8itive nttmber «• and then 8 so small 
(iJ) has limited total fluctuation in the interval (r- 8, r + 8) and bo that 

| F (R) ~.F(r + 0 )|<e if r < R'^r + 8, 

l\F (R) - F(r-0)\< e if r-8^R <r . 

Now take F(R) <$ v (uR) <@ v (ur)ududR, 

and divide the J?-path of integration into four parts, namely 

a i , (r-S,r), ( r,r + S ), (r + 8, oo ). 

Apply the second mean-value theorem as in § 14*45, and we find that 

Jo F(R)] o WV, (ur ) u R dudR 


_ _ 2 g a sin a. sin (g + vir 


7 r sm vtt 


iir+r 

0 o i,. +4 


+ P*( r + 0)Vr .£"[* (uli )% {ur)umudR 

+ ( r 0) (uR) ^ (ur) ulttdudR 

+ v, 


j jB*” - 1 * 2 ” 
j R y ~ l r v (R* — r 2 ) ^ 
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where | r) | has an upper bound which is independent of \ and which is 
arbitrarily small when e is arbitrarily small. 

The integrals on the right converge to limits when \ -*■ oo, and so, by 
m aking e -*» 0 after \ -*■ oo, we infer that 

f udu f F(R) 9$* (uR) ^ (ur) RdR 
Jo Jo 

is Convergent and equal to 

2 <r*siti a sin (a + vrr) f “ R iy -f v CT/ t>\ j d 

7 rsin vtt Jo R v ~ l r* ( R s -r*) * WdK 

r ® fr+« 

+ FOr + 0)yV- lim ^ CuR) r 6 v (ur) uR^dRdu 

a-*»oJo Jr 

+ F(r — 0) . lim \ \ r & v ( uR ) 98 v (ur) uR * dRdu, 

Jr-S 

provided that the limits on the right exist. 

To prove that the limits exist and to evaluate them simultaneously, take 
F(R)-R V when r < R < r + 8 and F (R) = 0 for all other values of R. 

We thus find that 

r oo fr+S 

lim | I < @ v (uR) f @ t ,(ur)uRJ‘dRdu 

8 ->oJo Jr 

raa rr+8 

= lim I %(uR) c $ v (ur)uR v +'dRdu, 
4-«»-0 J 0 J r 

•provided that this repeated limit exists; aud similarly 

r v+ Mim f [ < & v (uR) r i$ l ,(ur)uRldRdu 

a-*.0/0 Jr-8 

= lim [ [ < $,(uR) < $ v (ur)uR y+l dRdu. 

«-*.<) Jo Jr-8 

For brevity we write b in place of r 4- 8. We then have 

[ f < & lf (uR)98 t ,(ur)uR v+ 'dRdu 
J o J r 

» f {£*'+ 1 'gfr+j (ub) - r vJr ' (ur)j 98 v (w) 

Jo 

r ^ /Ti/ 

- lim 

P -*-+oJo “ 

since the second of these three integrals is convergent, and the third is abso¬ 
lutely convergent when 0 < p < 1 — v. 

' Now the last expression can be replaced by a combination of the four 
integrals of the types 

/" {b' +l J±wW - r v+1 J± w ^(ur)} j’^2)'% ’ 

30—2 
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and these are all absolutely convergent. They may be evaluated as cases of 
Weber’s discontinuous integral of § 13*4, and hence we find that 

. o 

_ cry* sin (a + prr) sin (g + vtt) . T {v +1 — p) 

~ 2^ sin ptr sin vtt . T(v+ l)r(/tT+T) 

x y+1; 

- <r 2 r- v sin a sin (« + pir + v% r). T (1 - p) 

2 ^ sin (pir + vtt) sin vtt . T (1 - v) T (v + p +1) 

x.[^.^,(i - ft - V - P i 1-,; . 

The limit of this expression, when p 0, is reducible to 

<r a r v sin a sin (a + vir ) f. /, r®\ , b V* „ / «*®\ 

--- L log ( 1 -F>) + 21o »?-^^( 1 --^ l — i js) 

+ ^7r cot a — %7r cot (a + vtt) — (1) + y]r (— y)J, 

after some algebra; and the limit of the-last expression, when b-*r + 0, is 
simply Jo-V. 

In like manner it may be shewii that 

r*> rr 

lim / ^ v {uR) <$ v {ur) uR v+ 'd,Rdu — Wr", 

B-+-+0JQ J r-S 

and so we have proved that 
I" udtt j" F(B)<@ v (uS)<9.(ur)SdS 

= i*’{F(r + 0) + F(r-0 )}-P /(*> dB. 

7Tsm vtt Jo R v ~ 1 r v (R* — r a ) K } 

provided that 0 < v $ F(R) is subject to the conditions stated in § 14*4, and 
( z ) = {cos aJ„ (z) -f- sin a Pi, (s)}; 

and this is the general theorem stated at the beginning of the section. 


14'52. Weber's integral : 'theorem . 

It is evident from § 14'51 that, if f F(R) *JRdR exists and is absolutely 

J a 

convergent, where a > 0 , then 
(1) Km 

A-*-oo J o JX — 7“ 

— io ' 8 \F (r + 0) + F (r - 0 )}, 

provided that r lies inside an interval in which F(R) has limited total 
fluctuation and F(R) is defined to be zero when 0 ^R < a, if the order of the 
cylinder functions lies between — £ and 
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We shall now establish the truth of this formula for cylinder functions of 
unrestricted order. 

Let [ J B^ H . I (3US)^,(Xr)-r@. +1 (Xr)«',(XB)] F ^ a 5 4>,(B,r; X). 

It is an easy deduction from the recurrence formulae that 

<*>,(B,r; X)-<&_,(B, r; X) = [K-, (XB)«P,(Xr) + 0,-,(Xr)(XB)], 

and so, by the analogue of the Riemann-Lebesgue lemma. (§ 14*41), we have 

(2) lim I" [$„ (Jt, r; X) - <!>_* (R, r ; X)] RJ (jR) dR = 0. 

A.-*-oo J a 

Hence, by adding up repetitions of this result, 

(3) lim [°° [3>„ (R , r; X) - <b„±« (JR. r; X)] RF{R) dR == 0, 

A-*■00 J a . 

where n is any positive integer. 

Choose n so that one of the integers v ± n lies between ± J, and then from (1) 
lim f <JV±tt( R, r ; X) RF(R) dR — [F (r + 0) + F (r — 0)}, 

A-*oo J a 

and so, for all real values of v, we deduce from (3) that • 

(4) lim f" (B, r; X) BB(B) dR = i<r« {B (r ■+ 0) + F (r - 0)). 

A-*oo J a 

This result is practically due to Weber*, and it was obtained by the method 
indicated in § 14*46. 

To obtain the result in Weber’s form, let 

{ 2 ) = Y v ( r ) Jv ( z ) ~ Jv(r) Y v {z), 

% (z) = Yy (R) J v ( 2 ) - J y (R) Y v ( 2 ). 


v d < $y{vR)~ 


= {R 1 — r 8 ) J % {ur ) ( uR) u du, 


(5) 

Then 

and the expression on the left is also equal to 

u [RW V+1 (uR) (wr) - r<& y+l {ur) f „ («/2)] 

-uR\Y v (R) J y+1 (uR) - Jy(R) Yy +1 (uR)] [Y v (r) J w (ur)- J y (r ) Y v (ttr)] 

- ur[Yy (r) Jy + i(ur) — J v (r) Y „ +1 (wr)] [Y y {R)Jy(uR) — J v (R) Y v (u /J)] 

= uYy (R) Yy (r) [RJy+i ( uR ) Jy {ur) - rJ v+l (ur) Jy { uR )] 

+ } S U{Jy (R) Yy (r) - Jy (r) Yy (R)} [RJy +1 (uR) Yy {UV) - R Yy +1 (llR) Jy (UV) 

- rY v+1 {ur) Jy{uR) + rJ ¥+l {ur) Y y {uR )] 

- {Jy {R) Yy (r) + Jy (r) Yy {R)} [RDy +l ( uR) By {ur) - rDy+i {ur)B v (uR) 

- RDy +! {uR) By {ur) + rDy+x {ur) D v (wi2)] 

- uJy {R) Jy (r) [RYy+x {uR) Yy {ur) - rYy+i {ur) Y y (uR)], 

[By{z) = jy{2) +Yy{z), 

1 Dy{2) = Jy{2)-Yy{z). 

* Math. Ann. Yi. (1878), pp. 146—161. 


where 
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Now suppose that' 

°° f(R)RdR 

J a 

exists and is absolutely convergent; and consider 

lim f /( R) f c § v (ur) c $ v (uR) uRdudR. 

*-►» J a J 1 ' 

Carry out the integration with respect to u, and replace the integrated part 
by the sum of the four terms written above, divided by R* — ?- 2 . 


Since 


J v (R)Y v (r)-J v (r)Y>(R) 
R* - r s 


is bounded near r, and has limited total fluctuation in any bounded interval 
containing v, it follows that the integrals corresponding to the second group 
of terms tend to zero as X -**■ oo , by the generalised Riemann-Lebesgue lemma. 

Corresponding to the third group of terms we get a pair of integrals which 
happen to cancel. 

When we use (1), we are therefore left with the result that 

lim J f(R)J ffi(ur) < $ y (uR)uR.dudR 

- + YS(r)}. {f(r + 0) +f(r - 0)}, 

that is to say 

(6) [“ «du[“f(B)^,(ur)W.(uR)BdR 

= 1 {V.* M + r„* (r)(. {/(r + 0) +/(r - 0)}. 
in which the cylinder functions are defined by (5), and r lies inside an interval 
in which f(R) has limited total fluctuation. 

Apart from details of notation, this is the result obtained by Weber in the 
case of functions of integral order. 

14*6, Foimal statement of Neumann's integral theorem. 

We shall now state precisely the theorem which will be the subject of 
discussion in the sections immediately following. It is convenient to enunciate 
the theorem with Du Bois Reymond’s* generalisation, obtained by replacing 
the Bessel function by any function which satisfies certain general conditions. 
Tim generalised theorem is as follows: 

(I) Let ¥(Z, Y) be a bounded arbitrary function of the pair of real 
vaHables (Z, Y), which is such that the double integral 

f* I" ¥(Z, 7).(Z 9 + F*)-l.(dZrfF) 

J ~ OQ J — 00 

exists and is absolutely convergent. 

* Math. Ann. iv. (1871), pp. 888—880. Neumann’s formula (of. § 14*8) is obtained by writing 
g{t)BJ 0 (t ), and the conditions (I)—(HI) are substantially those given in Neumann’s treatise 
published in 1881. 
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(II) When (X, 7) is expressed in terms of polar coordinates, let it be 
denoted by F (72, <I>), and let F (72, 4>) have the property that (for all values 
of between ± n r), F(R, 4>), qua function of R, has limited total fluctuation in 
the interval (0, oo ); and let this fluctuation and also F(+ 0, <$) be integrable 
functions of <£>. 

(III) If .fl (72, <E>) denote the total fluctuation of F (72, <J>) in the interval 
(± 0, 72), let fl (72, <S>) tend to zero uniformly with respect to <£ as i2-#-0, 
throughout the whole of the internal (— t r, vr), with the exception* of values of 
in a number of sectors the sum of whose angles may be assumed arbitranly 
small. 

Since \F(R, <t>) — F (+ 0, <I>)| $fl(72, 4>), this condition necessitates that 
F (72; $>)->~F (+ 0, O) uniformly except in the exceptional sectors. 

(IV) Let g (72) be a continuous function of the positive variable JR, such 

that g (72) fR is bounded both when 72 0 and when 72 -*■ oo. 

pji r® fa 

Let g(t)tdt =* O (72), and let G(t) — be convergent. 

Jo Jo * 

Then r udu [°° f°° ^(X, Y).g\u V(X 3 + F 3 )).( dXdY) 

Jo J - 00 J —OO 

is convergent, and is equal to 

2,r.[JWU?(+0, |, 

where 0LF (+ 0, <l>) meansf 

Before proving the main theorem, we shall prove a number of Lemmas, 
just as in the case of Hankel’s integral. 

14*61. The analogue of the Riemann-Lebesgue lemma. 

Corresponding to the result of § 14-41, we have the theorem that if T is 
an unbounded domain\ surro^mding the origin, of which the ongin is not an 
interior point or a boundary point, then, as \ co, 

IJ t F (B, <t>) 0 (KR) yJtjP =o(l). 

* The object of the exception is to ensure that the reasoning is applicable to the case (which 
is of considerable physical importance) in which ^ ( X , Y) is zero outside a region bounded by one 
or more analytic curves and is, say, a positive constant inside the region, the origin being on the 
boundary of the region. 

t The disoovery that the repeated integral is equal to an expression involving the mean value 
of when the origin is a point of discontinuity of F(R, <i>) was made by Neumann, Veber 

die na«h Kreis-, Kugrt - und Cylinder-functionen fprUchreitenden Rntwickelungen (Leipzig, 1881), 
pp. 180—181. 

X For instance T might be the whole of the plane outside a oirole of radius 9 with centre at the 
origin. 
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It will be observed that this is a theorem of a much weaker charaoter than the 
theorem of § 14*41, in view of hypothesis (II) of § 14*6. The reason of this is the fact that 
6 (KB) may be* 0 (VA) for certain values of JR, and this seems to make arguments of the 
type used in § 14*41 inapplicable 

To prove the lemma, suppose first that T is bounded. Then, for any value 
of 4>, F(R, O) may be expressed as the difference f of two (increasing) mono¬ 
tonic functions Xl (R, $). (-K, <3>), whose sum is the total fluctuation of 

F (R, <t>) in the interval (0, JR). 

If jR fl and JRi are the extreme values of R for any particular value of <E>, it 
follows from the second mean-value theorem that, for some value of R* between. 
R 0 and R *, 


/*» (R. *) GQJI) d -§ -x.(a, <*>) + X (Rt. *>'/* ff (*■*>“ 


J A5o t J XR, t 


dt 


dt 


dt . 


Since J 0 (t) — is convergent, if e is an arbitrary positive number, we can 
choose X so large that 


T /a dt ' 


for all values of f not less than the smallest value of R a . Also 


| xi (R, $>)|< {Xi (R> ~ P*(+ 0, «>)} + } | F (f 0, O) | 


and similarly 


,®)-P(+ 0 , O) + £P(+ 0 , <E>)|, 


|^(E,4>)|<^ (oo,0) + P(+0,0) + *|jF(+0, 0)|, 
whence it follows that 


Jj^F (R, O) (? (VR) 

^ 2e [ {&(<», *) + #(»,#) + P(+0, <J>)!}dO 

J -7r 

= 2e£ {0(oo,*) + |jF(+0,*))<i*; 

and, since 0, O) is bounded, this can be made arbitrarily small by taking 
e sufficiently small, and it is independent of the outer boundary of T. Hence 
we may proceed to the limit when the outer boundary tends to infinity. 

* This is the ease when g (22) ss<7 0 (22); then G (22)=22Ji (22). It is by no means impossible that 
some of the conditions imposed on F (22, $) are superfluous, 
f Of. Modem Analysis, §8*64. 
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14*62] _ 

We infer that, if T has no outer boundary, the modulus of 

(je, <*•) <? (xjK) 

can be. made arbitrarily small by taking X sufficiently large; and this is the 
theorem to be* proved. 

14*62. The inversion of Neumann’s repeated integral. 

We shall next prove that the existence and absolute convergence of the integral 

J-.J- ' r) (x>+Yy 

are sufficient conditions that 

PuduP r V(X, Y).g{uJ{X' + Y*)}.(dXdY) 

J0 J — oo J — «o 

= Hm r r ^(j,r)r ? (»v(x>+y>))«d«(dzdn 

k-*-oo J — oo J — oo JO 

provided that the limit on the right exists. 

For any given value of X and any arbitrary positive value of e, there exists 
a number ft such that 

/” J j F (B, <t>) | (dRdt>) < , 

•where A is the upper bound of \g{u) \ */u. 

We then have 

[ f [ F(B,<P)g (uR) udu. R (dRd<&) 

- P P f F (E, <l>) g ( uR) R (dRd<&) udu | 

Jo j —n Jo I 

= I f (I F(R,&)g(uR)udu.R(dRd&) 

\J-*Jp Jo 

~p r r f ( r >9 r 

Jo J -irJp 

r mF(R , 4>)I uHuR*(dRdty 

J -IT J 0 JO 

aPI" f \F(R, <J>)|E* (dRd<t>) id du 
J 0 J — IT J 3 


+ 


< e. 


Since this is true for arbitrarily small values of e, we infer that 

III F(R, <P)g(uR) R(dRd<P)udu 
J Cl J —*r J 0 

= lim P r PF(R,*)g(uR)udu.R(dRdn 

k~»- co J -n J 0 Jo 

the integral on the left existing because the limit on the right is assumed to 


exist. 
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Hence it follows that, if the limit on the right exists, then 
f"uduf W T F(R, <&) g(uR) R (dRd®) 

'-!»/' rrawwitm. 

K-*- oo J —ir J 0 « 

14*63. The proof of Neumann’s integral theorem. 

We are now in a position to prove without difficulty the theorem due to 
Neumann stated in § 14’6. We first take an arbitrarily small positive number 
e and then choose the sectors in which the convergence of f}(5, <E>) to zero is 
uniform, in such a way that the sum of their angles exceeds 2 it — e. We then 
choose 8 so small that (R, $) < e in these sectors whenever JR % 8 ; and we 
take the upper bounds of 

- G (.&*) +1JOR,®) | and ■["<?(«)* 
to be B and C. * 

We then apply the second mean-value theorem. We have 

/*»(£, 

- X. (+ 0, *) f‘ a (KB) ~+{» (S, ®) - x, (+ 0, *)) J’ 0(\B)jf, 

where 

Now J J* G (XR) ~ | = | J* 0 (u) ^ <20. 

Hence 

where | vj | is less than 2e0 inside the sectors in which convergence is uniform, 
and is less than 250 in the exceptional sectors. 

Hence it follows that 

J J*J*F(R, <P) G (XR) - 27riW^(+ 0 5 <I>)i J* G («) ~ 

< 27r. 2eO + e . 250 

TT -2e0{27r + 5}. 

Hence, for large values of \ y 

*(B,*)0(Kfy@^-to£ltUi'(+O,<b) |“(?(«)^ 

. < 2eO (2 tt •+• 5) -f- o (1), 

that is to say 

J™ I l-n Jo F< - R ' ^ Q (XR) - 2»iWlF(+ 0, ®) j" G («) — 

^ 2e0 (2w + B). 
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14-63, 14-64] 


Now the expression on the left is independent of e; and so since e is arbitrarily 
small, we infer that the limit is zero. That is to say, 


exists and is equal to 


Hm r f‘f(K,t>)e(xii) (<i y 

\-*-x J ~ jr J 0 , it 

2w0lF{+O, <t>). f°G(u) 

J 0 


Applying the result of § 14’62, we see that Neumann’s theorem hits now 
been proved. 

In the special case in which g (it) = J 0 (u), we have 


so that 
and 

Hence we have 


f tg(t)dt = uJ l (it), 

Jo 

G (u) = uJ x (it), 

rmit-C wji-E 

J () « J 0 


(1) r udu r r v(x, r>. j 0 {«+ y-^ . (dxd y) 

J 0 ■ — oc. *' — co 

= 2 -Tr jJtVI 7 ' ( 4 - 0 . cos d>, + 0 ,. sin <t>). 

If Ave change the origin, we deduce that 

(2) ("udu r (" V(X,Y).J t tuJl(X-*Y + (Y-tf}].(dXdV) 

JO J —x J —<x> 

= 2tt (.j; + 0 cos <\>, y + 0 sin «I>), 
and finally, changing to polar coordinates, 

(3) ("udu r r F(R,®)J 0 [uf(R a + r'-2RrcQ«(<i?-<l>)]RdRd<Z> 

v 0 J —IT J —00 

= 27rjbl F(r, cj >), 

where 0iF(r, </>) now means the mean of the values of F(R, <t>) when (R, <I>) 
traverses the circumference of an indefinitely small circle with centre (r, (f>) 


14*64. Mehler's investigation of Neumann’s integral. 

Neumann’s integral has been deduced by Melder* from the formula 

oo 0, /7 i 1 rn r it 

f (6, <f>) = S / (®, <[>) F n (cos 7 ) sin © d<£> d© 

« = 0 '* 7r J0 J -7T 

by a limiting process; in this formula 

cos 7 = cos d cos © + sin 6 sin 0 cos (d> — <£). 

The formula is obtained! by constructing a solution of Laplace’s equation, 
valid inside a sphere of radius k, which has an assigned value f(6, <f>) on the 
surface of the sphere. 

* Math. Ann. v. (1872), pp. 185—187; of. Lamb, Proc. London Math. Soc. (2) n. (1905), p, 381. 
t Of. Modern Analysis, § 18'4. 
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The limiting process used by Mehler is that suggested by the result of* 
§ 5*71; the radius of the sphere is made indefinitely large, and new variables 
JR, r are defined by the equations 

R — *0, r — k0, 

so that R, r are substantially cylindrical coordinates of the points with polar 
coordinates (*, 0 , <f>), (at, 0, (f >); the function of position /(@, <P) is then de¬ 
noted by F(R, <I>), and P* (cos 7 ) becomes approximately equal to J 0 (rmr/fc), 
where 

sr 3 = R* 4- r 8 — 2Rr cos (<I> — <f>). 

We are thus, led to the equation 

F (r, (f>) = lim 2 *£±rr F(R,$)J 0 (nr*/«)^d<P. 

If now we write n/* u, and replace the summation by an integration (taking 
1/k as the differential element), we get 

F(r,<f>) = ~ ^ uduJ J F(R , <I>) J 0 (uvr)RdRd <£, 

which is Neumann’s result. 

But this procedure can hardly be made the basis of a rigorous proof, be¬ 
cause there are so many steps which require justification. 

Thus, although we know that 

1 ©“ jX /(e ’ <t)P ” (cos *> 8111 9d<s>m 

is a potential function (when r < *), which assumes the value f(d, cf>) on the 
surface of the sphere, the theorem that we may put p — * in the series 
necessitates a discussion of the convergence of the series on the surface of the 
sphere; and the transition from the surface of a sphere to a plane, by making 
*-*- 00 , with the corresponding transition from a series to an integral, is one 
of considerable theoretical difficulty. 

It is possible that the method which has just been described is the method 
by which Neumann discovered his integral formula in 1862. Concerning his 
method he stated that "Die Methode, durch welche ich diese Formel so eben 
abgeleitet habe, ist nicht vollstandig strenge.” 



CHAPTER XY 

THE ZEROS OF BESSEL FUNCTIONS 


16*1. Problems connected with the zeros of Bessel functions. 

There are various classes of problems, connected with the zeros of Bessel 
functions, which will be investigated in this chapter. We shall begin by proving 
quite general theorems mainly concerned with the fact that Bessel functions 
have an infinity of zeros, and with the relative situations of the zeros of different 
functions. Next, we shall examine the reality of the zeros of Bessel functions 
(and cylinder functions) whose order is real, and discuss the intervals in 
which the real zeros lie, either by elementary methods or by the use of Poisson- 
Schafheitlin integrals. Next, we shall consider the zeros of J v (z) when v is not 
necessarily real, and proceed to represent this function as a Weierstrassian 
product. We then proceed to the numerical calculation of zeros of functions 
of assigned order, and finally consider the rates of growth of the zeros with 
the increase of the order, and the situation of the zeros of cylinder functions of 
unrestrictedly large order. A full discussion of the applications of the results 
contained in this chapter to problems of Mathematical Physics is beyond the 
scope of this book, though references to such applications.will be made in the 
course of the chapter. 

Except in §§15*4—15*54, it is supposed that the order v, of the functions 
under consideration, is real. 


The zeros of functions whose order is half an odd integer obviously lend 
themselves to discussion more readily than the zeros of other functions. In 

particular the zeros of ——— have been investigated by Schwerd 


and by Rayleigh*; and more recently Hermitef has examined the zeros of 
J n+i (x). The zeros of this function have also been the. subject of papers by 
RudskiJ who used the methods of Sturm; but it has been pointed out by 
Porter and by Schafheitlin§ that some of RudBki’s results are not correct, and, 
in particular, his theorem that the smallest positive zero of J n+i (x) lies 
between £ (n + 1) tt and £ (n + 2) tt is untrue. Such a theorem is incompatible 
with the inequality given in §15*3 (5) and the formulae of §§15*81, 15*83. 


* Sohwerd, Die Beugungserecheinungen (Mannheim, 1885); of. Verdet, Legom d’Oytique 
Physique, i. (Paris, 1869), p. 266; Rayleigh, Proc. London Math. Soc. it. (1878), pp. 95—108. 

+ Archiv der Math, und Phye. (8) i. (1901), pp, 20—21. 

X Mem. de la Soc. R. des Sci. de LUge, (2) xvm. (1895), no. 8. Bee also Prace Matematyczno- 
Fizyczne, in. (1892), pp. 69—81. [Jahrbuch ilber die Fortschritte der Math. 1892, pp. 107—108.] 
§ Porter, American Journal of Math. xx. (1898), p, 198; Sohafheitlin, Journal filr Math. cxxn. 
(1900), p. 804. 
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16*2. The Bessel-Lommel theorem on the zeros of J v (z). 

It was stated by Daniel Bernoulli* and Fourierf that J a (z) has an infinity 
of real zeros; and a formal proof of this result by an analysis of Parseval’s 
integral is due to Bessel J. It was subsequently observed by Lpmmel § that 
Bessel’s arguments are immediately applicable to Poisson’s integral for J v (z), 
provided that — J < v < A straightforward application of Rolle’s theorem to 
oo ±v J v (z) is then adequate to prove Lominel’s theorem that J v (z) has an 
infinity of real zeros, for any given real value of v. 

The Bessel -Lommel investigation consists in proving that when — $ < v <. \, 
and a lies between wwr and (m 4- ir, then J v (co) is positive for even values 
of m, (0, 2, 4, ...), and is negative for odd values of m, (1, 3, 5, ...). Since 
J v (as) is a continuous function of a? when it is obvious that J y (as) 

has an odd number of zeros in each of the intervals (far, 7r), (far, 2tt), 
(far, Sir),.... 

Some more precise results of a similar'character will be given in §§ 15*32—15*36. 


To prove Lommel’s theorem, let m =*(m + \9)ir where then, by 

obvious transformations of Poisson’s integral, we have 


2 ( farY 


im+d cos faru 


Jv («) - p (»+j) r (*). (2 m+eyi 0 [(Zm+ey-u*}*-'' du > 

and so sgn/„(«) = sgnj^ + *l 

Now the last integral may be written in the form 

m 

s (-y 


r=l 


where 


(-r<= J 


cos faru 


. 2 r -8 {(2nt + fffi — * 

2m+tf cos faru 

am ((2m + 6 )* - w 8 }*- 1 


du, 

du. 


If now we write u «= 2r — 1 ± U, and then put 

{(2m + efi - (2r - 1 + J7) 2 }-* - {(2m + -(2r-l - CO 2 }'-* s/ r ( U), 

it is clear that 

v r = f f r (TJ) sin \ir U. dU, 

J o 

and, since || v^faf r (U) is a positive increasing If function of r. 


* Comm. 9 dcad. Sci. Imp. Petrop. vr. (1782—S) [1788], p. 116. 
t La TMorie Analytique dt la Ghaltur [Paris, 1822), § 308. 

J Berliner Abh., 1824, p. 89. 

§ Studien liber die BesteVschen Functionen (Leipzig, 1868), pp. 65—67. 

|| This is the point at which the condition v < J is required; the oondition v > - £ ensures the 
convergence of the integral. 

IT The reader will prove this without an? difficulty by regarding r as a oontinuous variable and 
then differentiating f r (U) with respect to r. 
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It follows that 


and so 

sgn J„ (m-rr + \0n r) = sgn [(-) m {v m ' + (v m - + (<W-j - u m _ s ) + ...]] 

= sgn (- l) m , 

since v m ' is obviously not negative. 

That is to say, when —i<.v 4$, 

r / , a \ f +. (m = 0, 2, 4, ...) 

S gn4(mir + *M = j_ („ ! = i, 3 , 5,...) 

and from this result Lommel’s theorem follows in the manner already stated. 


The zeros of Ji{x), as well as those of J 0 (a?), have been investigated by Baeh'r, Archives 
Nierlandaises^ vn. (1872), pp. 351—358, with the help of a method which resembles the 
Bessel-Lotnmel method. Bilehr’s result for J t (x) is that the function is positive when x 
lies in the intervals (0, v), (fir,37 t), (§tt, 5jt), ..., and that it is negative when x lies in 
the intervals (§7r, 2jr), (fir, 47r), (^W, 67r), .... The function Ji{x) has also been investi¬ 
gated in this way by C. N. Moore, Annals of Math. (2) ix. (1908), pp. 156—162. 

The results just stated are of a less exact nature than the results obtained with the aid 
of slightly more refined analysis by Schafheitlin (§§ 15'33—15'35). 

It was notod by Whewell, Trans. Camb. Phil. Soc. ix. (1856), p. 156, that J 0 (x) has a 
zero between 2 and 2 */2, and that the function Ho (?) has some real zeros. 


15*21. The non-repetition of zei'os of cylindei' functions. 

It is easy to prove that r 6 v (z) has no repeated zeros, with the possible ex¬ 
ception of the origin*. For, if %(z )and ^J{z) Vanished simultaneously, it would 
follow, by repeated differentiations of the differential equation V„ c $> v (z) — 0, 
that all the differential coefficients of To v ( z ) would vanish at the common zero of 
(z) and 0), and then, by Taylor’s theorem,^ {z) would be identically zero. 


15*22. The interlacing of zeros of Bessel functions. 

It will now be shewn that if j Vll , >, a ,... are the positive zeros of J v (x)\ 
arranged in ascending order of magnitude, then, if v > — 1, 

This result is sometimes expressed by saying that the positive zeros of J v (a?) 
are interlaced with those of J^fx). 

To prove the result we use the recurrence formulae 

^ {or* J v («)} = - x~ v «7,+i (x), ^ [x v+1 J h-i («)} = x v +' J v (x)i 

the first of these shews that between each consecutive pair of zeros of 
a? ** J v (x) there is at least one zero of x~ r J y +i (x), and the second shews that 
between each consecutive pair of zeros of x v+l J y +i {x) there is at least one zero 
of « rfl «/„(«); and the result is now obvious. 

* This is a special case of a theorem proved by Sturm, Journal de Math. i. (1886), p. 109. 
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If v<—I, the zeros are obviously still interlaced but the smallest zero of J v + i(x) is 
nearer the origin than the smallest zero of J v (so). 

The result concerning interlacing of positive zeros is obviously true for any real 
cylinder function* (x) and the contiguous function 

This fundamental and simple property of Bessel functions appears never 
to have been proved until about a quarter of a century agof, when four 
mathematicians published proofs almost simultaneously; the proof which has 
just been given is due to GegenbauerJ and Porter §; the other proofs, which 
are of a slightly more elaborate character, were given by Hobson || and 
van VlecklT. 

It has been pointed out by Porter that, since 

J, M + J,» («) - /,+, Or), 

CO 

at any positive zero of J v (a) the functions J v+1 (x) and J v+i (x) have the 
same sign; but at successive zeros of J v (x) the function J v + 1 (x) alternates in 
sign, and so there are an odd number of zeros of J v+i (x) between each con¬ 
secutive pair of positive zeros of J v (x); interchanging the functions J v+i (x) and 
J„ (cc) throughout this argument, we obtain Porter’s theorem that the positive 
zeros of J v¥1 (cc) are interlaced with those of J v (cc). 


15*28. Dixon's theorem on the interlacing of zeros. 

A result of a slightly more general character than the theorem of § 15*22 
is due to A. C. Dixon**, namely that, when v> — 1, and A, B, 0, D axe 
constants such that AD f BG , then the positive zeros of AJ v (x) + BxJJ(x) are 
interlaced with those of GJ V (x) + DxJJ (a?), and that no function of this type 
can have a repeated zero other than x = 0. 

The latter part of the theorem is an immediate consequence of the formula, 
deducible from § 5*11 (11), 



J v (x), xJ v ' (x) 
d {J y (#) } d \xJy (a)} 
dx ’ dx 


for the integral is positive when x is positive and the expression on the right 
would vanish at a repeated zero of AJ v (x) + BxJ v ' (x). 


* A real cylinder function is an expression of the form 

a Jy (x)+Yy (*) 

in which a, (3 and v are real, and x is positive. 

t Of. Gray and Mathews, A Treatise on Bessel Functions (London, 1895), p. 50. 
t Monatshefte filr Math, und Phys. vni. (1897), pp. 883—884. 
g Bulletin American Math. Soc. iv. (1898), pp. 274—275. 

|| Proc. London Math. Soc. xxvnL (1897), pp. 872—878. 

IT American Journal of Hath, six, (1897), pp. 75—85. 

** Messenger, xxxn. (1908), p. 7; see also Bryan, Proc. Garni. Phil. Soc. vi. (1889), pp. 248—264. 
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To prove the former part of the theorem, we observe that, if 

. , x GJ V (x) + Dx JJ ( x ) 

then f («)-i-TTw- v 2 D ,,, ... i’ ' fV’(«)4*, 

x {AJ v (x) + BxJ v (&)} 3 G, D Jo 

and so $ (a?) is monotonic. The positive zeros of <f> (so) are therefore interlaced 
with the positive poles, and from this result the former part of the theorem 
is obvious. 

If the function J v (x) is replaced by a real cylinder function <xJ v (a?) +(3Y„ (x), 
we have 

(«), 

<@*(t)tdt = \x d<@ v (x) d 
dx * 

provided that — 1 < v < 1; and so the theorems concerning non-repetition and 
interlacing of zeros are true for A9$ v (x) + Bx r $ v ' (x) and C r $ v (x) + Dx r $J (x) 
provided that j3 (a sin vtt + j3 cos vtt) is positive. 

Again, since 

C 6 V (x), x c $J(x) 

\x d c $ u ( x) d{x<@ v '(x )j - - i ((rf - v 9 ) r #, 2 (®) + (®)}, 

dx ’ dx 

the theorem is true for zeros exceeding + fv a , whether v lies between — 1 
and 1 or not. 

The result of § 15 - 22 is the special case of Dixon’s theorem in which 
A = l,B = 0,C = v, D = -\. 

15*24. The interlacing of zeros of cylinder functions of order v. 

Let c <$ v (x) and r @ v (a;) be any distinct cylinder functions of the same order; 
we shall prove that their positive zeros are interlaced*. 

If ^Dv (x) = a J v (x) + f3Y v (x), ( W V (x) = ( x ) + 3 Y v ( x ), 

then %% (x) (x) - (x) (x) = . 

Now it is known that, at consecutive positive zeros of f @ v (a?), ( x ) has opposite 
signs, and therefore, from the last equatio*., $'„(&’) has opposite signs; that is 
to say r € v (x) has an odd number of zeros between each consecutive pair of 
positive zeros of c @ v (x) ; similarly C S ¥ (x) has an odd number of zeros between 
each consecutive pair of positive zeros of 9o v (x ); and so the zeros must be 
interlaced. 

If we take one of the cylinder functions to be a function of the first kind, 
we deduce that all real cylinder functions have an infinity of positive zeros. 

* Olbrioht, Nova Acta Caes.-Leop.-Acad. (Halle), 1888, pp.48—48, has given an elaborate dis¬ 
cussion of this result with Borne instructive diagrams. 




W. B. F. 


31 



482 


THEORY OF BESSEL FUNCTIONS 


[CHAP. XV 


15*25. LommeVs theorem on the reality of the zeros of J y (z). 

An extension of a theorem due to Fourier*, that the function J 0 (e) lias no 
zeros which are not real, has been effected by Lotnmel-f*. The extended theorem 
is that, if the order v exceeds — 1, them the function J v (z) hits no zeros which 
are not real. 

To prove Lommel’s theorem, suppose, if possible, that a is n zero of J v (z) 
which is not real. It follows from the series ibr J v (z) that a is not a pure 
imaginary, because then 

g (-) m (*«)■" 
m^m \ r (v + m + 1) 
would be a series of positive terms. 

Let o 0 be the complex number conjugate to a, so that « 0 is also a zero of 
J „ (z), because J v (z ) is a real function of z. 

Since v>- 1, it follows from §5*11 (8) that 


f 

J o 


tJ y (at) Jy (a Q t) dt = —— 
fo a*~ 

and so, since a 2 a 0 s , 


a« 




dJ v (aa’)*| 
dx 


J tj v (at) J v (a Q t) dt — 0. 


The integrand on the left is positive, and so we have obtained a contradiction. 
Hence the number « cannot exist, and the theorem is proved. 

fm S + UUi1 ^ ** «ed to shew that, if A and D are real and > - 1, tlio 

m-TTh^ (A%tf‘<a” h “ ite ^ «»t it has two purely imaginary 

Thesa results follow from the series for A ^llj, (*)} combined with the for.rn.ln 

J o tJ v {50 , (Att) d.=o, 

which is satisfied if gaud A, are an, zeros of AJ,{i)+BiJ,' (r) such that fiVW 

IB'26. The analogue ofLommel’s theorem for functions of the second kind. 

It is not possible to prove by the methods of § 15-25 thatS ¥ u) has no 
complex zeros m the regionl] in which I ax&z | ,•+ i \ 

bv SchafhpitHnf fttof w / \ V. | ar g^ | < vr. But it has been proved 

the real^e™ ° W “ Ze ™ With a *“•**» real V*. “the.- than 

ira, (1880), p, 98 . V lque A Oholnir (Peris, 1822), § 308; see also Steam, Quarterly Journal, 

! B T l ’ Khm *«*»■- (Leipzig, U68), p. 6,. 

+ 566 A - G> Oixon, Messenger, xxxn. (1908), p. 7 . * 

§ Or, more generally, <$ v (*). 

II When arg z~ y < z \_ JFnri Y , . 

cannot vanish unless „ is half of an odd integer* ° ThteH" ^ 8 8 ' fi3 (1) ’ {z) 

Proe. London Math. Soc. xxx. (1899), pp . 165—179 tJP ° f reasomn g « due to Macdonald, 
IT Arehiv der Math, und Phye. ( 8 ) i, (1901), do 1SS~i P 7 t 
jeots the complex zeros of P x («j to a similar treatment ^ ^ papet Schafbeitlin alao sub- 
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L'*</>*) r.<M* °' Th 6 a ’ b ^ s ^( 8 )md 3 .^^ P u K 

“/srr^i [ ?. (#®) rf -5WU)_ 

and so if a , * r * 

,u ' 9 = /=«'“, we have 


/ 

7o 



andtfc* y » 

n ef f - ex P re ssion on the left 

negative when <y is ftn . 8 P 0Slt ive while 

8 “ * 0nte “«Ie. ** 6he e ^ion „ n the r;ght 

The 37 ^ tke ° remo - fff « r ^o»a e 

ae ro«, of which 2 are . J) <«d -(2*4-2 S ™*P°Miye inte " 

^ o be ‘ w ^ -2. (iH) that - 00tt >plex 

Purely imaginaiy. T 0 ^ W h «> 4s coni pie, ^“ fave ln teger and 

,^f e take the f unch - 1S ^ tileae results, we usp fi/ 08 ’ ° f w ^ ic ^ none 

P^^ive zeros, (ii)^ 9 ° n ^"(O which has in \h e nota tion of § q-? 

-*«- - ^«rs~ v -' «;r:j -«J 

*■® *)=o Z ^ We ^' te 

where f „ „ 

^ "S fi^arereai / ~T 

*•«’)««Pie terms of highest de ■ 
im (*' + rj(„ + m)(v + m degree in 

a °d since » .• o + 1 )((»+*»)(2M + 1 ) +m _ . 

so s; is r-t d f r ct ?' ik *>« tt.1 if f ■ ,r ~‘ ; 

’ d tWore th ° ^t:LLzz mp,ex ° e 

^“.itisnotdiffi , A.(f,,) = 0 . equation 

cuit to deduce from ti, 

fn J 7. ath ’ jin ^xxxm (1 rgq\ ' ) + (P‘ + 7] a\u 

for a d'sousaion of th* » * 88 ^» pp> 246—266 • of »i a * * ' (£ rj). 

°‘ Hu ^ - 

** **»«* p®^ir^r p “ b,re “ 
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Hence, for sufficiently large values of m (i.e. those for which v + 2m is positive), 
the curve <f> m (f, y) — 0 lies in the finite part of the plane, and <f> m {%, y) is 
negative when <f> m+1 (f, rj) is zero so the curve (f, y) = 0 lies wholly inside 
one or other of the closed branches which compose the curve <f> m (£, rj) — 0. 

Hence as oo, the complex zeros of g^, (£) lie in bounded regions of 
the f-plane, and consequently have limit-points. 

Now, since, by §§ 9*65, 9*7, 

f (ft _ ffm, v(%) 

Jv ^ } r( I / + 2 m + l) 


can be made arbitrarily small in any bounded domain of the f-plane, by biking 
m sufficiently large, it follows from Lagrange’s expansion* that the number of 
zeros of f v (£") in any small area is at least equal to the number of zeros of g im> v (£”) 
in that area when m is sufficiently large; and so /„(£) has 2s complex zeros. 
None of these zeros is real, for if one of them were real it would be a limit 
point of two conjugate complex zeros of and so it would count as a 

double zero of'/,(?); and/,((f) has no double zeros. 

Again, from the series for/,(f) it is seen that, when v lies between — ( 2 s+ X) 
an ( 2 s + 2 ),/, (£) must have one negative zero, and it cannot have more than 
one negative zero, for then „(£) could be made to change sign more than once 
as r vaned from 0 to - co [since 9*^(0 can be made to differ from f v (tt by 
an arbitrarily small number], and this is impossible. 


For similar reasons /„(£) cannot have more than 2s complex zeros. 

we replace £ by , so that negative values of £ correspond to purely 
imaginary values of *, we obtain the results stated in the case ot J v (z). 

bas^on STdt ° f + T S ° f +1 Be8Se i fUnCti0na in a ^ soc iation with zeros of polynomials 
tsxUmUvfZt IP the , reader8h0llld C0D8ult Lind ^ ^ *r bZuL Mat,, 

pp. 25—31. D f PP ’ Eambur ger Mittheilungen, 11 . (1800), 


15‘28. Bourget’s hypothesis. 

the” w Ur S ett ni whm v “ 0 pmitive inteffer 

than the origin, for all p.itive C ™ ° ther 

r::r:^sr 9 '^ *— 

The formula 


W = J - (*) (a) (s) 

* Cf. Modem Analysis, § 7 *32. 

+ Ann. Sci. de V&oU norm. sup. m. (1806), p p . 55 _ 96 



ZEROS OB' BESSEL FUNCTIONS 


15-28,15*3] 


485 


shews that, since J v (z) and J v -i (z) have no common zeros, the common zeros 
of J v (z) and J v +m (z) must satisfy the equation 

Rm—i, ^4.1 (if) = 0, 

i.e. they must be algebraic numbers. 

It has, however, been proved by Siegel* that J v {z) is not an algebraic 
number when v is a rational number and z is an algebraic number other than 
zero; hence follow theorems which include Bourget’s hypothesis as a special case. 

When v is half of an odd integer, it is easy to shew that J ¥ (z) and J v+m (z) 
have no common zerosf; for such zeros are algebraic numbers and it is known 
that no algebraic number $ can satisfy the equation 

since the right-hand side is algebraic in z when v is half of an odd integer. 

The proof J given by Lambert and Legendre that n r 8 is irrational may be 
applied to § 5*6 ( 6 ) to prove that J v (z) has no zero whose square is rational 
when v is rational; an inspection of the polynomial R m -\, v +i(z) now immediately 
yields an elementary proof of Bourget’s hypothesis in the cases m = 3 and m — 4. 


15-3. Eleinentary properties of the zeros of J v (%). 

It is possible to acquire a considerable amount of interesting information 
concerning the smallest zeros of J„(ca ) and related functions, when v is positive, 
by a discussion of the differential equation satisfied by J v (sc) together with 
the recurrence formulae; we shall now establish the truth of a selection of 
theorems concerning such zeros. 

The reader will find a more systematic investigation § of these theorems in various 
papers by Schafheitlin, notably Journal fllr Math, oxxii. (1900), pp. 299—321; Archiv 
der Math, und Phya. (3) I. (1901), pp. 133—137; Berliner Sitzungsberichte, ill. (1904), 
pp. 83—85. 

For brevity, the smallest positive zeros of J v (x), JJ (#), JJ'(x), ... will be 
called j v , jj, j v ", .... The smallest positive zeros of Y v (x), YJ (x), Yf (tv), ... 
will similarly be called y„, yf yf . 

We first prove that 

(1) jv > v, jj > v. 

It is obvious from the power series for J v (x) and JJ {x) that these functions 

* Abhqndliingen Akad. Berlin, 1929, pp. 1—70. This abstruse and important memoir oontains 
numerous applications of Siegel’s fundamental theorem. 

t This was noticed by Porter, Atnerican Journal of Math. xx. (1894), p. 208. 

X Of. Hobson, Squarmg the Circle (Cambridge, 1918), pp. 44, 51—58. 

§ Some related results are due to Watson, Proc. London Math. Soc. (2) xvi. (1917), pp. 165— 
171. 
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are positive for sufficiently small positive values of x ; and, from the differential 
equation 

it is evident that, so long as x < v and J„ (a?) is positive, xJ r ' (x) is positive and 
increasing, and so J v (x) increases with a. 

Therefore, so long as 0 < x < v, both J ¥ (x) and xJJ (x) are positive increasing 
functions so that j v and j, cannot* be less than v. 

• Again, from the differential equation 

vJ"(v)=-j;(v)< o , * 

and so J” (x) has become negative before x has increased to the value v from 
zero. Hence, whent v > 1, 

(2) j” <w. 


Next, since 


r^(x )-ji - /.(*)-{i- 


2(i»+ l)(p + 2) 


}j,», 


the expression on the right is positive so long as x < v + 2. Now, if jj were less 
than a/{v (v •+ 2)}, the expression on the right would be negative when x is equal 
to jj (which, from a graph, is obviously less than j ¥ ), and this is not the case. 


Therefore 

(3) . + 2)}. 


Now, from § 15*22 it follows that 

jv < jp+1 < jv+S> 

and, as has just been stated, 

Jv ^Jv) 

so that Jp(jJ) and J v ^(jj) are both positive. If now we put x—jj in the 
formula 

j ,» «—|i - j , (*) - j : («>, 

it is obvious that 

(4) jJ < V(2v (v + 1)}- 
Similarly, by putting x —j v in the formula 

(y + 3) J v (x) + 2 (y + 2) jl--—-"j" ^’'+* + (y +• 1) k-h (®) ~ 

we deduce that 

j* < s/{2 ( v +1) {v + 3)}, 

and therefore 

(5) \J{v (v + 2)} < j v < V{2 (y +1) (v + 3)}. 


* Of. Biemann, Partielle Differential leichungen (Brunswick, 1876), p. 269. 
t When 0<»<1, J v " (a) ia negative for sufficiently small values of x. 
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16*3] 

In like manner, we can dediice from the formulae 

{i 

and J' w («)- - |l - J, (m) - (v +1) J," («) 

that 

<«> 

Some rather better inequalities than these are obtainable by taking more 
complicated formulae; thus, from the equation 

j IH-« (®) = «^lV+l (*®) -^8, »>+l (®) — (®) Rl t v+2 (®)) 

Schafheitlin* deduced that 

H+l Ov) ^ 0, 

i.e. -16 (i> 4- 2) (v 4- 4) j„ a + 16 (v 4- 1) (v + 2) (v 4- 4) (v 4- 5) > 0. 

Since j v * is certainly less than § (v 4- 2) (v 4- 4), by results already proved, j v 
must be less than the smaller positive root of the equation 

Sx l — 16 (v 4- 2) (y. 4- 4) 4-16 (v 4-1) (v + 2) (y 4- 4) (v 4- 5) =» 0, 

and hence, a fortiori, 

(7) i,<V{| (*' + !)(*'+ 6)}. 

Similarly, from the equation 

4 J ,4.4 (ffi) = J v (os) [ y (x) 4 - jRa, v+j (os) — JZ Si g (x) JRi, (<+3 (#)} 

“* 2«/„ (x) ■(&) — (•>}. 

Schafheitlin deduced that 

(8) jj > f{v (v 4- 2)}, 
and, when v > 4, 

(9) jy> \/{v(v 4- 3)}, 

these inequalities being derived from the consideration that j v ' lies between 
the positive roots of the equation 

x* — 3 (v 4- 2) a a? 4- 2v (v 4-1) (v 4- 3) (v 4- 4) = 0. 

The discussion of y v requires slightly more abstruse reasoning. We use 
the result that 

J*(x) 4 - F, a (x) 

.is a 'decreasing function of x\ this is obvious from § 1373. Hence it follows 
that F„ a (;c) decreases through the interval (0, j v ' ), and so exceeds jV; again, 
in this interval Y v (x) is negative, and it follows from § 363 (1) that Y v (j v ) is 
positive, since JJ(j v ) is obviously negative. 

Hence 

(10) jj <y v <j v . 

This inequality (with j/ replaced by v 4- £) was established by Schafheitlin-f 
with the aid of rather elaborate analysis. 

* Berliner Sitiungibcrichte, in. (1904), p. 88. 
f Journal fllr Math. oxxh. (1900), pp. 817—321. 
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15*31. Stationary values of cylinder' Junctions*. 

It has already been seen that the cylinder function J v (x) cos a —Y„ (so) sin a, 
or 9$ v ( x ), has an infinite number of positive zeros, and so there are an infinite 
number of positive values of x for which it is stationary. Such values of x 
which exceed the order v (supposed positive) will be called /j^, fi i} fh ,..., where 

Hi< ]M< lh< .... 

We shall now study- some of the simpler properties of the sequence 


&*(jh), •••• 


The first theorem which we shall establish is that 
To prove this, observe that the function A (x) defined as 

ft'W+'^r-T 


has the negative derivate 

(xfiat-v 3 )*, 

and so A (fr) > A (/i a ) > A (^) > .... 

Since A (fin) = the truth of the theorem is now evident. 

A more interesting result is suggested by Hankel’s asymptotic formula 
(§7-21) 

#«* (*) = (~f 008 (® + « “ W - £tt) + 0 (j*) . 


This indicates the possibility of proving inequalities consistent with 

IW|-0(l/VftO 

when fin is large. 

It can in fact be shewn that 


(I) The values assumed by (ci? — iFf | (a) | when x takes the values fi x , fH, 

fit, ... form an increasing sequence whose members are less than V(2/tt). 

(II) The values assumed by x^\ < ^ v (x)\ when x takes the values fir , fir+i, 
/ir+ a, form a deceasing sequence whose members are greater than \/(2/w) 
provided that, 

(i) v '>% (ii) > r* {4>v 3 + 4, + V(48v* + 13))/(4»«-3). 

Consider the function 

A (x) (x) + 2 B (x) 9o v (x) (x) + 0 (x) WJ* (x) = @ (x), 

where A (x), JB(x), 0(x) are to be suitably chosen. We have 
©' (x) — [A' (x) — 2 (je 2 — i/ 2 ) i? (afyjx*} (x) 

+ 2 [B? (x) + A (x) — B (x)jx — (af — v 9 ) G (x)/® 3 } 98 v (x) (x) 

+ {O' (x) + 2 B (x) - 20(a)/®} <® v ' 3 (a) 

= D(xY$ v '*(x), 

where T> (x) = C" (x) + 2B (x) — 20 (x)/x, 


Of. Proc. London-Math. Soc. (2) xvi. (1917), pp. 170—171. 



ZEROS OP BESSEL PTJNOTIONS 


489 


15 * 31 , 15 * 32 ] 

provided that A (x) is chosen arbitrarily and that B (x) and C (x) are then 
defined by the equations 

2 B(x) = # 3 A! (x)/(ot? — y a ), 

C (sc) — X- ( B' (x) + A (sc) — B (x)(x}j(a? - y s ). 

(I) If A ( x) = (aj 2 — y 2 )*, then 

2 D (a?) (of — y 2 )& = a ? 3 (3ar* + l^y 3 + 4y 4 ) > 0, 
and so © (sc) is an increasing function of x which is therefore less than 

lim © (x) = 2 / 7 T. , 

a;-*»oc 

Since © {/x n ) = (g,,? — y 2 )* 'SV (/z n ) we see that when n assumes the values 
1 ,2, .... then the numbers O n 3 - v 3 ) 1 1 r $ v (fi n ) | form an increasing sequence 
less than V(2 /tt). 

(II) If A (x) = x, then 

2D (w) (a? - y 3 ) 4 = - a ? 3 ((4y 3 - 3) x* - 8 y 3 (y 2 + 1 ) a? + jA^y 3 - 1 )} 

< 0 , 

provided that 4 y a > 3 and x exceeds the greatest root of the equation 
(4y 3 — 3) a ,* 4 — 8 y 3 (y 2 + 1 ) ai® + y 4 (4y 3 — 1) = 0. , 

In this case © (te) is a decreasing function and we can apply arguments, similar 
to those used in theorem (I), to deduce the truth of theorem (II). 


15*32. Schafheitlin's investigation of the zeros of J 0 («). 

By means of the integrals which have been given in §612, it has been 
shewn by Schafheitlin* that the only positive zeros of J,(x) lie in the intervals 
( m7r + | 7ri mrr +Itt) and the only positive zeros of Y 0 (x) lie in the intervals 

(‘W17T + %7T, ItlTT + §7t), whei’C M = 0, 1, 2, .... 

We shall first give Schafheitlin’s investigation for J 0 (x), ’with slight 
modifications, and then we shall prove similar results for cylinder functions 


of the type __ . . . 

J v (x) cos <x—Y v (x) sin a 

(where y lies between - £ and $), by the methods used by Schafheitlin. 
Scliafheitlin’s investigations were confined to the values 0 and of a. 

From an inspection of the formula of § 6 12 (7), 

r (x) = 2 f 4 * sin_(^±M e -*>cote dd> 

' 7r J o sin 9 \/cos 9 

it is obvious that, when imr<x< mir + f tt, 

sgn {sin (x + \ 0)) — sgn (.— l) m > 

and so sgn J a (%) — sgn (— l) m . 

Consequently J, (x) has no zeros in the intervals (mir, mw + |tt). 

* Journal filr Math. cxiy. (1894), pp. 81—44. 
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To prove that J Q (x) has no zeros in the intervals (rmr + $7r, mir + tjt), write 

x = (m +1 ) 7T — <]>, 


and then 


J (a) ss - ( ^ m+1 S ^ D ft) e ~atBOOt0 fiQ 

> / *W“—J, amtfVoo b 6 


The last integrand is negative or positive according as 
0 < $ < 20 or 2 <j><6< \ir. 

Since <f> < the second of these intervals is the longer j and the function 


sin 0 *jcoa 0 

is an increasing function* of 6 when x>^ir and 6 is an acute angle. 


Hence to each value of $ between 0 and 2<f> there corresponds a value 
between 2<f> and |7r for which sin (^Bf- <f>) has the same numerical value, but 
has the positive sign, and the cofactor of sin {\6 — <f>) is greater for the second 
set of values of $ than for the first set. The integral under consideration is 
consequently positive, and so J 0 (x) cannot have a zero in any of the intervals 
(mw + f t r, mir + ir). Therefore the only positive zeros of J 0 (x) are in the 
intervals (mir + £7 r, mir + |7r). 


15*33. Theorems of Schafheitliris type , when 
We shall now extend Schafheitlin’s results to functions of the type 
$** (as) s J v (x) cos a — Y ¥ (x) sin a, 
where 0 < a < ir and — i < v < £. 

We shall first prove the crude result that the only positive zeros of (x) 
lie in the intervals 

{mir + £ 7T + \vir — or, mir + ir — a) 

where m = 0, 1, 2,.... This result follows at once from the formulae of § 6*12, 
which shew that 

2 y + 1 af 

^-(®)“r(r+i>r(i) 

for, when m7r — or< a? <?mr4’ £ 71 - + %vir— a, 

we have sgn [sin (x + a - v6 + |0)] = sgn (- l) m , 

and so, for such values of x, 98 v (x) is not zero. Consequently the only zeros 
of & y (x) lie in the specified intervals, and there are an odd number of zeros 
in each interval, with the possible exception of the first if a>| 7r + iv7r. 

Next we obtain the more precise result that the only positive zeros of (x) 

He in the intervals 

(mir+ \ir + \vir~a., mir + $7r -f \vir — a) 

* Its logarithmic dentate is 


cos-W sin (*+ «- v6 + 10) 

0 ’ 8in»«0 6 W ' 


(2® - Bin $ cos d) ooseo 8 9 +4 tan 9. 
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where m — 0,1, 2, ..except that, if a is sufficiently near to tt, there may be 
zeros* in the interval 

(|7r + — a, vr — a). 

We shall prove this result by proving that %(x) has a fixed sign throughout 
each .of the intervals! 

(rmr + £t r + \ vrr — a, mir + ir —a). 

Write x = (m +1) nr — a — (l — 2v) <fs, 

where </> is an angle between 0 and ^tt. 


With this value of x, 


fl> Bin {(X - 2,) ge - ft)} t , 

w_ r(v+i)r(|).l 0 am**** e 


To each value of 0 between 0 and 2<£ there corresponds a value between 2<£ 
and ^7r for which sin {(,1 — 2v) (£0 — <£)} has the same numerical value, but 
has the positive sign. 


Again e~*° 004 e cos” - * 0/sin av+1 6 

is an increasing function of 6 provided that 

[ g in 30 

(2v +1) sin 6 cos 6 + (v — 1) —~z , 
' cos0_ 

and this condition is satisfied when x > | since v ^ J. 


Hence, if as > | and 

mrr + ^ir + \vrr— a<x< rmr + tt — a, 
we have sgn ^ (os) = sgn (- l) rw+1 , 

and this proves the more precise theorem. 


15*34. Theorems of Schafheitlin’8.type, when £ < v < §. 

We next consider the function 

(os) = J v (os) cos a — Y v (x ) sin a, 

where 0<a< tt, as before, in which it is now supposed that \ <v<§. 

We shall first prove the crude result that the only positive zeros of (x) 
lie in the intervals 

(W17T — a, W17T — ^7T + ^VTT — tt) 

where J m = 0,1,2,.... This result follows at once from the formulae of § 612, 
which shew that 

2-+ 1 [*' cos-* 0 sin (x + a - vO + $6) dp . 

^ w -f>T«r®jo-S 551 ? e ' 

for when rmr — \vtt — <x< x < (m +1) 7 r - 

* By taking as an alternative function J\ v \ (x) and applying the theorem of § 15’24, we see that 
there cannot be more than one such zero. 

+ If *<4 and m=0, the reasoning fails when •|T + i«'T-a< 

$ If <*>($»»- £)*•, the interval for which m=0 iB, of course, to be omitted. 
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we have sgn [sin (cc + a. — vO -4* 10)] — sgn (— l)™, 

whence the theorem stated is obvious. 


Next we obtain the more precise result that the only positive zeros of (x) 
lie in the intervals 

(mrr — \ar 4- \vir — a, mar — + \ var — a), 

where m = 0, 1, 2, ..., except that, if a is sufficiently near to n r, there may be 
a zero in the interval (0, \vn r — fair — a), and there may be one in the interval 
(or — a, $tt 4- \vtt — a). 

We use the same notation and reasoning as in § 15*33; only now, if 

. e -**oo to cos v “i0/sin a ‘' +1 6 = f{6 ), 

f{8) is-not necessarily an increasing function of (?; hit it is sufficient to prove 
that, when 0 < if < 2$, then 

/(**-*) </(«* + *)•✓ 


To obtain this result, observe that 

k l 0 g / | ty - fj “ U ' ^ COse ° 2 W +^) + cose ° 2 ( 2 0 “ 0 )} 


— sin 40 J^- 


_cos (20+0) cos (20 — 0) Bin (20 + 0) Bin (20 
But [oosec 2 (20+0) + eoaec 2 (20 — 0)] sin (20+0) sin (20 - 0) 

is an increasing function of 0, and therefore, a fortiori, 

[oosec 2 (20 + 0)+cosec 8 (20—0)] cob (20 + 0) oos (20 - 0) 
is an increasing function, since this function exceeds the former by an increasing function 

because 40 is an aoute angle; and so — is always positive if it is positive 

when 0=0, i.e. if 

4x > {(v — £) tan 2 20 4- (2v + 1)} sin 40, 
and this is the case when x > fj'+J. 


2v + l 


* - 0 )_ ’ 


Hence, when £ < v < §, the only zeros of < @ v (a?), which exceed f i/ + lie in 
the intervals 

(mir — |7r + — a, mar — r 4 - %vtt — a). 

The method Seems inapplicable for larger values of v on account of the 
oscillatory character of sin (a; 4 -a — v0 + %&) as 9 increases from 0 to \ar \ a 
method which is effective for these larger values will now be explained. 


15*35. Schafheitlin’8 investigations of the zeros of cylinder' functions of 
unrestrictedly large order. 

We shall now prove that, if v >^, those zeros of the cylinder function 
J v (x) cos a — Y v ( x ) sin a 
which exceed (2z/ + 1 ) (2v + 3)/w lie in the intervals 

{mir — a+\vir + \ar, mar — a. + |i/ 7 T + f tt) 
where m assumes integer values. 
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The method used, to obtain this result is due to Schafheitlin*; but he 
considered the case of functions of the first kind and of integral order only, and 
his reasoning is made lengthy and obscure by the use of arguments equivalent 
to the use of the second mean-value theorem when the explicit use of that 
theorem is obviously desirable. 

As in the preceding analysis, write 

(x) = J v (a?) cos a — Y v (x) sin a , 

so that 

2*>+i (•!*• cos v-i q s in (x + « — v $ + 




I> + *)T(*) l« 

2 V+1 x v 

i> + 


ginSl'+l f) 


e -ucot6<l0 




M. 


Now cot 2v+1 0 . e -2 * 0040 increases as 6 increases from 0 to 0 B and then decreases 
as 0 increases from <? 2 to where 0 2 = arc tan 


v + i* 


It will be observed that 0 B is nearly equal to |tt when x is large compared 
with v. 

Now suppose that x lies between 

wir — a + (v - |) and imr - a + (v — |) 4-£ 7 r, 

and then choose 0i so that 

x + a — (v + f) #i = imr. 

It is easy to verify that 

2y — 1 7T« 2l/ + 2 7T 

2^T3-2 < ^ 1< 2^T3 , 2 5 

so that 0i is a positive angle less than 0 2 , provided that 

. v + A 7r 

arc tan-- < - t, . 

x 4>v + 6 

We suppose now that 

x > (2v + 1) (2v + 3)/7t, 
so that 0i is certainly less than 

Then, by the second mean-value theorem, there exists a number 0 Q , between 
0 and 0i, such that 

p COB-* 8 sin (« + « - v0 + jO) e ^ M , dg 
' * I 0 sin 2l ' +1 0 


Journal filr Math. oxxn. (1900), pp. 299—821. 
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Now qua function of 6, 

cos (x + a - vd — % 0)/cob v+ 1 $ 

is stationary when sin (so + a — vd + %d) = 0, and for such values of 6 the 
fraction is equal to ± l/cos” - * 6. 

cos {x + a — ydf-\d Q ) 
cos*** 0 O 


Hence 


cannot exceed numerically the greatest value of 1/cos 1 ' - * 6 in the interval (0,0i), 
and therefore 


(cos (w7r + d x ) cos (as + a — v$ 0 — 




COS*' 4 * da 


sgn (-1)” 


Therefore, since the sign of sin (as + a — vd + $0) is the sign of (— l) m when 6 
lies between d x and \tt> we see that, for the values of x under consideration, 

sgn % (x) = sgn (- l) m . 

Hence, when x exceeds (2v+ 1) (2v + 3)/tt, ^ v (x) has no zeros in intervals of 
the type 

(rmr — a + ^V7r — \tt, mrr —a + ^vrr + \tt), 
and so the oply zeros of (x) which exceed (2v +1) (2v + 3 )/tt lie in intervals 
of the type 

(wwr — a + \vrr + mir — a. + \vrr + ^ 7 r), 
and this reduces to Schafheitlin’s result* when a — 0 and v is an integer. 

The reader will observe that this theorem gives no information concerning 
the smaller zeros of (x) when v is large; it will be apparent in § 15*8 that 
there are a large number of zeros less than (2v + 1) (2v + 3)/7t, and that 
interesting information can be obtained concerning them by using Debye’s 
integrals. 


15*36. Bdcher’s theorem *f* on the zeros df ^ (x). 

A result of a slightly different character from those just established was 
discovered by B6cher from a consideration of the integral formula § 11*41 (16). 
The theorem in question is that $" 0 (x) has an infinite number of positive zeros, 
and the distance between consecutive zeros does not exceed 2 j 0 where j 0 is the 
smallest positive zero of J 0 (x). 

To establish this result, write v = 0, z =j 0 in § 11*41(16), and then 

[" %(nr)d<f> = n%(Z)J 0 (j 0 ) = Q. 

.'0 

Hence ^ (nr) cannot be one-signed as <f> increases from 0 to n r, i.e. as nr 
increases from Z—j 0 to Z+j 0 ; and so ? 0 (nr) must vanish for at least one 
valueJ of or in the interval ( Z—j v , Z+j 0 ). Since Z is an arbitrary positive 
number (greater than j 0 ), Bbcher’s theorem is now evident. 

* Schafheitlm gives (2 k+3) {2k+5)/x as the lower limit of the values of x for whioh the zeros 
lie in the specified intervals. 

t Bulletin American Math. Soc. v. (1899), pp. 885—888. 
t Of. Modern Analytic, §8*68. 
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[Note. By a form of Green's theorem, 

f dv , f Su , 

where «, v are two solutions of ^ + ^+u=0 with continuous second differential 
coefficients inside the closed curve a, and 0/3v indicates differentiation along the normal. 

By taking {s/(® 2 +y 2 )} and the curve to be 3®+y»—/ 0 *, Weber* deduced that u 
must vanish at least twice on any circle of radius j 0 . 

Bdcher inferred from this result that since (r) cos n6 satisfies the requisite conditions 
except at the origin, if a circle of radius j 0 is drawn with centre on the axis of x and 
subtending an angle less than ir/n at the origin, (»•) must vanish somewhere on the 
circle. Hence the positive zeros of ffln (r) are such that conseoutive zeros are at a distance 
apart loss than 2; 0 , and the distance from the origin of the smallest of them does not 

exceed j 0 jl + cosec . 

These results are of interest on account of the extreme simplicity of the methods used 
to prove them.] 

16*4. On the number of zeros of J v {z) in an assigned strip of the z-plane. 

We shall next give the expression for J„(z) as a Weierstrassian product, 
and then develop expressions involving quotients of Bessel functions in the 
form of partial fractions; hut as a preliminary it is convenient to prove the 
following theorem, which gives some indication as to the situation of those zeros 
of J v (z) which are of large modulus. In this investigation it is not supposed 
that v is restricted to be a real number, though it is convenient to suppose 
that v is not a negative integer. When v is real the results of § 15'2 to some 
extent take the place of the theorem which will now be proved. 

Let 0 be the rectangular contour whose vertices are 

±%B 4- 17 ril (v), ±iB + inir + ^vtt -f £7r, 
where B is a (large) positive number. 

We shall shew that when m is a sufficiently large integer the number of 
zeros of z~ v J v {z) inside 0 is precisely equalf to m. 

Since z~* J v (z) is an integral function of z, the number of its zeros inside 
C is 

x r rfjl°gJ<w,Wj * I f dn 

ZltlJ Q dw ZTTlJ c J V {W) 

* Math. Ann. i. (1869), p. 10. 

t When v is a real negative number (and for certain oomplex values of v) there may be pairs 
of zeros on the imaginary axis; in such oircumstanoes the oontour C has to be indented, and each 
pair of zeros is to be reckoned as a single zero. 
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We now consider, the four sides of C in turn. It is first to be observed that 
on all the sides of G, 


Hj» (w) 


V 


.7 TW/ 
2 \* 


e i ivy-iyrr-in) {1 „(w)}, 


HJ* (w) = {l+ VSiV (w)}, 

where % t „ (w) and rj 6t „ (w) are 0 (1/w) when j w | is large. 

Now, since the integrand is an odd function*, we have, as B -*■ oo , 


-±.f 

2t nj, 


-iB+frril (») J v+i ( w ) 1 ri£+inil(y) 


(w) 


iB+i*iI{v) Jv{w) 27 rij iB-fril(r) d v (w) 


dw 


J riB+iv4I(i>) 


idw= 


^7 Tt J iB~'kitiI(v) 

Next take the integral along the upper horizontal side of G ; this is equal to 


J_ ftt+wrw. J v+1 (w) 
27 ri j -• 


dw 


t'S+Mlir+Ji^r+Jjr d"v (w) 

1 p**-* (1+5^1 [x + 0 (0] dw 

StJ iB+friI(r) ( l+Ve,r( w ) j L 


r 


= r— mir 




1 

27r [_ 

+ i^(v) + |, 

as B-*~ao. 

Similarly the integral along the lower side tends to the same value, and 
so the limit of the integral along the three sides now considered is m-\- \v + J. 

Lastly we have to consider the integral along the fourth side, and to do 
this we first investigate the difference 

— — — tan — — \ 7r), 


J,{w) 

which, when | w | is large, is equal to 

2t/ + l 


Now 
and so 


/: 


2 w 

i B+mir + b nr+Jir 


+ 0 


& 


iB+mv+bvir+lir 


tan (w—\vir - £7r)cfa/ = 0, 


fori] - 


iB+mn+bnr+irr ^ 


__ 

27Tt J — iJS+nur+inr+lir Jy (w) 


= - J-f 
2 m J _ 


iB+mv-\-ivTr-\-itr (2p -{• 1 


+ 0 (^)| dw 


-CB+fliiH-Jvu-f Jir ( 

i(2w + l) + 0(l/m). 

Hence the limit of the integral round the whole rectangle is ra + 0 (1/m). 

* Allowance is made for the indentations, just specified, in the first step of the following analysis. 
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If we take m sufficiently large, we can ensure that the expression which 
is 0 (1/m) is numerically less than 1; and since the integral round the rectangle 
must be an integer, it is equal to m. 

That is to say, the number of zeros of z~ v J v (z) between the imaginary axis 
and the line on which 

R (z) *sm7r + {J R (v) + •£} tt 

is exactly m. 

Noth. The approximate formulae quoted for the functions of the third kind shew 
that the large zeros cannot have a large imaginary port; and so all the zeros of J P (z) lie 
inside a strip whose sides are parallel to the real axis and at distances from it which are 
bounded when | v | is bounded. 


15 * 41 . The expression of J v {z) as an infinite product 

It is possible to express J v ( z) as a product of ‘ simple factors * of 
Weierstrassian type, each factor vanishing at one of.the zeros of In 

order to express J v {z) in this form, it is convenient first to express the 
logarithmic derivate of z~ v J v (js) as a series of rational fractions by Mittag- 
Leffler’s theorem*. 


the zeros of z~ v J v {z) are taken to be ±>,i» ±>, 2 , ±>,s» ••• where f 
•R (iv.n) > 0 and I R ( j„ tl ) | ^ | R ( j„ >a ) \^\R (>,#) | , the values of j Vil , a, 

j v% », ... .being all unequal (§ 15*21). We draw a (large) rectangle D, whose 
vertices are ± A ± iB, where A and B are positive, and we suppose that ± 
are the zeros of highest rank which are inside the rectangle. 

We now consider 

1 f * 4+i (w) , 

27 ri] D w{w — z)' J v {w) ' 

where z is any point inside the rectangle, other than a zero of J v (w), and v is 
not a negative integer. 

The only poles of the integrand inside the rectangle are z, ± ±j», 

i jv, m \ 

The residue at z is J p+1 (z)IJ v (z) and the residues at ±j v , n are 

i jv,n jv ,«} 

since Jj(z) = — J v+1 (z) when z — ±j v ,n, by §3'2. 

It follows that 


Jy+l(z) 

Jv(z) 


+ 2 


na 1 




+ 2 


1 (.« +Jv,n 


1 

jv,n 


f 


J “pS^$dw. 


27 rijD w(w — z)‘ J v (w) 


* Acta S<H 3. Scient. Fennicac, xi. (1880), pp. 278—208. Of. Modern Analysis, § 7'4. 
t If R{±j Vtn )=Q for any value of n, we choose j vH to have its imaginary part positive. 

32 


W. &F. 
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We next shew that, by giving A and B suitable sequences of values which 
increase without limit, J v+1 (w)/J v (w) can be taken to be bounded on D. 
Since this function is an odd funotion of w, it is sufficient to consider the 
right-hand half of D. 

We take A — Mir + R tyv + J) tt, where M is a positive integer; and then 
we take M to be at least so large that M = m, which is possible by § 15 4, and 
also to be so large that we can take the functions 7?„ a (w), defined in 

§15‘4, to be less than, say, £ in absolute value. 

Then J v+1 {w)jJ v (w) is bounded whenever 

j gfli j 

is* less than $ or greater than 2; and when the expression does not lie within 
these limits, I ( w ) is bounded and w is not arbitrarily near a zero of J„ (w) ; 
so that, from the asymptotic expansion of §7*21, J v+1 {w)(J v (w) is bounded on 
the part of the rectangle wifchin. this strip. 

That is to say J v+1 ( w)JJ v {w) is bounded on the whole of the perimeter of 
the rectangle D as B and M tend to infinity. 


Hence 

and thereforef 


1 f * Jy+l(w) 
27 ri]£w(w—z) Jy(iv) 


dw-^0, 


( 1 ) 


j x+l (z) __ 




•+- 


•friz) n»l Jv,n. 

When we integrate, we find that 
0 J H-l (f) 


l + i { 1 

_ 1 ' 

Pnil W >,« 

jv, n. 


rap W.‘ 

and hence 


JM dt 

. (M 


n i 

n=>l 


exp (rJlllKi) exp ("£.)}' 


® -t) CfJliK 1+ £) exp (-£)! 

This is the expression of J v (z) in the specified form. 

The formula may also be written in the modified form 


(3) 


«/„(*) = 




i>+i) 


n 

n"l l J v,n,' 


This formula was assumed by Euler, Acta Acad. Petrop. v. pars 1, (1781) [1784], p. 170, 
when v=0, and subsequently by various writers for other values of v ; of. §§ 15-5, 15*51. 

The analysis of this seotion is due in substance to Graf and Gubler, Mnleitung in die 
Thfiorie der BemVschen Funktionm, L (Bern, 1898), pp. 123—130, and it was given 
explicitly by Kapteyn, Mona&thefte fUr Math, und Phys. xiv. (1903), pp. 281—282. 

* Because r—r>s* 

1+i 2 

f If we take the rectangle to have its vertices at A =t*B, -A'±iB, we see that the two series 
ou the right converge separately. 
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The expansion on the right of (1) is evidently expansible in a power series; the 
coefficients in such a series have been expressed as determinants by Kapteyn, Proa. Section 
of Sci., K. Acad, van Wet. te Amsterdam , vm. (1905), pp. 547—549, 640—842; Archives 
Nderlandaises, (2) xi. (1906), pp. 149—168. Some associated formulae have just been 
published by Forsyth, Messenger , L. (1921), pp. 129—149. 


15 * 42 . The Kneser-Sommerfeld expansion. 

An expansion which, in some respects, resembles the partial fraction 
formula obtained in § 15*41 is as follows: 

V ^V ( jv,n Jv ijv.n X) irJ v (xz) f r / N v /V-N V /~\ T / 

ii (Hupxjrr wrw 1[J * W r ’ w ~ f - (2)/ - (Xz)1 ’ 

in which x and X are positive numbers such that 

0 < x ^ X ^ 1, 

while z and v are unrestricted (complex) numbers, except that it is convenient 
to take It ( z ) > 0. 


The expansion was discovered in the case i/=0, as a special form of an expansion 
occurring in the theory of integral equations, by Kneser, Math. Ann. lxiii. (1907), pp, 511— 
517. Proofs of this and of related expansions for integral values of v were published 
later by Sommerfeld, Jahresbericht der Deutschen Math, Vereinigung , xxi. (1913), pp. 309— 
353, but Sommerfeld’s method of proof has been criticised adversely by Carslaw, Proc. 
London Math. Soc. (2) xm. (1914), p. 239. 

It may be noticed that the expansion has some connexion with the ‘ Fourier-Beasel ’ 
expansions which will be discussed in Chapter xvm. 


To obtain a proof of the expansion, consider the integral 

1 f H V {1) (Xw) (w) - H y W (Xw) (w) J v (xw ) ^ 

27rij. z x — w % J v (w) 

in which the path of integration is a rectangle with vertices ±Bi, A ± Bi, and 
it is supposed that the left side of the rectangle is indented at the origin. 

The integral round the indentation tends to zero with the radius of the 
indentation, whether v be an integer or not; and the integrals along the two 
^parts of the imaginary axis cancel. 

Also, when x and X satisfy the specified inequalities, the function 
{#„« (Xw) H® (w) - (Xw) #„<•> (w)) J v (xw)lJ v (w) 
remains bounded on the other three sides of the rectangle when B -*• oo and 
when A -*-oo through the values specified in §15*41. 

Hence the limit of the integral round the rectangle is zero, and so the 
limit of the sum of the residues of the integrand at the poles on the right of 
the imaginary axis is zero. 

Now the residue at z is 

17 ^ Y ’ (X *»■ 


32—2 
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while the residue atj„, n is 

- 2iJ y (j v , n X ) Y v (J Vtn ) ( An) (2* “An)} 


-.2* Jv (A. nX)J v ( j v , n SB ) 

2 (A n) (^® — A, n) 


{-P* (An) (jv,n) A (A n) ^ (An)} 


^?>» l nJy* (A n) “A. n) 

and on summing the residues we at once obtain the stated expansion. 

For a generalisation of this expansion, obtained by replacing J v (xw)jJ y {w) by 
(xw)l<$ y (w) in the contour integral, see Oarslaw, Proo. London Math. Soo. (2) xvr. 
(1917), pp. 84—93; Oarslaw has also constructed some similar series which contain 
Legendre functions as well as Bessel functions, and these series represent the Green’s, 
functions appropriate to certain physical problems. See also Beltrami, Lombardo Rmdioonti , 
(2) xm. (1880), p. 336; and Lorenz, Oeuvres Scientifiques , il (1899), p. 606. 


15*5. Euler'8 investigation of the zeros of J 0 (2 *Jz). 

An ingenious method of calculating the smallest zeros of a function was 
devised by Euler*, and applied by him to determine the three smallest zeros 
of J 0 (2*/z). 

If the zeros arranged in ascending order f of magnitude be a lt c^, er 8 ,... > 
then by § 15*41, 

j.(2V*)=n (l-fY 

71=1 \ 


As has already been stated (§ 15*41), this formula was assumed by Euler; if it 
is differentiated logarithmically, then 


-ilogJ.(2V*)- 2 

az n=l 


1 

a n -z 


= 2 X 


z " 


T»“l 7» = 0 


771+1 


provided that | z | < ; and the last series is then absolutely convergent. 


Put X l/«ti m+1 = <r m +i and change the order of the summations ; then 

n c l 

f-J 0 (2Jz) = J 0 (2^/z) X a m + 1 4 m . 

az »n=3 0 


Replace J a (2*/z) on each side by 

, z & & 

1* "a 2 .2 s I s . 2 s . 3 s ’ 


* Acta Acad. Petrop. v. pars 1, {1781) [1784], pp. 170 et seq. A paper by Stem, Journal filr 
Math. xxxm. (1846), pp. 368—366 should also be consulted. 

t From g 16*25 it IoIIowb that the zeros are positive and unequal. 
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multiply out the product on the right, and equate coefficients of the various 
powers of z in the identity; we thus obtain the system* of equations 
ls=<Tl, “ ^ — CTo — O - !, 

— Os'*" 

— rbr =s ff 4 o’s + J <r 2 — ^ 0*1, 

= cr B — tr 4 + J o-j — 0 - a + O'!, 

“ = - <^b + ^4 — “ rri&iy 

.»i.*f ...... 

whence 

0i= 1, er a = J, 0 3 — <^4 — H. er »~'^> °~«~ iWo » •••• 

Since 0 < a x < eia < a 3 < ..., it is evident that 

l/«i m ^ °"m+i ^ 0‘mf a i> 

and so 0m~ 1/m < a x < cr m l<r m+l . 

By extrapolating from the following Table: 


m 

ir -1/** 

°tn 

ff ml a m+l 

1 

1-000 000 

2-000 000 

2 

1-414 213 

1-500 000 

3 

1-442 260 

1-454 645 

4 

1-445 314 

1-447 368 

5 

1-445 724 

1-446089 

6 

1-445 785 

— 


Euler inferred that dj = 1-445795, whence 

l/ai = 0-691661, 2^ = 2-404824 
By adopting this value for a lt writing 

S l/a n m = <r m ' ) 

»-a 

and then using the inequalities 

< <x m , or )n+ i < cr m jct 3 , 

Euler deduced that a„=7’6658, and hence that a 3 = 18-63, by carrying the 
process a stage further. 

These results should be compared with the values 

ai=l-445796, aa=7-6178, a s = 18-72, 

derived from the Tables of Willson and Peirce, Bulletin American Math. Soc. in. (1898), 
pp. 153—155. 

The value of a } is given by Poisson +. as 1-446796491 (misprinted as 1*46798491); 
according to Freeman f this result was calculated by Largeteau for Poisson by solving the 
quartio obtained by equating to zero the first five terms of the series for (2 s fz ); the 
magnitude of the sixth term is quite sufficient to account for the error. 

* This syBtem is an obvious extension of Newton's system for an algebraio equation, 
f Mim. de l’Acad. R. dee Sci. xn. (1888), p. 300. 

t Proc. Gamb. Phil. Soc. in. (1880), pp. 875—377. Of. Freeman’s translation of Fourier’s La 
TMorie Analytique de la Ohalew, p. 810, footnote. 
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15*51. Rayleigh's extension of Euler’s formula. 

The method just described was used independently by Rayleigh * to calcu¬ 
late the smallest positive zero of J v (z). 

Taking the formula (§ 15*41) 


T ,, i (i*)' „ 


1- 


j\n, 


and writing 

we find, after Rayleigh, that. 
1 


=1 j\n 


= (T W 

— V V I 


0 ) a- 


2 a (y + 1)’ 


w — 


2* (v+iy.(v + 2)' 
5v+ll 


2" (v +1) 8 {v + 2) (j/ + 3) ’ 


2 fl (jr+ l) 4 (v + 2) s (v + 3)(* + 4) ’ 

a (B) _ __ *7v + 19 _ 

2® (v + 1)® (v + 2f (v + 3) (y + 4) (v + 5)' 

The smallest positive zeros of J 0 (z) and J\{z) are deduced to be 2*404826 
and 3*831706. 

Immediately afterwards Cayley f noticed that aj?) can be caloulated rapidly when r is 
a power of 2 by a process which he attributed to Enoke $, but which is more usually known 
as Graeffe’s § method of solving an equation. 

The method consists in calculating <r„( r ) when r is a power of 2 by starting with the 
pven equation and forming from it a sequence of equations each of which has for its roots 
the squares of the roots of its predecessor; and <r, (r > then rapidly tends to a ratio of 
equality with llj ir Vtl , 

Cayley thus found tn-W to be 

429u g + 7640v« +63752v 8 +185430»* a +311387r + 202738 
2 18 (v +1) 8 ( v + 2)* („ + 3)* (u + 4? (v + 6) (v+6) (v + 7) (v + 8) * 

formuk^ °k SerVec * ^ an< ^ ^ u ^ er ll that the value of ov< r ) can easily be checked by the 

°V r )=2 2r ~ 1 B T /( 2 r) 1,- 

“ iS ““ Bem0ullian ““ mber i this *>nnula ta an evident consequence of the 

kavfw^bv^^tTT 1 ^ 0 ^ 2 " 08 0 '^4f„'(.) + W.W, where A isnconstant, 
e been made by Lamb, Proc. London Math. Soc. xv. (1884), p. 273. 

Zer °° f Jv ^ for various values of * between’ 0 and 1, has recently been 

“itr - Pka - ** (e) m < mi * »■ “ - "K 

+ a* St. s«. v.K ro m-m (1899) ’ pp ' m ~ 19ls -1 

t Journal fur Math. m (1841) , pp. uZm ‘ f 189 * 1 ' I9 - 20 -3 

S Lit Aif/atmg dtr hthtren mmtruchen Obkclwnsm (Zttrioh, 1887) 

' *“ iU ThM ™ , (iel L), pp. 180 - 181 . 
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[Note. . The procedure of calculating the sum of the rth powers of the roots of an 
equation in order to obtain the numerical value of its largest root seems to be due to 
Waring, Meditationes Analyticae (Cambridge, 1776), p. 311; other writers who were 
acquainted with such a Vnethod before Graeffe are Euler (cf. § 15-5); Dandelin*, Mhn. de 
l’Acad, R. des Sci. de Bruxelles , in. (1826), p. 48; Lobatsehevsky*, Algebra, or Calculus 
of Finites (Kazan, 1834), § 267.] 


15*52. The large zeros of J 0 (as). 

The most effective method of calculating the large zeros of cylinder 
functions (when the order v is not too large) is, in substance, due to Stokesf, 
though subsequent writers have, to some extent, improved on his analysis. 

Stokes’ method will be sufficiently illustrated by his own example J / o (a0> 
whose zeros are the roots of the equation 


cot (a — Jtt) = 


Q («?, 0 ) 

P(*o y 


with the notation of § 7*3. It will be remembered that the asymptotic 
expansions of P (as, 0) and Q (as, 0) are 


P (as, 0) ^ 1 — 


1 . 9 

21 (Has)* 


1.9.5|5.49 

41(8&f 


Q (x> 0 ) ~ 


1 1.9.25 

1I&» + 3! (8®)* 


For sufficiently large values of to, P (as, 0) is positive, Q (as, 0) is negative 
and the quotient Q (as, 0)1 P (as, 0) is a negative increasing § function of as. 
The function cot (a? — is a decreasing function which vanishes when 
as — ?i 7 r.— ^ 7 r, and so it is obvious from a graph of cot (a: - ^ar) that there 
exists a positive integer N such that when n > N, J<,(as) has precisely one zero 
in each of the intervals (nor — \n r, nor + \rf), and that the distance of the zero 
from the left-hand end of the interval tends to zero as n -+■ 00 . 


Again, if Ur, v r denote the (r + l)th terms of P (as, 0) and Q(as, 0) we may 
write 

TO-l to -1 

P(as, 0) = 2 u r + Bu m , Q(as, 0) = 2 v r +■ 9\V m , 

r=0 r-0 

where 9 and 61 are certain functions of as and m which lie between 0 and 1. 


* I owe these two- references to Professor Whittaker. 

t Comb. Phil. Trans, xx. (1866), pp. 182—184. [Math, and Phys. Papers, n. (1883), pp. 850— 
853.] 

t Stokes also considered Airy’s integral (§ 6-4) and Ji (a), for the purpose of investigating the 
position of the dark bands seen in artificial rainbows. 

§ The reader may verify, by § 3’68, that its derivate is 

{ 1~P*-Q*}IP a , 

where P, Q stand for P (a, 0), Q (a, 0); and, by the asymptotic expansions, this is ultimately 
positive. 
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Now consider the equation 

m-l 

2 V r + 0 x V m 

oot(««W-25-, 

2 + dUm 

r=0 

in which it is temporarily supposed that 6 and 6 U instead of having their actual 
values, are any numbers which lie between 0 and 1 . 


The equation now under consideration involves no functions more compli¬ 
cated than trigonometrical functions. If x were supposed complex, there 
would be a number of contours in the a-plane each of which enclosed" one of 
the points nir - ^tt and on which | cot (a? - \ir) \ exceeded the modulus of the 
quotient on the right. 

By Burmann s theorem* the modified equation would have one root inside 
the part of the contour which surrounds nir-lir, and this root can be ex¬ 
panded in descending powers of nir — £ 7 r. 

We thus obtain an expansion for the root of the equation in the form 


x = (nir — ■Jtt) + 


i MLOA 

r=o (nir — ^7r) sr+1 ’ 


in which the coefficients f r (6, 8 X ) are independent of n but depend on 6 and d 1 ; 
and it is readily perceived that the first m of the coefficients are actually 
independent of 6 and 6 1} so that, when v < m, we may write 


fr if, 0\) =fr‘ 


Now the sum of the terms after the with is a bounded function of 6 and 6 X 
as 6 and 0 , vary between 0 and 1 ; and it is clear that the upper bound of the 
modulus of the function in question is 0(rr* m ~') asn + oo. Hence, when 0 
and Q x are given their actual values which they have at the zero under con¬ 
sideration, the sum of the terms after the with is still 0 

That is to say, it has been proved that there exists one zero (nearly equal 
to tijt — ^ 7 r), and its value may be written 


m-l f 

Hence the asymptotic expansion of the .zero is 

00 f 

x no nir — i 7T + 2 -~— K —. 

r=o {nir — ^7r) ar+1 

It remains to calculate the first few of the coefficients / If 

„ , ! 
where yfr — 0 as x — oo , then 


tan ■v/r no -— 


33 


3417 


8a? 512a?" 1 " 16384a? 

* Of. Modem Analysis, § 7-81. 
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1 25 1073 

^~8«; 384m 8 + 5120m 5 

and therefore the equation to be solved assumes the form 

, , v 1 25 . 1073 

00 ^ a? 384a; 8 + 5120^ 

The result of reverting the series is 

1 31 3779 

a; = ( n7r “^ 7r ) + 8 (n7r- ±tt) ~ 384(wn— iirj 8 + 15360 (jw - iw)" " ”” 

This series is adequate for calculating all the zeros of to at least five 

places of-decimals, except the smallest zero, for which n = 1. 

15 * 53 . The large zeros of cylinder functions. 

It is easy to see that the large zeros of any cylinder function, 

J v (z) cos a — Y v (z) sin a, 

where v and a are not necessarily real, may be calculated by Stokes’ method 
from a consideration of the equation 

0(z v) 

cot (* -\vir - *7T + a) = Y{^v) • 

It seems unnecessary to prove the existence of such zeros (with large 
positive real parts) or the fact that they may be calculated as though the 
series for P ( z t v) and Q (z, v) were convergent, because the proof differs from 
the investigation of the preceding section only in tedious details. 

The expression for the large zeros of a cylinder function of any given order 
was calculated after the manner of Stokes by McMahon *; but the subsequent 
memoirs of Kalahne - ]* and Marshall* have made the investigation more simple 
and have carried the approximation a stage further with no greater expendi¬ 
ture of work in the calculation. 

Following Marshall we define § two functions of z, called M and by the 
equations 

M cos yfr = P (z, v), M sin yfr = — Q (z, v), 
on the understanding that M -*■ +1 and •\/r-*-0asz-*- + QO. 

It is then clear that 

J v ( z ) cos a - F„ ( z ) sin a = (— J M cos ( z — \vtt — + a — yfr). 

* Annals of Math. ix. (1895), pp. 28—26; see also Airey, Proe. Phys. Soc. 1911, pp. 219—224, 
226—232. 

+ Zeitschrift fttr Math, und Phys. uv. (J.9Q7), pp. 65—86. 

J Annals of Math. (2) xt. (1910), pp. 158—160. 

§ Of. Nicholson, Phil Mag. (6) six. (1910), pp. 228—249. 


15 * 53 ] 
so that 
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Again 



and, when we differentiate this equation, and use § 3'63 (3), we find that 

d\Jr 2/(ttz) 
dz~ /„® (z) + F v ® (z) * 

so that,, by § 7'51, 



When the expression on the right is expanded as far as the term involving 
I/# 8 , we find that 

fjL-l (/4-l)(/4-25) (/4-l)(/4»- 114/* + 1073) 

dz ~ 2 8 s® 2V 2 J V 


(fi -1) (5 fj? -*■ 1535/4® + 54703/4 - 375733) 
2 1B z s 


in this equation fi has been written in place of' 4v® for brevity. It follows, on 
integration, that 


, /4-1 . (/4 — 1) (/4 — 25) . (/4-l)(/4 tf -114/4+ 1073) 

’■*~"5F- + —Ov— + -Ow- 

O -1) (6/.* -1535/.* + 54703/. - 376733) 

+ —'-rw—:- +i 

and so the equation to be solved is* 


z — mr — \ vir + ^ 7 r + a~ 


/*- 1 
2 * 2 ! 


(/*-!)(/*-25) 
3.2V 


If /S = (a + - £) tt — a, the result of reversion is 

/4-1 (/4-l)(7/4 —31) (/4-1) (83/4® -982/4+ 3779) 

2 8 /9 3.2 7 /9 8 15.2 10 yS° 


(/4 -1) (6949/4* -153855/4® +1585743/4 - 6277237) 
105.2 u /8 7 


Therefore the large zeros of J„ (z) cos a — F„ ( z ) sin a are given by the 
asymptotic expansion 


in + \p - £) 7r 


4v»-l _ (4i^-l) (28^-31) 

8 l( w + — i) 7T — a) 384 {(n + — £) tt — a] 8 


* This equation (in the case v=l) was given by Gauss in his notebook with the date Oct. 16, 
1797, but no clue is given concerning the method by which he obtained it. [Cf. Math. Ann : 
Lvn. (1902), p. 19.] 
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[Notk. The fact that J* (a) + Yf (z) has a simple asymptotio expansion shortens the 
analysis in a manner which was not noticed by Marshall; he used the equations 


i+4fc«. 

and he solved the latter by assuming a descending series for Jf.J 


_i n 

dz Jfi' [1 




15* 54. Zeros of functions related to cylinder functions. 

Ihe method of Stokes is, of course, applicable to functions other than 
those just investigated. Thus McMahon* has calculated the large zeros of 

(z) &nd of —-— - when the cylinder function is a Bessel function of 
the first or second kind. 


The general formula for the large zeros of (z) is 
fM + 3 7/u. 9 + 82 fji — 9 

8ft 384ft“ 


A- 


zeros 


whore ft — (n + \v + £) 7r — a, while the corresponding formula for the large 

of 1 ,.is 

dz 

p + 7 7/a 8 + 15V4-95 

& ‘8ft 384/87. 


The /.oros of J v (a) 7 V ( kz ) — 7 V (?) J v ( kz ), 

whore k is constant, and of 

Jy'(z)r v '(kz)-Yy'(z)Jy'(h) 

have lieen treated in a similar manner by McMahon. Kalahnet has constructed tables of 
tho zeros of the former function when It has the values 1*2, T5, 2'0 and v is 0, -jr, 1, $, % 4; 
whilo it has boen proved by Carslaw, Conduction of Heat (London, 1922), p. 128, that these 
zeros are all real when v and Is are real. The zeros of JJ ( z) Y v (kz)— Y v ' («) J v {hz) have 
been examined by Sasaki, Tdhoku Math. Journal , v. (1914), pp. 45—47. 


15*6. The mode of variation of the zeros of a cylinder function when its 
order is varied. 

The equation in z 

M*)- 0 

has an infinite number of roots, the values of which depend on v ; since J v (z) 
is an analytic function of both s and v, so long as z±0, it follows that each 
root of the equation is (within certain limits) an analytic function of v. A 
similar statement holds good when the function of the first kind is replaced 
by any cylinder function of the type J v {?)cos a - 7„(*)sm«, where a is any 
constant. 


If j denotes any particular zero of J, (*), the rate of change of j, os v vanes, 
is rriven by the ordinary formula of partial differentiation 


(1) 




f 


'8 3,(i) 

dv 


= 0. 


* Annals of Math, ix. (1895), pp. 25—29. 
t Zeitschrift fOr Math, und Phys. liv. (1907), pp. o5—86. 
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Since J v (j) — 0, it follows that JJ (j) — — Jy+i (j) £ 0, so long as j is not 
zero, and hence, from § 5*11 (15), when R(v) > 0, 

dj = 2v V r *,*dt 


( 2 ) 


jJjSit) 

J)Jo 


dv jJ\ +l (j)Jo^ w t 

This formula shews that when v is 'positive, the positive zeros of J‘ v (as) in¬ 
crease as v is increased. 


Equation (2) was stated without proof by SohlSfli, Math. Ann. x. (1876), p. 137; and the 
deduction from it was established in a different manner by Gegenbauer* M4m. de la Soo. 
It. dea Sei. de IMge, (3)*ii. (1900), no. 3, in the case of the smallest zero of J v (x). 


We proceed to- extend the results already obtained to the positive zeros of 
(z) s J v (z) cos a — Y v (z) sin a, 

where v is an unrestricted real variable, and a is constant (i.e. independent of v). 
The extended theorem is as follows: 

Any positive zero, c, of r $ v (z) is definable as a continuous inareasing f unction. 
of the real variable v. 

To prove this theorem we observe that c is a function of v such that 


arc tan 


is constant, so that 

dc 
dv 

and therefore 


r,(o)i 


J V (C)\ 

! arctan I8IL + B" 0 tan m 


o, 


%_dc 
7 TCdv 


Jy(z) 


dYyjz) 

dv 


-Y V (Z) 


1 =0 

dv J z=0 


Hence, by § 13*73 (2), we have 


(3) ^ = 2c J -^o(2csinhtf)0~ 9vt ^- 

Since the integrand is positive, this formula shews that c is an increasing 
function of v. 


A less general theorem, namely that, if c is a zero which is greater than 
the order v (supposed positive), then c is an increasing function of v, has been 
proved by Schafheitlinf with the aid of very elaborate analysis. 

It will be observed from the definition of Y v (z) that 6 tends to zero only 
when v tends to any negative value which satisfies the equation 

sin (a — V7r) = 0. 


* The reader should note that the analysis in the latter part of Gegenbauer’s memoir ie 
vitiated by hiB use of Budski’s erroneous results (§ 15*1). 

t Berliner Sitmungtberichte, v. (1906), pp. 82—98; Jahretbericht der Deutaehen Math. Vereini- 
gung, m (1907)* pp. 272—279. 
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It should be noticed that (3) shews that, when v is taken to be a complex 
number and c is a (complex) number, with a positive real part, then c is an 
analytic function of v ; and so, as v varies, the zeros of r $ v (z) vary continuously, 
and they can only come into existence or disappear when o fails to be an 
analytic function of v , i.e. when c = 0. 

It follows that the positive zeros of c $ v (z) are derived from those of ^\{z) 
by a process of continuous variation as v varies, except that one positive zero 
disappears whenever v passes through one of the specified negative values. 

If we now choose a so that* 0^a<7r,' we Bee that, as v varies from $• 
to any value exceeding (a/V) — 1, ho zeros disappear during the process of 
variation of v, and so in the case of zeros which are so large that the formula 
of Stokes’ type (§ 15‘53) is available, the formula 

. . 4v* — 1 

U7T + *V7T — i7T - « — ^ 5 --—=-:-: — ... 

8 (W7T + $ VTT — £ IT — a) 

gives the nth positive zero, when the positive zeros are regarded as arranged 
in order of magnitude. 

If, however, v has varied so that it finally lies between ( ajir) — k and 
(a/w) — k — 1, where & is a positive integer, k zeros have disappeared, and so 
the formula just quoted gives the (n — k) th positive zero. 

This type of argument is due to Maodonald, Proa. London Math. Soc. xxix. (1898), 
pp. 576—584; it was applied by him to the discussion of the zeros of Bessel functions of the 
first kind of order exceeding -1. 

If we draw the curve (y) = 0, it evidently consists of a number of 
branches starting from points on the negative half of the a;-axis and moving 
upwards towards the right, both x and y increasing without limit on each 
branch. 

If we take any point with positive coordinates (v 0 ,y 0 ) and draw from it a 
line to the right and a line downwards terminated by the di-axis, it is evident 
that the curve ^ B (y)»*0 meets each of the lines in the same number of 
points. It follows that the number of zeros of (y 0 ), qua function of v, which 
exceed v 0 is equal to the number of positive zeros of $*„ 0 (y) qua function of y 
which are less than y 0 . This is a generalisation of a theorem due to Macdonald 
who took v 0 = 0 and the cylinder function to be a function of the first kind. 

Fig. 33 illustrates the general shape of the curves J x (y) — 0, the length 
of the sides of the squares being 2 units. A. much larger and more elaborate 
diagram of the same character has been constructed by Gasser*, who has also 
constructed the corresponding diagram for Y x (y) = 0. The diagram for 
^x(y) — 0 is of the same general character as that for J x (y) = 0, except that. 

* This does not lead to any real Iobs of generality. 

t See a letter from Maodonald to Oarslaw, Proe. London Math. Soc. (2) xm. (1914), p. 289. 

t Bern Mittheilungen, 1904, p. 185. 
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the portions of the curves below the axis of at consist merely of a number of 
isolated points on the lines on which 2at is an odd integer. 



[Not®. The reader will find it interesting to deduce from § 13*73 (3) that, if o' is a zero 
of (*), then 

(4) ^ 5 J o (c' a oosh 2 1- v*) 2T 0 (2 d sinh t)e~ ivt dt, 

and hence, if the variables are real and c'> \ v | > 0, then d increases with v. 

The sign of ddjdv has also been discussed (by more elementary methods) by Schaf heitlin, 
Jahreabencht detr Deutsohen Math. Vereinigung , xvi. (1907), pp. 272—279; but the analysis 
used by Schafheitlin is extremely complicated.] 

15*61. The problem of the vibrating membrane. 

The mode of increase of the zeros of J v ( at ) when v is increased has been 
examined by Rayleigh* with the aid of arguments depending on properties of 
transverse vibrations of a membrane in the form of a circular sector. If the 
membrane is bounded by the lines 0 « 0 and 0 *• or)v (where v > £), and by 

* Phil. Mag. ( 6 ) xxi. (1911), pp. 58—58 [Scientific Papen, it. (1920), pp. 1—5]. Of. Phil. Mag. 
(8) xxxxl (19161, pp. 544—548 [Scientific Papen , vr. (1920), pp, 444—446]. 
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the circle r = a, and if the straight edges of the membrane are fixed, the dis¬ 
placement in a normal vibration is proportional to 

J v (rp/c) sin v$ cos (pt + e), 

where c is the velocity of propagation of vibrations. If the circular boundary 
of the membrane is fixed, the values of apjo are the zeros of J v (a?), while if 
the boundary is free to move transversely they are the zeros of JJ (os). 

The effect of introducing constraints in the form of clamps which gradually 
diminish the effective angle of the sector is to increase v and to shorten the 
periods of vibration, so that p is an increasing function of v, and therefore 
(since a and c are unaltered) apfc is an increasing function of v. That is to 
say, the zeros of J v (x) and JJ (x) increase with v. 

By using arguments of this character, Rayleigh has given proofs of a 
number of theorems which are proved elsewhere in this chapter by analytical 
methods. 


15*7. The zeros of K v (z). 

The zeros of the function K v (z), where v is a given positive number (zero 
included), and z lies in the domain in which | arg z j < $vr, have been studied 
qualitatively by Macdonald *. 

From the generalisation of Bessel’s integral, given in § 6*22, it is obvious 
that K v (z) has no positive zeros; and it has been shewn further by Macdonald 
that K v (z) has no zeros for which | arg« j<|Tr. This may be proved at once 
from a consideration of the integral given in § 13*71; for, if -z = re** were such 
a zero (r > 0 , — \ir < a < %ir), then z — re~ i0, would be another zero ; but the 
integral shews that 


K v (re*) Ky. (re-*) = ^ j 0 ex P {“ \ ~ 


r* cos 2a 


o* 


> 0 , 

which is contrary to hypothesis. 

If a is equal to ± \'ir ) we have 

| Ky (re±*) | - isr (r) + F„* (r)}, 

and so K v (z) has no purely imaginary zeros. 

Next we study the zeros for which R(z) is negative, the phase of z lying 
either between and tr or between — and — tt. 

It may be shewn that the total number of zeros in this pair of quadrants 
is the even integerf nearest to v — ^, unless v - £ is an integer, in which case 
the number is v -J. 


.In the first place, there are no zeros on the lines arg z = ± tt, unless v — $ 


* Proe. London Math. 8oe. xxx. (1899), pp. 166—179. 
t This is not the number given by Macdonald. 
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is an integer ; for K v (re ±vi ) = e : * vn{ K v (r) + ’rriI v (r), and, if both the real and 
the imaginary parts of this expression are to vanish, we must have 
cos vir. K v (r ) = 0, sin wr . K v (>) ■\- r irI v if) — 0. 

Since the Wronskian of the pair of functions on the left of the equations is 
(t T jr) cos vtt, they cannot vanish simultaneously unless cos vnr = 0. 

Now consider the change in phase of z v K v (z) as z describes a contour 
consisting of arcs of large and. small circles terminated by the lines arg z = ± tt, 
together with the parts of these lines terminated by the circular arcs. 
(Cf. Fig. 15 of 17*4.) 

If the circles be called T and y, their equations being \z\ = R and | z | *« 8, 
it is evident that the number of zeros of K v {z) in the pair of quadrants und6r 
consideration is equal to the number of zeros of z* K v (z) inside the contour, 
and this is equal to 1/(27r) times the change in phase of z v K v (z) as z traverses 
the contour.' 

Now the change in phase is 


arg {z v K v (z)} 


Jr 


arg [z* Ky (z)} 

jy 

q*expir» 

+ 

iiexpiri L 


arg [z v K v ( 2 )} J 


arg \z v K v {z)\ 


72exp(-irt) 
S exp(—»ri) 


As R -+-00 and S-^0, the first two terms* tend to 27 r(v~jf) and 0 
respectively, because when | z | is large or small on the contour, 
z v Ky (z) <-0 z v ~*e~ 2 -Jr), z v K, (z) ~ 2 v ~ l T (v) 


respectively f. 

The last two terms become 


(z 


lim 2 
*.) L 


arc tan 


7 r cos vtt . I v ( r) 

K v (r) + 7 r sin vtt . I v ( r ) 


Now K v (r) is a positive decreasing function of r while /„(?’) is a positive 
increasing function, and so the last denominator has one zero if sin wr is 
negative, and no zero if sin vtt is positive. 


If therefore we take the inverse function to vanish when r->0, its limit 
when r->oo is arc tan (cot vtt), the value assigned to the inverse function 
being numerically less than two right angles and having the same sign as the 
sign of cos vtt. 

Hence the total number of zeros of K v (z) in the pair of quadrants \ in which 
JR (z) is negative and | arg z | < 7r is 


v — £ + - arc tan (cot vtt), 


* This is evident from the consideration that the asymptotic expansion of § 7*28 is valid when 
| arg * | « it. 

f The second of these approximate formulae requires modification when v = 0. 

$ The two zeros of K a (z) are not very far from the points -1 , 29±0 , 44». 
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and the reader will find it easy to verify that this number is the even integer 
which is nearest to v — 

When v — % is an integer, K v (z) is a polynomial in z multiplied by a 
function with no zeros in the finite part of the plane, and so the number of 
zeros for which R(z)<0 is exactly v - 

Next consider the portion of the plane for which tt < ar gz < 27r. 

If we write z — &***, we have 

X.M-}«r»"‘[r i ,(0+*(l + &*"<) 

and so K v {z) has a sequence of zeros lying near the negative part of the 
imaginary axis. The zeros of large modulus which belong to this sequence 
are given approximately by the roots of the equation 

tan ('X — Jvzr — £■&■) = - i (1 + 2e 2v,ri ); 

it may be verified that they are ultimately on the right or left of the imaginary 
axis in the 2-plane according as cos* vnr is less than or greater than £; i.e. 
according as v differs from the nearest integer by more or less than The 
sequence does*not exist when e M — — 1, i.e. when v is half of an odd integer. 

There is a corresponding sequence of zeroB near the line arg z — — f tt. 


15*8. Zeros of Bessel functions of unrestrictedly large order. 

The previous investigations, based mainly on integrals of Poisson’s type, 
have resulted in the determination of properties of zeros of Bessel functions, 
when the order v is not unduly large. This is, of course, consistent with the 
fact that Hankel’s asymptotic expansions, discussed in Chapter VII, are 
significant only when v* is fairly small in comparison with the argument of 
the Bessel function. 

The fact that Debye’s integrals of § 8*31 afford representations of functions 
of large order suggests that these integrals may form an effective means of 
discussing the zeros of Bessel functions of large order; and this, in fact, proves 
to be the case*. Moreover, the majority of the results which will be obtained 
ar,e valid for functions of any positive order, though they gain in importance 
with the increase of the order. 


We shall adopt the notation of § 8'31, so thatf 

gvi(tan/3-0) reo + vi-ip 


(v sec yS) = 


^an/3-0) roo + ni-ip 
—r - e~ yr dw, 

TT1 J —to ~iP 


where — t — sinh w—w + i tan # (cosh w -1), and the contour in the plane of 
the complex variable w is chosen so that r is positive on it. 


W. B.V. 


* Watson, Proc. Royal Soc. xcuv. a, (1918), pp. 190—206. 
t We shall use the symbols x and v seo p indifferently when x^v. 
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If w = u + iv, where u and v are. real, u and v both increase steadily as w 
describes the cQntour, so that 

f du t f e~ vr dv 
J —ao J — J3 

are both positive. 

Hence, if we regard /3 as variable, and define 

/•oo+ifi 

J -oo—ijS 


arg 


e~ vr dw 


to be a positive acute angle when $ = 0 , and to vary continuously with fi, it 
will remain a positive acute angle for all values of $ between 0 and \rr\ and, 
moreover, by § 8*32, it cannot exceed J 71 -, since dvjdu^^J 3. 

This positive acute angle will be called x> and then ¥ will be defined by 
the equation 

= v (tan ^8 — j8) + % — ^ ir. 

It is then evident that 

(v sec /3) = 

where is positive (not zero); and 

J v (x) = cos 'F, F„ (a?) = ifill sin >F. 

If VBy (x) = J v (x) cos a - Y v (x) sin a, 

it is clear that the only zeros of ffiy (x), greater than v, are derived from the 
values of which make M* + a equal to an odd number of right angles. 

It is easy to shew that M/“ increases with x, when v remains constant. For 
we have 

Y v (x) dY _ 2/(ttx) 


■'F = arc tan 


> 0 . 


J V (xY dx Jy* ( X) + Yy 2 (x) 

Hence, as x increases, "'F increases steadily, and so, to each of the values 
of for which 

■'F = (m+ \)ir~a., 

corresponds one and only one positive zero of (x). 

Next we shall prove that % is also an increasing function of x. This is a 
theorem of a much deeper character, since the result of § 13’74 is required 
to prove it; we thence have 


dx _ dY _ d (tan /3 — $) _ 2/(7 nr) V(®* — v 3 ) 

7 7 V 7 — r . / \ : irr. ; T -- 


> 0 . 


dx dx dx J v 9 (x) + Y? (x) x 

From Hankel’s asymptotic expansion it is clear that 
lim x = lim [x~\wir— ^7r — V(^— v a ) + v arc cos (i»/®) + ^7r+ 0(lfx)] 

ca-+> 00 x-^00 

— ^TTj 

and so arc tan | <X< i 71- * 

in which the expression on the left is a positive acute angle. 
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To form an estimate of the value of % when v is large, we write 
J v (v)*±-Y v (v) tan 7 „; 

hence, from § 8*42, we have 

lim 7„ = |-ir, 

* v-^oo 

and, when v is large, 

tan7» = 4j 1 - ^ -5 + -1- 

210 T ($).(|„)* J 

so that, when v is large, 7,, is an increasing function of v. 

The following Table gives the sexagesimal measure (to the nearest half 
minute) of the angle whose circular measure is y,,; it exhibits the closeness of 
Yp to its limit, even when v is quite small: 



t 

2 

3 

4 

6 

8 

10 

29° 38' 

29° 45' 1 

29°51' 

29°54' ! 

29° 56£' 

29°57i' 

29“ 58' 



The table suggests that 7 ,, is an increasing function of v for all positive 
values of v; to prove that this is the case we need the theorem that 

t / \^F v (v) v / \ dJ v (v) n 

jm ~Tv — F ' w ~t, r >0 ’ 

and this inequality has already been established in §13*74. 

We are now in a position to infer that 9% ¥ (v sec /3) has a zero for which 
v (tan (3 — f3) + % = vmr — a, 

where m is any positive integer (unity possibly excepted); and therefore at 
the positive zeros of c € v (v sec /S), with the possible exception of the first, 
v (tan /3 — /S) has a value between 

(m — |) v — a and mir - y„ - a, 

and the difference of these expressions (when v is not small) slightly exceeds 

From the result of § 15*3(10), it follows that the phase of H v w (X)e xa 
increases from a — |TrtoN? + aasZ increases from 0 to any value exceeding v, 
and so, if 0 < a < 7 r, the number of zeros of {X ) in the interval (0, a) is the 
greatest integer contained in (^ + a)/7r -f 

A simple theorem whioh may be noted here is that, when u i > 1, it follows from § 1374 

/ j -j-y ^ f 

^ eft decreases as 8 is increased. ThiB result 

shews that the interval between consecutive zeros of (x) decreases when the rank of the 
zeros is increased. 

A different proof of this theorem is due to Porter [ cf. § 15'82. 
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15*81. The smallest zeros of J v (a) and T„ (x). 

It has been seen (§15*3) that J v (as) and Y v ,(x) have no zeros in the interval 
(0, v), when i> is positive, and it is fairly obvious from the asymptotic formulae 
obtained in § 8*42 that they have no zeros of the form v + o (v*) when v is large. 

The asymptotic formulae which were quoted in § 8*43 shew that, with the 
notation of § 15'8, 

* -» (tan * - - iw+m ** US f ) +0 fe) ■ 

where the inverse tangent denotes a negative acute angle. 

Hence, at the smallest zero of J v (a?), 

- & - fir+0 (w*)> - - z fjj • 

As y9 increases from 0 to i^tt, the expression on the left increases from 
1 + 0 (1/ *fv), while the expression on the right decreases from 0*2679 to 0; the 
smallest root occurs for a value of /3 for which v (tan /9 — /?) lies between £tt 
and $7r, so that 

v (tan — fi) = hv tan® /3 + 0 ( v ~*). 

Hence, if we solve the equation 

)—0(f.«/P(f.i), 

the value of £ so obtained is the value of £i>tan 8 yS at the zero with an error 
which is 0 ( v _i ). The value of £ is approximately 2*383447, and hence the 
smallest positive zero of J v (pc) is 

v + 1/1x1*855757 + 0(1). 

In like manner, by solving the equation 

tan (£-*?r)--Q(f,i)/P(M), 

of which the smallest root is approximately £=0*847719, we find that the 
smallest zero of F v (x) is 

v + n*x 0*931577 + 0 (1). 

The formula for the smallest zero of J y (x) has been given by Airey, PhU. Mag. (6) 
xxxiv. (1917), p. 193. Airey’s formula was derived by using Debye’s asymptotic expansion 
of § 8*42 for J v (a?) when x has a value suoh that 

x-v = 0(v i )^zo(vi). 

For such values of the variables, it has not been proved that Debye’s expansion is valid, 
and although Aj ray’s method gives the two dominant terms of the smallest zero of J v (x) 
correctly, the numerical result which Airey gives for the smallest zero of JJ (x) is not the 
same as that of § 15-83, The reason why Airey’s method gives correct results is that J v (v + £) 
is expansible in powers of £ so long as f is 0 (v), and in this expansion it is permissible to 
substitute Debye’s formulae for J v (v), Jf (r), J v " (v), .... 

A formula for the smallest zero of J- V {x) was given by Airey. This zero may lie any¬ 
where between 0 and the smallest zero of J v (a?), according to the value of v. 
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It does not seem to be possible to make farther progress by the methods used in thiB 
section. We shall now make a digression to explain the methods of Sturm (whioh have 
been applied to Bessel’s equation by various mathematicians), apd we shall then give an 
investigation whioh leads to the fascinating result that the two expressions whioh, in this 
section, were proved to be 0 (1) are in reality 0 (v so that approximations are obtained 
for the smallest zeros of J„ (x) and Y v (x) in whioh the errors are 0(v~*), i.e. the errors 
become negligible when v is large. 

[Noth. An elementary result concerning the smallest zero of J v (x) has been obtained 
from the formula of § 5'43 by Gegenbauer, Wiener Sitzungsberiehte, orr. (2a), (1902), p. 671; 
if fi=^ v + f where 0 < t < 1, then the smallest zero of (#) is less than twice the smallest 
zero of J v (x), because, for the latter value of a? the integrand cannot be one-signed.] 


15*82. Applications of Storm’s methods. 

Various writers have discussed properties of Bessel functions by means of 
the general methods invented by Sturm* for the investigation of any linear 
differential equation of the second order. The results hitherto obtained in 
this manner are of some interest, though they are not of a particularly deep 
character, and most of them have already been proved in this chapter by 
other methods. 


The theorem which is at the base of the investigations in question is that, 
given a differential equation of the second order in its normal form 


<Pu 

da? 


+ In 


0 , 


in which the invariant I is positive, then the greater the value of I, the more 
rapidly do the solutions of the equation oscillate as co increases. 


As an example of an application of this result, we may take a theorem due to Sturm 
(ibid. pp. 174—17B) and Bourget, Ann. sot. de I'Acole norm. mp. III. (1866), p. 72, that, if 
v 2 -£ be positive and c be any zero of (a?) which exceeds V(v 2 - £), then the zero of (a?) 

which is next greater than o does not exceed C+-77-5—5—-n . 

This result follows at once from the consideration of the facts that the function 
is annihilated by the operator (§ 4'3) 


and that, when x^c. 



v 2 -£ ^ 

«* * <? ‘ 


A slightly more abstruse result is due to Porter, American Journal of Math. xx. (1898), 
pp. 196—198, to the effect that, if v 2 > J and if the zeros of (x), greater than — i)> 
in asoending order of magnitude are cj, cj, c 8 , ... then c n + 1 - c,, decreases as n increases. 
This has already been proved in § 15'8 by another method. 

Other theorems of like nature are due to Bfioher, Bulletin American Math. Soo. HI. 
(1897), pp. 205—213; vil (1901), pp. 333—340; and to Gasser, Bern Mittheilungen, 1904, 
pp. 92—135. 


* Journal de Math. x. (1836), pp. 106—186; an aooount of recent researches on differential 
equations by Sturm’s methods is given in a lecture by Bfoher, Proe. Int. Congress of Math. 1 . 
(Cambridge, 1912), pp. 168—196.. 
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15*83. Applications of Sturm's methods to functions of large order. 

We proceed, to establish a number of results concerning cylinder functions 
of large order which are based on the following theorem of Sturm’s type : 

Let Ui (x) and u% (x) be solutions of the equations 


^ 0 , 


such that, when x — a, 


d'uq 

da? 


+ 7 a Ua = 0 


u J (a) = u t (a) > <(«) = < (a), 

and let I x and J 2 be continuous in the interval a^x^b, and also let vf (x) and 
■Mg' (x) be continuous in the same interval. 


Then, if throughout the interval *, | u% (x) | exceeds [ u x (x) \ so long as 

x lies between a and the first zero of u^ (x) in the interval, so that the first zero 
of u x (x) in the interval is on the left of the first zero of u^ (x). 

Further, if uf (a) has the same sign as u x (a), the first maximum point of ' 
I 0 ®) | in the internal is on the left of the fi/rst maximum point of j w 2 (x) j, and , 
moreover 

max | Uy (x) | < max | u* (x) |. 

To prove the theorem "j", observe that, so long as Ui(x) and u? (x) are both 
positive, 

d*Uz d l Ux /T r . 

^ dx* ^ dx* ~~ ^ * °» 


and so, when we integrate, 


dua dUj, "I* _ 


Sibce.the expression now under consideration vanishes at the lower limit, 
we have 


(1) 

dwg dui _ 

u 'n- u ’d^ >0 - 

Hence we have 

dx 

and therefore 

[?]>• 

that is to say, 


(2) 

u 1 (a) s '^(a) 


* To simplify the presentation of the proof of the theorem, it is convenient to change the signs 
of u* (*) and Uj (x), if necessary, so that.i*! (x) is positive immediately on the right of x = a; the 
signs indicating moduli may then be omitted throughout the enunciation. 

f The theorem is practically due to Sturm, Journal <k Math. i. (1886), pp. 126—127,145—14=7. 
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It follpws that just before fa(x) vanishes for the first time 1 * 2 ( 00 ) is still 
positive, and it has remained positive while x has increased from the 
value a. 

The first part of the theorem is therefore proved. 

Again, if fa (a) is positive, as well as u 1 (a), then fa(x) must have a maximum 
before it vanishes, and at this point, fa, we have from ( 1 ) 

w i (f* 1 ) fa' (fa) ^ 

so that ^ (fa) is positive and fa' (x) must be positive in the interval ( 0 , fa). 
Therefore the first maximum point fa of fa (x) must be on the right of fa. 

Finally we have 

max fa (x) = fa (fa) 4 , fa (fa) ^ fa (fa) — max fa ( x )> 

and the theorem is completely proved. 

When two functions, fa (x) and fa (x), are related in the manner postulated 
in this theorem, it is convenient to say that fa (x) is more oscillatoi'y* than 
fa (x) and that fa (x) is less oscillatory than fa (x). 

We shall now apply the theorem just prayed to obtain resultsf concern¬ 
ing J v (x) and Y v (x) when v is large and x — v is 0 (v*). Our procedure will 
be to construct pairs of functions which are respectively slightly less and 
slightly more oscillatory than the functions in question. 

In the first .place we reduce Bessel’s equation to its normal form by writing 
x = ve B ; we then have 

(3) («**)=(). 

A function which is obviously slightly less oscillatory than 9i> v (ve 6 ) for 
small positive values of 6 is obtainable by solving the equation 

(4) [£+*,«„-<>. 

since e 89 — 1 > 20 when 0 > 0 : 

The general solution of (4) is 



and the constants implied in this cylinder function have to be adjusted so 
that it and its differential coefficient are equal to 92> v (ve°) and its differential 
coefficient at 6 =* 0. 

* The reason for the use of these terns is obvious from a consideration of the special case in 
which Ij and fa are positive constants. 

t These resnlts supersede the Inequalities obtained by Watson, Proc. London Math. Soc. (2) 
xvi. (1917), pp. 106—169. 
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It follows that a function which is (slightly) less oscillatory than 98, (x), 
when x ^ v, is 

W [r(|) (M <8, (v) J-i (^*) + r® Q*)‘ v: (*)/, (^*)] . 

We now endeavour to construct a function which is (slightly) more oscil¬ 
latory than 98, (x), in order that We may have 98, (x) trapped between two 
functions which are more easily investigated than 98, (x). 

The formula for the less oscillatory function, combined with the result 
stated in § 8‘43, suggests that we should construct a function of the type* 

V'ty (Q)W (0)}. 98^ [tnfr (0)}, 

where \Jr (6) is a function of 6 to be determined. It might be anticipated 
from § 8-43 that the suitable form for yjr (6) would be £ tan* j3, where sec (3 — e 6 \ 
but it appears that this function leads to a differential equation whose solution 
is such that its degree of oscillation depends on the relative values of v and 6, 
and we are not able to obtain any information thereby. 

The invariant of the equation determined by 

is known to be (§ 4*31) 

! +"'($ ) 3 (*"(*)]» , 5 [f'(6)} 

2^(8) 4(‘\/r / (0)j "*"36 

and it is requisite that this should slightly exceed v 8 (e 10 -1). It is consequently 
natural to test the value of yjr (6) which is given by the equations 

^'(0) = VK-1), ^ (0) = 0, 

by determining whether^ for this value of yfr (8) } 


w 


1+'" (8) 3f +"(8) 

2 f'(8) 4[f'(0) 


o. 


+ S6\ylt(d)j 

When we replace e° by sec fi, we find that 


yjr' (8) = tan /3, 

(fi) — B e° & cosec yd, 


+ (*) 

r'(0)=- 


ta nj3 — j3, 

4 cos 2/9 


tan yd sin a 2yd ’ 
and hence we have to test the truth of the inequality 

sin*/S 


(5) 


Now 


3 (tan /d — /d) < 


cos* /S V(1 + ^ tan* /S) ‘ 

![*<«■»-«- - 


,] 


cos* ft \/(l + £tan*/9)_ 

is negative when tan* ft < V24 — 3, and it is positive for greater values 
of tan*/d. 

* The multiple of the cylinder function is taken so that the product satisfies a differential 
equation in its normal form; of. § 4*81 (17). 
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Hence, since (5) is true when /S = 0, it is true when 0 ^ ^ /3 0 , where 

is a certain angle between arc tan — 3} and \ir The sexagesimal 
measure of /8 0 is 69° 39' 24"*2'7. 

Proceeding as in the former case, we find that the function 
V{3 (1-/3 cot /S)}. [r (1) (£*)* 9, O') j -* {v (tan /3 - /S)} 

+ r (*)(*«0W (v) Jj fy (tan £ - /3)}] 
is slightly more oscillatory than J ¥ (v sec /8), so long as* 0 

We can now obtain an extremely important result concerning the smallest 
zero of (#) which is greater than v ; for let be the smallest value of ? 
w h ich ma^es 

r (j) dvf <9, (,) x_j (f)+r (*) (*-)» v; (») (f) 

vanish. Then both of the equations 

20 - VM v (tan/3-/9) = ^V 
give + v* + 0 (v -i ). 

Since, by Sturm’s theorem, the zero of [m) lies between two expressions of 
this form, we see that the value of the zero of 9$> v (as) which is neast greater than v 
is ealpressible in the form 

v + + 0(v~S). 

When (as) is equal to J v (as) it is easy to verify from a Table of Bessel 
functions of orders ± £ that 

= T926529 + 0(*r«), 

and so the smallest zero of J v (as), when v is large, is 

v + v* x 1-855757 + 0( it*). 

In like manner, the smallest zero of 7 V (as) is 

v + vlx 0-931577 + 0(jt*). 

The first maximum of J v (as) may be obtained in a similar manner, by differ¬ 
entiating f the two expressions constructed as approximations. 

The result is that if £//,„* is the smallest value of ? which makes 

r (!) (v) j % (?) - r Ci) (W J: (v) /_8 (?) 

vanish J, then the first maximum of t T v (as) is at the point 

v + + 0 (y -1 ), 

i.e. at the point 

v + v*x 0-808618 + 0(iri). 

The first maximum of the function Y v ( x ) cannot be treated in this manner because its 
, first maximum is on the right of its first zero; this follows at once from § 15'3, because 
Y v (x) increases from - oo to 0 as a; increases from 0 to the first zero. 

For an investigation of the maximum value of J v (x) guct function of v the reader 
Bhould consult a paper by Meissel, Astr. Noush, oxxvm. (1891), cols. 436—438. 

* This restriction is trivial because we have to consider values of /S for which pjS 3 is bounded; 
i.e. mall values of /3. 

t The permissibility of this follows from the second part of Sturm’s theorem juBt given, 
t ThiB value of £ is approximately 0*686648. 



CHAPTER XVI 

NEUMANN SERIES AND LOMMEL’S FUNCTIONS OF TWO VARIABLES 


16* 1. The definition of Neumann series. 

The object of this chapter and of Chapter xvii is the investigation of 
various types of expansions of analytic functions of complex variables in series 
whose general terms contain one or more Bessel functions or related functions. 
These expansions are to some extent analogous to the well known expansions 
of an analytic function by the theorems of Taylor and Laurent. The expansions 
analogous to Fourier’s expansion of a function of a real variable are of a much 
more recondite character, and they will be discussed in Chapters xviil and XIX. 

Any series of the type 

00 

X On J v ^-n if) 

n«=0 

is called a Neumann series , although in fact Neumann considered * only the 
special type of series for which v is an integer; the investigation of the more 
general series is due to Gegenbauer j\ 

To distinguish these series from the types discussed in § 16T4, the description ‘ Neu¬ 
mann series of the first kind ’ has been suggested by Nielsen, Math. Ann. lv. (1902), p. 493. 


The reader will remember that various expansions of functions as Neumann 
series have already been discussed in Chapter v. It will be sufficient to quote 
here the following formulae: 


<**- 


«=o 


Jv {z + t) — X J it) J „ 


J v (vr) _ 


2*' F (y) 


X (v + m) 

n=0 


JJv+m C*0 


- - Cm” (COS </>), 


where «r s = Z* + z* — 2Zz cos (f>. 

We shall first discuss the possibility of expanding an arbitrary function 
into a Neumann series; then we shall investigate the singularities of the 
analytic function defined by a Neumann series with given coefficients; and 
finally we shall discuss the expansions of various particular functions. 


For a very general discussion of generalisations of all kinds of series of Bessel functions, 
the reader may consult memoirs by Nielsen, Journal fiir Math, oxxxn. (1907), pp. 138— 
146; Leipziger Berichie , lxl (1909), pp. 33 —61. 

* Theorie dvr Bettel’ichen Functionen (Leipzig, 1867), pp. 38—86. 

+ Wiener Sitsungsberiohte, lxuv. (2), (1877), pp. 125—127. 
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Various expansions of types which resemble Neumann’s (othc. 1 than those given in this 
chapter) are due to H. A. Webb, Phil. Trans, of the Royal Soo. ooiv. (1905), p. 487 and 
Nielsen, Atti della R. Acoad. dei Lincei, (5) xv. (1906), pp. 490—497. 

16' 11. Neumann’s esopa/nsion* of an arbitrary function in a series of Bessel 
coefficients. 

Let f(z) be a function of z which is analytic inside and on a circle of 
radius R with centre at the origin. If 0 denotes the contour formed by this 
circle and if z is any point inside it, it follows from Cauchy’s theorem that 

Now, by § 91, 

-—- = 2 e n O n (t ). «/„ ( z ); 

t — z »s=o 

and this expansion converges uniformly on the contour. It follows at once 
that 


/(*)* % a n J n (z), 
»=o 


( 1 ) 

where 

( 2 ) an-gjjJ /(QO n ({)dt; 

and this is Neumann’s expansion. 

If the Maclaurin expansion of f(z) is 

/0)= 2 b n z n , 


we see that 


»=o 


<*-£-■[ 0„(i)j S 

zmj c (mo 0 J 


«» 5 h 

o »• " 
Zm m =o 


i 


-tt. 


gn-am 


t m 0 n (t)dt 
n. (n — m — 1)! 


and so 

(3) 


m=> 0 
ftto — b 0 , 


(n^l) 


(n> 1) 


m=0 

This result shews that the Neumann series corresponding to a given function 
assumes a simple form whenever a simple expression can be found for the sum 

t a— 

ffiaO Wt. 

The construction of the Neumann series when the Maclaurin expansion is 
given is consequently now merely a matter of analytical ingenuity. 

* Theorie der Bessel’schen Functioned (Leipzig, 1867), pp. 88—86. See also Kdnig, Math. Am. 
v. (1872), pp. 888—840. 
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1612. Neumann’s* analogue of Laurent!s theorem . 

Let f{z) be a function of z which is analytic and one-valued in the ring- 
shaped region defined by the inequalities 

r<|*|<22. 

Let C and c be the contours formed by the circles 

\z\ = R, \z\ = r, 

both contours being taken counter-clockwise; then, if z be a point of the region 
between the circles, we have 

[ /(«)* . JL f f^ dt 

. y ' 2t rij o t — z ' r 2m J 0 z — t 

- jl ^ Jn <*) //<» 0, (t) dt +j£ ^ 0. (*) J' f(t) /„ (t) dt. 

Consequently /(#) is expansible in the form 

(1) /(*)** i OnJn(z)+ 5 On'0 n (^), 

n =*0 »=0 

where 

If the Laurent expansion of f{z) in the annulus is 


we have, as in § 1611, 

(3) 

(4) 


/(*)= 2 b n eP+ 2 

»«0 



(n> 1). 


On — 2 


0 2 n+!m, rn! (to + m)! n+sm+1 * 


16*13. Gegenbauer’s generalisation of Neumann’s expansion. 

By using the polynomial A ntW (t) defined in § 9*2, Gegenbauerf has 
generalised the formula given in § 1611. 

If f(z) is analytic inside and on the circle \s\ = R, and if G denotes the 
contour formed by this circle, we have 


z v fi z \ __ JL. f ^/(O dt 
2mJo t — z 


and so 
( 1 ) 


2m / c {ic Jv+n ^ An,v ^ dt> 


Z v f (z) = 2 a^Jy+ n (z), 
»=0 


* Theorie der BeueVtehen Functionen (Leipzig, 1867), pp. 86—89. 

t Wittier Sitximgtberichte, ixxxv. (2), (1877), pp. 124—180. See Wiener Denktchriften, ixvra. 
(1884), pp. 298—816 for some special oases of the expansion. 
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where 

(2) an = 2 ^. j o f(t) A n>v (t) dt, 

provided only that v is not a negative integer. 

If, as in §16*11, the Maclaurin expansion of f(z) is 

/(*) = SfeftA 

then 

(3) 

0 

Neumann’s expansion of §16*12 may he generalised in a similar manner. 


625 


hbO 




16*14. The Neumann-Gegenbauer eoopansion of a, function as a series of 
squares or products. 

From the expansion of § 9*6, namely 
00 

; ~ — 2 B n . hiV (t) if) (#), 

. z — z n =0 

which is valid when | z | < 1 1 1, we can at once infer that, if f{z) is analytic 
when | z | ^ r, then the expansion 

co 

& l+v f i z ) — ^ if) Jv+kn(z) 


( 1 ) 


n=0 


is valid when | z | < r, and the coefficients are given by the formula 

(2) a n = / (0 -®n j m, v if) dt, 

0 being the contour formed by the circle J z | = r. This expansion is due to 
Gegenbauer*' an expansion closely connected with this, namely that 


(3) 

where 

W 


f (^) — 2 On Jn (#), 


n=0 


<kl ~ 2 ^\^ ^ 11 ^ ^ 


and fl n {t) is Neumann’s second polynomial (§9*4), is valid provided that f(z ) 
is an even analytic function', this expansion was obtained by Neumann f. 

Gegenbauer’s formula baa been investigated more recently by Nielsen, Now. Ann. dc 
Math. (4) ii. (1902), pp. 407—410. 

A type of series slightly different from those previously considered is 
derived from the formula of §5*22(7) in the form 


^=2» r ($y+i)i j ; 

2 b-o n \ 




(4 


* Wiener Siteungsberichte, lxiv. (2), (1977), pp. 218—222. 
t Math. Ann. m. (1871), p. 599. 
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winch shews that 

(6) 2 b n z**' = X an Qz)i <•’+") J i(¥+n) (z), 

i ~ ' 

where 

( 6 ) 


n=0 


n=0 


Cbn 


2* +n - am r(£v + $n-m + l) b 


MsO 


171 ! 


Expansions of this type have been the topic of a detailed investigation by 
Nielsen*. 


16*2. Pincherle’s theorem and its generalisations. 

oo 

Let X On ( z ) be any Neumann series, and let the function defined by 

n=0 

this series and its analytic continuations be called f(z). 

Let also 

“ a n ($z) v + n 

fl : 0 r( v +w+i)-^ 

The function defined by f(z) N and its analytic continuations will be called 
the associated power series of f(z). 

The Neumann series converges throughout the domain in which 
fim ^j{a n J^ n («)}|<l, 

n-*-ao 

and this domain is identical with the domain in which 


lim 

n-^-oo 


»/ (lz) v+n 

V T(y + w+l) 


< 1 , 


by Horn’s asymptotic formula (§8T). 


It follows that a Neumann series has a circle of convergence, just like a 
power series, and the circles of convergence of a Neumann series and of the 
associated power series are identical. 


The theorem that the convergence of a Neumann series resembles that of 
a power series is due to Pincherlef; but it is possible to go much further, 
and, in fact, it can be proved that/(r) has no singularities which are not also 
singularities of 

To prove this theorem, we write 


2 v anftsV** 

»»0 I> + n + *)r(i) 


= <t> 0), 


* Nyt Tidsakrift, n. (b), (1898), pp. 77—79. 

t Bologna Memorie , (4) in . (1881), pp. 151—180; see also Nielsen, Math. Ann . lv . (1902), 
pp. 498—496. 
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and then, inside the circle of convergence*, 

/<*) - 006 WO - *)) • * W 

From the theory of analytic continuation it follows that, if <f> ( 2 ) is analytic 
for any value of z, so also is/(^.provided that the path of integration is suitably 
chosen; and so all the singularities of f(z) muBt be singularities of <f>(z). 

Now the series defining <p{z) may be written in the form 

yV 2*' +n r (v + n + 1) r (v + n + £) 
and a theorem due to Hadamardf states that, if 

F,(z) = 5 b n z n , F s (z) - S o n z n , F a (z) = 2 b n c n z n , 

n=0 ii=0 n=0 

then all the singularities of F s (z) are expressible in the form By, where /9 is 
some singularity of Fi (z) and y is some singularity of F % (z). 

' Since the only finite singularity of the hypergeometric function 

| r(y + w + l) 

«=o r (v + n + |) 

is at the point z— 1, it follows that all the singularities of <f> (z) are singularities 
of f(z)n‘, and therefore all the singularities of f{z) are singularities of f(z) N \ 
and this is the theorem which was to be proved. 

The reader should have no difficulty in enunciating and proving similar 
theorems^ connected with the other types of expansions which are dealt with 
in this chapter. 

16‘3. Various special Neumann series. 

The number of Neumann series, in which the coefficients are of simple 
forms, whose sums represent functions with important analytical properties is 
not large; we shall now give investigations of some such series which are of 
special interest. 

By using the expansion 

(t 1 - 2t 2 cos 26 + 1)-*= I t-^Pn (cos 26), 

»t=0 

* It is assumed that R(v + h) is positive; if not, the several series under discussion have 
to be trunoated by the omission of the terms for •whioh 2?{»' + w+4) is negative, but the general 
argument is unaffeoted. 

t Acta Math. xxii. (1899), pp. 55—64 ; Hadamard, La Sine de Taylor (Paris, 1901), p. 69. 

X For suoh theorems oonoeming the expansion of § 16‘14, see Nielsen, Math. .inn. m. (1899), 
p. 2S0 et seq. 
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Pincherle* has observed that 


.2 J*n+i (0 Pn (cos 20) 
»■* 0 


1 r (°+) exp —1/0} dt 
2iri J — 2t a cos 20 + 1) ’ 


where the contour lies wholly outside the circle 1 1 1 *** 1. 


If now we write %(t — lft) = w, so that the contour in the w-plane is a 
(large) closed curve surrounding the origin, we find that 


S J wh-1 (0 Pn (COS 2d) ; 
»*»0 


J-f 

4nri J 


’(o+) tf^dw 

V{(w“+1) (w 8 + sin a 0)} 1 


and so we obtain the formula 


co 1 /*(o+) 1 r(ts7+) 

(1) £ JjttH-! ( z ) P n (cos 20) = -^ J erto^du = ^ J e -i**i*e ■»« du, 

where the modulus of the elliptic function is sin 6. 


The interesting expansion 

1.3 ... (271-1) r (2v + 2n4-1) 


(2) J a (\z) 


■■ % 

w=»0 


2.4... (2n) 


{^r^ + n+l)}* 

X [Jtiv+in (0 4" J iv-Hin+a (01 


has been given by Jolliffef, who proved that the series on the right satisfied 
the same differential equation as J P a (\z). This expansion is easily derived as 
a special case of § 11*6 (1), but the following direct proof is not without 
interest: 


By Neumann’s formula (§ 5*43) we havej 



Jjy (Z t) dt 


and, if we expand J iv (z VO into the series 


Jiy (Z *Jt ) 


2 Z | (2v + 2m +1) r (2v + 7/1 + 1 ) 
z m —0 7»!r(2v + l) 

X aF, (-771, 2v + m + 1 J 2v + 1; t) J^+vn+i CO, 


we find on integration that 


JS(\z) 


% 2(2v + 2tti+ 1)_ r 

— Z ttmt/j 


flt=0 


'm* 7 sv+am+i 


( 0 . 


* Bologna Memorie, (4) Yin. (1887), pp. 125—148. Pinoherle used elliptio functions of modulus 
ioseo 6 in his result. 

+ Messenger, xlv. (1916), p. 16. The corresponding expansion of zi J v -\ (Js) Jy (i«) was obtained 
by NielBen, Nyt Tidsskrift, a. b, (1898), p. 80. 

t If R (v + i) < 0, we use loop integrals instead of definite integrals. 
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where 

n^ + m^l) fV-i (1 _j ) -i lFl( _ mj 2„ + m + l; 2k + 1 ; t)dt 

ir . m\ r(2i/ +1) Jo 

- 5 J 

by m partial integrations. 

It follows that dm is the coefficient of h m in the expansion of 

7T Jo 

in ascending powers of A ; and this expansion is absolutely convergent when 

I *I<1. 

_ u (I 


If we write 
we find that 


is 


1 — Am 


2 Onh m - - [V-* {1 - A (1 - (1 - <)“* (1 + * 

W*=0 T Jo 

= A [ 1 u"“* (1 - m)~* (1 - A s tt)“* dk 

7T J o 

It is now evident that Osn+i =a 0 an( i that 

a = i 1.3 ... (2n- l) j 1 uV Hi-i (i ^ u )-idu 
a “ 7 T* 2.4... (2n) Jo V 

_ 1 1,3... (2n— 1) r(v + n + &)r(j) 

~tt' 2.4...(2w) I> + » + l) 
and this formula at once gives Jolliffe’s form of the expansion. 


16-31. The Neumann series summed by Lommel. 

The effects of transforming Neumann series by means of recurrence 
formulae have been studied systematically by Lommel*; and he has suc¬ 
ceeded by this means in obtaining the sums of various series of the type 

Sdn/^+n (•&) 

in which a n is a polynomial in n. 

Take the functions 

2 (y + 2n + l)fim(v + 2n+l) J iH-an+i 

n=»0 

• w 

m (z) — 2 (v + 2n + 2)/ sm _i (? + 2w 4- 2) J r+sn+i (z), 

V ’ »=o 

where f m (v) is a function to be determined presently. 

* Studien liber die BeeteVaohen Functionen (Leipzig, 1868), pp. 46— 49. 

34 


W. B.F. 
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3y the recurrence formula we have 


( 1 ) 


~ £4v,m iff)- — 2 /am (v + 2w + 1) [J Han (ff) + J „ +?tt+a (ff)) 


z »=0' 

—fvn (v + 1 )J v (z) + 2^ m (z), 

provided that f m (v) satisfies the equation of mixed differences* 

fwn (v + 2n + 3) 4-/sm ( v + 2n + 1) = 2 (v 4- 2n + 2) (v + 2n + 2). 

A solution of this equation is 

/„ O)= r ittiH+l) . 

T (£z/ - 

We adopt this value of f m (y) and then it is found by the same method that 

(^) ~ (z) — “/m-i ( v ) J k+i iff) + %£& v ,m-i (z). 

Hence it follows that 

£4 v ,m (ff) ~ \ z fwn. (v + 1) J v (z) - \z’ 2 fz m _ 1 (v) J v+1 (z) + Z*S# v ,m-i ff)> 

m 

and so a,,m (*) = ^ 2 (v + 1) J v (z) 


n=0 


Therefore, since 


we have 


- J v+1 (z)} + z™+*M v> -, (z). 

1 f* 


<^V, —1 iff — 2 Jy+zn+l ff) — n [ Jv (f) dt, 

n =0 & J o 


/q\ V / i O i i \ ^ (4^ + n + 771 + ■§) r . 

(3) J/-+2” +1) f foy. „ + g (*) 


- ( g) )j. j;" X }> }, 

and similarly, from the expression for m ff), 

(4) A (>+ 2 ”+2) !' + "t !I -w* (•) 


»=0 


r^v + w-m + f) 1 

- a*~ Iff <« *+/.« g; (: w 

Recent applications of Neumann series to the solution of equations of mixed differences are 
due to Bateman, Proc. Int Congress of Math. i. (Cambridge, 1912), pp. 291_294. 
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The potentialities of the other reourrence formula 

%J V (2) = 1 (z) Jvirl{ Z ) 

were also investigated by Lommel, but the results are uot so interesting. As examples of 
his expansions the reader may notice that 

These results were given by Lommel, though his formulae contain numerical errors. 

16*32. The Neumann series summed by Kapteyn. 

The sum of the series 

00 

2 nJ n (z)J n (a) 

»=»i 

is expressible as the integral 

is r^j, ( '- V ) dp; 

Jo s — v 

the sums of the alternate terms of the series have been expressed by Kapteyn * 
in the form of integrals from which this integral may be deduced, and 
conversely Kapteyn’s formulae may be deduced from this integral. 

We proceed to establish this result by a simplified form of Kapteyn’s 
methods. 

The series may be written in the formf 

00 l z r( 0 +) r( 0 +) * 

1* 2 0 [Jn-i (*) + 4. <*)} («> = J J t (f-*+r~*) 


H =»0 


x exp ~ j) ^ ( w ~ u)} ^ 11 ^ 

= &rr “p (* ■- 7)+(“-:)i dudt ■ 

where the contours may be taken to be the circles [ it [ = 1, | j = A > 1. 

Now, let 


•(o+) 


*“ du - 


/= 25 ?/ * U -I eip 

Then, if m — % (t — 1 ft), we have 

3? + mI= h f +> 5 (r + i) exp (“ -;)} du =* ^ (a) ~ Ji 

* Nieuw Archief voor Wiskunde, (2) vn. (1907), pp. 20—26; Proc. Section of Sci., K. Akad. 
van Wet . te Amsterdam , vn. (1906), pp. 494—600; Kapteyn has subsequently summed other series, 
ibid. xiv. (1912), pp. 962—969. 

f The interchange of summation and integration is permissible so long as ] tu | > 1, where t, it 
are any points on the contours. 


34—2 
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Therefore, on integration, 

I = Ce- m *+\ f e"™ lJ 0 (v)-Ji(v)/t] dv, 

} o 

where G is independent of cl By taking a = 0, we see that G = 1/t. 

Hence we have 

<*> j - «= r +> ^ [“p {*<*-«> 

+ | |^expj£(s-a+ {tJ 0 (v)-Ji(v)jdv dt 

% f a 

= = 4 l J o [Joi* - & + v) + J a (z ~ a + v)] J 0 ( v) dv, 

the majority of the terms having a zero residue at t — 0. 

Consequently 

1 «j„ <*> J ‘ <»> *> 

«=1 * 0 Z — Ct + V 

that is to say 

( 1 ) I nJ n (,) J.(«-«)*>. 

If we select the odd and even parts of the functions of z on each side of 
this equation, we find that 

(2) 2 (2ra + 1) J Mi+i (z) Jsn+i («) 

- ? r \’ LJ ^ + j. («- •> *. 

4 Jo i 5- w i-H/ j 
which is one of Kapteyn’s formulae; and 


1- 5 2„ w Jm («)=| - ifctiil 

aa n-i 4( i-« * + a ) 


when we integrate by parts. 
Hence it follows that 


'•<—>* 


(8) 2 &»J.(*) J w (°) -1f ‘dt {'' F‘ ( * + *> 4 ^ :*} J,(t- 8v, 

n=l 4 Jo Jo l # + 5 — V ) 

which is the other of Kapteyn’s results. 
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16-4] 

The reader should have no difficulty in proving by similar methods that, 
when jR (i/) > 0, 

(4) 2 (, + ») J,„ (*) J*. («) - [‘ J -' ( * J. (« - «■) dv 

vz f* J. 1) j (a _ t) d „. 

2 Jo z — v V J 


16*4. The Webb-Kapteyn theory of Neumann series. 

Neumann series have been studied from the standpoint of the theory of 
functions of real variables by H. A. Webb*. His theory has been developed 
by Kapteynf and subsequently by Bateman J. The theory is not so im¬ 
portant as it appears to be at first sight, because, as the reader will presently 
realise, it has to deal with functions which must not only behave in a 
prescribed manner as the variable tends to ± qo , but must also satisfy an 
intricate integral equation. In fact, the functions which are amenable to the 
theory seem to be included in the functions to which the complex theory is 
applicable, and simple functions have been constructed to which the real 
variable theory is inapplicable. 

The result on which the theory is based is that (§ 13*42) 

Jo Jm+l (t) j ” +1 W 7 = |l/(4n + 2) (mi n), 

so that, if an odd function f(x) admits of an expansion of th£ type 

oo 

f(jXl) — £ flan+i J »»+i (*®)» 
n=0 

and if term-by-term integration ft permissible, we have 

We are therefore led to consider the possibility that 

(1) /(»)- 2 (4n + 2)J^,(*) I" •%>-£>/(() 

and we shall establish the truth of this expansion under the following 
conditions: 

(I) The integral 

f 

Jo 

exists and is absolutely convergent . 

* Messenger, xxxxa. (1904), p. 55. 
t Messenger, xxxv. (1906), pp. 122—125. 

X Messenger, xxxjnu (1907), pp. 81—87. 
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(II) The function fit) has a continuous differential coefficient for all 
positive values of the variable which do not exceed x. 

(III) The[function f(t) satisfies the equation 

(2) S if (0- f" ^ {/(« + 0 + f(” -<)} dv 

Jo V 

when t does not exceed x. 

We now proceed to sum the series 

8 s 2 (4n + 2) (a) ('" /(t) it, 

w=0 JO « 

and we first interchange the order of summation and integration. It is evident, 
that 

(x) [J m (t) 

J au+2 (01 

« = 0 

converges uniformly with respect to t for positive (unbounded) values of t, 
since | J m (t) | ^ 1 and 21 ( x ) I is convergent. Hence, since f(t) possesses 

an absolutely convergent integral, we may effect the interchange, and then, 
by §16-32, 

s - J“ /(«) { (4b + 2) (a) J w (t)l J 

= \ f 0 ~ *) / 0 {/(< + v ) +/(* - »)} 

+ [ J 0 (x — v)f f(v — t)~^dtdv. 

Jo Jo t 

We now transform the last integral by using §12’2, and then we have* 

f [ J 0 (x-v)f(v — t)^~ dtdv 
J 0 J 0 * 

= f f J 0 (u — t)f(x — u)J~}-dtdu 
J oJo t 


= f J l {u)f(x~'u)du 
J o 

=/(«)—[ J 0 (u)f'(x — u)du. 
J 0 


* The first transformation is efteoted by writing 

v=x+t-u. 
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Hence 

(3) 2 (4n + 2)J m+1 («)f"'%^/(<)* 

n=>0 Jo ® 

”/(® ) -J/ ,( ®"* ) l/(*+«)+/<‘-»>} *]<*>■ 

Now write 

/' («) -1 f “ ^ (/(< + •) +/(«- 0)1 dt 3 F(v), 

so that F(v) is a continuous function of v, since J x {t)(t has an absolutely 
convergent integral. 

If then we are to have S=f (x) when x has any value in such an interval 
as (0, X), we must have 

f J c (x — v)F(y)dv = 0, 

Jo 

throughout this interval; and, differentiating with respect to x, 

F(x) = [ J x (x -v) F(v)dv. 

Jo 

Since | J x (x - v) | < 1/V2, it follows by induction from this equation, since 

that I'MKspS- 

where A is the upper bound of | F(x) | in the interval and n is any positive 
integer. 

If we make n -*■ oo , it is clear that F (x) = 0, and so the necessity of equation 
(2) is established. 

The sufficiency of equation (2) for the truth of the expansion* is evident 
from (3). 

It has been pointed out by Kapteyn that the function sin (x cosec a) is 
one for which equation (2) is not satisfied; and Bateman has consequently 
endeavoured to determine general criteria for functions which satisfy equation 
(2); but no simple criteria have, as yet, been discovered. 

[Note. If fix) is not an odd function, we expand the two odd functions 

4 {/ (*) -/ (- *)}, if (*) +/ (- *)} 

separately; and then it is easy to prove, by rearranging the second expansion, that 

00 

/■(*)= 2 (*)> 
n=o 

i r w 

where a o “ f / 

r oo /jv 

<V- n J (*) j n (*) J^|, (71 > 0), 

provided that the appropriate integral equations are satisfied.] 


The sufficiency (but not the necessity) of the equation was proved by Kapteyn. 
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16*41. Oailler's theory of reduced functions. 

The Webb-Kapteyn theory of Neumann series which has just been ex¬ 
pounded has several points of contact with a theory due to Cailler*. This 
theory is based on Borel’s integral connecting a pair of functions. Thus, if 

f(z) = X CnSPy 
»=o 

then the function /(*>£'defined by the series 

/(*)*= 2 c n .n\z\ 

»=i o 

supposed convergent for sufficiently small values of \z\, may be represented 
by the integral 

/(*)* =■ f e~ l f(tz) dt. 

J 0 

The functionmaybe termed the reduced function (la rdduite) off (z). 
If the Neumann series which represents f(z) is 


f(z) = X OnJ n (z), 
11=0 


then we have, formally, 

f(z) R = X a n [ er l J n (tz)dt 
w*=o J o 

1 


Now put 
and we see that 


2 U/(l+<*)-l ]» 

V(l + ^)-l 
z * 


Hence, if the Neumann series for f(z) is X On J n (z), then the generating 


function of 2 a n % n ‘ is 
»=o 


i+e* f ( x \ 

?»J B ’ 


provided that this function is analytic near the origin. 

More generally, if f(z) has a branch-point near the origin of such a nature 


that 


(1) 

flO 

/(*)- 2 a^J 9+n (z), 

then 


(2) 



* M6m. de la Soc. de Phyt , de Qet&ve, xxnv. (1902—1905), pp. 295—868. 
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In like manner, if 

(3) /(*) = 2 an^Jy+ n (z), 

n=0 

then 

/4\ V r(2y + 2w-fl) prim 1 rf K \ 

W ni0% v+n I> + to. + 1) V(1 - ?) J1 V(1 - ?))n • 

[Note. If 
then 
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e^sinZ^ 2 £&*./„ (a), 

■n=l 


1 a.*.-_ ±0+*) 

„Z 1 (l-2ai-» 


This result, which is immediately deducible from Gainer’s theory, was set as a problem 
in tlie Mathematical Tripos, 1896.] 


16-5. Lommel’s functions of two variables. 

Two functions, which are of considerable importance in the theory of 
Diffraction and which are defined by simple series of Neumann’s type, have 
been discussed exhaustively by Lommel* in his great memoirs on Diffraction 
at a Circular Aperture and Diffraction at a Straight Edge. 

The functions of integral order n, denoted by the symbols U n ( w , z) and 
V n (w, z ), are defined by the equations 

oo /nj,\ tt+m 

a) ru«,*)= 2 (-r P jws), 

0 \ZJ 

oo /«„\ am 

(2) V„ (»,*) = 2 (-W?) 

OT «0 \ Z > 

It is easy to see from §<2 - 22 (3) that 

00 / wn «+2Wl 

(3) U n (w,z)-V^(w,z) = £ ; J n+vn {z) 

m=> -oo \* 

fW , Z a TO7T\ 

= OOS (.2 + 25~t)' 

(4) ffn +1 (», 2 ) - V--*+i (»,*) = sin • 

The last equation may be derived from the preceding equation by replacing 
n by n + 1. 

There is no difficulty in extending (1) to define functions of non-integral 
order; for unrestricted values of v we write 

00 /w\ v+7m 

(5) &.(»,*)= 2 (-rff) 

m=0 \ z / 

* Abh, der math. phys. Clatse der k. b. Akad. dcr Wist. (4 filnchen), xv. (1886), pp. 229 — 828, 
629— 664. The first memoir dealB with functions of integral order; and the definition of V n (w, x) 
in it differs from that adopted subsequently by the factor (- l) n . Much of Lommel’s work is repro¬ 
duced by J. Walker, The Analytical Theory of Light (Cambridge, 1904). The occurrence of Lommel’s 
functions in a different physical problem haB been noticed by Pooklington, Nature , lxxi. (1906), 
pp. 607 —608. 
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The expression on the right, is an integral function of z, and (when the 
factor w* is removed) an integral function of w. 

The corresponding generalisation of (2) gives a series which converges 
only when v is an integer. And consequently it is convenient to define 
V, (■w , z ) for unrestricted values of v by means of the natural generalisation of 
(3), namely 

(6) V v (w, z) = cos ^ + y ) + U - v+ 2 (w, z). 


It is evident that 


(7) 

Uy(w, z) + U v+ 2 (w, z)^ ^ 


(8) 

Vv (w> Z) + F v+2 (w, z) = 

1 J-v (4 


As special formulae, we deduce from § 2'22 that 

(9) U 0 (z, z) = V 0 (z, z) = \ [«/ 0 (z) + cos z], 

(10) TJ X (z, z) = -V x (z, z) = J sin s; 
and hence, by (7) and (8), 

(11) JJ m (z, z) = V^n (z, z) = i (-)* icOS * - X (-^^/^(^l, 

L m -0 j 

(12) C^an+i (.Z, z) = — Vsn+i (z, z) = ^ (*“) n |sin Z — X ( ) m Cawi+i J jm+i iff) ' > 

( m=0 

provided that n > 1 in (11), and 0 in (12). 

It is also to be observed that, as a generalisation of these formulae, 

(13) V n (w, z) = (-) n U n (z*/w, z). 

* sin 00 

The functions 2 m6 . J m (z), 2 sin (m + i) 8. J m H (z), 

Wl=0 008 m= Q a 

which are closely associated with Lommel’s functions, have been studied by Kapteyn, 
Proc. Section of Sci., K. Akad, van Wet. te Amsterdam , vii. (1905), pp. 375—376, and by 
Hargreaves, Phil. Mag. (6) xxxvi. (1918), pp. 191—199, respectively. 

16*51. The differential equations for LommeVs functions of two variables. 
It is evident by differentiating § 16*5 (1) that 

(i) ^ Uv(w,z) = -^U V+X (w,z), 

and hence 

U v (w, z) = ^ U v+3 (w, z)-^ U v+1 ( w , z ), 

and consequently 
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It is now evident that U v (w, z) is a particular integral of the equation 


( 2 ) 


&y ,*y 

dz 3 z dz w* 




Since the complementary function of this equation is 


A cos =- + B sin =-, 
2w 2m 


where A and B are independent of z, it is clear from § 16*5 (6) that F_ K+9 (w, z ) 
is also a particular integral. Therefore V v {w, z) is a particular integral of 



These equations are due to Lommel, Miinokener Abh. xv. (1886), pp. 561—563. 


16‘52. Recurrence formulae for Rommel's functions of two variables. 
We have just obtained one recurrence formula for U v (w, z), namely 

(1) U, {w, z) * - ^ U, +l (w, z). 


To obtain other formulae, we observe that 


~ U v {w, z)=t (~) m (v + 2m) (w/z) M -' J v+m {z)/z 

OW m=0 

= 1 l (-) m (wlzY+* m -'{J v +* n -i(z) + J v+tm +i(z)}> 

A m=0 

and so 

(2) 2 ~^JJ V (w, z) = (w, z) + (z/wf U „ +1 ( w,z ). 

Again, by differentiating § 16‘5 (6) we deduce that 

(3) V, (w, z) = - ^ F_ a {w, z), 


(4) 2 ~ F„ {w, z) = F„ +1 (w, z) + {z/wf F„_i (w, z). 

If now we take w = cz, where c is constant, we deduce that 

(5) 2 ( cz > ^ = c U ( cz ’ Uv+1 ^ 

(6) 2 F„ {cz, z) — cF„ +J {cz, z ) — (l/o) F„_i (c*r, #). 

Hence we get 

4 ~ £7, {cz, z) = c 9 {cz, z) — 2U v {cz, z) + (l/c°) 0W« {cz, z) 
= c v J„_„ (s) + o v “ 9 J ¥ {z) - (c + l/c) s tT„ {cz, z). 
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Hence it follows that U ¥ (cz, z), and similarly F_ w+2 (cz, z), are particular 
integrals of the equation 

(7) 4 ^f' + ( c+ ;D y= oPj ^( z )+ c¥ ~ iJ A^ 

The particular case in which z—0 is of some interest; we have 


( 8 ) 


00 


U v (w, 0)— 2 

J»=0 


(-) wt (|w)'" Hwt 
r(? + iwi + 1 ) * 


and so U v (w, 0) and F_„ +a (w, 0) are expressible in terais of Lommel’s functions 
of one variable by the equations 

(9) U, (w, 0) = l)^” ' ’ 

(10) F.„ (m, 0) - • 

Of these results, (l)v-(8) were given in Lommel’s memoir. 

The following formulae, valid when n is a positive integer (zero included), 
should, be noticed: 

(11) U m ( w, 0) = (-) n jeoa \w ^2w) T~] 5 

(12) U^, («,, 0) = (-)» [sin -’s 1 ^TIF] ' 

(13) I7_ n (w, 0) = cos ($iu + ^ww). 

Hence it follows that. 


(14) 

(16) 

(16) 


F 0 (w, 0) = 1, F n+1 (w, 0) = 0, 

V (w 01 - (~) n 2 (““)”* (i w ) m 
K_an( ’ 0)- ()^ o ( ?w)! ’ 


F-jsn-j (W, 0) = (—) M 2 

m=0 


(-) m dwy m+i 

(2 m +1)! 


16'58. Integral representations of Lommel's functions. 

The formulae 

(1) U y (w, = f I r—i (si) . cos [\w (1 - f 8 )}. t*dt, 

Z 1 J o 

(2) U ^ (w, z) - P 4-i (*t) . sin (£w (1 -l*)} . t ¥ dt, 

z J 0 

which are valid when It (v) > 0, may be verified immediately by expanding 
the integrands in powers of w and then using the result of § 12*11(1) in 
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performing term-by-term integrations. For other values of v, they may be 
replaced by the equations 

vj v rto+) 

(3) V,(w,z) -2.V- sin wj, J "~' *) • 008 ti w U ~■*)) • (~ «)" *, 

*11)* r(o+) • 

(4) V w («, *) - - 2 ^-, 3in - 2 „ ] i 4- (- H) • sin [iw (1 - <■)}. (- ty dt, 

in which the phase of — t increases from — 7r to tt as t describes the contour. 
It is clear that, when R ( v) > 0, 

w v f 1 

(6) Uy(w, z) ± iU v+ i (w,z) “ Ph i J 0 J»-i 0 8 *) ex P l± ¥ w (1 - <“)} • V dt. 

By modifying this formula we can obtain integral representations of V ¥ (w, z) 
valid for positive values of w and z. Let us consider 

~ j^° J v -i ( zt) exp {+ \iw (1 - &)}. t* dt. 

The integral converges at the lower limit when R (v) > 0 and at the upper 
limit when R (v) < $ , if w and z are restricted to be positive. 

To evaluate the last integral, swing the contour round until it coincides 
with the ray arg«= + ^vr, this ambiguity in sign being determined by the 
ambiguity in sign in the integral; such a modification in the contour is 
permissible by Jordan’s lemma. 

When we expand the new integral in ascending powers of e, as in § 13-3, 
we find that 


w 

z 


~ x I Jv — 1 (zt) exp [± \iw (1 - F)}. t v dt 
J o 

w v e ±iiw * r«.w(Ti*9 

" - 2-- L ( ” +m “ “P dt 

_ W v e^ iw * (-)? n (\zy m (__.Zi\ v+m 
2" m Zo ml \ w) ’ 

that is to say 


( 6 ) 


'Ml*' / ii’fl/; 

~ o Jy- X (zt) exp {± \iw (1 - « a )}. t* dt = exp ( ± " 2 " ± ^ * 


V 7 ri\ 
~2 ) 


When we combine the results contained in this formula, we see that, if w > 0, 
z > 0, and 0 < R (v) < $, then ' 

W v I 00 r , ... ,, ._ v , ... fW . 5 s VIT\ 

Z v 


CO ~i j o Jy-I (zt) cos {Jw (1 - t a )} .V'dt — cos (~ + ^ - y ) , 

( 8 ) ^ f 0 Jv - 1 w sin < 1 “ dt = sin (1 + ^ - y) • 
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It follows at once from (1) and (2) combined with § 16*5 (6) that 

w v r* 

(9) Fa_„ (w, z )= - — J _ x ( zt ) cos {$10 (1 - *“)}. V dt, 

id v r * 

(10) F a _„ ( w, z) = - j ^ J ^ (zt) sin [\w (1 -i 2 )}. t v dt. 

Since convergence at the origin is now unnecessary, the theory of analytic 
continuation enables us to remove she restriction JR (v) > 0. 

Changing the notation, we see that 

(11) K(to, z) = -^[ Jx-v (zt) cos (1 -t 2 )} ~ , 

(12) (w, z) = - ^ (zt) sin [\w (1 - i 2 )} ~ , 

provided that w and z are positive and R(v) > 

The following special formulae are worth mention: 

( 13) &*(*.*) _ r Jm t (2t) 008 (1 _ dt 

z J o 

= f Jm-i (zt) sin [\z (1 - £ 2 )}. t m ~ l dt, 

• o 

(14) _ P„+ 1 (*,*) f 1 (f<) 0QS (ij . (1 _ jl)} (mtl d( 

z . 0 

= f o ^an-i (zt) sin [\z(l - £ 2 )}. t* 1 dt. 


Again, from (6), we see that 


(16) J_i (zt) exp ^ 


and, in particular, 
(16) 


z v-l 

( , iz 2 

— exp 

w » r l 

2w 

1 sin ( 


w cos \ 

,2 w) ' 


viri\ 

~TJ’ 


The last results should he compared with § 13-3; see also Hardy, Trans. Cumb. Phil. 
Soc. xxi. (1912), pp. 10, 11. 

The formulae of this section (with the exception of the contour integrals) aro all to be 
found in one or other of Lommel’s two memoirs. 


16*64. Lommel’s reciprocation formulae. 

It is evident from §16*6(13) that functions of the type JJ v (z 2 jw, z) are 
closely connected with functions of the type U v (w, z) provided that v is an 
integer. 
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To appreciate the significance of such relations observe that 
j t j^cos (\wV) .U v (^-,zi^ + sin(£w<*). ^, ztj 

== sin {\wt % ). wt U.(£,Mt)-wt U y+2 {JJ —, ztj 

— - zJ v ( zt ) sin (\u>f). (wt/z) l ~ v . 

On integration we find that 

(1) ~! f Jv {zt) sin (i wt *) tl ~ v dt 
w v Jo 

= - cos \w ‘U v (^ ) z'j - sin \w. U v+1 , z'j + TJ V o), 

and, similarly, 

(2) ———~ [ J y (zt) cos t l ~ v dt 
' w v ~ l J o 

= sin \w. Uy(~,z^-cos %w.Uy +l * *) + (“ > °) ■ 

Hence it follows that 

(3) ^=i [ J i-» (**) cos " <9 )1 •* dt 
z J 0 

= - U^y , z'j + sin . £T a _„ (~> o) + c os . U 2 . v ^,oj, 
and 

(4) sin [J«(l 

- U t „ , *) - cos $w. U,-, . o) + sin i w ■ u >- (J > °) • 

and these integrals differ from the corresponding integrals of the preceding 
section only in the sign of the order of the Bessel function. 

The reader will find some additional formulae concerning Lommel’s functions in a 
paper by Schafheitlin, Berliner Sitzungsberichte, vm. (1909), pp. 62—67. 


16*56. Pseudo-addition formulae for functions of orders ^ and f. 

Some very curious formulae have been obtained by Lommel, which connect 
functions of the type U v (w, z) with functions of the same type in which the 
second variable is zero, provided that v is equal to £ or |. 

When we write v = ^ in § 16*53 (5), we get 

£7* (w, z) ± i f/j (w t z) = (~^j Jo exp [± i {\w -zt - Iwt*)} dt 

+ (JJrj* J exp {± 1 (i w + zt — \wt*)) dt 
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(w ± zf i _(w—zY 
2w ’ 2w 3 

and we find that 

(w, z) ± i U\ (w, z) = e*<* (-Y f exp {+ ai(l-%*)} dg 


+ e ±{z f-Y [ exp {± Si (1 - |*)} d|, 


where 


©■('*=)• (8)'(-;) 


in the respective integrals, and s/a, s/S are to be interpreted by the conventions * 


s/a 


w +z 


V8 = 


w — z 


s/(2wy v s/(2wY 

Hence we have 

U (tu,z)±iU i ( w , z ) = { U k (2 a, 0) ± % Ui (2a, 0)} 

+ is ±te {^( 2 S, 0 )±tCrj( 28 , 0 )} 

'<r\i /•V{*»/(5S«<r)} 


-^(i) /. 

/g\i rvWtoS)} 

+e±tt © /. 


exp {+ ai (1 - f)} d| 
exp {± 8i (1 - I s )} d|. 


When we take o-l 2 and 81 s as new variables in the last two integrals respectively, 
these integrals are seen to cancel; and so we have the two results combined 
in the formula 

(1) U i (w,z)± iUi(w,z) = $e : ? i *{U i (2a,0)±iU l (2a ) 0)\ 

+ $e ±iz [Ui (28,0) ± i£7j (28,0)}, 

and, as a corollary, 

(2) bJ h {z,z) ± tO|(jr, s) = \e^ {DjC 4a, 0) ± i£7 9 (4e, 0)}. 

These formulae are due to Lommel, MUnchener AbL xv. (1886), pp. 601 —606; they are 
reproduced by Walker, The Analytical Theory of Light (Cambridge, 1904), pp. 401—402. 


16*56. Fresnel’s integrals. 

It is easy to see from § 16‘53 (1) and (2) that, when R(v) > 0, 

Uv ^ = 2^ i>) Jo * 3k_1008 ^ ^ dt > 

u,+1 (w, 0) = Jo sin ^ “ ta )l dt ’ 

so that 

qjjV n # 

(1) 5 ^r rfT 77 \ £ av “ 1 cos (£w* s ) d« =»Z7, (w, 0)cos $ «/ + f/’n+i (w, 0)sin Jw, 

* l W J o 

(2) - ^ r ^ J * t**~ l sin (i^t 2 ) dt = U, (w, 0) sin - U ^ (w, 0) cos \w. 

* These are not the same as the conventions used by Lommel. 
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If we take v — ^ and modify the notation by writing -Jw — z — we 
see that 

1 [*( 2\* 


(3) J"cos(i^)dt = | ]■"(!)* 008 tdt = ±f’j_ t 't)dt 


and 


— [ £7$ (2s, 0) cos z + Z7j (2z, 0) sin z]/\/2 - 
== i + [ (2s, 0) sin a + F$ (2^, 0) cos z]/t/2, 


(4) J* sin (irf) * - 5 /' ( 5 )* sin tdt = | /’ J t (J) dt 


= \U±(2z ) 0) sin z — TJi (2z, 0) cos $]/a/2 

= £ ~ [ l 7 * (2-ar, 0) cos * - Fj (2a, 0) sin z]f\/2. 

We thus obtain ascending series and asymptotic expansions for Fresnel's 
integrals* 

I cos (£ 7 rt a )dt, f sin (\nt)dL 

Jo J 0 

The ascending aeries, originally given by Knockenhauer, Ann. der Physik und C/iemie , 
(2) xnr. (1837), p. 104, are readily derived from the fT-aeries, namely 


( 0 ) 


( 6 ) 




while the asymptotic expansions, due to Cauchy, Comptes Rendus , xv. (1842), pp. 554, 573, 
are derived with equal ease from the F-series, namely 


(7) 




( 8 ) 




Tables of Fresnel’s integrals were constructed by Gilbert, Minx, couronn^es de VAcad. 
R. des Set. de Bruxelles , xxxi. (1863), pp. 1—52, and Lindstedt, Ann. der Physik and Chemie , 
(3) xvii. (1882), p. 720; and by Lomrnol in his second memoir. 

Lommel has given various representations of Fresnel’s integrals by series 
which are special cases of the formulae j" 


( 9 ) 


r 

J I 


J v {t)dt—2 i Jv+tn+i fy) 
0 »=0 


z n+1 /„+„ (z) 


n=o(*'d - l)(v + y)...(v^-2w^-l) , 


(io) f' j. (t)I ( " + Ok + j w . 

Jz w=0 * 

* Mem. de I’Acad. des Sci. v. (1818), p. 889. [Oeuvres, i. (1866), p. 176.] 
t It iB supposed in (9) that R{v)>- 1. 
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These are readily verified by differentiation. Other formulae also due to 
Lommel are 

(11) r (t) dt = 2* cos \z [ % (-)« J n+i ( J jr) 1 

jo L"=o J 

+ 2» sin. \z [ 2 (-) n /„+ } (£*)] . 
L*»=o 

(12) f J t (t)dt = 2*sin'J* t (-)"/„+* (£*)] 

|_»-o J 

— 2 8 cos \z ■ t (-)"/„+t(l*)l. 

L*=o J 

These may also be verified by differentiation. 


16*57. Hardy'8 integrals for LommeVs functions. 

The fact that the integrals 

P ( b\ dt p . / 6\ tdt 

Jo 008 r-VTif- J, 8m ("*-*)TTf 

are expressible in terms of elementary functions* when a and b are positive 
suggested to Hardy f the consideration of the integrals 

P ( . b\ dt p . / h\ tdt 

Jo \ t/l±t a Jo V tjl±t 3 ’ 

and he found them to be expressible in terms of Lommel’s functions of two 
variables of orders zero and unity respectively. This discovery is important 
because .the majority of the integrals representing such functions contain Bessel 
functions under the integral sign. 

If 1/4 be written in place of 4, it is seen that 

0) /; COS (o< + - 6 ) (* + D if?- 

(2) f t sin (at +l)r~~ if sin (at + }) f - f"am (bt + 2) , 

and since, by § 613 (3), 

\ sin {at + J.{2 J(ab)), 

it is sufficient to confine our attention to the case in which b < a. 

We now write 

c = */(b/a), w = 2 V(«5), <9 =» |(1 - c 8 )/c, 


Hardy, Quarterly Journal, xxju . (1901), p. 874. When the lower sign is taken it is supposed 
that th8 integrals have their principal values. 

+ Messenger, xxx v m . (1909), pp. 129—182. 
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and then the’substitutions t = ce u and cosh u = r shew that 

JL-r c £ 8 .( ? . c0Bh . “)^ 

Jo V tjl + P !.. ce“ + l/(oe“) 

4ww 1 
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[ce u + l/(ca“) ce - ** + l/(ce~“)J 




Now consider 


a 4- b f" cos (®t) . rdr 
cc ! i 

if_ 


( 0 2 +T 2 ) V(t* — 1 )‘ 
e^rdr 


where T is a contour consisting of the real axis and, a large semicircle above 
it, the real axis being indented tit r = ± 1. 

The only pole of the integrand inside the contour is at id, and so 


i_.r 

Iran] 


e^rdr 


a-xt 


27riJ r (0 a + T a )y/(r , -l) 2iV(0 a + l)’ 

As the radius of the large semicircle tends to infinity, the integral round 
it tends to zero by Jordan’s lemma, and hence 


/; 


cos (or), rdr +- J* sin (an ). rdr __ 


7 re 


,—ooB 


(0* 4- T 3 ) V(t* - 1) T 2 J _ x (0» + r 3 ) V(1 - T*) " 2“V(>"+1)* 

Thus we have 

cos fa/ 4. _ _ wg- (g - 6 > _ «>+6 sin(&cos</>).cos (f>d<f> 

Jo v t) 1 + t 2 2 2w J 0 8* + cos® <j> 

t) j cos 4 4c # 

But kt^ = ttp 1coob,#,_<!,oos3 ^ +c ‘ 008 ^---']- 


Tre" (a-6 > 


and so we find that 
(3) + 

Similarly it is found that* 


t r 2 c 2m_1 

m=l 


0 * 0 - 


-t-tf 2 


-7T X C* m J 9TO (aj), 
* m -1 


and 


( 6 ) -P/ fl cos + j) j~^=i7rsin(a + 6)-7r X (-) m-1 c 3m-1 / 3m _ 1 (a!), 
(6) P ^ sin (a* + ^ = -^tt cos (a + 6) - 7 T 2^ (-) m " 1 c am J r 2m (®). 

* The details of the analysis will b© found in Hardy’s paper. 


35—2 
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The last two results may be written in the form 

, 0 . rr . rr / \ 2 I* 50 . Ac 8 * w\ tfcife 

<8 ) «7.(»,®)+f.(«,*)=--pJ o sm (2S + rJrr^' 

provided that 0 < w< a. 


16*58. Integrals of Gilberts type for Lommel’s functions. 

An obvious method of representing JJ V (w, z) and V„(w, z) by integrals is 
to substitute the Bessel-Schlafli integral of §6*2 for each Bessel function in 
the appropriate series. We thus get 


u - < w - *> - §3 h-r a ex p (‘ - £ 


•\ dt 


4stJ t v+ *> n+l ' 

When the contour is so chosen that it lies wholly outside the circle on 
which 1 11 = ^ | w j, we may change the order of summation and integration 
and get 


•( 0 +,iiw+,-iiw+) Q w j t y 

i +^/^ exp 

Now the residues of the integrand at ± \iw are 


1 rw+>\ 

( 1 ) ^ (»■*) = 53 L 




£ s .\ dt 
4£/T' 


and so 


iw 


iz* _ vm 


i e *pi ± T ± 2 S + - jr *h 


r (w CXX) ( t 

V ^ r{ w, *)- 2ir i]_ m i+\w a !t aV v~4>t) t • 


Making a slight change in the notation, we deduce that 
/<Vv ijr / \ 1 f (0+) (t/wf ft z*\ dt 

(2) «"’*) = SriL 

and, in this integral, the points ± iw lie outside the contour. 

In general it is impossible to modify the contour in (2) into the negative 
half of the real axis taken twice, in consequence of the essential singularity of 
the integrand at the origin. The exception occurs when z = 0, because then 
the essential singularity disappears, and 

(° + > (t/w) v dt 
1 + t 3 /w a 7 ’ 


(3) 

and hence 

(4) 




V v (w> 0)= 


sin wir 

7T 


r 00 exp ia. yV—l 

Jo ~T- 


e -iut 


du, 


0 X + u a 

provided that R(v)>0 and a is an acute angle (positive or negative) such 
that ' 


|a-farg«>|< J7ri 
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If v is equal to £ or 3, the integral on the right in (4) is called Gilbert's integral*. 
Formula (4) was obtained by Lommelf from the formula of § 16-53 (11) by a transforma¬ 
tion of infinite integrals. 

From (4) it is clear that, when v and w are positive, 7„ (w, 0) has the same sign as, and 
is numerically less than 


sin vn- 


i vrr I 
rr J < 


:,v—l 


^du* 


o r (i — v). 

A similar but less exact inequality was obtained by Lommel. 

The reader will also observe that V v (w, 0)/sin vir is a positive decreasing function of w 
when w is positive. 


16*59. Asymptotic expansions of LommeVs functions of two variables. 

From Gilbert’s integrals it is easy to deduce asymptotic expansions of 
V v (w, 0) and U v ( w , 0) for large values of | w \; thus, from § 16*5 (8), we 
have 


K(w, 0) = *5 


(-)* 


hmt ^r+ap (w, 0), 


=o T(1 — v — 2m). 

where p is any positive integer. We choose p to be so large that R(v + 2 p) > 0 

and then, by § 16*58 (4), we have 

. . , r , sin vir f 00 °*p ‘ a u v +w~ l e~* uw du 

(~) v V* w (w, 0) = - 


7r 


= 0 


Jo 

oo oxp fa 


1 +U* 

u v±*p-i e-iwdu 


= 0 (wr’-v), 

when | w | is large and, as in the similar analysis of § 7*2, | arg w \ < rr. 
Hence 


(D 


oo /_\m 

v. ( w , o)i~ 


for the values of w under consideration. 

When v + 2p and w are both positive, (—) p F„ + 0) has the same sign 
as, and is numerically less than 


sm vi r 

7 T 


f 


u v+ap-i g-i uw fa _ 


(~) P 


r(i - v - 2p). dwy+v ’ 

so that the remainder after p terms in (1) has the same sign as, and is 
numerically less than the (p + l)th term. 

It may be proved in like manner from § 16*53 (11) that 


( 2 ) 


V V (W> *)•>» t (-)"* (z/w) v ^ n {z) 


771=0 


when J w \ is large while v and z are fixed; but it is not easy to obtain a simple 
expression which gives the magnitude and sign of the remainder. 

* M6m. couronvSes de I’Acad. R. dee Sci. de Bruxelles, xxxi. (1863), pp. 1—52. 

+ MUnchener Abh. xv. (1886), pp. 682—585. 
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It is evident from § 16*5 (6) that the corresponding formulae for TJ v (w, z ) 


are 


(3) U v ( w , 0) cos w — $vtt) 4- 2 


(-)*■ 


l= o r (v — 1 — 2m) {%wy m ~ v+ * ’ 

(4) Uy (w, z) po cos (\w + %zP/w — \in r) 4- 2 (—) m (£t/w) sw *“ h ^ Jy-z-am (z). 


wt=0 


These results were given by Lommel *, but he did not investigate them in 
any detail. 


The asymptotic expansion of V r (cod, x), when v is 0 or 1 and c is fixed, while 
x is large and positive, has been investigated by Mayallf. 

The dominant term for general (real) values of v greater than — \ is 
readily derived from § 16-53 (12) which shews that 

p oo i 2 \J. Ji 

Vy(cx,a:)~- — Ji j cos (ocb + \vir - \tt) sin {$ (1-*>)}—. 


Now, if c > 1, the functions ^cx(l — t i )±(cd + ^vir — r) vary monotonically 
as t increases from 1 to oo, and hence it may be verified by partial integra¬ 
tions that 

( 2 <?— v 

—J cos (x + ^vir — \ 7r), 

the next term in the asymptotic expansion being 0 (nr*). 

If, however, c<l, then £c®(l - i 2 ) +(atf-f \vir — \tt), qua function of t, 
has a maximum at 1/c; and hence, by the principle of stationary phase (§ 8*2), 
it follows that 


(6) Vy(cx, a) ~ cos j^-a: (c 4- ^ 4- ^vit j. 

Finally, when c= 1, the maximum-point is at one end of the range of 
integration, and so the expression on the right in (6) must be halved. We 
consequently have 

CO Vy (x, x)"* -J cos (x + ^irrr). 

This equation, like (5) and (6), has been established on the hypothesis 
that v > — J; the three equations may now be proved for all real values of v 
by using the recurrence formula § 16’5 (8). 


* Milnehener Abh. xv. (1886), pp. 540, 572—578. 

+ Proo. Gamb. Phil. Soc. ix. (1898), pp. 259—269. 



CHAPTER XVII 

KAPTEYN SERIES 

17*1. Definition of Kapteyn series. 

Any series of the type 

00 

X CtnJ y+n {(v + n) z], 

> 1=0 

in which* v and the coefficients a n are constants, is called a Kapteyn seines. 

Such series owe, their name to the fact that they were first systematically 
investigated, qua functions of the complex variable z, by Kapteyn f in an 
important memoir published in 1893. In this memoir Kapteyn examined the 
question of the possibility of expanding an arbitrary analytic function into 
such a series, and generally he endeavoured to put the’ theory of such series 
into a position similar to that which was then occupied by Neumann series. 

Although the properties of Kapteyn series are, in general, of a more 
recondite character than properties of Neumann series, yet Kapteyn series 
are of more practical importance; they first made their appearance in the 
solution of Kepler’s problem which was discovered by LagrangeJ and redis¬ 
covered half a century later by Bessel §; and related series are of general 
occurrence in a class of problems concerning elliptic motion under the inverse 
square law, of which Kepler’s problem may be taken as typical. More recently, 
in the hands of Schott|| they have proved to be of frequent occurrence in the 
modern theory of Electromagnetic Radiation. 

The astronomical problems, in which all the variables concerned are real, 
are of a much more simple analytical character than the problems investigated 
by Kapteyn; and in order to develop the theory of Kapteyn series in a simple 
manner, it seems advisable to begin with a description of the series which 
occur in connexion with elliptic motion. 

17'2. Kepler s problem and allied problems discussed by Bessel. 

The notation which will be used in this section in the discussion of the 
motion in, an ellipse of a particle under the action of a centre of force at the 
fodus, attracting the particle according to the inverse square law, is as follows: 

The semi-major axis, semi-minor axis, and the eccentricity of thd ellipse 
are denoted by a, b, and e. The axes of the ellipse, are taken as coordinate 

* It will, for the most part, be assumed that v is zero. 

f Arm. aci. de VEcole norm. sup. (8) x. (1898), pp. 91—120. 

t Hist, de VAcad. R. des 3ci. de Berlin, xxv. (1709) [1770], pp. 204—288. [Oeuvres, m. (1809). 
pp. 113—138.] 

§ Berliner Abh. 1816—7 [1819], pp. 49—66. 

I) Electromagnetic Radiation (Cambridge, 1912). 
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axes, the direction of the axis of x being from the centre of the ellipse to the 
centre of force. The centre of force is taken as origin of polar coordinates, 
the radius vector to the particle being, r, and the true anomaly, namely the 
angle between the radius vector and the axis of x, being w. The eccentric 
anomaly, namely the eccentric angle of the particle on the ellipse, is denoted 
by E. The time which has elapsed from an instant when the particle was at 
the positive end of the major axis is called t. 

The mean anomaly M is defined as the angle through which the radius 
vector would turn in time t if the radius vector rotated uniformly in such a 
way as to perform complete revolutions in the time it actually takes to perform 
complete revolutions. 

The geometrical properties of the ellipse supply the equations * 


( 1 ) 


r 


q(l -e») 

1 + € COS W 


— a (1 — e cos E), 


from which the equations 


(2) tan^-w= tan £ E, 


(3) 


sinw = 


V(1 — e a ). sin E 
1 — e cos E * 


&inE = 


\/(l — e a ) . sin w 
1 + e cos w 


are deducible; and an integrated form of the equations of motion (the ana¬ 
lytical expression of Kepler’s Second Law) supplies the equation 

(4) M = E — e sin E. 


Keplers problem is that of expressing the various coordinates r, w, E, 
which determine the position of the particle f, in terms of the time t, that is, 
effectively, in terms of M. It is of course supposed that the variables are real 
and, since the motion is elliptic (or parabolic, as a limiting case), 0 < e< 1. 

The solution of the problem which was effected by Lagrange was of an 
approximate character, because he calculated only the first few terms in the 
expansions of E and r. 

The more complete solution given by Bessel depends on the fact that (4) 
defines E as a continuous increasing function of M such that th£ effect of 
increasing M by 2?r is to increase E by 27r. 

It follows that any function of E with limited total fluctuation is a function 
of M with limited total fluctuation, and so such functions of E are expansible 
in Fourier series, qua functions- of if. 


* The construction of these equations will be found in any text-book on Astronomy or 
Dynamics of a Particle. See, e.g. Plummer, Dynamical Astronomy (Cambridge, 1918), Ch. m. 

+ Kepler himBelf was oonoemed with the expression of £ in terms of if. 
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In particular e sin E is an odd periodic function of M, and so, for all real 
values of E, it is expansible into the Fourier sine-series 


e sin E— 2 A n sin nM, 
«=1 


where 


2 r 

L n = € sin E sin nM dM 
nr Jo 

f 2esin i£cos nMT\" 2 f" - .,d(e smE) 

L nnr Jo n7rj 0 dm 

__ _2_ /> 
nnr] 0 


^dE-dM 
cos nM —rr;— dm 


2 [* 

= — / cosnM.dE 

nnr 'o 

= ?/»(«). . 

Hence it follows that 

(6) E = M + S - J n (ne) sin nM, 

«=i n 

and this result gives the complete analytical solution of Kepler’s problem con¬ 
cerning the eccentric anomaly. The series on the right is aKapteyn series which 
converges rapidly when e < 1, and it is still convergent when e = 1; c£ §§ 8‘4,8*42. 

The radius vector is similarly expansible as a cosine series, thus 


~ = B 0 + 1 B n cos nM, 

CL »=>1 


where 


B 0 =-l (l — ecoaE)dM 
nr Jo 

— ~ f (1 — e cob Ef dE 
nr J o 

= 1 + K 

while, when n £ 0, 

2 

B n * — / (1 — e cos E) cos nM dM 
nr J o 

rajM gllei jfv 1 

1 _ nnr Jo nnr J o d>M 

2e 

— -sin Esm(nE — ne ain E)dE 

nnr Jo 


2e r // \ 

= -~ J n (ne), 
n 


- = 1 4-le 5 - 2 — /»(««) cos nM. 
a * »-i n 


so that 

( 6 ) 
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The expansion of the true anomaly is derived from the consideration that 
w - M is an odd periodic function of if, and so 

00 

w — M=*'Z G n sin tiM, 


»=i 

2 f *■ 

where G n = - (tu — M) sin nMdM 
vr Jo 


2 (w — if) cos n 


-[- 

_ 2 f" 

~ nir J 0 

__ 2 a/(1 — e 2 ) J" - cos (wi? — tic sin Z?) 


— *■ H-COS wif. -TTr — 1 dM 

0 nir Jo \dM ) 


cos nM . ^rkdE 
dE 


mr 


dE. 


o 1 — e cos E 

This expression is not such a simple transcendent as the coefficients A n 
and B n . The most effective method of evaluating it is due to Bessel*, who 
used the expansion 

ivtcosJg 33 * + 2 / 008 + 2 / a cos 2j ^ + 2 / 8008 3^ +• .•., 


where 


/- 


1 + V(1 ~ e*) * 

On making the substitution, we find at once that 


r — ^ 


«/„ (ne) + 2 f m [J*-m (we) + / n+TO (»e)} 


m-1 


17*21. Expansions associated with the Kepler-Bessel expansions. 

A large class of expressions associated with the radius vector, true anomaly 
and eccentric anomaly, are expansible in series of much the same type as those 
just discussed. Such series have been investigated in a systematic manner by 
Herzf, and we shall now state a few of the more important of them; they are 
all obtainable by Fourier’s rule, and it seems unnecessary to write out in 
detail the analysis, which the reader will easily construct for himself. 

First, we have 

a(l—e 8 ) — r 


so that 
( 1 ) 

and next 
( 2 ) 


r sin w 
a 


r cos w ** a — ae = • 


—— —— = — f e 4- S - J n '(ne) cos nM, 
a » =1 7i 

= - sin E = ——— 2 - J n (ne) sin nM, 
a « *-i» 


* Berliner Abh. 1824 [1826], p. 42. 

f Astr. Naoh. ora. (1884), ool. 17—28. Various expansions had also been given by Plana, Mem. 
della R.Accad. deUe Sci.di Torino, (2) x. (1849), pp. 249—882. In oonnexion with their oonvergenoe, 
see Oauohy, Comptea Bendus, xroi. (1844), pp. 626^—648. [Oeuvres, (1) vm. (1898), pp. 168—188.] 
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Next, if m is any positive integer*, 

00 J 

(4) cos mE = m 2 - (Jn-w («*) — «/"„+*» (ite)} cos wif, 

n=l 

. 00 1 

(6) sin mE ** m X - {/«-« (««) + J n+Wl (ne)} sin nilf. 

»«=i n 

The expansion of a/r is particularly simple, namely, 


( 6 ) 


- = 1 + 2 2 J*(ne) cos nilf. 


The expansions of cos w and sin w are 

J_ e a «° 

(7) cos w = — e H-2 2 J n (ne) cos n-flf, 

e n= 


( 8 ) 


sin tw = V(1 — e“) 2 2 J n ' (ne)sin nM. 


» = 1 


The expansions of cos w/r 3 , sin w/r 3 are of a simple form, namely 


( 9 ) 

( 10 ) 


- cos w = 2 2n J n ' (ne) cos nM, 

• «=i 


a smw = —— 2 2n J n (ne)smnM. 

® «=i 


r 8 


[Note. It is pointed out by Plummer, Dynamical Astronomy (Cambridge, 1918), p. 39, 
that these are readily derived from the Cartesian equations of motion in the form 


dPx . a s oosw 


dM* 

combined with (1) and (2).] 


-0, 


3jT a ' 


a a sin w 
r*~ a 


,0, 


17*22. Sums of special Kapteyn series. 

The reader will observe that, in the case of the expansions of even functions 
of M, the results simplify when we take the particle to be at one of the ends 
of the major axis, because then the three anomalies are all equal to 0 or to ir, 
while the radius vector is equal to a (1 — e) or to a (1 + e). From the results 
of the last section we thus obtain the following formulae, which were given by 
Herz in the paper already quoted: 

(l) $ + **= £ X <_y« Upl, . 


n = l 


n 


»=i 


( 2 ) 

(3) 


4-€ 2 r / v 

r~-~ S Jn(ne\ 

1 € n=l 


- i (-)->/»(«), 

1t€ ftml 


i 


XnJ„‘(ne), (1+e)> 


x (~) n ~ l nJn (ne); 


(l-e) a 

* It is seen from (3) that, when m is equal to 1, the expansion (4) has to be modifled.by the 
insertion of a constant term. These two formulae were given by Jacobi, Astr. Nach. xxvm. (1849), 
col. 69. [Qei. Math. Werkc, ru. (1891), p. 149,] 
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More generally we find by differentiating § 17*21 (6) that 


(4) 

(-)"* 

- 

1 1 

2 

dM™ 1 

— e cos E_ 

(5) 

(_)«-: 

- 

1 

2 

_dM™ 1 

- € cos E_ 


= 2 (—) n_1 n* m J n (ne). 


Since -nr, = 


d 


— --=, , the expressions on the left in (4) and (5) can 

dM 1 - e cos E dE ’ v v ' 

be calculated for any positive integral value of m, with sufficient labour. 

Again, if we regard e and M as the independent variables, it is easily 
seen that 

cos E dE 


de {sin E (1 — e cos E)\ sin 3 E (1 - e cos E) de 

1 




so that, by § 17*21 (6) 

1L 

de (sii 


sin #(1 — e cos Ey 

eamE 
(1 - e cos E) 3 

A 1 

dM 1 — e cos E ’ 


— cos E + e sin E 


dE 

de 


) 00 

l = — 2 2 nJ n (ne) sin nM, 

)) »=i 


(sin E (1— e cos E) 
and therefore, if we integrate with e = 0 as the lower limit, 

(6) - - - —- = _ 2 i n sin nM. f J n (ruts) dx. 

v sin E (1 — e cos E) buiM «,=i jo 

If we differentiate with respect to M, we find that 


( 7 ) 


cos# 


cos M 


sin® E (1 — e cos Ef sin® M (1 — e cos Ey 


= 2 2 rPcoanM 

n=l 


• [ Jn («®) da}. 

JO 


The last two expansions do not appear to have been published previously. 


Expressions resembling those on the right of (6) and (7) have occurred in the researches 
of Schott, Electromagnetio Radiation (Cambridge, 1912) passim. 

Thus, as cases of (4) and (5), Schott proved (ibid. p. 110) that 

oo (^(14-e 8 ^ “ f* _ 

(8) Jjn(2nt ) = g ^ — < 2 ) 4 ’ n-i^ J o *^ 2n ^ >na ^ ^~ 6^i- e®) 8 ’ 

The last,of these may be obtained by taking M equal to 0 and rr in (7). 
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17*23. Meissel’s expansions of Kapteyn's type. 

Two extremely interesting series, namely 
m , ^ ./„(2ne) = _ Sf _ 

(1) H«+f i*+f (i*+p)t**+p) 

i ft + 

+ (l> + p)(2*+f*)(S> + f) ' ’ 

m 2 ? |(2« — 1) e] _ _J_ _ tS. _ 

(2) (2«-iy + p i s + f , + (i*+p)(3>+p) 

. _ + 

+ (l»+P)(3' + p)(5 a + P) ' 

have been stated by Meissel* who deduced various consequences from them ; 
it is to be supposed at present - ! - that 0 < e ^ 1, and £ is real. 

The simplest method of procedure to adopt in establishing these ex¬ 
pansions is to take the Fourier series! 

® cos 2 nM _ 7 r cosh (tt — 2.M) £ 1 

n =! ” 2£ sinh 7irf 2| 2 5 

(which is valid when 0 < ilf 7r), replace M by E — e sin ii, and integnfbe ftom 
0 to 7 r. It is thus found that 

» J m (2ne) _ 1 r j7 r cosh (7r — 2E + 2e sin K) % _ 1) 

»*+? TrJ o t fsinhTrf f a J 

1 f (it cosh (2l 9 + 2e cos 8) £ 1) ,u 

.pntTwi rr 

2 ft* [nr cosh 2£0 . coshj(2e£ cos^) _ 1) ^ 

7r i o 1 £ sinh 7r£ £*J 

Now the last expression is an even integral function of e, and hence it is 
expansible in the form§ 

« 2awi+i£ 2 m-i e 2 rn j- in COS 2 ”* 8 CQs h 2£fl ^ 

(ZW)1 J 0 sinh tt£ 

_ v JT(1 - t~ r (1 ~ ... fcam-a e 2 in. 

"ii rTm"+i+l^)"r(m + i-tr)’ 

by a formula due to Cauchy||; and the truth of Meissel’s first formula is now 
evident. 

The second formula follows in like manner from the Fourier senes 

» cos (2n - 1) M _ IT sinh (&7r - M) £ 

” 4£cosh£7r£ 

* Astr. Nach. cxxx. (1892), col. 368—368. 

+ The extension to complex variables is made in § 17'81. 

J See Legendre, Exercices de Calc. Int, n. (PariB, 1817), p. 166. 

§ It ia easy to see that the term independent of e vanishes. 

|| Mim. sur les integrate « difiniea (Paris, 1826), p. 40. Cf. Modem Analysis, p. 263. 
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Now, since the Beries obtained from (1) and (2) by differentiations with 
respect to p are uniformly convergent throughput any bounded domain 
of real values of £, we may differentiate any number of times and then make 

e-o. 

We thus deduce that 

v J w> (2we) 5 J {(2?t 1) e] 

«-l ’ »=1 (271-1)*™ 

are polynomials* in.e; the former is an even polynomial of degree 2m, and 
the latter is an odd polynomial of degree 2m — 1. 

The values of the former polynomial were given, by Meisael in the cases m= 1,2,3, 4, 5; 
the values for m= 1, 2, 3 are 

« 2 «* « 4 fie 4 e 8 

2,’ 2 8 * 2 32 + 72’ 

The values of the latter polynomial for m— 1, 2, 3 are 

e e < 8 e Be 8 e® 

2’ 2 18’ 2~8i + 450* 

Meissei also gave the values of the latter polynomial for m=4, 5. 

Conversely, it is evident that every even polynomial of degree 2m is 
expressible in the form 

2 a n J m (2we), 

#»o 

and that every odd polynomial, of degree 2m — 1, is expressible in the form 

2 i {(271 — 1) c}, 

n=l 

where a>n and 6 n are even polynomials in ljn and l/(2n— 1) respectively, of 
degree 2m. 

17‘3. Simple Kapteyn series with complex variables. 

It was stated in § 17*1 that, in general, Kapteyn series are of a more 
recondite character than Neumann series, and we shall now explain one of 
the characteristic differences between the two types of series. 

In the case of Neumann series it is, in general, possinle to expand each of 
the Bessel functions in the form of a power series in the variable, and tjhen to 
rearrange the resulting double series as a power series whose domain of con¬ 
vergence is that of the original Neumann series. 

* It is to be noted that the ooeffioients of e 2 ** and e* 01-1 in the respective polynomials are not 
zero; they are 

Mid 
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The corresponding property of Kap'teyn series is quite different; for the 
Kapteyn series 

{(l> + U) z\ 

is convergent and represents an analytic function (cf. § 8*7) throughout the 
domain in which 

sexp^Q-*’) u 1 

i+v(i-* s ) ?== i' + v«.r 

while the double series obtained by expanding each Bessel function in powers 
of z is absolutely convergent only throughout the domain in which 
| z | exp V(1 — 1 g j a ) 1 

i+va-l*i 2 ) ~ V +n ja>n \’ 

and the latter domain is smaller than the former; thus, when the limit is 1, 
the first domain is the interior of the curve shewn in Fig. 24 of § 8‘7, in 
which the longest diameter joins the points ± 1, while the shortest joins 
the points ±ix 0*6627434; while the second domain* is only the interior of 
the circle j z \ — 0*6627434. 

Hence, when we are dealing with Kapteyn series, if we UBe the method of 
expansion into double series we succeed, at best, in proving theorems only for 
a portion of the domain of their validity; and the proof for the remainder of 
the domain either has to take the form of an appeal to the theory of analytic 
continuation or else it has to be effected by a completely different method. 

As an example of the methods which have to be employed, we shall give 
Kapteyn’sf proof of the theorem that 

(1) = 1 + 2 I J n ( nz ), 

l—Z n=l 

provided that z lies in the open domain in which 

| * exp V(1 - *■) . 

1 l + V(1 - * a ) 

This domain occurs so frequently in the following analysis that it is con¬ 
venient to describe it as the domain K; it is the interior of the curve shewn 
in Fig. 24 of § 8*7. 

Formula (1) is, of course, suggested by formula (2) of § 17*22. 

To establish the truth of the expansion, we write 

1 + 2 S J n (nz) = 8 (z), 

",= l . 

and then it has to be proved that S ( z) — 1/(1 - z). 

Since J n (nz) - A. f° +> [ CTp *** 

* For an investigation of the magnitude of this domain, see Fuiseux, Journal de Math. xiv. 
(1849), pp. 88—89 , 242—246. 

+ Nieuw Archie/voor Wiskunde, xx. (1898), pp. 128 — 126; Ann. sci, de Vltcole norm, sup, (8) 
x. (1898), pp. 96—102. 
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we see that, if we oan find a circle T with centre at the origin of such a radius 
that on it the inequality 

' e *P {!«(*-!/<)} ■ < n 

' t [ 


1 -f ir 1 exp tyz (t — !/<)} dt 


( 2 ) 

is true, then 

^ ~~ 2m /(r+) 1 — i" 1 exp (tf — 1 Jt)) t 

To investigate (2), we recall the analysis of § 87. If z = pe*, t = e u+i6 , 
where p, u, a, 6 are all real (p and u being positive), then (2) is satisfied for 
all values of 6 if 

p V(sinh 9 u + sin* a) — u < 0; 

and when u is chosen so that the last expression on the left has its least 
value, this value is (§ 87) 

, z exp V(1 — 

° g l+va-ir*) ’ 

which is negative when z lies in the domain Jt. Hence, when z lies in the 
domain K , we can find a positive value of u such that the inequality (2) is 
satisfied when 1 t j = e“. 

Again, if we write 1 jt in place of t in (8) we find that 

/ 4 A 1 +1exp {-fa(t-l/t)} dt 

' ' ^ 2 m j ( y+ ) 1 — t exp j— \z (t — 1 jt)) t ’ 

where y is the circle 1 11 = e~ u . 

When we combine (3) and (4) we find that 

2 q (*\ = _L f < + e x p { \z(t-l!t)} dt 
' ^ 2m J ( r+jY _)t —exp [\z(t— \/t)) t ’ 
and so 2S (z) is the sum of the residues of the integrand at its poles which lie 
inside the anmuhis hounded by T and y. 

We next prove that therp is only one pole inside the annulus *, and, having 
proved this, we notice that this pole is obviously t — 1. 

For the number of poles is equal to 

1 f d log [1 - r 1 exp [\z ( t - 1 jt)\] 

27T4 J(r+ i7 _) dt 

1 f d log [1 - tr 1 exp {%z ( t - 1/ Q}] 

27ri J (r+) dt 

1 f dlog [1 -1 exp {- \zjt - 1/ Q}] dt 


2m 


<r+) 


dt 


= I ; f d log [1 - r 1 exp \\z (t - 1/Q}] dt 

+ J_. f d lo S t~ 1 ex P {“ i* ~ V*))] dt 
2m J (r+) dt 


(r+) 

* The corresponding part of Kapteyn’s investigation does not seem to be quite so oonvinoing 
as the investigation given in the text. 
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Now the first of these integrals vanishes; for, if we write 


t~ l exp {$2 (t -1 ft)} = U, 


then | U | < 1 on F, and so the expression under consideration may be written 
in the form 




and the integral of each term of the uniformly convergent series involved is 
zero. 


Hence the number of zeros of 1 - ir 1 exp [\z (t — 1/t)} in the annulus is 
equal to 


-L f Pifi+iY 

27riJ T +lt 2 \ 


dt = 1. 


It follows that 2 S (z) is equal to the residue of 

t + exp [j ;z (t - 1/0 } 

«-exp [§z (t - 1/t) I 

at t = 1; and this residue is easily calculated to be 2/(1 — z). 

It has therefore been shewn that S ( z) is equal to 1/(1 — z) throughout the 
domain K , i.e. throughout the whole of the open domain in which the series 
defining 8 (z) is convergent. 

[Note. It is possible to prove that S ( z) converges to the sum 1/(1 - z) on the boundary 
of A”, except at 2 = 1, but the proof requires an appeal to he made to theorems of an Abelian 
typo; cf. § 17‘fi.] 


17*31. The extension of Meissel's expansions to the case of complex variables. 
We shall now shew how to obtain the expansions 


( 1 ) 

( 2 ) 


» J m (2?l.z) _ 2 - 

n z i n* +r* i 2 +£ 3 (i a +£ a ) (2 a +r-o (i 3 +n w*+ r j ) w +n 

o V */an-i |(2n-l)2j 2 __ 

nZi (2 n - iy + F V + (l a + £*) (3- + n 

* s*£* 

+ (1* + f) (3* + f) (5* + t*) + ''' ’ 


which are valid when 2 lies in the domain /if and £ is a complex variable 
which is unrestricted apart from the obvious condition that £i must not be an 
integer in (1) nor an odd integer in (2). These results are the obvious 
extensions of Meissel’s formulae of §17‘23. 


[Note. The expansions when f is a pure imaginary havo to be established by a limiting 
process by making £ approach the imaginary axis; since the functions involved in (1) and 
(2) are all oven functions of no generality is lost by assuming that It (£) is positive.] 

36 


W. B. P. 
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In order to establish these formulae, it is first convenient to effect the 
generalisation to complex variables of the expansion of the reciprocal of the 
radius vector given by § 17*21 (6). That is to say, we take the expansion 


1 + 2 2 J n (nz) cos n<f>, 

»=1 

which we denote by the symbol 8 (z, </>), and proceed to sum it by Kapteyn’a 
method (explained in § 17*3), on the hypotheses that <f> is a real variable and 
that z lies in the domain K. We define a complex variable by the equation 

<£ = yfr — z sin yfr. 

The singularities of yfr, qua function of <p, are given by cos yfr = ljz, that is 

<f> = arc sec z — — 1). 

None of these values of 0 is real* if z lies in the domain K ; and, as <f> in¬ 
creases from 0 to oo through real values, y[r describes an undulating curve 
which can be reconciled with the real axis in the -^-plane without passing 
over any singular points. 

It follows that if, for brevity, we write 

U^t^ex p {fait-l/t)}, 

then 

« / ja _ 1 [ 1 — U* dt 

9) 27riJ (r+) 1 - 217 cos 0 + £7* t ’ 
with the notation of § 17*3. By the methods of that section we have 

2 S(z,<j>) = -L.[ -— U * _ * 

r 2tt£ j y—) 1 — 217 cos<f> + 17 s t ’ 

and so 28 ( z, <f>) is equal to the sum of the residues of the integra/nd at those of 
its poles which lie inside the annulus bounded by Y and y. 

We shall now shew that there are only two poles inside the annulus, and, 
having proved this, we then notice that these poles are obviously t — 

By Cauchy’s theorem, the number of poles is equal to 

1 f d log (1 - 2 U cos (f> + IP) T 
2t ri (r+.y-) A dt 

_ 1 r d log (1 — 2D r cos<t>+ U a ) , 

wij ( r+) dt dt 


+ 


J_ f d log exp \-z(t -1/Qll 
2iriJ {r+) 


dt 


dt 


= -§:■! 2 U n cos (?i +1) <f> 

Tr »J(r+) Ln=o T 

= 2 , 


dU 

dt 


dt + 2 


* It is easy to shew that suoh values of <j> satisfy the equation 

f j^,_ ^exp v /(l- z a) 

so that le^ |<l. 


1 + ^(1 -* a ) 
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the integral of each term of the uniformly convergent series vanishing, just 
as in § 17*3. 


Now the residues of 


1- U* 


1 — 2 U cos 4>+U a 't 

at t =* e*** are both equal to 1/(1 — z cos yfr); and therefore we have proved th&t 
1 


(3) 


l-*008f“ 1 + 2 .!/*("> OOS ' 


in the circumstances postulated; and the series on the right is a periodic 
function of (f> which converges uniformly in the unbounded range of real 
values of <£>. 

Hence, when R (£) > 0, we may multiply by er& and integrate thus: 

f e~& d<b + 2 2 iTfl (nz) [ cos n6dd> — ( -— 6 -— dd>. 

Jo «■= 1 Jo J o l~^cosf r 

That is to say, 

(4) 


/, 


-\ + 2 S QlM 

o K »=i n a + £* 


where the path of integration is the undulatory curve in the ^-plane which 
corresponds to the real axis in the </>-plane; and, by Cauchy’s theorem, this 
undulatory curve may be reconciled with the real axis. 

Now, when the path of integration is the real axis, the integral on the left 
in (4) is an integral function of z ; and this function may be expanded in the 
form 

oo gwiftn t oo 

2 —V- I (T& sin”* yfrd^lr. 

«-0 ml J 0 

By changing the sign of z throughout the work we infer the two formulae 


(5) 


( 6 ) 


2 5 l :r rHAe-w, 

nmi 4n*+£* mml (2m)! J 0 r Y 


J m -i {(2n — l)ar} 


9 V Z LZ1 — V ~_ 

•ti (2*.-!)*+£* *ti(2m 


Vam—a r ao 

^ 1)1 J e ~^ 8 * na ” l ~ 1 


which are now established on the hypotheses that z lies in the domain K and 
that R (£) > 0. 

By dividing the paths of integration into the intervals (0, nr), (tt, 27t), ... 
and writing + d, §7r + 6 ,... for -\jr in the respective intervals, we infer that 


f 

Jo 


e~& sin*"* yjrd^= a i n h J C08 ^ & * cosW ^ ^ 

1 

fir-h2»}{£* + 4*}...{£ a 4-4m*}’ 


36—2 
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and that 

f er& sin 2 ’” -1 yfrd^lr = —ri—r, f cosh tO . cos 2w_1 Odd 
Jo cosh^TrfJo 

1 

" £ {? + I s } 1 P + 3 a } ... {? + (2m -1 f\ ■ 

By substitution in (5) and (6) and writing 2f for f in (5) we at once infer the 
truth of (l)and (2) when R (£) > 0; and the mode of extending the results to 
all other values of £ has already been explained. The required generalisations 
of Meissel’s expansions are therefore completely established. 


17*32. The expansion of z n into a Kapteyn series. 

With the aid of Meissel’s generalised formula it is easy to obtain the 
expansion of any integral power of z in the form of a Kapteyn series. It is 
convenient to consider even powers and odd powers separately. 

In the case of an even power, z we take the equation given by § 17'31 (1) 
in the form 


1 f 2r(n + l + iQ r(n + l~i£) 


f v r (a + 1 + i%) r (n + 1 - tg) 

2iriJ w -ir(m + 1 + i£) T(m+ 1 — ig) b . 




where the contour of integration is the circle | £| —n+\. Since both series 
converge uniformly on the circle, when z lies in the domain K, term-by-term 
integrations are permissible. 

Consider now the value of 


_L f (i 3 +r 3 )(2’+z?)...(^+r a ) dt 

27rtJ| tf |-,+* ^ 

When m ^ n, there are no poles outside the contour, and so the contour may 
be deformed into an infinitely great circle, and the expression is seen to be 
equal to unity; but when m > n, the poles ± im are outside the circle and the 
expression is equal to unity minus the sum of the residues of the integrand 
at these two poles, i.e. to 

-_ (w + w)! 

m an+1 '. (m — n — 1)1' 


The expression on the left of (1) is therefore equal to 


2 2 J im (2mz)-2 

m=l 


® (m + ri)\ J am ,(2mz) 
»-n +1 w an+1 .(m — n — 1)1* 


Next we evaluate 


1 (■ . r(ra + l+t£)r(n + l-t£) d£ 
2iri J i f | „* +4 r (m + 1 + if)* T (m + 1 - i£) £ an - sm+1 * 
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When m ^ n, the origin is the only pole of the integrand, and, if we take the 
contour to be an infinitely great circle, the expression is seen to be equal to 1. 

But, when m > n, there are no poles inside the circle j £ j ~n + i, and the 
expression is zero. 

Hence we have 

If we replace n by n - 1 and subtract the result so obtained from (2), we 
find that 

-»_9 v (m + n~l)\J mi (2rng) ^ 2 (m + n)i 

Z ~ m =n — (m-n-1)!’ 

and so 

an_5 (m + w~l)lJ , am (2mg ) 

iZn m»»+'.(m-n)! ’ 

If n = 1, equation (3) is at once deducible from equation (2), without the 
intervening analysis. 

When we have to deal with an odd power, 2 2 ” -1 , we take the equation 
given by § 17 # 31 (2) in the form 


( 8 ) 


(4) 


2wiJ|f|-* # 


2. |l> + £j_ (3M- ?\ -_l) a ±d 


v v {( 2w-l )*j , 

-.1 {* + ("2m-l7 

-if (i*+f‘) i 3 *+n- [(211-iy+ei 


X S 


,'jm-i J*swi—an—i 




,t 1 {l a + ni3 3 +n-{(2m-l) 9 + H 

and we deduce in a similar manner that 

/-x o v r f/Q in i o v (m + n-1 ) ! {(2m— l)z| 

= 2 + Z 3 + ... +^ SM “ l 

Hence 

n-1 _ 9 iv! v ( w + w-2)! J mn -\ {(2m - l)f 1 

~ . ( . m _ ±yn . ( /H _ n )! 


( 6 ) 


The formulae (3) and (6) may be combined into the single formula 


(7) 


a V ( n + m ~ 1) ! K n + 2m ) z\ 


(k z ) n ~ n “ s 


,„=0 (» + 2m)" +1 .m! 

which is obviously valid throughout the domain if when w has any of the 
values 1, 2, 3,.... 

This formula was discovered by Kapteyn*; the proof of it which has 
just been given, though somewhat artificial, seems rather less so than Kapteyn’s 
proof. 

* Ann. sci. de I’ticole norm. tup. (8) x. (1898), p. 108. 
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17*33. The investigation of the Kapteyn series for z n by the method of 
induction. 

We shall now give an alternative method* of investigating the expansion 
of z* as a Kapteyn series, which has the advantage of using no result more 
abstruse than the equations 


(1) ,—- = l+2 t 

i- — Z ffl-l 


=— = 1 + 2 2 (-) m J m (rnz), 

i-+Z 771-1 


which were proved for real variables in § 17*22 and for complex variables in 
§ 17*3; it is, of course, supposed that, if z is real, then — 1 < z< 1, and, if s is 
complex, then z lies in the domain K. 

The induction which will be used depends on the fact that when the sum, 

QO 

f(z), of the Kapteyn series 2 a m J m (mz) is known, then the sum F(z) of the 

771— 1 

2 - m — can he obtained by two quadratures, if the former series 


series 


m«=l 


ra a 


converges uniformly. To establish this result, observe that, by term-by-term 
differentiations, 

dz* dz, m-l 

00 

= (1 -*■) 2 OnSmimz), 

' 7» = J / 

so that [z F (z) — (l — z v )f(z ); 

it follows at once that F(z) can be determined in terms of f(z) by quadratures. 


Now, from (1), we have 


2 Jnntynz)^^-^, 

771 — 1 1 —Z* 


and so, if 


F(z) = % 

7?i—i ’ 4m* 


then 

Therefore, in the domain K, 

■■■** 

where A and B are constants of integration. If we make z-—0, we see that 

A=B = 0. 

Consequently 

( 2 ) 

m~l mz 

* Watson, Mettenger, jam. (1917), pp. 150—167- 
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1 


In like mann er, we deduce from (1) that 

2 J m+i {(2m + l)z} 

m=Q 

and hence that 

( 3 ) * = 2 2 JmkH ■ 

^ m =0 ( 2 m + 1 )* 

The expansions of z” when w is 1 or 2 are therefore constructed. 

Now assume that, for some particular value of n, sP is expansible in the 

form 

00 

£ n = n a 2 b m>n J m (rnz), 

«*-i 

and consider the function (f> (z) defined by the equation 

00 772/* — 72® 

<f> (z) = (n + 2 ) a 2 —- 3 — & M , n 4 H 

ttt -1 

By the process of differentiation already used, we have 

z >dL^ + z d ^. = (n + 2y(l-z*) 2 (m 2 — n a ) b m<n J m (rnz) 


dz a 




m -1 




= (rH-2) 2 s n+a . 

On integration we deduce that 

0 ( 2 ) = 3 n+1s + A' log z + B'. 

It is obvious that A' =» F = 0 from a consideration of the behaviour of <f> (z) 
near the origin. 

Hence the expansion of z n+ * is 

00 

*»+!» = (n + 2) a 2 b mi n +i J m (jHz), 

« = 1 


where 




to” — n 3 
m a 


bm,n- 


It follows at once by induction that 

, 2 SW_1 r(^m + n) 

6to ’ 9b = to””"" 1 r(£m -n + 1) n ‘ ,a ’ 

_ „ 5 2 *” r(ni + n) J m (2mz) 

and 80 z ** n m .i ( 2 to ) w - 1 .w a f"(m ■-n + 1 ) * 


That is to say 


*r m = 2 n a 


v r(m + n)/ 3w (2m^) 
m=rt TO* n+1 r(m-n + l) ' 


and this is equation (3) of §17'32. The expansion of s*“- is obtained in the 
same way from the expansion of *; the analysis in this ease is left to the 

reader. 
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We therefore obtain the expansion 


(4) 


2 


m=0 


T(n + m).J f ^ am \(n + 2m)z] 
(n + 2 m) n+1 . m! 


which is the expansion obtained by other methods in § 17‘32; and the ex¬ 
pansion is valid throughout the domain K. 


Since the series 

? + 

«=o (n + 2 m ) n+l . m! 

is absolutely convergent (being comparable with X 1/m 9 ), the expansion (4) 
converges uniformly throughout K and its boundary. The expansion is there¬ 
fore valid (from considerations of continuity) on the boundary of K, and in 
particular at the points z — ± 1 , as well as throughout the domain K. 


17*34. The expansion of 1 /(< — z) in a Kapteyn series. 

From the expansion of z n , obtained in the two preceding sections, we can 
deduce, after Kapteyn*, the expansion of l/(t~z ) when z lies in the domain 
K and t lies outside a certain domain whose extent will be defined later in 
this section. 


Assuming that 1 1 j >\z\, we have 

1 1 | z n _1 | 2% a | F (n + m) J n+am {(n + 2m) z] 

t-z t * 1 t n+1 t nti < n+1 «-o in + 2 m ) n+1 . m I 


Now, if 


= F, 


z exp V(1 ~ z a ) 

1 +V(l-s s ) > l 

the repeated series is expressible as an absolutely convergent double series if 
the double series 

* | VW r (n + m)V n+tjn 

n~im-o(n + 2 m)” +1 .m\\t | n+1 

is convergent. But the terms in this series are less than the terms of the 
double series 

a | 2 n V n+im 2 V exp V s 

«-i »-o ml | $ | n+l ~ | < | (| i | - 2 F) ’ 
provided that J 1 1 > 2 V. 

Hence, when 

#exp \/(l 

1 +V(l-^) 

rearrangement of the repeated series for 1 f(t - z) is permissible, and, when we 
arrange it as a Kapteyn series, we obtain the formula 
1 


< I >2 


> 0 (t) + 2 2 <& n (t)J n {nz), 

71-1 


* Ann. sei. it Vltcole norm. tup. (8) x. (1898), pp. 118—120. 


( 1 ) 
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where * 


( 2 ) 

(3) 


© fl (i) = l/«; 

*it» t*\ _ 1 1j" ( w ~ 2w) a . (n - vi. - 1)! 
nW 4 m V m! (*ra£)"-*™+* 


From the last formula we may deduce a very remarkable theorem discovered 
by Kapteyn; we have 


f, d|* 1 (n — m - 1)! _ 1 < i» (n — 2 m) a . (n — m — 1)1 
l dt)'4, m Z 0 ml (fant)”-*” 1 ~ 4 Jz<y m ! (\ntf~™ 
and therefore, by § 9*1 ( 2 ), 

(<) = \ [\ n t O n (««)}» 

so that, by § 912 ( 1 ), 

(4) <S)„ (£) = n (1 — £ a ) 0 n (nt) 4 - sin 3 \mr + £ cos* \mr 

when n = 1 , 2, 3, .... 


Kapteyn s polynomial <© n (£) is therefore expressible in terms of Neumann's 
polynomial O n (nt). 


It is now possible to extend the domain of validity of the expansion (1); 
for, by § 8*7 combined with § 9‘17, it follows that the series on the right of 
(1) is a uniformly convergent series of analytic functions of z and £ when z 
and £ lie in domains such that 


(5) 

where 


n(z)<n(t), n(z)<n(i), 

z exp V(1 — s 3 ) 

t+V(T-~?y 


n(z) = 


The expansion (1) is therefore valid throughout the domains in which both 
of the inequalities (5) are satisfied. 


[Notk. This result gives a somewhat more extensive domain of values of t than was 
contemplated by Kapteyn; he ignored the theorem proved in § 9*17, and observed that 
(since the coefficients in the series for <© n (t) are positive) when j 1 1 > 1, 

I ®i» (0 I ^ ®n (I ^ ^ (1) ~ b 

by (4); so that Kapteyn proved that (1) is valid when 

Q(s)<a(i), \t\> i.] 


17 *35. A Itemative proofs of the expansion of 1 /(* - z) into a Kapteyn series. 

Now that explicit expressions have been obtained for the coefficients in the expansion 

- =»<?& 0 (£) + 2 2 (0 
t-z «=i 

it is possible to verify this expansion in various ways. Thus, if <©* (*) be defmed as 
n (1 - * 2 ) 0 n (tit) +sin 8 \nw -M cos 3 |»w, 
the reader will find it an interesting analysis to tako the series 

7-hT~T + 2(1-* 2 ) 2 nO„(nt)J n (m), 
t 1 — a' «=i 

* Of. Kapteyn, Nieuw Archief voor Wiskunde , xx. (1898), p. 122. 
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. _jstitute suitable integrals for the Bessel coefficients and Neumann polynomials, and 
reduce the. Result to l/(t—z) after the manner of § 9*14. 

Or again, if we differentiate the expansion twice with respect to 2 we find that 

{(7^)5 + idbp}" (1 J 0 * n **» (0 

and then, dividing by 1 — s 2 , and making use of § 17 *3 (1), We find that 

2* 2 t(t*+3) ' t*+6fi +1 

“(<»- 1 ) (<-*)» “'(<■- 1) 2 («-*)»“ (<*- 1) 8 ( t - s ) 8 

* « r / S liA ,* (**+6f 2 +l) sin 2 inir 4t (^+1) OOS 8 ^Hr1 

= »io‘" V ” ( ) {®” (<) -((TTijs—- ((ill). /’ 

whence the differential equation for <© n ( t ) is easily constructed in the form 

*a La //\ (<*+j rgj-l) ain a frnr 4* (**+!) cos 2 

| e »W“ (^-l) 8 (* 2 -l) 8 J * 

and hence it follows that 

©* ( t )= n (1 - it 2 ) O n ( nt )+sin 8 \tmt + 1 cos 2 fynir + 1 ~ 1 {A n J n ( nt )4- B n Y n {nt)}, 
where A n and B n are independent of t; but it does not seem easy to prove that A n —B H ~0- 


17‘4 The expansion of an arbitrary analytic function into a Kapteyn 
series. 

We shall now prove the following expansion-theorem: 

Let f(z) be a function which is analytic throughout the region in which 
Cl (z) < a, where a < 1. 

Then, at all points z inside the region, 


(1) /(*)-«o + 2 2 etn J n (nz), 

n -1 

where 

(2) (t)f(t) dt, 

and the path of integration is the curve on which CL (t) — a. 

This result is obvious when we substitute the uniformly convergent 
expansion 

©„($) +2 2 Qb n {f)J n (nz) 

n=l 


for lf(t — z) in the equation 




since Cl{t)~ a on the contour, while both Cl{z) < 1 and Cl (z)< Cl (t) when z 
is inside the contour. 

This theorem is due to Kapteyn. 
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It is easy to deduce that, if the Maclaurin series for f{z) is 


then 

( 3 ) 

(4) 


/(*)- 2 a n z n , 
n=*0 


flo G&o, 

t _ 1 < v n ( n ~ 2m ) a .(n-m- 1)! g^-gn 
n 4 *r =0 Ml! (^7l) n_ * ni+1 


17*6. Kapteyn series in which v is not zero. 
The theory of Kapteyn series of the type. 


2 'Om4+m ((l/+m)*}, 

i »=0 

in which v is not zero or an integer, can be made to depend on the ex¬ 
pansion of z v . The result of § 17*33 suggests that it may be possible to 
prove that 


( 1 ) 


{\ z y - 


1 r ( y + m ) 

«=o {v 4- 2m)*” H .ml 


’ K+an» 


{(i/ 4- 2m) z}, 


throughout the domain K. 


It is easy enough to establish this expansion* when ! z | < 0*6027434; but 
no direct proof of the validity of the expansion throughout the remainder of 
the domain K is known, and the expansion has to be inferred by the theory 
of analytic continuation. 


To obtain the expansion throughout the interior of the specified circle, 
expand the series on the right in powers of z. The coefficient of s , ' +ar is 
* T(v + m) (_)r-m + 

(v 4- 2m)*' +1 .ml"2- +0r (r — m)I l 1 (j/ 4- r 4- m +1) 

= I (v) r (_)r-m + 2m) ar_ * 1 T (v -j- m) r (v 4- 2r 4-1) 

2 1 ' +ar V(v 4- 2r + 1) „ 4tx0 m!(r — m)\ F(j/) T{v 4- r 4- m 4- lj’ 

When r^l, the last series is a polynomial in v of degree 3r — 1 which is 
known to vanish identically whenever v is an integer. It therefore vanishes 
identically for all values of v. The expansion (1) is therefore established 
(inside the circle) by a comparison of the coefficient of z ¥ on each side of the 
equation. 

From this result, we can prove that, under the conditions specified in § 17*4, 

(2) -—- = 2 <S4 n ,y (t)J»+n{{ v + n ) e \> 

t — z »=o 

where 

ca u\ - 1 ( v + n ~~ 2^) 8 V(v + n — m) 

W w ~ 2 M t 0 (*r 4- t' 

* This was done when \z |<0*669 by Nielaen, Ann. id. de Vjhcole norm. sup. (8) xvra. (1901), 
pp. 42—46. 
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It is not difficult* to express £4 n , v it) in terms of Gegenbauer’s polynomial 
A n ,y (nt+ \ift), defined in § 9-2. 

And the, reader will easily prove that if f{z) satisfies the conditions specified 
in § 17*4, then 

(4) z v f(z) - 5 a», „ J„+n {{v + n)z], 

»=o 

where 

1 * 

( 5 ) a n> y=>^jf(t)^ n> y(t)dt, 

in which the contour of integration surrounds the origin; and hence 

_ 1 *^ B (v + n - 2m) 8 T (v + w- m) a n - am 
' ' * n ' v 2 m=0 (£t/ + n) v+n -* m+1 . m! ’ 

where a 0 , a li ... are the coefficients in the Maclaurin series for f(z ). 

[Note. Jacobi in one of his later papers, Astr. Mach. xxvm. (1849), col. 257—270 [Ges. 
Math. Werke, vn. (1891), pp. 175 — 188] has criticised Carlini for stating that certain 
expansions are valid only when |z| <0-663.... But Carlini had some excuse for his state¬ 
ment because the expansions are obtained by rearrangements of repeated series which are 
permissible only in this domain, although the expansions are aotually valid throughout the 
domain /C] 


17*6. Kapteyn series of the second kind. 

Series of the type 

2 £ n + n ) * } ^+n |( / ^' +w )^} 

have been studied in some detail by Nielsen f. But the only series of this 
type which have, as yet, proved to be of practical importance]:, are some 
special series with y. = v, and with simple coefficients. The results required in 
the applications just specified are obtainable by integrating Meissel’s expansion 
of § 17-31 (1) after replacing z by 2sin0. It is thus found that, throughout 
the domain K, 

00 

2 2 

n=l 

so that 

m g | • *>'("«) 1 £ i 13 _. 

w »ti »* + f* 2 1* + {; lT 2.4'.(l*-t-{ 1 )(2' + ? ! )' r '"’ 

and hence we deduce that XJ n * (nz)/n 2m is a polynomial in z 2 of degree m) 
while the sum of series of the type Xu™ J n * (nz) may be found in a similar 
manner from the corresponding expansion Xn am J m (2nz). 

* Of. Nielsen, Ann. sei. de Vicole norm. sup. (8) xvin. (1901), p. 60. 
f Ann. sei. de VJ^cole norm. sup. (8) xviii. (1901), pp. 89—75. 

J Of. Schott, Electromagnetic Radiation (Cambridge, 1912), Chapter vxn. 


2 (** 


T s lm 00 »2fi yz> i—2 

ifi+P = 3, (1>+ r)(2* + f 1 )... (»> + ?’)' ttJ o 


r 

J 0 


sin 21 * 6 dO, 
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Thus Schott* has shewn that 


(2) 

(*) 


2 (ns) = 

jC 

2 (ns) = 

n=i 


1 

2n/(1- S 2)“ 

z i (4 + 2 2 ) 
16(1-2^’ 


1 

2’ 


A general theory resembling that of §16'14 is deducible from the ex¬ 
pansion 






2^{ r(^ + i)] 3 “ 

r (2v + 1) m = 0 


T (2v + m) 

(i/+ mf +1 .m! *' +wl 


{(v + ra),sj 


which is easily derived from § 17’5 (1) and is valid throughout K\ but it 
seems unnecessary to go into details which the reader should have no difficulty 
in constructing, in the unlikely event of his requiring them. 


17*7. Kapteyn series which converge outside the domain K. 

If lim |Va»| = l. 

n ->*qo 

we have seen that the Kapteyn scries %a n J n (nz) represents an analytic 
function throughout the domain K. But since, when x is real, \J n (nx) \ < 1, 
the series may converge along the whole of the real axis, although when | z | > 1, 
the series does not converge at points which are not on the real axis. 

The behaviour of such a Kapteyn series may be summed upf by saying 
that it resembles a power-series throughout the domain K and that it re¬ 
sembles a Fourier series on the real axis outside K. 

As an example, let us consider the series 

s= £ Jn(nx) 

«=1 


It is evident that, if <f> = — x sin then 

s- 1 r s —fd+, 

TTJ o »=l n 

since the Fourier series is uniformly convergent. 

Now, when x > 1, </> decreases as yfr increases from 0 to arc cos (1/x) and 
then increases to 7 r as yjr increases from arc cos (1/x) to 7 r. If m be the integer 
such that the minimum value of <f> lies between - 2mir and - 2 (m + 1) 7r, let 
the values of yjr corresponding to the values 

0, - 2-7T, — 4)7T, ..., - 2W7T, - 2W7T, ..., -27 t, 0 
of (f) be ye, 7 1; ... 7m» ... B lt S„, and then 

a -1r* f 7rti +f” + 2" r. + ri s 

7 T ( r= 0 J 7r j 7m r=0 J ?h-i • n» 1 n 


* Electromagnetic Radiation (Cambridge, 1912), p. 120. 
f The suggestion of these analogies was made by Professor Hardy. 
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Now when ^ lies in the intervals (y r , y r+1 ) and (S r , $ r+1 ) the sum of the 
series under the integral sign is 

i 4* “ + r ( r +1) tt 8 + (f 4-1) , rr<f>, 

and, since 


— at sin yfr) d^r =. ^-^r 3 + oo cos yjr, 

/(t — a; sin ■ft) 3 difr — -j^ 3 + 2 os (yfr cos i fr — sin \fr) + £ a 3 (yfr — sin i/r cos yfr), 
it may he shewn without much difficulty that 

vi m 

$ =s .|f®* + 2 (4 (&r s ~ 7r a ) + # (cos £ r — cos y r )} *f 2w 2 r (S.,'. — <y r ). 

r-0 r-1 

The reader will see that a large class of Kapteyn series may he summed by 
this method*. 


17*8. The convergence of Kapteyn series on the boundary of the domain K. 

With the exception of the points ± 1, the boundary of K presents no 
features of special interest; because, by means of Debye’s asymptotic expansion 
the consideration of the convergence of the Kapteyn series 2 a n J v+n {{v + n)z\ 
is reducible to that of the power series 


n fn ( * ex P •JO- ~ -g 3 ) 

** /_ I 1 . l/t a\ 


*Jn \ 1 +4/(1--^) 
and that of two similar series f with *Jn*, *Jn* written for *Jn. 


The points ± 1 present more interest, because the ordinary asymptotic 
expansions fail. But the lacuna thereby produced is filled, for real values of v, 
by the following theorem of an Abelian type: 


The convergence of 

% a« 

is sufficient to ensure both the convergence of 2 otnJ v+n (v +■ n) and the continuity 
of 2 ctnJy+n {(y + n) oc\ throughout the interval^ 0 $ at ^ 1. 


Since 2a„/n^ converges and \nj{v + w)}^ is monotonic, with a limit as n -*» oo, 
it follows§ that %Un/(v + n)^ converges; and sipce, by § 8‘54, (v + n)^ J v+n (y + n) 
is monotonic,with a limit as w-*oo, it follows that %a n J v+n (v + n) converges. 


* In this connexion the researches by Nielsen, Overtigt K. Banske Videmkabernes Selskabs, 
1901, pp. 127—146, should be consulted^ 

t If <** !>Jn does not tend to zero the series cannot converge; and if it does tend to zero 
2«n/‘s/ n8 i® absolutely convergent, and so, if we replace each Bessel function by the first two terms 
of the asymptotic expansion with a remainder term, the series of remainder terms is absolutely 
convergent. 

$ Due allowance has to be made for the origin if v < 0. 

§ Bromwich^ Theory of Infinite Series, § 19. 
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Again, since 


Ju+n {(y + n)/g} 
J v +n (v + n) 


is a 'function of n which does not increase as n increases, for all values of x 
in the interval it follows from the test of Abel’s type for uniformity 

of convergence* that 

ta n J v+n l(if + n)a>| 


is uniformly convergent (and therefore continuous) throughout the interval 
0 ^ x $ 1; and this proves the theorem. 

By reversing the reasoning, it may be shewn that if 2 a n J v+n {y + n) con¬ 
verges, so does Sotn/n^, so that the convergence of 2etn/n^ is both necessary 
and sufficient for the theorem to be true; the theorem is therefore the best 
theorem of its kindf. 


* Bromwich, Theory of Infinite Series, § 44. 

f This was pointed out by Professor Hardy. Of. Watson, Proc. London Math. Soc. (2) xvi. 
(1917), pp. 171-174. 



CHAPTER XVIII 

SEEIES OF FOURIER-BESSEL AND DINI 


18'1. Fourier's formal expansion of an arbitrary function. 

In his researches on the Theory of Conduction of Heat, Fourier* was led 
to consider the expansion of an arbitrary function f{x) of a real variable of x 
in the form 

(1) f 0*0 = ^ a mJ o 

m-= 1 

where ... denote the positive zeros of J 0 (z) arranged in ascending 

order of magnitude. 

The necessity of expanding an arbitrary function in this manner arises 
also in Daniel Bernoulli’s problem of a chain oscillating under gravity and in 
Euler’s problem of the vibrations of a circular membrane with an initial arbi¬ 
trary symmetrical displacement (§§ T3, T5). 

In order to determine the coefficients a m in the expansion, Fourier multi¬ 
plied both sides of (l)by xJ 0 (j m x)and integrated between the limits 0 and ]. 
It follows from § 5T1 that 

I aJo{j m x)J 0 (j»x)dx=i.®’ T mfn, 

Jo [Wi(jm), m = n, 

and hence Fourier inferred that 

(2) a m — jTfjj tf (0 Jo (jmt) dt. 

If we now change the significance of the symbols j m , so thatf j lf y a , j 8 , ... 
denote the positive zeros of the function J v (z), arranged in ascending order 
of magnitude, then 

(3) /(#)= I OmJ,(jn&), 

«i=i 

where 

(4) cim — ft / ■ \ f (0 Jv Kjmf) dt. 

V v-t -1 \ Jm) J 0 

This more general result was stated by Lommel^; but, of course, neither 
in the general case nor in the special case v = 0 does the procedure which has 
been indicated establish the validity of the expansion; it merely indicates how 
the coefficients are to be determined on the hypothesis that the expansion 
exists and is uniformly convergent. 

* La Tteorie 'Analytique de la Chaleur (Paris, 1822), §§816—819. 

t The omission of the suffix i», associated with j 1 , j S/ j s ,..., should cause no confusion, and it 
considerably improves the appearance of the formulae. 

t Studien ilber die Bessel'schen Functional (Leipzig, 1868), pp. 69—78. 
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In fact the simplicity of the procedure is somewhat deceptive; for the 
reader might anticipate that, if the function f(as) is subjected to appropriate 
restrictions, the expansion would be valid for all values of v for which the 
integral 

I tJ v (jnut") «7*( jnfy dt 

JO 

is convergent, i.e. when v ^ — 1. 

Dini, however, remarked that he was unable to deal with the range 
— l<z/< —^,and limited himself to the range Several subsequent writers, 

while proving theorems for the latter range, asserted that the extension to the 
former range was merely a matter of detail; but it was not until after 1922 that 
anyone took the trouble to supply the detail which is tedious and of no great 
interest. In the exposition given here, it will be supposed that v ^ 

The first attempt at a rigorous proof of the expansions (1) and (3) is 
contained in some notes compiled by Hankel* in 1869 and published post¬ 
humously. A more complete investigation was given by Schlafiif a year 
after the publication of Hankel’s work; and an important paper by HarnackJ 
contains an investigation of the expansion (3) by methods which differed 
appreciably from those of earlier writers. 

A few years after the appearance of the researches of Hankel and Schlafli, 
the more general expansion 

(5) f(x) = § 

m= 1 

where X lf Xa, X 3 , ... denote the positive zeros (in ascending order of magnitude) 
of the function 

tr* [zJJ (z) + IiJ v (z)\, 

when v ^ ^ and H is any given constant, was investigated by Dini§. 

The coefficients in the expansion are given by the formula 

(6) {(Aw> - v a ) J„ a (X 7)l ) + X m “J7 s (X™)] b m - 2X„r f 1 tf (t) J v (\ m t) dt. 

Jo 

The mode of determination of the numbers X, n subjects / (x) to what is 
known as a ‘ mixed boundary condition,’ namely that f (as) 4- Hf (a:) should 
formally vanish at as = 1. 

The expansion (5) was examined by Fourier (when v= 0) in the problem 
of the propagation of heat in a circular cylinder when heat is radiated from 
the cylinder; in this problem the physical significance of H is the ratio of the 
external conductivity of the cylinder to the internal conductivity. 

* Math. Ann. vm. (1875), pp. 471—491. In the course of thin paper, Hankel obtained tlio 
integral formula of §14-4 as a limiting cubo of (3). 

t Math. Ann. x. (1876), pp. 187 -142. 

t Leipziyer Berichte, xxxix. (1887), pp. 101—214; Math. Aim. xxxv. (1889), pp. 41—62. 

§ Serie di Fourier (Piaa, 1880), pp. 190—277. 


W. B. P. 


37 
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It was pointed out by Dini that the expansion (5) must be modified* * * § by 
the insertion of an initial term when H + v — 0; and, although Dini’s analysis 
contains a numerical error, this discovery seems to make it advisable to 
associate Dini’s name rather than Fourier’s with the expansion. 

The researches which have now been described depend ultimately on a set 
of lemmas which are proved by Cauchy’s theory of residues. The use of com¬ 
plex variables has, however, been abandoned, so far as possible, by Kneser f 
and Hobsonwho have constructed the expansion by using the theory of 
integral , equations as a basis. 

On aesthetic grounds there is a great deal to be said for. this procedure, 
because it seems somewhat unnatural to use complex variables in proving 
theorems which are essentially theorems concerning functions of real variables. 
On the other hand, researches based on the theory of integral equations are 
liable to give rise to uneasy feelings of suspicion in the mind of the ultra¬ 
orthodox mathematician. 

The theory has recently been made distinctly more complete by the 
important memoir of W. H. Young§, who has thrown new light on many 
parts of the subject by using modern knowledge of the theory of functions of 
real variables in conjunction with the calculus of residues. An earlier paper 
by Filon|| which makes some parts of the analysis appreciably less synthetic 
must also be mentioned here. 

The question of the permissibility of term-by-term differentiation of the 
expansion which represents a function as a series of Bessel functions has been 
discussed by Fordl, who has obtained important results with the help of 
quite simple analysis (cf. § 18'4). 

More recondite investigations are due to C. N. Moore**, who, after studying 
the summability of the expansion by Ceshro’s means, has investigated the 
uniformity of the convergence of the expansion in the neighbourhood of the 
origin, and also the uniformity of the summability of the expansion (when 
not necessarily convergent) in this neighbourhood. 

The reason why the uniformity of the convergence (or summability) of 
the expansion in the neighbourhood of the origin needs rather special con¬ 
sideration is that it is necessary to use asymptotic formulae for J v (A™#) which 
are valid when \ n a> is large; and, as x approaches zero, the smallest value of 
m, for which the asymptotic formulae are significant, is continually increasing. 

* Details oi necessary modifications when H+p ^ 0 will be given in § 18*8. The modification 
was alBO noticed by Kirchhofi, Berliner Sitzungsberichte, 1888, pp. 519—524. 

t Archiv derMath.undPhys. (3)vn. (1903),pp. 128—183; Math. Ann: lxiii. (1907), pp. 477—524* 

f Proc. London Math. Soc. (2) vn. (1909), pp. 359—888. 

§ U/id. (2) xvm. (1920), pp. 168—200. 

|| Ibid. (2) iv. (1906), pp. 896—430. Cf. §§ 19*21—19*24. 

IT Trans. American Math. Soc. rv. (1908), pp. 178—184. 

** Ibid. x. (1909), pp. 891—435; xu. (1911), pp. 181—206; xxi. (1920), pp. 107—156. 
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In the exposition which will be given in this chapter, the methods of the 
calculus of residues will be used, to a far greater extent than has been usual 
in recent researches; this is a reversion to the practice of Hank el and. 
Schlafli and (in the special case of Fourier series) of Cauohy. The advantage 
of this procedure is that it results in a great simplification in the general 
appearance of the analysis throughout the whole theory. And, although it 
seems impracticable to prove certain theorems (notably those* relating to 
fractional orders of summability) with the help of complex variables, the gain • 
in simplicity is so marked that it has been possible to include in this chapter 
very many more theorems than would have been possible if the methods 
of the theory of functions of real variables had been used more exclusively. 

As an example of the simplicity produced by using complex variables, it 
may be mentioned that comparatively crude inequalities, such as 

i r /-m - Ci exp| /(£:)] 

|J ' ( }|< 7l*i * 

where Cj is a constant, independent of z, when v is given and exceeds — are 
sufficient to prove all the requisite theorems concerning convergence at a point 
(or summability at a point) and they are also sufficient to prove theorems con¬ 
cerning uniformity of summability throughout an interval of which the origin 
may be an end point. Direct proofs of theorems concerning uniformity of 
convergence throughout such an interval require more elaborate inequalities, 
but in this work the use of such inequalities is evaded by deducing uniformity 
of convergence from uniformity of summability by an application of Hardy’s 
convergence theorem f. 

It may be stated here that the theorems of this chapter correspond exactly 
to the theorems concerning Fourier series which are given in Modem Analysis. 


In addition to the memoirs whioh have already been cited, tho following may be men¬ 
tioned: Beltrami, R. 1st. Lombardo Rendiconti, (2) xm. (1880), pp. 327—337 ; Gogeubauer, 
Wiener Sitzungsberichte, lxxxviii. (2) (1884), pp. 976—1003; Alexander, Trans. Edinburgh 
Royal Soc. xxxiil (1888), pp. 313—320; Sheppard, Quarterly Journal , xxm. (1889), 
pp. 223—260; Volterra, Ann. di Mat. (2) xxv. (1897), p. 146; Stephenson, Phil. Mag. (6) 
xiv. (1907), pp. 647—649 ; Messenger , xxxm. (1904), pp. 70—77, 178—182; Rutgers, 
Nieuw Archief, (2) vm. (1909), pp. 376—380; Orr, Proo. R. Irish Acad, xxvii. A, (1910), 
pp. 233—248; and Dinnik, Kief Polyt. Inst. (Engineering Section ), 1911, no. 1, pp. 63 — 86. 
[Jahrbuch ilber die Fortschritte der Math. 1911, p. 492.] 

The investigations by Alexander are mainly based on operational methods, while Orr 
dealt with expansions in which functions of thfe second kind are involved. 


18*11. The various types of series. 

In the special case of series of circular functions, it is necessary, as the 

reader will remember, to make a distinction]: between any trigonometrical series 

00 

| a 0 -1- X (am cos mx 4- b m sin mx), 

m=l 

* Suoh theorems have been investigated by Moore and Young, 
t Modem Analysis, § 8-6. J Of. Modem Analysis, § 9*1. 



680 


- THEORY OT BESSEL FITNOTIONS [CHAP. XVIII 

and a Fourier series in which the coefficients are expressed as integrals, 

1 ft i r* 

Om — —] cos mtdt, b m = - f(t) sin mtdt. 

wj-, irJ-w 

It is necessary to make a similar distinction* between the types of series 
which will be dealt with in this chapter; any series of the type 

op 

2 dm Jy(jmOB), 
m =1 * 

in which the coefficients Om merely form a given sequence of constants, will 
be called a series of Bessel functions. 

If, however; the coefficients in this series are expressible by the formula f 
~ '/; \ f tf (0 (jrn 0 dt, 

*> y+l \Jm) J A 

the series will be called the Fourier-Bessel series associated with, f{as). 

And if, further, the series converges to the sum /(a?) for any point as of 
the interval (0, 1), the series will be described as the Fourier-Bessel easpansion 

o//(4 

In like manner, the series 

00 

S bftiJ v (X in , os'), 

3»—i 

where X*, X*,... are the positive zeros of 

zJ v '(z) + HJ v (z), 

will be called Dinis series of Bessel functions. 

If the coefficients b m are determined by the formula J 

{(^m 2 i 2 *+* J v i (^m)} b m = 2X w a f tf (£) J „ (X^ t) dt , 

J 0 

the series will be called the Dini series associated with f (as). 

And if, further, the series converges to the sum/(a;) for any point as of the 
interval (0, 1), the series will be described as the Dini expansion of f(as). 

Some writers have been inclined to regard Fourier-Bessel expansions as 
merely a special case of Dini expansions, obtainable by making H-+- oo ; but 
there are certain distinctions between the two expansions which make this 
view somewhat misleading (cf. §§ 18*26, 18*34,18*36). 

18*12. Special cases of Fourier-Bessel and Dini expansions. 

There are very few expansions of simple functions in which the coefficients 
assume a simple form. 

One function whose expansion has simple coefficients has already been 

* The greater part of the terminology is due to Voung, Proe. London. Math. Soc. (2) xvirr. 
(1920), pp. 167—168. 

t It ie supposed that the integral is convergent for all positive integral values of m. 

% It is supposed that the series is modified, as in § 18*84, when B+ v ^ 0. 
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investigated in § 15’42. Another is x r , which gives rise to the formal expansions 


( 1 ) 


( 2 ) 


of = % 


af 


2 J» ( jm&) 
ljmJv+i ( j m) 


2X CT «f v (X^ n a;) J (X^) 


m= 1 (^iu S V S ) J p 9 (^m) + J v 9 (X, rt ) 

It will be seen subsequently that (1) is valid when 0 < x < 1, and (2) when 
0 < « $ 1, if jff + v>0. Of. §§ 18*22,18*35. 


The reduction formula 

K? jy + 2n + 1 Sr (Kit) dt=(v+ 2n) J„ (X*) - X m JJ (X*,) - 4n (v+») J V+*»- 1 (X OT «) dt 

ia easily established, so that the Dini expansion of ®*' +2n may be determined when v is any 
positive integer. The Dini expansion of ^ + 2 n + 1 mft y similarly be determined; in this 
case the general coefficient is expressible in terms of known functions and 

j\ v J v (\ m t)dt. 

In order to calculate this when v is an integer, McMahon* has proposed to tabulate the 
function 

which is a special form of one of Lommel’s functions of two variables (£§ 16*5, 16-56). 


18*2. The Tnethods of Hankel and Schlafli . 

The earlier investigations which were described in § 18T are based on the 
analysis used by Dirich let f in his researches on trigonometrical series of 
Fourier’s type; this method of proceeding is obviously suggested by the 
fact that the trigonometrical series are special cases of the Fourier-Bessel 
expansion, obtained by giving v the values ± 

In the case of Fourier’s theorem, to prove that 

00 

f(w) = J a 0 + X ((Jhn cos + 5 /h sin mx), 

wt = l 

1 ff 1 fir 

where a m = - fit) cos mtdt, b m -- /(f) sin mtdt, 

7T J -rr 7Tj-„ 

it is sufficient to prove that 


i r* 

f(x) = lim — / (£+cos(a:-f) 4- cos 2 (a; - f) + ... + cos n(x-t)\f(t)dt, 

n-^ao'rrJ-K 

i r 

i.e. that / (as) = hm ^ / 


sin (n + I) (x — t) 
sin^t# — t) 


/(0 dt. 


* Proc. American Assoc. 1900, pp. 42—48. The tabulation is most simply effected by using 
§ 10-74(3) in conjunction with Table I. (pp. 666—697); see Table VIII. 
f Journal fiir Math. rv. (1829), pp. 157—169. 
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In the ease of the general Fourier-Bessel expansion, the corresponding 
limit to he evaluated is 

lim I 

n-*°o m=»l d v+i\Jm) J 0 

and so it is necessary to investigate the behaviour of the sum 


, <5 v (jin®) J v (jmt) 

m=l O'm) 

when n is large'; and it is in this investigation that the use of the calculus of 
residues is more than desirable. 

In the case of Dini’s expansion, the corresponding sum which needs 
examination is 

v _ 2\ wt a e7 v (X m a;) J„ 

m= 1 (\»t* V 2 ) J (^-m) "h v * (^m) 

An application of the calculus of residues which will be described in §§ 18‘3— 
18*33 shews that the difference of the two sums is readily amenable to dis¬ 
cussion, and so we are spared the necessity of repeating the whole of the 
analysis of the Fourier-Bessel expansion with the modifications appropriate 
to the more general case of the Dini expansion. 


18*21. The HanJcel-Schlajli contour integral. 

We shall now begin the attack on the problem of Fourier-Bessel expansions 
by discussing properties of the function T n (t, x), defined by the equation 

(1) r„ ((,*)= i 

«»=1 V H -1 ( 7 m ) 

where 0 < a; ^ 1, and the order v is real and is subject to the condition 

v + 0. 

The method which will be used is due to Hankel * and Schlaflif, though 
many of the details of the analysis are suggested by Young’s J recent memoir. 

The function T n (t } x ) is obviously as fundamental in the theory of Fourier- 
Bessel expansions as is the function 

sin (n + £) (x - 1 ) 
sin £ (x - 1) ’ 

in the special theory of Fourier series. 

In order to obtain the formulae connected with T n (t, x) which are sub¬ 
sequently required it is necessary to express the mth term of the sura for 
T n (t, x) as the residue at j m of a function, of the complex. variable w, 
which has poles at j lf j 2 , j i} When this has been done, we express 

* Math. Ann, vm. (1875), pp. 471—494. 
f Ibid. x. (1876), pp. 187—142. 

t Proc. London Math. Soc. (2) xvra. (1920), pp. 168—200. 
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T n (t, x) as the integral of this function round a rectangle of which one . of the 
sides lies along the imaginary axis while the opposite side passes between 
j n and jn+i- The sides parallel to the real axis are then moved off to infinity 
in opposite ,directions, so that, in order to secure the convergence of the integral, 
it is necessary to prescribe the behaviour of the integrand as 1 1 (w) | -*■ oo . 
There are three integrands which we shall study, namely 

(2) 2 [tJ v (xw) J v+1 ( tw) - xJ v (tw) {xw)}/{(f - a?)J v * (w)}, 

(3) irw [J v (w) Y„ (xw) - J „ (xw) F„ (w)} J v (tw)/J y (w), 

(4) t tw [J w (w) Y v (tw) - J v (tw) Y v (ty)} J v (anu){J y (w). 

The first of these was the integrand studied by Schl&fli; the other two are 
suggested by the work of Kneser and Carslaw which was described in § 15-42. 

A study of the asymptotic values of these integrands indicates that (2) is 
suitable for discussions in i^hich x^t and 0 < x +1 < 2] (3) when* 0 ^ t<x<l 
and (4) when 0 ^ x < t < 1. 

We proceed to verify that the integrands all have the Bame residue, namely 

2e7" y (jniX) Jy (jmt)/J i y+i(jm)> 

at w —jm- In the case of (2), we define the function f g (w) by the formula 

(5) g (w) s [tJy (xw) J v+1 (tw) - xJy (tw) J „ +1 (xwj\ t 

and then, if w = j m + 0, where 6 is small, we have 

J y (w) = OJJ (j m ) + J 0 3 J," ( jm) + 

so that 

wJy (w) = (ftjmJ V* (jm) + 6*Jy (jm) {jmJ v (jm) + Jy (jm)} + • • •• 

It is easy to verify, by using Bessel’s differential equation, that the coeffi¬ 
cient of 6* on the right vanishes; and hence the residue of g (w)/[wJj(w)} 
at im is 

g' (jm)l\jmJv'*(jm)\, 

and this is easily reduced to 

2Jy ( jm®) Jy (jmfy/J^y+i (jm) 

by using recurrence formulae. 

In the case of (3), the residue at j m is 

vrjm {J y (jm) Yy (jm®) ~ J r (jm®) Y v (j m )} Jy (jmt)!Jy (jm) 

= *“ TtjmJ v (jm®) J v (jmt) Y y (jm)/Jy (jm) 

^=2Jy (jm®) Jy(jmt’)/Jy i (jm)t 

by § 3'63, and this is the expression required; the integrand (4) is dealt with 
in the same way. 

* This is most easily seen by 'writing the integrand in the form 

JwtW {HkM (W) HyP) (xw) - HA) {XW) HyW (to)} Jy (tw)IJv(w). 

■f !fhe reBolts obtainable by using the integrand (2) are disoussed in great detail by Graf and 
Gubler, Einleitung in die Theorie der Basel' schen Funktionen, i. (Bern, 1898), pp. 181 189. 
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We next take the contour of integration to be a rectangle with vertices 
at ±Bi, A n ± Bi, where B will be made to tend to oo, and A n is ohoBen so 
that j n < A n <jn+i • When it is desired to assign a definite value to A. n> we 
shall take it to be equal to (n + ^ it 4- J) it, which lies between j n and jn +1 when 
n is sufficiently large (§ 15‘53). 

Now it is easy to verify that the three integrands are odd functions of w, 
and so the three integrals along the left sides of the rectangles vanish*. 

Again, if w=*u + iv, it may be verified that when v is large, and either 
positive or negative, while u > 0, then the three integrands are respectively 

0 (e~< s_a: ~*)l®l) 1 0(e~ {a ~ t) 1*1), 0 

and so, for any assigned value of A n , the integrals along the upper and lower 
sides of the rectangle tend to zero as B -*■ oo when x and t have the relative 
values which have already been specified. 

We thus obtain the three formulae 

1 f A «+** g (w) dw 

2 in J^-coi wJS(w) 

2 0wJ, (x6w) J * (t dw) dOdw 
l 


(6) T n (t,x) 


1 r i 

2 iriJju~coi Jo 


JS(w) 


0) T n (t, x) 


( 8 ) 


i f VJ \J V (w) Yy ( xw) - J v (sew) Y v (w)} 
™ J An~ooi 


(0<x + t< 2 ; x=fct) 
J„ (tw) dw 

~7jwV ’ 

(0<t<x<l) 
J y (ami) dw 


T n (t, — W {jy (w) Yy (tW) ~ Jy (tw) Yy (w)} " 

(0 < x < t < 1) 

From equation (6) it is easy to obtain an upper bound for | T n (t, x) |; for 
it is evident from the asymptotic expansion of § 7‘21 that, when v + $ is posi¬ 
tive (or zero) and bounded, there exist positive constants Ci and c 2 such that 

(9) !/.(«)! 

when w is on the line joining A n — oo i to A n + go i and t^O, provided that n 
exceeds a value which depends on v. Hence 


|(* 2 -^)T n (t,0)j 


so that 

( 10 ) 


T n (t,x)\^ 


2r a r® 

4cx s 


7rCj* j i 3 — oJ* j (2 — x— £)V (xt)' 
This inequality gives the upper bound in question. 


* It is necessary to make an indentation at the origin, bat the integral round the indentation 
tends to zero with the radios of the indentation. 
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It is also easy to see that 
f t* +1 T n (t, x) (t 2 — a?) dt 

Jo . T 

/*+1 fAn-t-ooi U/W 

= — [tJ v (xw) J v+2 (tw) - xJ „ +1 {tw) J^ x {cow )I -y\7-\ , 

m J A n -ooi WJ * \ W ) 

and hence 

I rt 4 ig *t y+1 

(H) Jj P +1 T n (t > x)(t*-x?)dt < ljrp>li4n ( 2 L x -t)Y(rt)‘ 

[Note. Theorems obtained by a consideration of integrals involving Bessel functions 
of the first kind only can usually be made to oover the origin, in view of the fact that the 
constant Cj in equation (9) is independent of t in the interval 0 ^ t ^ 1. Thus (11) may be 
written 

| r + 1 T n {t, x) (* 2 -^) dt < * 

valid when 0<a;<l, 0<<<1. This extension is not so easily effected when integrals 
involving functions of the second kind have been used because the simplest inequality 
corresponding to (9) is 

I {\tw\~ v log | tw | + | | - i}exp {| i(<w)|}, 

and it is a somewhat tedious matter to obtain a simple upper bound to the integrand in 
(8) from this inequality.] 

Equation (0) was used by Schlafli to prove that, when n is large, then 
1 l~sin A n {t — co) sin .d B (£ + x)~ 
n {t, SD )~ % *J{mt) sin | tr {t — a) sin | tt (t + x) 

but, since the order of magnitude of the error in this approximation is not 
evident, we shall next evaluate some integrals involving T n ( t, x) by means of 
which difficulties caused by the unknown error may be evaded. 


18*22. Integrals involving T n (t, x). 

The two fundamental formulae which we shall now obtain are as follows: 

(1) lim l l t v+l T n (t,x)dt = x v , (0<as<l) 

/I-*-oo J 0 

(2) lim f t v+l T n {t, x) dt = \x v . (0 < x < 1) 

From these it is obvious that 

(3) lim [\ t ' +1 T n (t,x)dt = $x*. (0<x<l) 

n-*-oo J x 

In the course of proving (1) it will be apparent that 

a$ [ t v+1 T„ ( t , x) dt -*■ x ,+ * 

Jo 

uniformly as n -*• oo when x lies in the interval 

0 1 — A, 

where A is any positive number. 
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We shall also investigate the boundedness of 

f t t^T n (t,x)dt 

J0 

in the interval in which 0 < t < 1. 

Of these results, (1) was given by Young, Proa. London Math. Soc. (2) xvrn. (1920), 
pp. 173—174, and the proof of it, which will now be given, is his. Formula (2) seems to be 
new, though it is contained implicitly in Hobson’s memoir. 


It is evident that 


f 


1? +x T n (t, a) dt s 




f 0 ljmJu+i (j m) 

When we transform the sum on the right into a contour integral after the 
manner of § 18'21, we find that it is equal to 

1 2J y (cow) dw _1_ 2J V (anv) dw 

'2rrrij-< 0 i wJ y .(w) Z^ri J An-m wJ v (w) 

In the former of these two integrals, the origin has to be avoided by an 
indentation on the right of the imaginary axis. 

Since the integrand is an odd function of w, the value of the first integral 
reduces to iri times the residue of the integrand at the origin, so that 


J t v+1 T n ( t , x) dt - a? - ^ 


1 2 J v (sew) dw 




Now 


Xn-ooi 


J; 


J «+ cai 2 J, (xw) dw 


A n -»i 


wj„ (w) 


2ci 


Cb4 nV« 
4c! 


/: 


wJ„ (w) 
exp {— (1 x) | v j} dv 


u*-d» (1 — x) *Jx 

and, from this result, (1) is evident; it is also evident that 


cd [ t ,+1 T n ( t , x) dt — a> v+i 
Jo 


(0<«< 1) 


tends uniformly to zero as n oo so long as 0 < 1 — A. 

It will be observed that the important expansion 

(4 «-««*» i 

»■=! Jmd *>+i \Jm) 

which was formally obtained in § 18*12, is an immediate consequence of (1). 

Formula (2) can be proved in a somewhat similar manner (though the 
details of the proof are rather more elaborate) by using an integrand involving 
functions of the second kind It is easy to see that 

r+iVJm) 


/, 


»=*1 

= _liin -J ’ ^ \J v (w) T v (xw)-J v {ccw) Y,(w)} 


Jy+l(XW)dW 
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Now take 0 < a? < 1 in the last integral and substitute for the Bessel functions 
the dominant terms of their respective asymptotic expansions, valid when | w \ 
is large (§ 7‘21). The error produced thereby in the integrand is, at most, 
0 (1/w 2 ) when 0 < a? $ 1; and, as n oo, we have 


J Afi—ooi VP 



Now the result of substituting these dominant terms is 

.. w* [ A »+ Si sin w(1 ~ a)sin(anu — iw — Irr) 7 
lim • I 1 7 j : v ■ ctiv 

B-*°0 Tn JAn-m W COS (w — Jj V7T — ^ 7T) 


An+Jii COS (w — \inr — \tt) — COS (2#iy — IV — £ VTT - 7t) , 

W COS {W — \VTT — \ 7r) 


rtf? f An+H* 

= lim ~x —. I 

JS-*-oo ZTnj An-Bi 

= K- lim 

" wco&(w- %inr-±Tr) 


We shall have to discuss, almost immediately, several integrals of this general 
type; so it is convenient at this stage to prove a lemma concerning their 
boundedness as n oo . 


Lemma. The integral 


lim 

U-*-oo 


f-A n +Bi cos (\w — i tt) , 

J J H -J3iU> COB (U>-$vir - frr) W 


is 0 (1 /»), as »-*-oo , if - 1 < X < 1 j and the integral is hounded if 0 ^X < 1. 

If we put w~A n ±iv, whore A n , as usual, stands for (?4+|x+J) tt, the expression imder 
consideration may be written in the form 


2i[^4 n cos(X- l)A n . J ^ 


cosh \v. dv 
(A^+u 2 ) cosh v 


-sin (X —1) A h . 


’* j> uinh Xv. cfo "1 
0 (AJ+v*) cosh vJ 


When — 1 < X < 1, the modulus of this does not exceed 


2 cosh Xv.d v 2 f°° v [ s inh \v \ dv 

A n J o cosh v ^ Aj? J o cosh v 


and the first part of the Lemma is obvious. 


Again, if 0 CX < 1 and v (1 — X) = £, we have* 

O^v(l-X) sinhXv = £sinh(v-£)^cosh v, 
so the integral to be considered does not exceed (in absolute value) 


2 A, 


dv 

and the second part of the Lemma is proved. 




dv 


- 4 n a +^ 2 


:2»r, 


It follows immediately from the Lemma that 

PV +1 T n (t, x) dt - i«r + 0 (1 Jn), 

jo 

when 0 < x < 1; and this is equivalent to (2). 

* The function £ sinh (v - £) haa one maximum, at £o say, and its value there is equal to 
sinh* (t? - £o) / oosh (v— £q) which is Iobb than sinh (v - fo) • 
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Moreover, if we close the range of values of cc on the right so that 0 < x < 1, 
we infer from the Lemma that the integrals 

f t v+1 T n (t, x ) dt, [ t v+l T n (t, x) dt 

Jo Jo 

are bounded as n oo when 0 < x ^ 1. 

Lastly we shall consider 


( t v+ 1 T n (t, x) dt, 
Jo 


and we shall prove that, when 0 < t ^ 1 and 0 < x 1, this integral is a bounded 
function of n, x and t, as n-*- oo. 

It is easy to shew by the methods which have just been used that, when 
1 — x + t^ 1, i.e. when t % x, then 

t pJrl T n (t, a) dt 


l 


_ Q 2t v+1 J v (j m x) J ( j m t) 
jm*F 3 v +1 (j m ) 


m=l 


fy+i rJ n +Bi J ..(tin) 

lim — \J. (w) 7, (mi) - J, (mi) Y, («.)) dw 

B-*-oo J A n —Bi v V \W) 

o (jL\ - lim f Jn+M 8inw(l-aQ.sin(ft»~^7r~^7r) ^ 

\AJ b +od 7 rix*J An - Bi w cos (w - ~ \ir) 

t v+ i [A n +Bi cos (% w + tw — W — l i‘7T ~-fair) 


- O (fl - lim 

\-A-nJ £-*■ oo 27 rix* J A n -Bi 


to 008 (tv —\vtt — \ir) 


+ lim 


j4*+ £i cos (w + tw — oow — \vir — -J 7r) 


dw. 


27 TMJ* J A n -Bi W COS (w — \vtt — \ 7 r) 

These integrals are of the type examined in the Lemma given earlier in this 
section■ and so the original integral is bounded when — 1< &•+•£ — 1 1 

and — 1 < 1 + £ — as 1, i.e. when 0< a ^ 1. 

To prove that the integral is bounded when we first shew that 

f t v+l T n (t,x) dt 

Jo 


r t v+l 
= lim —r- 
£-*-00 2l J 


h An+Bi 


l J. (W) Y v+1 (tw) - J y+1 (tw) Y v («)} ^ 

—Bi o 


J v (xw) dw 


■ udfi~Bi t/ v (w) 

and then apply the arguments just used in order to approximate to the 
integral on the right; the details of the analysis are left to the reader. 

It has therefore been 'proved that, if A be an arbitrary positive numbei', then 

rt 


\ f t*+' T n (t, x) dt 
Jo 


<U, 


where U is independent of n, x and t when A ^x 4 1 , A<£ ^ 1. 
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These results constitute the necessary preliminary theorems concerning 
T n (t, x), and we are now in a position to discuss integrals, involving T n (t, x), 
which occur in the investigation of the Fourier-Bessel expansion associated 
with an arbitrary function f{x). 

18*23. The analogue of the Riemann-Lebesgue Lemma * 

We shall now prove that, if (a, b) is any part of the closed interval (0,1), 
such that x is not an internal point or an end point of (a, b), then the existence 
and the absolute convergence of 

j b t*f(t)dt 

J a 

are sufficient to ensure that, as n -*■ oo, 

[ tf (t) T n (t, x) dt = o(l), 

J a 

where\ 0 < x ^ 1. 

The reader will observe that this theorem asserts that the only part of the 
path of integration in 

[ tf(t)T n (t,x)dt 
Jo 

which is of any significance, as n oo , is the part in the immediate vicinity of 
the point x. 

It is convenient to prove the theorem in three stages. It is first supposed 
that tif(t) is bounded and that the origin is not an end point of (a, b). In 
the secohd stage we remove the restriction of boundedness, and in the third 
stage we remove the restriction concerning the origin. 

(I) Let t~ v f(t) = F(t)(t l - O, 

and let the upper bound of | F (t) | in (a, b) be K. Divide (a, b) into p equal 
parts by the points , t it ... , ( t 0 = a,t p = b ); and, after choosing an arbitrary 

positive number e, take p to be so large that 

V 

2 ( U m Lff) (t m ^m-i) 
m=l 

where U m and L m are the upper and lower bounds of F(t) in (tm -,, t m ). 

Let F (t) = F (tm- i) + co m (t ), 

so that | (o m (t ) | ^ U m L m in (tm— i, t m ). 

It is then evident that 

\ tf(t) T n (t, x)dt = I F(tm-f) f" t* + ' T n (t, x) (i 3 - a?) dt 
J a TTi — l J i m -i 

P r‘m 

+ V t v+i T n (t, x) (i 3 — of) co rn (t) dt, 

. m-\ J tm-i 

* Of. Modern AnalytLs, §9*41. 
f If x=l, it is, of course, supposed that ft <1. 
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and hence, by the inequalities (10) and (11) of § 18*21, 
" b i 8 &?Kp 


I [ tf(t) T n (t, x) dt 

I J a 




that is to say 


TTCfAn (2 — x — b) \]x 


/>> T. ft .) A [< gf + / 


Now the choice of e fixes p ; when e (and therefore p) has been chosen, we 
are at liberty to choose A n so large that A n > 2Kpje. That is to say, by a 
suitable choice of A n > we may make the integral on the left less than 


8^6 

TrCi (2 — x — b) \/x ' 

which is arbitrarily small. Consequently the integral is o (1) as A n ao , and 
this is the theorem to be proved. 

(II) When F ( t ) is not bounded throughout (a, b), let it be possible to 
choose r intervals p, such that F (t) is bounded outside these intervals and 
such that 

2 f | F (t) j dt < e. 

p Jp 


When t lies in one of the intervals p we use the inequality 


| ^+i (t* - a?) T n (£, x) | < 


a 

trCi (2 — x — b) *Jx ’ 


and hence, if K is the upper bound of | F{t) | in the parts of (a, b) outside the 
intervals p, by applying (I) to each of these parts, we have 


f tf (t) T n (<, x) dt 

\ J a 


8Cq a 


TTCs 


1 (2 — x — b) \Jx L A n 


-< 


(r +1) Kp 


+ 6 


If we take e sufficiently small (thus fixing K) and then take A n to be 
sufficiently large, we can make the expression on the right (and therefore also 
the expression on the left) arbitrarily small, and this is the result which had 
to be proved 

rb 

(III) If 1 fif(t)dt exists and is absolutely convergent, we can choose t) 


so small that 


and then, since we have 


f* 


■ /• / m /. 


*/(*) 

o t % —a? 


dt < e, 


4 


tm 
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it follows from (II) that 

j tf(t) T n (t, x) dt 


< 


8c, 8 

Trca 8 (2 — x — b) fx 


ro+j 1 K P + 



where K is the upper bound of | F (t) j in (r), b) when the intervals /u. are 
omitted. 


Hence it follows that the expression on the left can be made arbitrarily 
small by taking n sufficiently large, and so the analogue of the Riemann- 
Lebesgue Lemma is completely proved. 


18*24. The Fourier-Bessel expansion. 

We shall now prove the following theorem*, by means of which the sum 
of the Fourier-Bessel expansion associated with a given function is determined: 

Let f(t) be a function defined arbitrarily in the interval (0, 1); and let 

f t*f(t)dt exist and (if it is an improper integral) let it be absolutely convergent 
Jo 

2 f 1 

Let Ctn == yj j~. r I tf (t) J v ( j m t) dt, 

*! *+i \Jm) J 0 

where v + ^^ 0 . 

Let x be any internal point of an interval (a, b ) such that 0 < a < b < 1 and 
such that f ( t) has limited total fluctuation in (a, b). 

00 

Then the series 2 a m J v (j m x) 

1 

is convergent and its sum is ^ \f(x + 0) +f(x — 0)}. 

We first observe that, by §§ 18*21, 18*22, 

2 a m J v (j m x) = f tf (t) T n (t, x)dt, 
m — l J 0 

■| [f(x - 0) +/(« + 0)] = lim x-*f(x - 0) f t v+ ' T n ( t, x) dt 

n-»-°o J o 

+ lim x~ v f(x + 0) [ t v+1 T n ( t, x) dt. 

Hence, if 

S n (x) = ( t v+1 { tr p f(t) - x~ v f(x - 0)} T n ( t , x) dt 
J 0 

+ |V‘ ((-”/(() - «-/(* + 0)) T. (t, X) dt, 

J X 

it is sufficient to prove that S n (x)-+. 0 as n-*~cc in order to establish the 
convergence of 

'oo 

2 a m J v (j m x) 

m=l 

to the sum £ [f(x + 0) + f(x — 0)}. 

* Hobson, Proc. London Math. Soc. (2) vn. (1909), pp. 887—888. 
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/ e now discuss 

f t u+i { ir v f(t ) -ar p f {as + 0)} T n ( t , as) dt 
J X 

in detail, and the reader can then investigate the other integral involved in 
S n (as) in precisely the same manner. 

The function t~ v f(t) — ar v f{x + 0) has limited total fluctuation in {as, b), 
and so we may write* 

t~ v f (*) - a~ v f + 0) & xi (*) ~ to (*)> 

where ^ (£) and ft (£) are bounded positive increasing functions of t in {as, b), 
such that 

X\ (® + 0) = Xa (as + 0) = 0. 

Hence, when an arbitrary positive number e is chosen, there exists a 
positive number 8 not exceeding b — a?, such that 

whenever x ^ t < as + 8 . 

We then have 

f p + 1 [t~ v f{t) - x~ v f{x + 0)} T n (£, x) dt 
J a 

= P p* 1 (<-' / (t) — ar»/(® + 0)) (t, *) dt 

J 

rx+8 rx+& 

+ tv+l Xi (0 T n (t, os)dt— I *+* ft (t) T n {t, X) dt. 

J X J x 

We now obtain inequalities satisfied by the three integrals on the right. 

It follows from the analogue of the Riemann-Lebesgue lemma that the 
modulus of the first can be made less than e by taking n sufficiently large. 

Next, from the second mean-value theorem it follows that there is a number 
| between 0 and 8 such that 

[x+S rx+S 

t v+1 Xi (0 T n (£, as) dt = ft (x +8) P+ J T n (t, as) dt , 

J X J 

and, by § 18'22, the modulus of this does not exceed 2Ue; and similarly the 
modulus of the third integral does not exceed 2Ue. By treating the integral 
between the limits 0 and x in a similar manner, we deduce that, by taking n 
sufficiently large, we can.make the difference between 

2 amJAjma:) and \{f{x + 0) +/(«-0)} 

m=»l 

numerically less than (8 U 4- 2) e; and this is arbitrarily small. 

Hence, by the definition of an infinite series, we have proved that, in the 
00 

circumstances postulated, X J v {j m x ) is convergent and its sum is 

m~l 

i{/(« + 0)+/(®-0)}; 

and this is the theorem to be proved. 

* CL Modern Analysis. , §3*64. 
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18*25. The uniformity of the convergence of the Fourier-Bessel expansion. 

Let f(t) satisfy the conditions enunciated in §18'24, and also let/(i) be 
continuous (in addition to having limited total fluctuation) in the interval ( a , b ). 

Then the Fourier-Bessel expansion associated with fit) converges uniformly to 
the sum f(x) throughout the interval (a + A, b — A) where A is any positive number. 

This theorem is analogous to the usual theorem concerning uniformity of 
convergence of Fourier series *; the discussion of the uniformity of the con¬ 
vergence of the Fourier-Bessel expansion near x = 1 and near x = 0 requires 
rather more careful consideration, in the first place because formula § 1822 (1) is 
untrue when x = 1, and in the second place because it is not practicable 
to examine the bounds of 

f t^ 1 T n (t,x) dt, 

Jo 

when x and t are small, without using approximations for Bessel functions of 
the second kind. 

The difficulties in the case of the neighbourhood of x = 1 are easy to over¬ 
come (cf. § 18*26); but the difficulties in the case of the neighbourhood of 
the origin are of a graver character; and the discussion of them is deferred 
to § 18-55. 

We shall prove the theorem concerning uniformity of convergence through¬ 
out (tt+A, b— A) by a recapitulation of the arguments of the preceding section. 

In the first place, since continuity involves uniformity of continuity-]-, the 
choice of 8 which was made in § 18’24 is independent of x when x lies in 
(a + A, b - A). 

Next we discuss such an integral as 

f t v+l { t~ v f{t) - x->f{x)} T n (t, x) dt. 

J x+fi 

Since 8 is independent of x, it follows from the proof of the Iliemann- 
Lebesgue lemma (§ 18-23) that this integral tends to zero uniformly as n -*oc , 
provided that 

[ f+1 [t~ v f (t) - x~ v f (x )j dt 
J *+a 

is a bounded function of x. 

Now 

If t v+ * [t~ v f (t) - x~ ¥ f{x)} dt I f \t*f{t)\dt + \x~ v f{x)\ [ t v+ idt, 

iJ x+S I JO Jo 

and this is bounded in (tt + A, b— A) since fix) is continuous and therefore 
bounded in this interval. 

* Of. Modern Analysis, § 9-44. 

t Of. Modem Analysis, § 8 61. It is now convenient to place an additional (trivial) restriction 
on 5, namely that it should be less than A , in order that the interval (x - 8, x + S) may lie inside 
the interval (a, b). 


w. n. F. 


38 
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Similarly the other integrals introduced in § 18*24 tend to zero uniformly, 
and so 

n 

t»=i 

tends to zero uniformly as w-*•<*>, and this proves the theorem stated. 

18*26. The uniformity of the convergence of the Fourier-Bessel expansion 
near x = 1. 

It is evident that all the terms of the Fourier-Bessel expansion vanish at 
the point x = 1, so that, at that point, the sum of the terms of the expansion 
is zero. 

Since uniformity of convergence of a series of continuous functions involves 
the continuity of the sum, it is evident that the condition 

/(l-0)-0 

is necessary in order that the convergence of the Fourier-Bessel expansion 
associated with f(t) may be uniform near x~l. 

We shall now prove that the conditions that f(x) is to be continuous in 
(a, 1) and that /(1) is zero, combined with the conditions stated* in § 18*24, 
are sufficient for the convergence to be uniform throughout (a +A, 1). 

The analysis is almost identical with that of the preceding section; we take 

f F +1 \ rv f(f) ~ ^/(a)] T n (t, x) dt , 

J o 

just as before, and we then divide the interval (0, 1) either into three parts 
{0, x — 8), (x — 8, x + 8), (x + 8, 1), if x ^ 1 — 8, or into two parts (0, x — 8), 
(x — 8, 1),. if x ^ 1 — 8. And we then prove that the three integrals (or the two 
integrals, as the case may be) tend uniformly to zero. 

Again, when /(1) — 0, we can choose 8j so that 
\ a >~*f(x)\<e> l/(tf)|<e 

when 1 — S 1 $ x < 1. 

Then the expression 

f(x) - ar v f(x) Jj y+1 T n (t, x) dt 

tends uniformly to zerof as n-*-oo when* a; lies in (a + A, 1— 8 X ), and the 
expression does not exceed (U +1) e for any value of n when x lies in 

* The interval (a, b) is, of oonrse, to be replaced by the interval (a, I). 
t Because the integral involved tends to as* uniformly throughout (A , 1 - Ji), by § 18*21. 
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Hence we can make 

/ (a;) - ar p f (x) t v+1 T n (t, x) dt 

arbitrarily small for all values of x in (o+ A, 1) by a choice of n which is 
independent of x\ and this establishes the uniformity of the convergence of 

[ tf(t)T n (t,x)dt 
J 0 

to the sum f ( x ) in (a + A, 1) in the postulated circumstances. 


18*27. The order of magnitude of the terms in the Fourier-Bessel series. 

It is easy to prove that, if tff (t) has limited total fluctuation in (a, b), 
where (a, b ) is any part (or the whole) of the interval (0, 1), then 

jjf (0 Jy (hi) dt~*0 (ff 

as . 


From this theorem we at once obtain Sheppard’s result* that 
2 y ( jm *e) 


v+l 




when 0 < x ^ 1; this equation, of course, has a well-known parallel in the 
theory of Fourier series. 

We first observe that, as a consequence of the asymptotic expansion of § 7*21, 

rt 


f tfJ v (t)dt 

Jo 


< c, 


where c is a constant, independent of t when t lies in the interval (0, oo ). 

Now write t^f(t)— y/fi(t) — yfr a (t), where (t) and ^ (t) are monotonic 
in (a, b ); and then a number £ exists such that 

J Vi (0 1* J y (M) dt = | ft* Jy (ht) dt + ( b) ft* J, (\t) dt 

< 2c{\^ l (a)\ + \yfr 1 (b)\}\-^ 

= 0 (\~ •). 

A similar result holds for i/r a ( t ), and hence the theorem stated is evident. 
If it is known merely that 


f t*f(t)dt 

J a 


exists and is absolutely convergent, then all that can be proved is the 
theorem that 


f tf(t) J v (Xt) dt = o (l/VX). 

J a 


* Quarterly Journal, xxin. (1889), p. 247. 
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This theorem is due to W. H. Young*, and it may be proved in precisely 
the sam e manner as the theorem of § 18*23. We shall write out the proof 
when | £*/(£)! is bounded, with upper bound K, and leave the reader to con- 
struct the proof, when the function is unbounded, on the lines of § 18 23. 

Divide (a, 6) into p equal parts by the points t lt t a,..., t p - * — a, tp = b ), 

and let the parts be so numerous that 

^ (tm ~~ tm-i) ( 

TO o=l 

where £7 m and L m are the upper and lower bounds of £*/ (t) in (£m-i> O* 

Next let £* f(t) = F(t), F(t) s jF (£mr-i) + <o m (£), 

and then 


I [\f(t)J r (M)dt <K f P” t*J,(\t)dt + S f“ |(«)!<*« 

| J a TO=1 J tnr-i ♦»==! J tfn—l 

$ 2j Kcp X~& + c'eX“ 4 , 

where o' is the upper bound of | £* J v (t) | in the interval (0, oo ). Hence, by 
reasoning resembling that used in § 18*23, the integral on the left is o (X *), 
and this is the theorem to be proved. 

The theorems of this section can be made to cover the closed interval 
(0 1) in the forms 

This is evident when it is remembered that 


Hence the -general term in the Fourier-Bessel series associated with f (®) 
tends to zero (after multiplication by *Jx) throughout the interval (0 ^ x $ 1) 
if x*f(x) has an integral which is absolutely convergent; andj if this function 
has limited total fluctuation, the general term tends to zero as rapidly as 1 Ijm- 


18*3. The application of the Hankel-Schldfli methods to Dini’s expansion. 

We shall now consider a class of contour integrals by means of which we 
can obtain theorems concerning Dini’s expansion, analogous to those which 
have been proved for Fourier-Bessel expansions, either in a direct manner or 
by means of the corresponding theorems for Fourier-Bessel expansions. 

The Dini expansion associated with f(x) is 

00 

b m J v (Xm&), ^ 

m-1 

where XjjXs, Xj, ...are the positive zeros (arranged in ascending order of 
magnitude) of the function 

zJ v '(z) + ffJ ¥ (z), 

* Proc. London Math. Soc. (2) mn. (1920), pp. 169—171. 
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where H and v are real constants, and 

The coefficients b m are to be determined by the formula 
bm f tJp dt= f tf (t) 1 1 „ (\ n t) dt 

Jo Jo 
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so that 


b m = 


2 X™ 3 dt 

J o 


(*™ a - !/>) J* (X^)+\, n * j;* (X, n ) ■ 

Before proceeding further, we shall explain a phenomenon, peculiar to certain 
Dini expansions, which has no analogue in the theory of Fourier-Bessel 
expansions. 

The investigation of Dini expansions is based on properties of a function 
which has poles at the zeros of 

s-" {zJJ (z) + HJ V (z)} ; 

and, when H + v = 0, this last function has a zei'o at the origin. 

Further, if H 4- v is negative, the function has two purely imaginary zeros. 

It is only to be expected that these zeros should contribute to the terms 
of the series, and such a contribution in fact is made. 

If H+ v — 0, an initial term 

(1) 2(v + l)af[ 1 r+'f(t)dt 

J o 

has to be inserted on account of the zero at the origin. 

If H 4- v is negative and the purely imaginary zeros are + i \,, then an 
initial term 

2V4(M) 


( 2 ) 


i />> 


Iy(\ U t) dt 


must be inserted on account of the zeros ± i\ 0 . 

These initial terms in the respective cases will be denoted by the common 
symbol & 0 (x), so that the series which will actually be considered is 

GO 

-'^o (a?) + « b vx </ v (X m ;r), 

TO—1 

where l$ 0 (oc) is zero when H + v is positive and is defined as the expression 
(1) or (2) in the respective cases II 4- v — 0, 11 + v < 0. 

[Notk. Tho fact that an initial term must bo inserted when H-\-v — 0 was noticed by 
Dini, Serie di Fourier (Pisa, 1880), p. ‘288, but Dini gave its value incorrectly, the factor 
j? being omitted. Dini’s formula was misquoted by Nielsen, Handbuch der Theorie der 
Gylinderfunktionen (Leipzig, 1904), p. 354. For corrections of these errors, see Bridgeman, 
Phil. Mag. (6) xvi. (1908), pp. 947—948; Chree, Phil. Mug. ^6) xvii. (1909), pp. 329—331; 
and C. N. Moore, Trans. American Math. Sac. x. (1909), pp. 419—420.] 
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We now consider the function 

2wJ„ (asw) J v (tw) 


J y (w) [wJy (w) + HJy (w)} ’ 

This function has poles at (0 or ± i\). 

. The residue of the function at j m is 

4' S (jm) 

The residue at \ m is 

2\ ffl J v (X^as) J v _ 

Jv (\») k (Xm) + JJ (Xn) + SJy (Xm)} 

2 


(Xn'-*) J*(Xn) + Xn 2 /,'* (Xn) ' 

The residue at the origin when H + v = 0 is 

— 4 (v + 1) art*. 

The residues at ± i\ when H + v is negative are both equal to 

_ 2y l v (x%) 4 (xt) _ 

(v+ 1?) is (: x ) - v /;* (x) * 

Now let D n be a number, which lies between Xi and Xi+i, so chosen that 
it is not equal to any of the numbers j m ; and let jy be the greatest of the 
numbers j m which does not exceed D n . 

Let S„(i,*;JJ)= i - 

J H-l \Jm) 


m=l 


2 Xn ’IrQbnto) J* (Xn t) 


m-1 (XS - V 2 ) J* (Xn) + ^ JJ 2 (Xn) ’ 
where Mq(oh, t ) is defined to be 0, 2 (v +1) aft* or 

2X 0 * I v (Xx)Iy{Xt) 

(V + *)I*(X) - V4' 3 (X)'' 
according as E + v is positive, zero or negative. 

Then, evidently, 

2 dm — X b m Jy(Xn%) = ( tf(t) S n (t, X \ H) dt. 

«*-l mol Jo 

We shall now prove a number of theorems leading up to the result that, when 
0 < * < 1> the existence and absolute convergence of 

j t*f(t)dt 
Jo 

are sufficient to ensure that, as n oo , 

j>) S. (t, a; fl> dt - o (1). 
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This equation enables us to deduce the properties of Dini’s series in respect 
of convergence* from the corresponding properties of the Fourier-Bessel 
series- 


18'31. The contour integral for 8 n (t, x ; H). 

It is evident from Cauchy’s theory of residues that 

1 [*>n+«>i 2wJr(xw)J v (tw)dw 

S„ (t, *; -H) = 2SJa... 4 («-) + (»)) 

1 p f wi 2 wJ v (xw) J v (tw) dw 

~ 2iri J —ooi J * (w) [wJJ (w) + EJ V ( w )} 1 

where the symbol P denotes Cauchy’s ‘ principal value.’ The integrand being 

an odd function of w, the second integral vanishes, and so we have 

„ /f rT , 1 f A,+co< 2 wJ v (xw)J v (tw)dw 

( 1 ) b»(t,x-,tt) - M J ^_ x{ j ¥ (tt)) { w jj (w) + («,)) • 

An immediate consequence of this formula (cf. § 18 21) is that 


Cg 


where Cs is independent of n, x and t. 


Also 




and hence 


[ t y+1 S n (t, x; H)dt 
J o 


<_jm ;! 1 _ 

(2 —x — t)D n \Ju' 


where c 4 is independent of n, x and t. 


18‘32. The analogue for 8 n (t, x ; H) of the Riemann-Lebesgue lemma. 

We shall now prove the theorem that, if (a, b) is any pari, (or the whole) 
of the interval (0,1), then the existence and absolute convergence of 

f tff(t)dt 

J a 

are sufficient to ensure that, as n-~oo , 

( l tf(t)S n (t,*r,H)dt = o(l), 

J a 

provided that 0 < x < 1. And, if b < 1, the theorem is valid when 0 < x •$ 1. 

The proof has to be divided into three stages just as in the corresponding 
theorem (§ 18-23) for T n ( t, x). We shall now give the proof of the first stage, 
when it is supposed that t*f(t) is bounded and a > 0. The proofs of the re¬ 
maining stages should be constructed by the reader without difficulty. 

* Except at the point x=l. 
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Let t~*f(t)=iF(t), 

and let the upper bound of \F(t)\ in (a, b ) be K. 

Divide (a, b ) into p equal parts by the points tx,t a ,..., (t 0 — a, t p — 6), 

and, after choosing an arbitrary positive number e, take p to be so large that 

^ ( ffm L m ) (£m — tjn—i) < C, 
m*= 1 

where U m and L m are the upper and lower bounds of F(t) in (t„ j_i, t m ). 

Let F(t)~F (t»u-i) + (fi)> 

so that | a> m (t) | < U m —L m in (i^, t m ). 

Then 

f tf(t)8 n (t,w,H)dt 

J a 

= i F(t^) f" t v+1 8 n (t, x; H)dt + I [*" f +1 a> m ( t)8 n (t, a; E) dt~ 

Mt=l J tm-l W = 1 J tfn~. | 

Hence, by §18*31, 

fj/m*; *)«[< p - . 

and if we now take n so large that D n ec a > 2Kp c t) we have 

)]}/(<) ■ ; J) * | ■< pdr- s w* ■ 

and the expression on the right is arbitrarily small. Hence the integral on 
the left tends to zero as n oo. 

When the reader has removed the restrictions concerning boundedness 
and the magnitude of a by the method of § 18*23, the theorem is completely 
proved. 

As a corollary, it should be observed that 

at! tf(t)S n (t,z-,H)dt 

J a 

tends uniformly to zero as n—-co when 0^a?^lif&<l, and when 0 < x ^ 1 — A 
if b < 1, where A is an arbitrary positive number. 

18*33. Dirvi’s expansion of an arbitrary function. 

An immediate consequence of the result of the preceding section is that 
the existence and absolute convergence of the integral 

j^f(t)dt 

are sufficient to ensure that the Dini expansion associated with fix) behaves 
* in the same manner, as-regards convergence (or summability), as the Fourier- 
Bessel expansion throughout the interval (0 < x < 1). 
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For it is evident that 

t^o (®) + ^ (\n x ) S 0% lT„ (jm&) 

»»-l m -1 

tends to zero as n -*-oo when 0 < a < 1; and this sum (multiplied by *Jx) tends 
uniformly to zero when 0 ^ x ^ 1 — A. 

Now, since the numbers \ m and j m which exceed | v | are interlaced 
(§ 15 23), it follows that D n may be chosen so that n — JSf has the same value 
for all values of n after a certain stage. 

Therefore, since 

n 

2 a m J v (j m x) — 0, 

»»=JV+1 

uniformly throughout (0,1), we have proved that 

n 

a M a (x) + 2 at [b m J v (\ m x)-cu m J v (j m x)} 

m=* 1 

tends to zero, as w-*-oo, uniformly throughout (0,1 — A). 

That is to say, the series 

CO 

0* J'o (x) + 2 x* {b m J v (Xncc) - a m J v (j m x)} 

m = l 

is uniformly convergent throughout (0,1 — A) and its sum is zero. 

It follows from the ‘consistency theorems’ concerning convergent series* 
that, when the series is ‘summed’ by Ces&ro’s means, or any similar method, it 
is (uniformly) summable and its ‘ sum ’ is zero. 

Hence, if for any particular value of x in the interval (0,1 — A), the series 

CO 

2 x^a m J v (j m x), 

m= 1 

associated with f(x), is convergent (or is summable by some method), then the 
semes 

OO 

X^ (x) -H 2 x^bm J v (fm,x) 

is convergent (or is summable by the same method) and the two series have the 
same ‘ sum.’ 

And if further, the Fawner-Bessel series (multiplied by fx) is uniformly 
convergent (or uniformly summable) throughout an interval (a, b), where 

0^a<b< 1, 

then also the Dini seines (multiplied by fx) is uniformly convergent (or uni¬ 
formly summable) throughout (a, b). 

In particular, if f(x) has limited total fluctuation in (a, b) where 

0<a<6< 1, 

* Cf. Bromwich, Theory of Infinite Seriet, § 100. 
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then the series 

'^o(®)'h S b n J v Ql*tn(B) 

»=1 

converges to the sum 

i(/0» + O)+/(*-O)} . 

cut aU 'points x such that a + A$aj^6 — A, where A is arbitrarily small; and 
the convergence is uniform if f(x) is continuous in (a, b). 


18*34 The value of Dinis series at a — 1. 

We shall now complete the investigation of the value of the sum of Dini’s 
series by considering the point x — 1; and we shall prove the theorem, due to 
Hobson*, that, if f(x) has limited total fluctuation in the interval (a, 1), the sum 
of the Dini expansion at x — 1 is /(I - 0). 

We first write 


T n {t, x; E) = T n ( t , x) - 8 n (t, x ; H) 


and then we have 


_ fjj / „ ±\ , _ 2X m a cTy ( A/ffl x) J v (Xm t) 

1 ;+ .-i - v') jsq^)+ w (\n) ’ 


T n (t,x\H) = 


where 


1 f - Da+0 ° * iu<ji(w , x ) J v (i tw) dw 
J wJJ ( w ) + HJ y ( w ) * 

1 (xw)dw 

'brri J jo n ~ooi VJ JJ (w) + HJ V (w) ’ 


<j> (w, x) = tt \{wJi (w) + HJ y (w)} 7 V {am) - {w 7J (w) + HY V (w)} J v (xw)\ 

The former representation of T n (t, x; H) is valid when 0 < t < x < 1, the 
latter when 0< x<t%l. 

[Note. These representations of T n (t, x\ B) are strictly analogous to the representa¬ 
tions of T n (t, x ) given by § 18’21 (7) and § 18 21 (8); the fact that there is no formula for 
at ; B) analogous to § 18 - 21 (6) is the reason why Dini series were discussed in § 18'3S 
with the help of the theory of Fourier-Bessel series,] 

Now consider the value of 

V»T n (U;H) dt 

j o 

when0<£<l. We have 

n b-*-w 2m JD n _jji wJ v '{w) + HJ v {w) 

rLn+Bi 


r 

Jo 


f 


lim 


Jy+lipw) dw 


B -*■« 7 ri J D n -Bi wJ v '{w) +HJ,(w) 

lim ^S^ +m 0 (-4)1 dw - 

7H J D n —Bi (Wj v+l (w ) Wv) 


* Proc. London Math . Soc. (2) vn. (1909), p. 388. 
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18*34] 


For any given positive value of 8, it follows from § 18 21 that this is a 
bounded function of t in the interval (8,1). When 8 ^ 1 — 8, it is 0 (1/D W ). 

And when t = 1, it has the limit 1 when n—oo . 

It follows that 


? 0 (1) + S -/(l - 0) = [V* -/(l - 0)} a 1; IT)eft. 

»»=i J o 


Since t~* f(t) — /(I — 0) has limited total fluctuation in (a, 1) we may 
write it in the form Xi (0 — %a CO, where (0 and (0 are bounded positive 
decreasing functions of t such that 

X 1 (l-0) = Xa(l-0) = 0. 

Hence, given an arbitrary positive number e, we can choose a positive 
number 8, not exceeding 1 — a, such that 

0 < Xi (0 < e > 0 < Xa (0 < e 

whenever 1 - 8 t ^ 1. 


We then have 


f V+i [t~ v /(<) -/(! ~ °)1 ^ l ;H)dt 

° J 1 V|r/( l )-/(i-o))f.(U;Ji)4 

JO 

J 1-8 J1-5 

By arguments similar to those used in § 18‘24, the first integral on the 
right is o(l) as n-*>oo ; and neither the second nor the third exceeds 

2c Tim I [ t v+1 T n (t, 1; H) dt 
I J o 

in absolute value (cf. § IS'24), and this expression is arbitrarily small. 

It follows that 

lim f {r- fit) -/(l " 0)1 (*>1J S) * - 0. 

and so we have proved that, in the circumstances postulated at the beginning 
of this section, 

<#0 ( 1 ) + % b m Jp i\n) 
m=l 

converges to the sum /(I —0). 

This discrepancy between the behaviours of Dini series and of Fourier- 
Bessel series (§ 18'26) is somewhat remarkable. 
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18*36. The uniformity of the convergence of Dini's expansion in an interval 
extending to #«= 1. 

Because Dini series do not vanish identically at x =■ 1, it seems not unlikely 
that/the condition that f(x) is continuous* in (a, 1), combined with the 
existence and absolute convergence of 

[ t k f(t)dt, 

J o 

and the condition that /(«) has limited total fluctuation in (a, 1), may be 
sufficient to ensure the uniformity of the convergence of the Dini expansion 
in (a, + A, 1). 

We shall prove that this is, in fact, the case. 

The reason for the failure in the uniformity of the convergence of the 
Fourier-Bessel expansion (§ 18*26) near x *= 1 was the fact that 

[ t p+1 T n (t, cc)dt 
Jo 

does not converge uniformly to oc v in (A, 1), as was seen in § 18*22. We shall 
prove that, on the contrary, 

[ t v+1 T n (t, x\ 3) dt 
Jo 

does converge uniformly to a* in (A, 1), and the cause of the failure is 
removed. 

A consideration of § 18*26 should then enable the reader to see without 
difficulty that the Dini expansion converges uniformly in (a + A, 1). 

It is easy to see, from § 18*34, that 

f t*+'T n (t,x\E)dt 
Jo 

is the sum of the residues of 

Trt’+' {{wJJ (w) + 3J V (w)} 7 m (tw) - {w 7/ (w) + HY V <»} J v+l (tw)] 

x (w) + EJ V (w)}, 

at ..., X n) plus half the residues at 0 or ± tX„ if 3+ v^. 0. 

Hence [ £ y+1 T n (t, x; H) dt 

Jo 

is the sum of the residues of 


— (2/w) (3 + v) J v (xw)/{wJ v > (w) + 3J V {w)}> 


and hence, when 0 < x ^ 1, 

f t* +l T n (t,x\ 3) dt — x* 


3 + v _ J u (gw) dw _ 

wi 1 Dn-mi w [wJJ (w) + EJ„ (w)} ’ 


* Without restriction on the value of / (1 - 0). 
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and the integrand on the right* is of the order of magnitude of 

exp{— (l-a)| /(ttQll 

ufi *Jx ’ 

and so the integral on the right converges uniformly to zero like l/(D n \A») 
when A ^ x < 1. That is to say 

f t v+1 T n (t,x) H)dt 
Jo 

converges uniformly to x v in (A, 1); and we have just seen that this is a suf¬ 
ficient condition for the uniformity of the convergence of the Dini series 
associated with f(t) to the sum f(x) in (a + A, 1) under the conditions postu¬ 
lated concerning/(t). 


18*4. The differentiability of Fourier-Bessel expansions. 

In the earlier part of this chapter we obtained an expansion which, when 
written in full, assumes the form 

00 

(1) f 0®) = ^ v (jin, v X)‘ 

We shall now study the circumstances in which, given this expansion, it 
is permissible to deduce that 

OC 

(2) f (x) — % {jrn,yX^. 

m=l 

This problem was examined by Fordf, and his investigation is analogous 
to Stokes’ researches on the differentiability of Fourier series^. 


Ford also investigated the differentiability of Dini’s expansion when H— -v, but his 
method is not applicable to other values of H. 

It is evident that we can prove the truth of (2) if we can succeed in 
proving that 

v « 

(3) f (x)—--f{x)— k 

X m-1 

and the numbers j niiV are the positive zeros of 

z-*- 1 [zJ'y+i ( z ) + (v + l)J v+l (z )}. 

Now we know that f' (x) ~(v/x)f(x) admits of tho Dini expansion 

00 

k b m J V J r l (jm, V ®) 
m=l 

inside any interval in which the function has limited fluctuation, provided that 


exists and is absolutely convergent. 


dt 


* The term in wJv (w) is more important than the term in JV(to) except in the limit when H 
is infinite ; this shews dearly the reason for the difierenoe In the behaviour of the Dini expansion 
from that of the Fourier-Bessel expansion (of. § 18'26). 
t Trans. American Math. Soc. iv. (1908), pp. 178—184. 


% Of. Modern Analysis, § 9*31. 
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The coefficients b m are .given by the formula 

2jV f Jy +1 (j m ,*t) dt 

r ■/<> 

m “ (v +*rfi (jm,v)'i~j i m t v*f *v+i 

~ j i JJJ ~ Q ^ | jj/ (0 J H-l (jm, v $)j ~ jm, ( jm, ^ 


~ Jm, v 
provided that 


[*/(*) J f+i (jm, v o — 0. 

Sufficient conditions that- this may be the case are 

(i) t*+*f(t)-*0 as 

(ii) /(1~0) = 0, 

(iii) f(t) is continuous in the open interval in which 0 < t < 1 . 

These conditions combined with the existence and absolute convergence of 

are sufficient to ensure the truth of (2) in any interval in which 

/'(*)“ (*»/*)/(») 

has limited total fluctuation. 


18*6. The 8ummability of Fourier-Bessel series. 

A consideration of the values of the coefficients in the Fourier-Bessel 
series associated with f(x), combined with the expression of T n (t, x) as a contour 
integral, suggests that it is no easy matter to discuss by direct methods the 
question of the summability,by Ceshro’s means, of the Fourier-Bessel expansion. 

It is, however, veiy easy to investigate the summability when the method 
of Riesz* is used to ‘sum’ the series, and then the summability (£71) can be 
inferred with the help of quite elementary analysis. 

The expression which will be taken as the ‘sum’ of the series by the 
method of Riesz is 

lim £ (l OmJ.ijmx); 

and when this limit exists, the Fourier-Bessel series will be said to be sum- 
mable (JR). 

It is evident that 

~ a * nt ^ r ~J 0 T n (t, x 1 1 5) dt, 

* Of. Hardy, Proc. London Math. Soe. (2) tul (1910), p. 809. 


(1) 
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( 2 ) 


T.(t,a,\S)= 2 (l-is) 

W-l \ A- n / 


2J w (j m CD)J v (j n t) 
Vf-1 (jm) 


and ao it will be convenient to dispuss the properties of T n (t, x j R) after the 
manner of § 18*22 before we make further progress with the main problem. 


18*51. Theorems concerning T n (t, x \R). 

When T n (t, x\R) is defined by equation (2) of § 18*5, it is a symmetric 
function of t and x, and so we shall proceed to establish the properties of the 
function on the hypothesis that 0 < t x < 1, and we can then write down the 
corresponding properties when 0 < ® $ 2 ^ 1 by interchanging t and x in the 
results already obtained. 

We first observe that T n ( t, x \ R) is the sum of the residues of 
■ww (l - Y'(an»)-J,(xw) Y.(w)\ J j-^ 

a t jx,jn, jt, •.., jn- 

For brevity we write 

w [J v (w) Y v (xw) - J v (xw) Y ¥ (w)) = O (w, x), 
and then it is obvious that, when* t < x, 


T„(t,x\R )=i [/;;;;; - £] (i (». -) 


( tw ) dw 


(w) 




since <t>(w,x) J v (tw)jJ ¥ (w) is an odd function of w. 
We shall now obtain some upper bounds for 


| ( w , x) J v (tw)/J ¥ (w) | 

both when w is on the line joining A n — oo i to A„ + oo i, and when w is on the 
imaginary axis; the formulae which will be discussed are valid when 0 $ x ^ 1 
and 0 ^ t ^ 1, the sign of x — t being immaterial. 

To obtain these inequalities, we shall use series of ascending powers of w 
when |w| is not large, and inequalities derived from the formulae of Chapter vii 
when | w | is not small. 


* When t ■%. x , the integrals taken along the lines joining ± iB to A n ± %B do not tend to zero 
as B -*> oo . There iB no need to make an indentation at the origin, beoause <f> (w,x) is analytic at 
the origin. 



THEORY OP BESSEL ETJNOTIONS [CHAP. XV3H 
We first deal with the factor J v (tw)/J v (w). We observe that* 

when w 'is on either contour; this follows from inequalities of the type 
118 21 (9) when | w | is not small, and from the ascending series when | w | is 
not large (i.e. less than j m ). 

We next consider <I> (w, cc), which is equal to 

\iw {27* w (w) H v ® {inew ) — H ¥ w {sew) H p m («/)}; 

it is convenient to make two investigations concerning this function, the 
former being, valid when — the second when v^\. 

(I) The first investigation is quite simple. It follows from § 3‘6 and 
§7*88 that 

It I 1 It I p-imo I 

( 2 > ivwk^, i*"(~>i<- 

for all the values of w and sc under consideration when — £ < v $ \ . Hence 

(3) |0>(w,a?)|<^exp{(l~a!)|/(«4/)|}. 

(II) When and ]«>| is not large, it is easy to deduce from the 
ascending series for J,(w), Y v (to), J v (aw) and F* (sow) that 

(4) | <E> (w, at) J < fcj, | w | ar v . 

If | w | is not small, we use the inequalities (deduced from § 7‘33) 

.(5) \H.» («)|<^1^1, 

together with the inequalities 

f | (aw) i < ^ {{stc j~* +1 aw |“ v } | e*®" j, • 

' ' || (a?M/)j< + \scw |~ K } | ■$-***» |. 

It follows from § 3*6 and § 7*33 that the inequalities (6) are true whether 
|£wjis large or not. Hence, 

(7) 1 (w, a;) | < Ar a A? 4 {a; - * 4- ar"*' | w |*~’'} exp {(1 (w) |}, 

when and | w | is large, whatever be the magnitudef of \scw\. 

If we now combine the results contained in formulae (3), (4) and (7) we 
deduce that, whether — or 

(8) | # (w, *)| < h 6 (or* + ar-) exp {(1 - so) 1 1 (w) |}, 

* It is supposed that the numbers is*, fc 2 , ij,... are positive and independent of to, x and t\ 
their values may, however, depend on the value of r. 
f Provided of course that 0 < a < 1. 
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when w is any point of either contour and 0 < x ^ 1. Henc ;, by (1), it follows 
that 


(9) 




when 0 < x ^ 1 and 0 < t ^ 1. 


<k a tr* (a? - * + ar v ) exp {— (x — t) \ I(io) |}, 


We now return to the integral formula for T n (t, x \ R). If we replace w by 
A n + iv and ± iv in the first and second contour integrals respectively, we 
deduce that, when 0 < t < x < 1, 


\T n (t,x\R)\< 


9 u r 00 

-f^tx-i + x-’') ve-Wodv^ 
A n s/t Jo 


2k e (x~l + X ~ v ) 
A n (x-t)^t 


We have consequently proved the two inequalities 

2 k 0 (x~* + x~ v ) 


( 10 ) 

( 11 ) 


T n (t,x\R)\< 


A n (x - ty»jt 


rp (t ir I R\ \ <- — (j^ — — i Z P } 

T n (t,x\R)\ < An ( a) - t )*>Jx 


(0 <£<&•>$ 1), 

(Os$tf< t^l). 


It is to be remembered that k a is independent of x and t, so that we may 
make | x — 1 1 tend to zero, if we desire to do so. 

One other pair of inequalities is required in order to discuss the behaviour 
of T n (t,x | R) when x and t are nearly equal. To obtain them, we write 


T n (t,x\R) = 


M 1 -1) 


J v ( tw) dw 

(w) 


when 0 ^ t^, x ^ 1; in this integral the contour is taken to be a rectangle with 
vertices ±iA n , A n ±iA n . 

It is easy to see that (9) is satisfied whether w be on the horizontal sides 
or on the vertical sides of this rectangle; and the factor 1 — (w/A n ) does not 
exceed a/2 in absolute value at any point of the contour. 

Consequently the modulus of the integrand does not exceed 


k a t~* (or* + x~ v ) V2 ; 


and since the length of the contour is 6A n , we infer that, when O^t^x^. 1, 

3 i4(. l+ iQ 


(12) \T n (t,x\R)\< 

and similarly, when 0 ^ x ^ t ^ 1, 


(13) 


T n (t,x\R)\< 


(1 + t*- v ) 
\!(\tx) 


The last four inequalities are sufficient to enable us to discuss adequately 
the summability (R) of Fourier-Bessel series. The reader will observe that 
the consideration of small values of x has increased the length of the analysis 
to an appreciable but not to an undue extent. 


w. B. F. 


39 
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18*52. The analogue of Fejdr'a theorem. 

We can now prove that the existence and the absolute convergence of 

f % #f(t)dt 

Jo 

are sufficient to ensure that the Fourier-Bessel series associated with f{t ) is 
summable (R) at all points x of the open interval (0,1) at which the two limits 
f(& ± 0) exist. And the sum (. R ) of the series is 

i{/(*+0)+/(»-0)}. 

This theorem is obviously the analogue of Fej6r’s theorem'* conce rnin g Fourier 
series. 

Sincef a series which is convergent is summable (R), it follows from § 18*35 
that, when 0 < x < 1, 


Hm rt" +1 T n (t,x\R)dt** lim V*'T n {t t x\R)dt 

J 0 n-*~co J ® 


. ^\x v . 

Hence it follows that, when the limits f(x ± 0) exist, then 
lim [ T n (t, x | R) or* f(p ~0)dt+ lim [ V +1 T n (t, x I R) x~ v f(x + 0) dt 

n — mJo J X 

-i {/(»+<>)+/(*—<»}■ 

We are now in a position to consider the sum S n (x I R), defined as 

A ( l ~ £) °« J ' - r <rt " ft «I *> «r»./(« - 0 ) dt 

— [ t v+l T n (t, x | R) x~ v f(x + 0) dt, 

J x 

and we shall prove that it can be made arbitrarily small by taking n sufficiently 
large. 

The sum S n (x | R) is equal to 
J/ + ‘!«-/(«) - *-*/(« - 0)! T. (t, e I R) dt 

+ JV 1 {«-/(«> - «-/(« + 0)} T.(t,x\R)dt. 

J x 


Now, on the hypothesis that the limits f(x±Q) exist, if we choose an arbitrary 
positive number e, there exists a positive number J 8 such that ' 


— ®'" 1, /(® + 0)|< e, (x ^ t ^ x 4- S), 

II *“*/(*) ~ ar'f(x - 0) j < e, (x > t> x - 8). 

We now choose a positive function of n, say cr(n), which is less than 8 foi 
sufficiently large values of n, and divide the interval (0,1) into six parts bj 
the points x ± 8, x ± a- (n), x. 


* Of. Modem Analysis, 19-4. + Of. Modem Analysis , § 8-48. 

11^ * 8 convenient to take 3 less than x and 1 — x. 
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In the intervals (0, x — 8), (x — B, x — a (n)) and also in the intervals 
(x + <t ( n), x + 8), (x 4- 8,1) we use inequalities of the form given in § 18*51 (10) 
and (11); and in the intervals (x — <r (n), x), (x, x + <r (n)) we use inequalities 
of the form given in § 18*51 (12) and (18). 

It is thus found that | S n (x | R) I does not exceed 

^ ir 1 ~ i,+ * _ o>! 1 ^ 

Zk e e (x~* + x~ v ) r*-*M t"+*dt 3 A n * 

+ A. [J,- t (®-*) !+ V2' 

e [3A^ f®+* (“> dt 

+ A n *Jx L V2 Jcc J•+»(«) — 1)\ 

+ f + ^ I - x ~ v f( x + °)11 dt. 

A n G , ^/X} aj+fi 

For any given value of e (and therefore of 8), the first and last terms in this 
expression can be made arbitrarily small by taking n sufficiently large, on 
account of the convergence of 

J 0 


t v+ * dt 


The remaining terms do not exceed 

2k s e(3x-i + x- t ') f J__ 

A n |<r(«) V2 J 


and, if we take <r(n) = \JA n , this is independent of n, and it can be made as 
small as we please by taking € sufficiently small initially. 

We can therefore make the intermediate terms in the expression for 
j S n (x\ E)| as small as we please by taking e sufficiently small, and when this 
has been done, the first and last terms can be made as small as we please by 
taking n sufficiently large. 

That is to say, |£ n (d?|i2)| can be made arbitrarily small by taking v 
sufficiently large, so that “ 

lim S n (x | R) = 0. 

n oo 

Hence 


* / 

lim 2 (1 

n -*■ oo m =t 1 \ 


Jm 

A 


-)amJ.Um*) = *-’A«-0) lira \*t’+'r n (t,x\lt)dt 

n/ »-*■» J o 

+ x~'f(x + 0) lim [ \^T n {t,x j R)dt, 
n-+~ <x> J jp 


since the limits on the right exist. 


39—2 
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Since each of the limits on the right is equal to £a> w , it has now been 
proved that 


2 CLnJy (jm®) 

*»al 


is summable (jB) with sum 1 {f(x + 0) + fix — 0)} provided that the limits 
fix ± 0) exist; and this is the theorem to be established. 


As a corollary, the reader should be able to prove without difficulty that, if /(<) is 
continuous in (a, b), the summability (R) is uniform, throughout the interval in which 
a+Aigtf^fc-A, where A is any positive number. Cf. § 18-25. 


18*53. Uniformity of summability of the Fourier-Bessel series near the 
origin. 

We shall now examine the uniformity of the summability (R) of the 
Fourier-Bessel expansion throughout an interval of which the origin is an 
end-point. It will be supposed that the expansion is modified by being mul¬ 
tiplied throughout by and it will then be proved that, if t~ v f(t) is con¬ 
tinuous in the interval (0, b), then the modified expansion is uniformly summable 
throughout (0, b — A), where A is any positive number. 

Given e, we can now choose 8 (less than A) so that 

J {*“”/(*) “ I < « 

whenever x—8^t^x+8 and t> 0, provided that x lies in (0, b — A). 

Since continuity involves uniformity of continuity, this choice of 8 may be 
taken to be independent of x. 

We now write 

S n (x\R) = [ t y+1 {t~ v f(t) - x-*f(x)} T n (t, x\R)dt 
J o 

and then examine | x*S n (x ) R) | after the manner of § 18*52. 

We express x*S n (x | R) as the sum of six integrals (some of which are to 
be omitted when x < 8), and we see that | x*8 n (n j R) | does not exceed 

/'"l |* 

,2 k t e(af + * + x)[[*-' r M dt .3 A n * [* ^ 

A n LL, V2 J.-„» J 

, ik,e f3J n * /■*+'<*>,, , f”+‘ dt 1 

An L V2 J. (*-«)■] 

In this formula any of the limits of integration which are negative are supposed 
to be replaced by zero. 
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Now this upper bound for | x*S n (x j jR) | does not exceed 
4 ka 


M ^ I + ^ ti) + ■ 

and, since x~ v f(x) is bounded (because it is continuous), this can be made 
arbitrarily small by a choice of n which is independent of x. 

Consequently (x j R) tends to zero uniformly as n -+■ oo. 

Now it has already been shewn (§ 18'22) that 

xi f 1 t* +1 T n (t,x)dt 
J o 

is uniformly convergent in (0,1 — A), and so, since uniformity of convergence 
involves uniformity of surnmability, 

at~ v f(x)J t v+l T n (t,x\R)dt 

tends uniformly to atf(x) in (0, b — A). 

Hence, since a^$ n (a;| R) tends to zero uniformly, 

at f tf(t) T n ( t , x | R) dt 
J o 

tends uniformly to x^~ v f(x) f t v+l T n (t, x | R) dt, i.e. to f(x) in (0, 6 - A). 

J o 

It has therefore been proved that 

oo 

2 OmatJ y (j m x) 

m»il 

is uniformly summable (R) in (0, 6- A) with sum atf(x), provided that 

[ itf(t)dt 
Jo 

exists and is absolutely convergent, and that t~ v f(t) is continuous in (0,6). 


18*54 Methods of ‘ summing ’ Fouriei'-Bessel series. 

We shall now investigate various methods of summing the Fourier-Bessel 
series* 

OO 

m=0 

on the hypotheses (i) that the limits f(x ± 0) exist, (ii) that 

[ tf(t)dt 
.'o 

exists and is absolutely convergent, and (iii) that the series is summable (R). 

It conduces to brevity to write f m (x) in place of a m atj ¥ { j m x), so that J M {x) 
tends uniformly to zero (§ 18 - 27) as m-*-oo when x lies in (0,1). 

* The faotor is inserted merely in order that the dismission may cover the investigation of 
uniformity of surnmability near the origin. 
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Consider first the limit 

lira 2 (l-*y)/m(«) 
m-xoo m-1 \ Jns 

which gives the most natural method (of Riesz’ type) for summing' the series. 
Since (jn/An)-*-!, it is evident that 

lim I (4sps)/ m (a) 

m-l \ jn / 

exists and is equal to 

lim I (l-£)/„(*). 

»-*-oo m=jl \ ^n/ 

Again, since f n (ec) *= o (1), it is easy to see that 

$ fm(x) = o(n), 

m-l 

so that 

lim 2 /.(«)-0, 

n -—go V Jn / m=l 

Urn 2 (l-£)/„(*)- lim 2 (l-£)/.(«); 

n-*com=l\ Jn/ n-*>oo m—1 \ 

the limit on the right exists in consequence of the hypotheses made at the 
beginning of the section. 

Again, since 

¥-™=o( i). 

,?» n \nj 

whether m be o (n) or 0 (n), it follows that 

lim % f m ((c) = 0, 

m=l yn M*/ 

ana so 

-Ji 1 -"V--$/.<•> 

Consequently the hypotheses that the limits /(<c + 0) exist (0< *<1) and 
tfiat the integral 

j l *m 

exists and is absolutely convergent are sufficient to ensure that 

oo 

2 am^J v (j m as) 

JH=*1 

is eumvwble (G 1) w&A sum {/(* + 0) + /(«- 0)}. 

3y the same reasoning, if/(®) i 8 continuous in (a, 6), the summability ((71) 

“«rMffll!m + r’ 7 A)i and, if a = 0 and«-»/(«) has a limit as tlo, the ) 
summabihty (Cl) is uniform m (0, 6 — A). 
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.8*55. Uniformity of convergence of the Fourier-Bessel expansion near the 
in. 

We can now prove, by using Hardy’s convergence theorem*, that, if & fit) 
'/imited total fluctuation in (0, b), while f(t) is also subject to the conditions 
18*53, then 

oo 

2 „ (j m x) 

tn= 1 

iiformly convergent in (0, b — A) with sum x^f(x). 

Let h(t) be an auxiliary function defined to be equal to f(t) in (0, b) and 
il to zero in (6,1); and let the Fourier-Bessel series associated with h (t) be 

00 

2 OmJAjm®)- 
«* = 1 

00 

Then, by § 18 - 64, 2 a m a^J v (j m x ) is uniformly summable (C 1) throughout 

wi«=l 

• — A) with sum a$f(x), and, by Sheppard’s theorem (§ 18 - 27), is 

fm), while (j m xfl J„ ij m x) is a bounded function of x and m. Hence, by 
dy’s convergence theorem, 

2 a m C^J v {j m x) 

m-l 

niformly convergent throughout (0, b — A), with sum a? 4 f(x). 

Again 

2 = tf{t)T n (t,x)dt, 

m=l J b 

this tends uniformly to zero in (0,6 — A) as n-*-oo by an analogue of the 
mann-Lebesgue lemma (§ 1823). 

n 

Hence 2 a^ n x*J w (j m x) tends uniformly to the sum at f(x) in (0, b — A) as 

Mt = l 

X); and this is the theorem to be established. 

1856. Summability of Dini series. 

Except when x =* 1, the summability ([0 1) of the Dini series associated with 
) may be inferred by combining the results of § 1833 and §§ 18‘51—18’53. 
The summability (G 1) may, however, be established independentlyf for 
points x such that 0 < x $ 1 by replacing A n and the functions J v (w) and 
( w ), which occur in § 18‘5, by D n and the functions wJJ (w) + HJ ¥ iw) and 
V (w) + E7 V (w) respectively; the details of the analysis may be left to the 
der, and he will find that when x => 1 the expression £ {/(# + 0) +/ (x — 0)1 
st be replaced by/(I — 0). 

* Of. Moder, Analysis, §8‘6. 

t Of course on the hypotheses concerning / (t) ■which were assumed in § 18 # 58. 
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The uniformity of the summability in the interval (a + A, 1) when. / (so) 
is continuous in (a, 1) may be dealt with in the same way as the uniformity 
of convergence was dealt with in §§ 18*33,18*36. 

The summability of Dim series (and of Founer-Bessel seiies) by a modify 
cation of Abel's method is of some physical importance. Thus, in Fourier s * 
problem of the Conduction of Heat in an infinite solid cylinder of radius unity, 
the temperature v at distance r from the axis satisfies the equation 

dv __, (d*v 1 d/o\ 
dt~ {dr^+rdr]’ 

with the boundary condition 



if the initial distribution of heat is symmetrical. 

Normal solutions of the differential equation satisfying the boundary 
condition are 

J ) exp (.— 

and so the temperature v is given by the series f 

2 KJ* (\»r) exp (- kX,y?t), 

ma 1 

where the coefficients b m are to be determined from the consideration that 

ao 

2 b m J j (XmT ) 
m=l 

is the Dini series associated with the initial temperature f{r). It is evident 
that the initial temperature is expressible as 

00 

lim 2 b m J 0 ('h m r)exj)(~kX m *t); 

£-^+0 tn—1 

and this limit exists when the Dini series is summable (JR). 

18*6. The uniqueness of Fourier-Bessel series and Dini series. 

It has been shewn by Young J that the existence and the absolute con¬ 
vergence of 

f **/(*) dt 

J o 

are sufficient to ensure that if all the coefficients a m of the Dini series (or the 
Fourier-Bessel series ) associated with f (t) are zero, then the function f if) must 
be a null-function. 

* La Thtorie Analytique de la Chaleur (Paris, 1822), §§ 806—820. Cf. Rayleigh, Phil. Mag. <6) 
xn. (1906), pp. 106—107 [Scientific Papers, v. (1912), pp. 888—889]; and Kirohhoff, Berliner 
Sitzungsberichte, 1883, pp. 519—624. 

t In this physical problem, H > 0, and so there is no initial term to be inserted. 

+ P f oc. London Math. Soc. (2) xvm. (1920), pp. 174—176. 
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18-6] 

To prove this theorem we observe that, when p «=> 0,-1, 2,..we may write 

fv+ty+b — 2 &mt^ t T„ 

m-0 

where the coefficients d m are determined by the formula 

Em “ ~ f * ~7T \ f tv+9P+1J y (i«*) dt > 

and the series on the right converges uniformly in (0, 1 — A) and oscillates 
boundedly in (1 — A, 1). It is therefore permissible to multiply the expansion 
by t*f(t) and integrate term-by-term. 

It follows that 

[ t v+ * +1 f(t)dt=x 2 Omf tf(t) J v (j m t) dt 

J 0 m=0 J 0 

= 0. 

Since all the integrals 

f\*+*P+if(t)dt (p~ 1,2,3,...) 

J o 

are zero, it follows that t ¥ f(t) is a null-function, by Lerch’s theorem*, and 
the theorem stated is proved for Fourier-Bessel series. The theorem for Dini 
series can be proved in precisely the same way, and it is theoretically simpler 
because the' Dini series associated with t ¥+ w does not fail to converge uni¬ 
formly in (1 — A, 1). 

It is possible to construct a theory of series of Bessel functions of the types 

oo 00 

2 (LmJvi.jm®)) ^ 

m<= 1 

(where the coefficients a m and b m are any constants) which resembles Riemann’s 
theory of trigonometrical series f. 

Such a theory is, however, more directly associated with Schldmilch’s 
series of Bessel functions, which will be discussed in Chapter xix; and it 
seems convenient to defer the examination of the series 

00 oo 

2 CL> n J v ijm'E)} 2 b m J v (Xfl* Ho) 

m—1 m—1 

by Riemann’s methods to § 19'7, when the discussion of the series forms a simple 
corollary to the discussion of Schlomilch series. 

* Larch, Acta Mathematica, xxvir. (1908), pp. 845—847; Young, Messenger, xi>. (1910), 
pp. 37—48. Of. §12-22. 

t Cf. Modem Analysis, §§ 9*6—9*682. 



CHAPTER XIX 

SCHLOMILOH SEBIES 

19’1. Schlomilch’8 expansion of a function of a real variable. 

In Chapter xvm we dealt with the expansion of a function f(a) of the 
real variable a in the form 

/(«)* X 

* 

where j m is the with positive zero of J, (z), so that, for large values of m, 
j m = (m + - i) tr + 0 (1/m). 

That is to say, the argument of the Bessel function in a term of high rank in 
the series is approximately proportional to the rank of the term. 

In this chapter we shall discuss the series in which the argument of the 
Bessel function in each term is exactly proportional to the rank of the term. 
By choosing a suitable variable, such a series may be taken to be 

QO 

X Om Jf (mx). 

«=i 

It will appear subsequently that it is convenient to add an initial term 
(§ 19T1; cf. § 18'33); and the analysis is simplified by making a slight modi¬ 
fication in the form of the coefficients in the series (§ 19'2). 

Series of this type were first investigated by Schlomilch *. They are not 
of such great importance to the Physicist as Fourier-Bessel series, though 
Rayleighf has pointed out that (when v = 0) they present themselves 
naturally in the investigation of a periodic transverse vibration of a two- 
dimensional membrane, if the vibration is composed of an unlimited number 
of equal one-dimensional transverse vibrations uniformly distributed in direction 
through the two dimensions of the membrane. 

Apart from applications the series present various features of purely 
mathematical interest; and, in particular, it is remarkable that a null-function 
can be represented by such a series in which the coefficients are not all zero 
(§19-41). 

In some respects the series are more amenable to analysis than Fourier- 
Bessel series, but the two types of series have many properties in common; 
and the reader will be right when he infers from a comparison of the 
arguments j m x and mx that the relevant range of values of a? is (0, ir) for 
Schlomilch series, corresponding to the range (0, 1) for Fourier-Bessel series. 

* Zeittekrift fWr Math, und Phys. n. (1857), pp. 155—168 j Sohldmiloh considered only the 
special eases y=0 end w =lr 

. t Phil Mag .'(6) nx. (1911), pp. 567—571 [Scitntifio Papers, vi- (1920), pp. 22—25]. 
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19*11. Schl&nvilch’s expansion in a series of Bessel functions of order 
zero. 

We now state and prove the expansion theorem discovered by Schlomilch. 
The theorem is concerned with the expansion of an arbitrary function f(x) 
of the real variable x , and, with modern terminology, it is to the following 
effect: 

Let f(x) be am arbitrary function, with a derivatef (a j) which is continuous 
in the closed interval (0, 7r) and which has limited total fluctuation in this 
interval. 

Then f{x) admits of the expansion 

OG 

(1) f{x) = &a 0 + 2 a m Jo (mx) 

m=l 

where 

o 0 = 2/(0) + — [ [ uf {u sin <l>)d<f>du, 
nrj o Jo 

a, n = — I I uf (u am <f>) cos mu d<f>du; (m> 0) 

7T Jq J o 

and this expansion is valid, and the series is convergent , throughout the closed 
intei'val (0, rr). 

Schlomilch’s investigation is based on a discussion of the integral equation 

(3) f(x) = - f* g ( x sin 6) dd, 

nr Jo 

of which he proved that a continuous solution is 

(4) g ( x) =/(0) + x f* f (x sin <f>) d<f>. 

Jo 

We proceed to verify that the function g(x) defined by (4) actually is a 
solution of (3); we substitute the value given by (4) in the expression on the 
right of (3), and then we see that 

- f g (x sin 6) dd = ^ [ | /(0) + x sin 6 [ f (x sin 0 sin d>) dd> 

nJo nr J o Jo 

9 tr ( 4 ir fk* 

— /(0) "I— I I f (x said sin <j> ) sin 9 d<f>dd. 

nr Jo Jo 

Now replace 0 by a new variable % defined by the equation 

sin % — sin 0 sin <f) 
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and change the order of the integrations. We deduce that 

'jfasmeanVsinedtde 

= - [** f 9 /' (X sin v) ^l ^s x d x dd 

V K WjiawTd - sin*Y) 

-~ f ** [*/ (« sin v) ^ ec °&xdddy 

7TJ 0 J X ^^(GOS^Y-COS 8 ^) 

= ^/o f(a,8iD ^ [ _&rosin (S|)]*'^^X 

riir 

* x J o f (® sin y) cos yc?y 

=/(*)-/((>), 

and so. when g (x) is defined by (4), g (x) is a solution of (3). 

therefore, by Fourier’s theorem oojJ!,V )> , als0 “ g(®>; and 
j umiers ineorem, g(x) is expansible m the form 

QO 

^( a3 ) =a i®o+ 2 Oflj cos mx. 

nt-l 

_ 2 [* 

k ~~~ ff( u ) cos mudu 
TT J 0 

= ir/o (/ (0) + U J 0 f sin 0) cos m«4, 

and this series for ,(.) convenes unifonnly throughout the interval (0, .). 
Hence term-by-term integrations are permissible, and so we have 

/(#) = - g ( x gjQ Qj fiQ 

2 fi"' ( as v 

^ ttJo P a ° + OT ? 1 ( * m 008 ( mao 8 ^ n [ dd 
1 00 

== ?«o+ 2 OmJJmx), 

Wl = 1 


where 




equation (2) *" the 83,106 « *>»• given by 

is rlt^ tte I F^t n . C0n0?nli ^ U “ ited t0tel flu6 ‘“»‘ion of /» 
convergent, though the continuity of/-(.) ejurj that thXXlS 
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is uniformly summable ((71) throughout (0, tt); and hence, by term-by-term 
integration, the series 

00 

■£a 0 + 2 a m J 0 (mx) 

»»=i 

is uniformly summable (01) throughout (0, tt), with sum f(x); an application 
of Hardy’s convergence theorem* then shews that the additional condition 

dm = Q(l/Vm) 

is sufficient to ensure the convergence of the Schlbmilch series to the sum 
f(x) when x lies in the half-open interval in which 0 < x ^ or. 

For further theorems concerning the summability of Schlomilch series, 
the reader should consult a memoir by Chapman f. 


[Note. The integral equation connecting /(a?) and g ( x ) is one which was solved in 1823 
by Abel, Journal fiir Math. I. (1826), p. 153. It has subsequently been investigated! by 
Beltrami, 1st. Lombardo Rendioonti , (2) xni. (1880), pp. 327, 402 ; Yolterra, Ann. di Mat. 
(2) xxv. (1897), p. 104; C. E. Smith, Tram. American Math. Soo. vm. (1907), pp. 92—106. 


The equation 


— (** ( f (a Bin 6 ain $) B\n 8 d(j>d6 »■/ (x) -/ (0) 
w J o J o 


is most simply established by the method of changing axes of polar coordinates, explained 
in § 3*33 ; this method was used by Gwyther, Messenger, xxxrn. (1904), pp. 97—107, but 
in view of the arbitrary character of f(x) the analytical proof given in the text seems pre¬ 
ferable. In connexion with the changes in the order of the integrations, cf. Modem Analysis, 
§ 4-51. 


19'2. The definition of SchlOmilch aeries. 

We have now investigated Schlomiloh’s problem of expanding an arbitrary 
function into a series of Bessel functions of order zero, the argument of the 
function in the (m + l)th term being proportional to m; and the expansion is 
valid for the range of values (0, tt) of the variable. 

Such series may be generalised by replacing the functions of order zero by 
functions of arbitrary order v\ and a further generalisation may be effected by 
taking the general term to contain not only the function J ¥ ( mx ) but also a 
function which bears to the Bessel function the same kind of relation as the 
sine does to the cosine. The latter generalisation is, of course, suggested by 
the theory of Fourier series, and we are thus led to expect the existence of 
expansions valid for the range of values (— nr, tt) of the variable. 

The functions which naturally come under consideration for insertion are 

* Cf. Modem Analysis, § 8*5. 

t Quarterly Journal, xlih. (1911), p. 84. 

% Some interesting applications of Fourier’s integral theorem to the integral equation have 
been made by Stearn, Quarterly Journal, xvn. (1880), pp. 90—104. 
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Besselfunctions of the second kind and Struve’s functions; and the types of 
series to be considered may be written in the forms*: 

iao * a n J p {mx) + b m Y v (mx) 
r(v + l) GmatY 

£ am J v (mx) + b m H, {mm ) 

T(v+ 1) {\mx) v 

Series of the former type (with v = 0) have been considered by Coates f; 
but his proof of the possibility of expanding an arbitrary function f{x) into 
such a series seems to be invalid except in the trivial case in which f(x) is 
defined to be periodic (with period 2 tt) and to tend to zero as x oo . 

Series of the latter type are of much greater interest, and they form a 
direct generalisation of trigonometrical series. They will be called generalised 
Schlomilch series. 

Two types of investigation suggest themselves in connexion with general¬ 
ised Schlomilch series. The first is the problem of expanding an arbitrary 
function into such a series; and the second is the problem of determining the 
properties of such a series with given coefficients and, in particular, the 
construction of analysis (resembling Riemann’8 analysis of trigonometrical 
series) with the object of determining whether a generalised Schlomilch 
series, in which the coefficients are not all zero, can represent a null-function. 

Generalised Schlomilch series have been discussed in a series of memoirs by NielBen, 
Math. Ann. Lil. (1899), pp. 582—687 ; Nyt Tidsskrift , x. B (1899), pp. 73—81 ; Oversigt 
K. Damke Videnskabemes Sdskabs , 1899, pp. 861—666 ; 1900, pp. 55—60 ; 1901, pp. 
127—146 ; Ann. di Mat. (3) vi. (1901), pp. 301—329. 

NielsenJ has given the forms for the coefficients in the generalised 
Schlomilch expansion of an arbitrary function and he has investigated with 
great detail the actual construction of Schlomilch series which represent 
null-functions, but his researches are of a distinctly different character from 
those which will be given in this chapter. 

The investigation which we shall now give of the possibility of expanding 
an arbitrary function into a generalised Schlomilch series is based on the 
investigation given by Filon§ for the case v = 0 in his memoir on applications 
of the calculus of residues to the expansions of arbitrary functions in series of 
functions of given form. It seems to be of some importance to give such an 
investigation j| because there is no obvious method of modifying the set of 

* The reason for inserting the factor x v in the denominators is to make the terms of the second 
series one-valued (of. § 19-21). 

t Quarterly Journal, rxi. (1886), pp. 189—190. 

X See e.g. his Handbuch der Theorie der Cylinderfunktionen (Leipzig, 1904), p. 848. 

g Proc. London Math. Soc. (2) tv. (1906), pp. 896—480. 

|| It has to be assumed that - J J. The results which will be proved in §g 19 - 41—19'62 
suggest that it is only to be expeoted that difficulties should arise for other values of v. 
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T p (mx), H„ (mx) so as to obtain a set which is a normal orthogonal 
interval (— rr, vr); and consequently there is no method of obtaining 
ents in a Schlomilch expansion in so simple a manner as that in which 
ents in a Fourier-Bessel expansion are obtained (§ 181). 
vestigation, which forms the latter part of the chapter, concerning 
entation of null-functions by generalised Schlomilch series, is of 
e same character as the exposition of Riemann’s researches on 
brical series given in Modern Analysis, §§ 9‘6—9'632. 


The application of the calculus of residues to the generalised 
i expansion. 

all now explain the method* by which it is possible to discover the 
the coefficients in the generalised Schlomilch expansion which 
5 an arbitrary function f(x), when the order v of the Bessel functions 
sen — | and J. When this has been done, we shall not consider the 
f the processes by which the discovery has been made, but we shall 
sctly that the Schlomilch series in which the coefficients have the 
values actually does converge to the sum f(x). 

analogous to the procedure which is adopted in Dirichlet’s proof of Fourier’s 
in the expansion 

o+ 2 (a m cos mx + |9 m sin mx) 
m -1 

of the coefficients are discovered by multiplying the expansion by cos mx and by 
i integrating, so that the values of and /3„, are taken to be given by the 


If" - 1 fir 

<zm,=* — I f(t)cosmtdt, fi m =- f(t)m\mtdt. 

ir J -*■ -*■ 

ake the series in which the coefficients have these values, namely 

1 » fir 

f(t)dt + - 2 I f (t) cos m(x—t)dt, 

it m=i J 

that it actually converges to the sum f{x). 



aduces to brevity to deal with the pair of functions 

J v (mx) ± i H„ (mx) 

(i mx)* 

)f with the pair of functions 

J v (mx)/(^mx) v , H, (mx)j(\ mx) v . 

1 write 

(\zy 9 K1 

t from details of notation, the following analysis is due to Filon; it was given by him, 
noir just cited, for the special case *»=0, bat the extension to values of v between 
o difficulty. 
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so that* <f> v (z) is analytic and uniform for all finite values of the complex 
variable z\ and evidently 

QmaY 

We now observe that (— ) m <fj y (mx) is the residue at 2 - m of the function 

7r<f)p (xz) 
sin 7 tz 


where m = 0, ±1, ±2, and so we shall consider the integral 


2vi 


r 

•i t 


F(z) 


7T$„ {XZ) 

sin 7 tz 


dz, 


in which the contour C is a circle, of radius M+%, with its centre at the 
origin, and M is an integer whioh will be made to tend to infinity. 

The function F{z ) is assumed to be one-valued throughout the 2 -plane, 
and to be analytic at infinity (c£ § 19*24); its only singularity in the finite 
part of the plane is an essential singularity at the origin. 

By Jordan’s lemma, the integral tends to zero as M tends to infinity, 
provided that v > — 

It is evident, by calculating residues, that 


2 (~) m [F (m) (f> y (mx) + F{- to) </>„ (- mx)) 

m=l 


is equal to the residue at the origin of 
that is to say 


sm 7 tz 


( 2 ) 


2 (-) w (to) <f> v (mx) + F{-m) <£„ (- mx)\ 

J» = l 

= 1 | ,0+ V w ^s) 

27 n J 7 sin t rz 


dz. 


The problem of expanding an arbitrary function f{x) into a generalised 
Schlotnilch series is consequently reduced to the determination of the form of 
F(z) in such a way as to make 


_1_ 

2lri 


i' < 0 + V w 

J w Sin 7 T 2 


dz 


differ by a constant from f (x). 

* The insertion of the factor {^z) y in the denominator makes tp v {z) amenable to Cauchy’s 
theorem when the contour of integration completely surrounds the origin. 
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19*22. The construction of the function F(z). 

We now take the contour integral 

-if 

2m J 8in7r^ 

and, in order to calculate it in a simple manner, we shall suppose that F(z) is 
expansible in a series of Filon’s type* 

(1) F(m)- I ^ 

where *}r n (z) denotes the sum of those terms in the expansion of 7r -1 sin ttz 
whose degree does not exceed n, and the coefficients p n will be defined later. 

The reader will observe that 

fa(z) = fa( ls ) = h 
fa (*)=*'/' 4(*) = 2-JwV, 


With this definition of F (z), it is evident that, for small values of | z |, 


F(z)^X p n 


sin TTZ 


«=1 


irfat (z) 


z n+l sin ttz 


fa(xz) 


1 \? 

It follows immediately that 

(2) -gi-r [ (0+) F(z ) dz 

v J 2m J sin ttz 


S f 1 t r n+1 cos 1 mr + 0 ( 2 )) , . . 

“ A*!-* - w J M > ' 


. / A x v ^»W n COS|7l7T $ J»n ($«»)* 

(a +1)1 ‘ ntiFan+^raw + ^ + l)’ 


»= 1 


and consequently we proceed to identify 


-X 




with f(oc)— f{0 ). For this purpose we have to assume temporarily that f(x) 
has differential coefficients of all orders at the origin, and then we define the 
coefficients p n by the equation 

/ |n) (°) _ Pn(ji) n 


(3> 


(n ■= 1, 2,3,...). 


n\ r(in+J)T(i n + i/ + l)‘ 

We next transform this equation defining p n in such a way that the sum 
of the series, by which F(z) is defined, is expressible in a compact symbolic 
form; the transformation of the series for F(z) can be effected by expressing 

* This type of serieB is fundamental in Filon’s theory, and is not peculiar to Sohldmiloh 
expansions; thus, in his work on Fourier-Bessel series, sin m is replaced by z~ v J v {z) and $ n (z) 
denotes the sum of the terms whose degree does not exceed n in the expansion of that function, 
w. B. F. 40 
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the coefficients p n in a form which involves n only as an exponent. For this 
purpose we make use of Eulerian integrals of the first kind, and, in order 
that they may be convergent, we shall find that it is necessary to suppose that 
-$<v< £. WethenhavA 

and so we obtain the symbolic formula 

(4) "" .M^T) .f / 1 - *>**£ [*“ ^ H.-o*' 

where D stands for djdu. 

Now, if we arrange the series 

v ^n(e)D n 
n Z i n z 1 * 1 

in descending powers of z, it is easy to verify that 

2 *»(*)** _,, sinb 7 tD 
*»i f B+1 7r (is — D) * 

and therefore 

Again, a consideration of (2) shews that we need to sum the series 

2 Pn w w cos h mr 
- («+!)! ’ 


Ml 


and we are able to effect our purpose by making use of formula (4), whence 
we find that 


/g\ v ffw^cos \nir 
»=i (w +1)1 


fsinh irD 

I ~iny 




We have now obtained symbolic expressions for all the coefficients in the 
generalised Schlomilch expansion of /(*), but it is necessary to transform 
these expressions into more useful forms, by finding the significance to be 

attached to the symbolic operator , both for general values of * and 

for the value zero of z. 
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19*23. The transformation of ths symbolic operators in the generalised 
Schlomileh expansion. 

We proceed to obtain an interpretation* of the symbolic expression 

[ sinh7rD ... v"l 

^n=S) f(tu) J.=o- 

The usual interpretation of ^ _ 'f z f (^) 

e <zuj e ~itv f(tv)dv, 

where a is a constant of integration, and therefore 

sioh ' jrD f (tu \ = sinh ._- f* e-^fitv)dv\ 

t r(D-iz) jy J v l J* J 

_ einh vr (D 4-jg) f* e -to/ (tl;) *. 

7r J<* 

Now, by the symboUc form of Taylor’s theorem, we have 

e ±,rD % (w) = % (w ± 

where x («) is an arbitrary function of u ; and hence it follows that 
r sinh irD ... /I _ fainh tt(D + tg) \ u ^ofa^dv 1 

= -L |V* J U+ " er*"f(to) dv 

- (T** J" "e-^fitv) 

that is to sayf 

r sinh ttD ... J\ cos rrz [" 


)S ’ Tr I J e -iCT /(<t;)dv 
27r J -w 

+ * **** jj’* + |" W J f(tv) dv. 


The second term on the right has simple zeros at all the points at whic 
z =0, ± 1, + 2, .... 

Therefore, so far as the calculation of residues of 


oin nrff. 


* The interpretations of numerous expressions involving symbolic operators of the 
consideration have been discussed by Gregory, Cambridge Math. Journal, l. ( ), PP- 

hv Boole Differential Equation* (London, 1872), obapters xvi and xvn. 

? for #H which is derived ffom this formnin does no. mm 

eh^eri* .. Ure origin nnleee . is infinite or i. . tendon of s, bn.* 

psrtorhed by this when we consider the nnture of some of the arndyns whroh has already bten 
used in the course of this investigation. 


A A 
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at 0, ± 1, ± 2, ... is concerned, we may omit the second term on the right in (1), 
and calculate the residues of 

' sin kz 

where F (z) is defined by the formula 

«> 1 <*>' - f . (1 ~ [ r L ^ w *]*• 

Again, from § 19‘22 (6) and equation (1) of this section we have 

- SPir-STffls [*■ *] ■“ 

The first term on the right in (3) is equal to T (y + l)/(0), except when* 
v — 0; when v — 0, the value of the term in question is zero. 

We thus obtain the expansion 

(4) / (x) = <p v (0) F(0) 4- 2 (-)”* [i* ( m ) <f> v (rrur) + F (-m) <f> v (— mx)\ 

m=l 

In the special case in which v — 0, the modified form of (3) shews that an 
additional term /(0) must be inserted on the right in (4). 

When we change the notation to the notation normally used for Bessel 
functions and Struve’s functions, the expansion becomes 

(5) /W= I>TT) + „! J -(15*-'• 

wheref 

(6) '" r( RTl /! (1 ~ a [*“ L f(tv) cbs m H *■ 
l 6 ™ = r d -l)r(i) f / 1 “ It Hi/W 8m -*] dt 

This is the generalised form of Schlomilchs expansion. 

19'24. The boundedness of F(z), as J z j ao . 

We shall now prove that, when the function f{x) is restricted in a suitable manner, 
the function F(z ) is bounded when |«|-*.co, whatever be the value of arg z. The reader 
will remember that the assumption that F(z} is bounded waa made in § 19'21 to secure 
the convergence of the contour integral. 

We take the series of § 19*22 (1), by which F(z) was originally defined, namely 

; Pn+n (*) 
u=l S " +1 ’ 

* When v is negative it is necessary to use a modified expression for the integrals; cf. § 19*3. 

t When ?=0, the expression for a 0 has to be modified by the insertion of the term 2f(0), in 
consequence of the discontinuity in value of the expression on the right of (8), 
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19 * 24 , 19 * 3 ] 


and divide it into two parts, namely the first, W terms and the remainder of the terms, 
where N is the integer such that 

W < TT I z\ < xV+1. 

When the terms of \fs n (z) do not exceed ir n ~ l \z | n /»!, and therefore, when n ^W, 


ft»(g) 


^?l7T n-1 | 3)»/(»!) ir n ~ l 

M n+i 


When ^ JV, we have | fa (z )! < rr “ 1 sinh tt | s |, and therefore 


Since 


l*l—t (*»-!)'. *r|«|^ +1 «=o |*| 

sinh 7T j e | 


|2|-w + i 

tends to zero as |s|-*-ao , it is evident that a sufficient condition for F(z) to be bounded 
as ] z | oo is that the series 

# > \Pn\ 

should be convergent; and this is the case if f(x) is such’ that 

2 7l v + h \f (“) (0)] 
n=l 

is convergent. 


19*3. The expansion of an arbitrary function into a generalised Schlomilch 
series. 

jN ow that the forms of the coefficients in • the generalised Schlomilch 
expansion have been ascertained by Filon’s method, it is an easy matter to 
specify sufficient conditions for the validity of the expansion and then to 
establish it. 

The theorem which we shall prove * is as follows: 

Let v be a number such that — | < v < and let f(x) be defined arbitrarily 
■in the interval (- n r, tt), subject f to the following conditions: 

(I) The function h{x), defined by the equation 

h (x) = 2 vf (x) + xf (x), 

exists and 'is continuous in the closed interval (— tt, tt). 

(II) The function h(x) has limited total fluctuation in the interval (—tt, i r). 
(HI) If v is negative J the integral 

is absolutely convergent when A is a (small) number either positive or negative. 

* The expansion is stated by Nielsen, Handbuch der Theorie tier Gylinderfunktionen ( Leipzig, 
11)04), p. 348; but the formulae whloh he gives for the coefficients in the expansion seem to be 
quite inconsistent with those given by equation (2). 

f The effect of conditions (I) and (II) is merely to ensure the uniformity of the convergence 
of a certain Fourier scries connected with h (x). 

X If v is positive, this Lipsotaitx condition is satisfied by reason of (II). 
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Then f (x) admits of th e expansion 

( 1 ) 

where 


[CHAP, XIX 


ss m \ _ K . < flm/r («W») + &f»H r (wmj) 

/() "r („+ 1 ) + J5,--• 


( 2 ) 


f* ri* Bec**+'d> d r . , „ . 

“*»“] _ J 0 r ($) d$ t/( M ®m^>)-/(0)}]cosmu^dw ) 

, [* [*" aec^+'tb d r . 

bm ~J-nJ o F(f-v)r(i) d4> $ ^ W8m £)“/(<>)}] sin mud<f>du, 

when m > 0; the valve of is obtained by inserting an additional term 

2r(*+i)/(o) 

ow right in the first equation of the system (2). 

We shall base the investigation on a discussion of the integral equation 


(3) 


f if°) p ^ p ^ cos w 6g ( x sin 6) dd ; 


r(F+*)r(*) t 

it will be proved that a continuous solution is given by the formula 
(4) ff(v)s=T(v + 1)/(0) 

im 


F(i- V ) J 0 aectv+1 1 4> (/(« sin <f>) ~/(°)}] #• 


[Nom The (absolute) convergence of the integral contained in this formula is secured 
by condition (III). It should be observed that the aggregate of terms containing /(0) in 
equation (4) may be omitted when v is'positive in view of the formula 

Jo cty ^ r (4) ’ 

which is valid only when v is positive.] 

We proceed to verify that the function g (x) defined by (4) actually is a 
solution of (3), by taking g (x) to be defined by (4), substituting in the.expres- 
sion on the right of (3), and reducing the.result to/(a). 

The result of substitution is 
2 cos mr [i* [i* d 

+/( 0 ). 

Hence we have to prove that 
2 cos nr [& f ** • d 

~V~ Jo Jo 6 ’ * 24 ,[“” * l/(* flin 6 8in </>) 

_ -/(*)-/( 0 ). 

Replace </> on the left by a new variable % defined by the equation 

sin x — sin 8 sin <f>, 

change the order of the integrations in the resulting absolutely convergent 
integral, and then replace 6 by a new variable yfr defined by the equation 

cos 8 = cos ^ sin 
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We thus deduce that 


iX cos- 6 sec- +1 <f> ™ [sin- <£ [f{x sin 0 sin <j>) -/(0))]<tydfl 
ft" f e sin 0 cos- 6 d P . , . 

= J„ Jo (3Stf-fdn-*)>+* [am X (/<* 8m X) -/(«)]] d x de 

[*"■ r 4 " sin^COS-d d _ . . . 

= J„ J x (Si^'6oa»“3)^^ [81n X(/(®^X)-/(0)I]<»<** 

= CL 0 in ” X {/(» sin x) -/(0)}] 3x 

= i r {v +1) r (j - v) \f(x) -/(o)}, 


and hence the formula to be established is evident; and so, when g (x) is 
defined by (4), then equation (3) is satisfied. 

Now, by Fourier's theorem, 


where 

(5) 


g(x)-^a 0 + 2 (am cos mx + b m sin mx), 


m-1 


If" 

0^=- g(u) gob mudu, 

TT J -rr 
1 [" 

b m = - I g (it) sin mudu; 

V TT J- v 


* 


and it is easy to verify that when f(x) is a continuous function with limited 
total fluctuation in the interval (— 7 r, 7r) so also is g ( x ), and therefore the 
expansion for g (x) is uniformly convergent when — — where 3 

is an arbitrarily small positive number. 


Replace x by x sin 0 in the expansion of g (x), multiply by cos- 0, which 
has an absolutely convergent integral, and integrate term-by-term; we deduce 
at once that 

/■/ n _ ia0 S a^J*(mx) + b m ll v <jnx ). 

• /w_ r(v + i) + m t 1 (iW)’ • 

and this expansion converges uniformly when — tt+ 8^x — 8. 

The values of a m and b m given by formula (5) are easily reconciled with 
those given by formula (2). 

It should be noticed that, by the Riemann-Lebesgue lemma, a m and b m 
are both 0 (l /m) when m is large. This seems to be connected with the fact 
that when we come to deal with any Schlomilch series (§ 19’62) we are 
unable to make any progress without assuming that '£b m Jm is convergent (or 
some equivalent hypothesis); this assumption will appear in § 19'62 to be 
necessary because the differential equation which Struve’s function satisfies 
is not homogeneous, so that Struve’s function is not of a type which occurs in 
solutions of Laplace’s equation or the wave equation; there would conse- 
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quently seem to be reasons of a physical character for the limitations which 
have been placed on f(cc) in order to ensure the existence of the Schldmilch 
expansion. 

[Note. Just.as in § 19*11, if condition (11) concerning the limited total fluctuation of 
2vf(x)Jrxf(x) is not satisfied, then all statements made in this section up to this point 
about convergence of series have to be replaced by statements about summability {G 1).] 

There is one important consequence which follows from the fact that 
and b m are both 0 (1/m) when 2i >f (a>) + ccf {cc) has limited total fluctuation 
in (— 7 r, tt), namely, that in the neighbourhoods of — 7r and ir, the general 
term of the Schldmilch expansion is 0 (l/m v+ ^), and so the expansion repre¬ 
sents a continuous function; hence the expansion converges (uniformly) to 
the sum /(as) throughout the interval (— tt, tt). 


19*4. Special Junctions represented by Schldmilch seines. 

There are a few problems of Mathematical Physics (other than the problem 
mentioned in § 19’1). in which Schldmilch series occur in a natural manner, 
and w’e shall now give an account of various researches in which Schldmilch 
series are to be found. 

A very simple series is 

1+2 e~ mz J a ( mp ); 

m=l 

this 'series is convergent when p and z are positive, and, if p and z denote 
cylindrical-polar coordinates, it is a solution of Laplace’s equation at all points 
of space above the plane z — 0. 

Various transformations of the series have been given by Whittaker*; 
thus, by changing to Cartesian coordinates (os, y, z) and using § 2*21, we have 

(1) 1+ S f t-?—- : -;- 

v J ,n<=i r 2?r J _»1 — exp {— (z + vc cos u + ly sm u)\ 

When a? + y s + z s < 1, the integrand may be expanded in ascending powers 
of z + ix cos u-\-iy sin u. 


If this is done, we getf 


(2) 1+2 e-™J a (mp) = ^ P —. , . . , a 

v w= i r/ zir J _,z + w; cos u + tyam u 2 

j (z + ix cos u + iy sin w) m_1 du 
J —JT 


du 


1 


± | ( ) W1 ~ I By 
+ 27r m=1 (2m)! 

1 1 » J) 

= - + | + t 

r 2 (2m)! 


(cos 6), 


where (r, 6) are the polar coordinates corresponding to the cylindrical-polar 
coordinates (p, z), and B l , B 2) B z , ... are Bernoulli’s numbers. 


* Math. Ann. Lira. (1908), pp; 841—342. 
t Of. § 4*8 and Modem Analysis, §§ 7*2, 18*81. 



SOHLOMILCH SERIES 


633 


19*4] 

Another transformation of the series, also given by Whittaker, is obtained 
from the expansion for 1/(1 — e~ *) in partial fractions; this expansion is 

1 1 1 | f JL__1_) 

1 - e~ l 33 t + 2 + ,„ =x \t — 2mm, t + 2mm j ’ 

whence we deduce that 

(9) 1+ 1 = + i 

m =1 1 * 

oo r i l 1 

+ 2 


»= i LV{(2«'Mri + ^j a + a? + y a ) \/ {(2mm — s) a + ^ + y 2 }J ’ 

It follows that the series represents the electrostatic potential due to a 
set of unit charges (some positive and some negative) at the origin and at a 
set of imaginary points. 

The reader may find it interesting to discuss the Lipschitz-Hankel integral 
of § 13'2 as a limiting form of a series of Whittaker’s type. 

Some other series have been examined by N agaoka* in connexion with a 
problem of Diffraction. One such series is derived from the Fourier series for 
the function which is equal to l/\/(l — <*?) in the interval (— 1, 1). 

The Fourier series in question is 

1 00 

(4) -= ^7T + 7T s J y (vtir) cos niTTX, 

V(I — & ) m = l 

and it converges uniformly throughout the interval (- 1 + A, 1 — A), where A 
is any positive number. 

Multiply by e nxi and integrate, and we then obtain the formula (also due 
to Nagaoka) 

If* e^ l dx _ 

7r J "2 

The series on the right in (5) converges uniformly throughout the interval 
(—1, 1) and so we may take — 1 and 1 as limits of integration. 

Hence, for all values (real and complex) of a, 
sin a 


1 _ 2, r . . a cos mTr.r — mm sin vittx 

+ 2 i Jo (mir) -.„ „- 

a ,»=1 v tt 


( 6 ) 


J a ( tt ) 


i+8 a FX ( ~r jr, ' V? ) i- 

«,=! a— m J 7r J 


A more general result, valid when R (v + §) > 0, is 

0) J . (a) = “ “ \+ 2a‘ (“Y 2 ■ 

v v 1 a |_r(i/+l) ytrj (a- —m? ti*)_ 

* Journal of the OoU. of Sci ., Imp. Univ. of Japan, iv. (1891), pp. 301—322. Some of Nagaoka’s 
formulae are quoted by Cinelli, Nuovo Gimento, (4) i. (1895), p. 152. 
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This expansion is also obtainable by expressing as a sum °f partial 

* a sin a 

fractions*. 

Various representations of the integral on the left of (5) were obtained by Nagaoka; 
the formula quoted seems to be the most interesting of them. 

Finally we shall give the formula f 

( 8 ) 

This is deducible from the Fourier series 

* cos(2to-1)« 7t . o1 ,v 

Jit (2m —l) 3 8 (r 1 l)> 

by replacing aby xmnO and integrating with respect to Q from 0 to \nr. 

As an example of the calculation of the sum of a Schlomilch series when 
the variable lies outside the interval (— nr, nr), we shall take nr < x < 2nr, and 
then, if f(x) denotes the sum of the Fourier series, we see that 


» J 0 _ t r* \cb\ 

21 iy = 8 2 * 


m=l 


(— 7T < (C < 7r) 


(— 7T < X < IT) 


(2m-1)* 7TJo JK ' 


-iff 

7T (J| 


/•arc sin (ir/a) 


+ 


J arc sin 


1 f(x sin 6) dd 

(ir/x)) 


2 j* are sin (v/x) ^ 
8 


-f 

7rj 


o 

+ — f ? (2a; sin 0 — 3 tt) dO, 

7T J arosin (jr/a) 8 

so that, when nr <cc< 2nr, we have 

/o\ S Jo {(2m —1) a?] ... ... /tt\ tt 2 

(9) ,?x (2m^ly ' = - rn ! ) - i* - rn arc °os (^-j + -g . 


(tt — 2a; sin J) 


19*41. Null-functions expressed as Schlomilch series. 

We shall now prove the remarkable theorem that 

(1) 1+ 2 (-r 

* m-1 

provided that 0 < x < nr ; the series oscillates when x — 0 and diverges to 
+ oo when x = rr. 

This theorem has no analogue in the theory of Fourier series, and, in fact, 
it is definitely known]; that a Fourier cosine-series cannot represent a null- 
function throughout the interval (0, 7 r). 

* Gt Modem Analysis, § 7*4. 

f This was set as a problem in the Mathematical Tripos, 1895. 

J 01 Modem Analysis, §§ 9*6—9*632, 
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It is easy to prove (1) by using Parseval’s integral; when M is a large 
integer, we have 

1 m 2 f** (1 ** ) 

5 -j- 2 (—) m Jo (mx) = - I + 2 (~) m cos (mx sin £)> dt 

m 771—1 7T J 0 (■" a—1 j 


__ (—) u j iw cos {(M + $) x sin £} 


7 r 


cos (£# sin t ) 




(—) y f® cos (AT +1) it 


T 


du 


cos \u ' — u 8 ) 


7r 

= 0 ( 1 ), 

as Jlf oo, by the Riemann-Lebesgue lemma*, which is applicable because 
the integral 

du 


r 

J 0 


o cos jfU. VC® 2 - W 8 ) 
exists and is absolutely convergent when 0 < x < tt. 
Hence we have proved that 

lim 2 (-)”* =0 

M+ao 771-1 J 

when 0 < x < tt ; and this is the theorem stated. 

It is easy to prove in a similar manner that 


( 2 ) 


h , v. (~) m Jy{mx) 
I> + 1) + TO-1 


(i) when - \ < v ^ | and 0 < x < 7r, (ii) when v > £ and 0 <x^tt. 

By using Poisson’s integral we have (since v> — %) 

_ j___, f 

r(v+i) w -i (kmxy * 

m r(,+i)raj /ris + is-r-O"** 

= (-)" r . <*> - u‘y-' du 

r ( v + i) r(i)aPJo cos \u v J 

= 0 ( 1 ), 

as M -*> oo , provided that the integral 

.1 o cos 

exists and is absolutely convergent; and this is the case when x and v satisfy 
the conditions stated. 

The truth of (2) is now evident. 

If n is a positive integer, and if v is so large that v — 2n> — \ ) the operator 

zb{ a ’iL +2v } 

* C£. Modem Analyri*, § 9*41. 



636 


THEORY OF BESSEL FUNCTIONS 


2 H m A(^) =0 

m-i (imay-** 


_ [CHAP. XIX 

may be applied n times to equation (2). The effect of applying the operator 
once to the function J v (mx)j(\mcc) v is to multiply the function by — m 9 ; atid 
therefore, when 0 < x < ir, 

™=i (\mx) v ’ 

that is to say, 

(3) 

provided that either 

(i) and 0^a<7r, or (ii) v- 2 n> $ and 

The formulae given in this section are due to Nielsen* Math. Ann. Lin (1899), 
pp. 582—687 two other papers by Nielsen on this subjeot were published at about the 
same time, Nyt Tidakrift , x. B (1899), pp. 73—81; Overdgt K. Danske Videnskat>enm 
8 abs , 1899, pp. 661 665. In the first two of these three papers integral values of v 
only were considered, the extension to general values of v being made in the third paper. 

Shortly afterwardst Nielsen gave a formula for the sum of the series in (2) when x>n\ 
this formula is easily obtained from the integral of Dirichlet’B type 

by considering the behaviour of the integrand at u=n, 3tt, 6^, .... 

It is thus found that, when * is positive and q is the integer such that 
(2j-l) ff <a?<(2 !? +l) 7T, 


then 

(4) 




-+ 2 ( 2(2?i — l)®7r®"| y ~i 


r (^ +1) ' r mti (£»«?)’' (f+ j) n=i ~ & 

• , Th ® ™P° rfc ® nCe ^ ielsen ’ s formulae lies in the fact that they make it 
ent that when a function f(x) is defined for the interval (- 7 r tt) if the 
nc ion can be represented by a Schlomilch series throughout the interval 
( ept possibly at a finite number of points) the representation is not unique 

the funoti ar ^ + “ ed n “ mber of Schlbmilch series which are equal to 
the function/(a:) throughout the interval, except at a finite number of points 

namely the pomts already specified together with the origin and ^when 

- * < v ^ i) the end-pomts ± 7 r. 6 v 

„„ J he ‘teorem, that the only Schlikmlch series with non-vaniskina 

coefficients which represent null-functions at all points of the • 3 , 

— ir<w (when* ^ . .7 . points 0f the interval 

+ ^ xcept the ori 9 m are constant multiples of 

rrrn+ 2 

■l(t'-fl) mx) v ’ 

t i “taodMaTT, °°ZT^ reeolts - by 

Scltoileh aerie, otter to a, „o, give. m rep^SnU 
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is, of course, of a much deeper character, and it seems that no proof of it has 
yet been published. We shall now discuss a series of propositions which lead 
up to this theorem; the analysis which will be used resembles, in its main 
features, the analysis *, due to Riemann, which is applicable to trigonometrical 
series. 

19*6. Theorems concerning the convergence of Schlomilch series. 

We shall now discuss the special type of Schlomilch series in which v = 0, 
and in which Struve’s functions do not appear; the object of taking this par¬ 
ticular case is to avoid the loss of clearness due to the greater complication 
in the appearance of the formulae in the more general case. With a few 
exceptions, the complications in the general case are complications in detail 
only; those which are not matters-of detail will be dealt with fully in 
§§ 19*6—19*62. 

The series now to be considered is 


( 1 ) 


•& « 0 + X a m J (mx), 


in which the coefficients a m are arbitrarily given functions of m. 

We shall first prove the analogue of Cantor’s lemmaf, namely that the 
condition, that a m J„ (mx) -*■ 0 as m —■ oo , at all points of any intei'val of values 
of x, is sufficient to ensure that 

a w = o (Vw). 

[Note. If the origin is a point of the interval in question, then the theorem that 

Om=o(l) 

is obviously true.] 

Take any portion^ of the interval which does not contain the origin, and 
let this portion be called Let the length of /, be L x . 

Throughout we have (cf. § 7*3) 

a m J 0 (mx) = Cbm K f[ ——. [P (mx, 0) cos (mx — \n-)—Q (mx, 0) sin (mx — ^7r)]; 
'V \m r rrxj 

and, as m oo , 

P (mx, 0) 1, Q (mx, 0) -*> 0. 

Hence, for all sufficiently large values of m, (say all values exceeding m^) 
P (mx, 0) > |Q (mx, 0) | ^ \ 

at all points of f. 

Now suppose that a m is not o (\Jm}\ we have to shew that this hypothesis 
leads to a contradiction. 


* Of, Modem Analysis, §§ 9*6—9*632. + Ibid, g 9*61. 

t Since J 0 (mx) ia an even function of x, the portioh may be supposed to be on the right of 
the origin without loss of generality. 
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If On is not o a positive number e must exist such that 

\a m \>e^m 

whenever to is given any value belonging to a certain unending sequence * 
TOj,TO*, TOj,.... Let the smallest member of this sequence which exceeds both 
to 0 and 27 r/Xj be called to/. 

Then cos (to/ x — -Jtt) goes through all its phases in I lt and so there must 
be a portion f of I lt say J 9> such that 

| cos (wia' a? — | i \/ 3 , | sin (to/#- i^) I < i 

at all points of / 9 . If Zb is the length of i 9 , then Z 2 = £7j-/to/. 

Next let the smallest member of the sequence to,. which exceeds both mi 
and 2 t r/X 9 be called ml. 

Then cos (to/#-£ 71-) goes through all its phases in I 2 , and so there must 
be a portion of / s , say J s , such that 

I cos (mix- £tt)J ^£ v/ 3 , | sin {mix — |tt) | 
at all points of If Z* is the length of I 3> then Z, = Itt/to/. 

By continuing this process, we obtain a sequence of intervals I lt I 2 ,I 3 ,... 
such that each is contained in its predecessor; there is therefore a point X 
which lies inside all these intervals, and at this point we have 

|cos(mX-i 7 r)j^V 3 , isin(TOX-i 7 r)|<si 
when to has any of the values m/, mi, mi,.... 

For such values of to we consequently have 


x [X ( mX, 0). j cos (toX - ivr) | — | Q (mX , 0) |. | sin (mX — Jtt) | ] 


> e- 


V3-1 


y(a). 


Mid this is inconsistent with the hypothesis that a, J, (me) tends to zero at 
all points of / x . 

The contradiction which has now been obtained shews that a** must be 
0 (ym). * 


The next theorem which we shall prove is that, if the SchUmUch series 
comerges throughout any xntemd, Hum the necessary and sufficient condition 


* It is supposed that .... 

mmtd, wT sShiifri hissfsi 4 ^ 1)6 11111,111817 deter - 
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that the series should converge for any positive value of oo (whether a point of 
the interval or not) is that the series 

■ i, °»y & ■ [° oa (m “ - ; *■■>- + ss sin (mx - H 

should be convergent for that value of as. 

This theorem is evident from the fact that the general term of the 
trigonometrical series differs from J 0 (mas) by a function of m which is 
0 (a m w“*)'s=o(w~ a ); and So(m“*) is a convergent series. 


19*51. The associated function. 

Let the sum of the series 

00 

£a 0 + t a M J 0 (mx), 

m-l 

at any point at which the series is convergent, be called f(x). 

Let 

(1) »(.)-.**■- i 

Then T(x) will be called the function associated with the Schlomilch 
series whose sum is/(«)• 

It is easy to see that, if the series defining f(x) converges at all points 
of any interval , then the series defining F (as) converges for all real values 
of x. 


For a m J 0 (mas) 0 as m — oo at all points of the interval, and therefore 
(§19-5) 

o (Vm). 

Again, by § 2*5 (5), for all real values of x 


and consequently 

a m J 0 ( ma()_ n (l\ 
m? \my' 


Since 



is convergent, it is obvious that the series on the right in (1) must be 
convergent. 

It is evident, moreover, not only that the convergence is absolute, but also 
that it is uniform throughout any domain of values of the real variable as. 
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19*52. Lemma I. 

We shall now prove that, if P (oc) is the function associated with the 
Schlomilch series whose sum is f (sc), and if 

, . (x + a)T(a+ 2 a) + (x-a)T(x-2a)-2acirfc^ 

(1) Or (x, a )«=--- 

then 

(2) lim O 0, «) = ccf(x) 

a-*. 0 

at any point x at which the series defining f(cc) is convergent, provided that* 

a m = o(Vm). 

It is easy to deduce from (1) that 

x [(x + a) / 0 (nwc + 2?na) + (x — a) J Q (mx — 2ma) — 2 ccJ„ (moo)] ; 
and, from l’HospitaTs theorem, it follows that 

lim -2 — [(# + a)Jj (mar + 2 ma) 4- (x — a) J 0 (two? — 2ma) — 2 xJ „(wa;)] 
a -*-0 or 

= lim—[ J 0 (ma:4- 2 ma) — J 0 (msc — 2 ma) 
a-^ om s a 

+ 2 m(x + a) Jo (ma s + 2ma) - 2m (x — a) Jo' (ma — 2wia)] 

= a; Jj" (mac) + JJ (mas)jm 
= — a Jo (mac). 

Consequently the limits of the individual terms of the series defining G-(a,a) 
are the individual terms of the series defining ocf(m). 

It is therefore sufficient to prove that the series for Q- (x, a) converges 
uniformly with respect to a in an interval including the point a — 0 when m 
has any value such that the series for f(x) is convergent. 

It may he assumed, without loss of generality, that ac is positive and we 
shall then take |aj so small that it does not exceed \x ; we shall now prove 
that the series for O (x, a) converges uniformly when — \x < a $ |a. 

By observing that 

ac ± a — J(x (x ± 2a)} = - 


and that the series 


oc ± a. + V{a (x ± 2a)} 

< f «V®, 

^ Om Jp(mx ± 2 ma) 
m-i [oc ± a + \/\x(x ± 2a)}] 


Since we are not assuming more than the convergence of f (ar) at a single point , it is not 
permissible to infer from § 19*5 that a* must be o (Jm). 

f The functions under consideration are even functions of *; and since O (0, o)=0, the special 
case in which x =0 needs no further consideration. 
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is uniformly convergent (upper or lower signs throughout being taken), we 
see that Q- (x, a) differs from 


3i 4 mW 

y(x + 2a). «/"„(mx + 2ma) + *J(x - 2a). J 0 (mai- 2ma) - 2 Ja. J 0 («*#)] 
by the sum of two series, each of which is uniformly convergent. 

It is therefore sufficient to establish the uniformity of the convergence of 
the last series which has been written down. 

Now take the general term of this series, namely 

_ r Jl x + 2a). (mx + 2ma) + \J(x “ 2a ) • J o («*» ~ 2ma) - 2 V®. J 0 («^)]> 

4t»V 

and write it in the form 


“”\/(^)[ 008(,M, " 1,r)+ 


sin (mx — J7r)‘ 


(- 


Smx 

If 2x N cos (mx — Jtt) sin 2ma 
am \/ \rmr) ' 8 m (a? — 4a 2 ) m 2 a 

2a; \ sin (mx — Jtt) cos 2ma. 


sin maV 
ma ) 


~ a m sj ( m7r 

+ a m /J (; 


7 ‘ iimx (af — 4a 2 ) ‘ m? 


2x\ f2<3> (mx) — $ (mx + 2ma) — <S> (m x — 2ma) 


■n 


4m 2 a 2 


where <£ (y) is defined by the formula 

<E> <y) ■= {P (y, 0) - 1} cos (y-br)- + Q (y> 0)| sin (y - £tt). 

The general term is thus expressed as the sum of four terms, and we 
proceed to prove that each of the four series, of which these terms are the 
general terms, is uniformly convergent. 

The first two series are proved to be uniformly convergent, in connexion 
with the theory of trigonometrical series*; and the third is obviously 
uniformly convergent from the test of Weierstrass. 

To deal with the fourth series, we observe that, by the first mean-value 
theorem, numbers"]* 6 and 6 X exist such that 

-1<0<1, — ,1<0i<1, 


* Of. Modem Analysis, §§ 9-62, 9*621. It has been the general (but not invariable) custom to 
obtain various properties of the series without establishing the uniformity of their convergence. 
The convergence of the series for fix) is required to deal with the first series; the second series 
can be dealt with in consequence of the less stringent hypothesis that a m =o 

+ The number 6 is a funotion of a variable t which will be introduced immediately. 


W. B. F. 


41 
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for which 

2$ (mx) - 3> (mx + 2 ma) - <P (mx - 2ma) 

= 2ma P {<£' (mx - 2mat) - <£>' (mx + 2mat)) dt 
Jo 

= - 2 ma 4 mat <£" (mx - 2ma0t) dt 

Jo 

=.- 4 m*o? 4>" (mx — 2ma0 1 ). 

Since <£" ( y ) = 0 (l/y a ) when y is large, it is evident that 

2 <£>" (mx - 2madi ) 

Wl=l 

is uniformly convergent with respect to a. 

Hence G- (x, a) is expressed as the sum of six series each of which converges 
uniformly with respect to a when — \x < a < \x\ and therefore 

lim <3- (x, a) 

o -^0 

is equal to the sum of the limits of the terms of the series for Q(x, a), i.e. it 
is equal to xf(x ), provided that the series for f(x) is convergent; and this is 
the lemma to be proved. 

19*63. Lemma II. 

We shall next prove that, with the notation <?/'§§ 19*51,19*52, the condition 
that a n = o (*Jm) is sufficient to ensure that 

lim fod-a) (® + 2a) 4* (x — a) F(x — 2a) — 2xF (x) _ 

o-*-o a 

for all values of x. 

As in § 19*52, we need consider positive values of x only; and we express 
the series for a G* (x, a) as the sum of six series each of which is easily seen to 
be uniformly convergent when — ^ < a < \x, by applying the theorems con¬ 
cerning trigonometrical series which were used in § 19*52. 

Hence 

lim [a G (x, a)] 

a -M) 

« * Om 

= lim(^or 0 a)— 2 lim-— —Ux + a)J 0 (mx + 2ma) 

a-~Q W -U*0TO1< 

^ +(x — a)J 0 (mx — 2?na) — 2 xJ 0 (??&#)] 

and this is the lemma to be proved. 

19*64. The analogue of Riemann’s theorem* on trigonometrical seines.. 

We can now prove that, if two Schlomilch series of the type now under 
consideration (i.e. with v — 0, and with Struve’s function absent) converge 

* Cf. Modem Anulytit, § 9*68. 
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and have the same sum-function throughout the interval (0, ir), then corre¬ 
sponding coefficients in the two series are equal. The formal statement of 
the theorem is as follows: 

Two Schlomilch series, of the special type,' which converge and are equal at 
all points of the closed interval (0, 7r), with the possible exception of a finite 
number of points, must have corresponding coefficients equal, unless the end¬ 
points 0 and rr are both exceptional points. 

If these points are exceptional points, the two series may differ by a constant 
multiple of the series 

$+ 2 (-) m Jo(nix). 

Let the difference of the two series be 


$a„+ 2 Om J 0 (mx), 

m —1 

and let the sum of this series be f(x), so that f(x) converges to zero for all 
values of x between 0 and 7 r, except the exceptional values. 

Let f 2 be any points (except the origin) of the interval (0, rr), such 
that there are no exceptional points inside* the interval (j- lt f a ). 

We proceed to prove that, if F (x) is the function associated with the 
Schlomilch series for f(x), then F (x) is a linear function of log x in the 
interval (f„ f a ). This is the analogue of Schwarz’ lemmai*. 

If 6 = 1, or if 0 = - 1, and if 


*(*)-« [* <»> - r (ft) - ‘^||| (f (ft) - f (ft))] 

then <f>(x) is continuous when !j\£x ^ f Sj and 


*(&)-*(&>-o. 

If the first term of <j> ( x) is not zero| throughout the interval (f lf fa), there 
will be some point c at which it is not zero. Choose the sign of 6 so that the 
first term of <£ (c) is positive at c, and then choose h so small that <f> (c) is 
still positive. 


Since <£(#) is continuous in (£*,, f„), it attains its upper bound which is 
positive since <f>(c) is positive. Let it attain its upper bound at c lt so that 
< c i < fa* 


Now by Lemma I (§ 19*52) 

li m (C i +«) <t> fa + 2a)+(o l —«) (f> (c t — 2a) — 2c l 4> (cj) _ 

4a* 


a ^-^0 


* The points , ( 8 themselves may be exceptional points, 
t Cf. Modem Analysis, § 9*081. 

X If it is zero throughout (£ x , £ 3 ), then T(x) is obviously a linear function of log x. 

41—2 
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But <f>(<h + 2a) ^ <f) ((h), (f> (<h - 2a) ^ tf> (c,), so the limit on the left must be 
negative or zero. This contradiction shews that the first term of <j>(co) y 11110 ^ 
be zero throughout (£i, £ 8 )> that is to say that F (x) must be a linear 
function of log x ; and this is the theorem to be proved. 

Hence the curve whose equation is y = F (a?) consists of a set of segments 
of logarithmic curves with equations of the type 

y = A log x + B. 

Now, by § 19*51, T(x) is continuous in (Q, n r), and so these logarithmic curves 
are connected at the exceptional points; and the curve y — F (x) cannot have 
an abrupt change of direction at an exceptional point, because, by Lemma II, 

even when £ is an exceptional point; that is to say 

' £F'(£ + 0) = £F'(£-0). . 

Hence the constants A and B cannot be discontinuous at the exceptional 
points, and so they have the same values for all values of x in the 
interval (0, tt). 

Consequently, when 0 < x < nr. 

Make x -► 0; the series on the left has a limit, namely 


- 2 


s * 


=1 W 


because it is uniformly convergent. Therefore A log x + B has a limit when 
x 0, and so ^4ris zero. 


Consequently, when O^a^ir, 

OnJoimx) 


2 

«*=i 


mr 


fa x?-B; 


and the series on the left converges uniformly throughout (0, tt), so integrations 
term-by-term are permissible. 

Replace a; b j x sin 9, multiply by sin 9, and integrate from 0 to \tr. ■ Then, 

by! mi, a 

—2 —„ [ Jo (m® sin 0)sin0J0 
»-i m J o 

_ 0 ^ sin mx 

~ m*x 


® 0 ^ sinm® 

m* 


= - Bx. 


Hence, when 0 ^ x < tt, 
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Multiply by sin mx and integrate from 0 to ir ; it is then evident that 

■fl-Ow / s m \ir<h n l 

2m* ^ ^ |_2m 8 + m j 


Since dm is given to be o(^m), this equation shews that 
B-^'ir'ao, a, rt = (-) m a 0 . 


Hence we must have 

/ (x) — a 0 


$ + t (-) m J 0 (mw) 

nt=l 


From the results contained in § 19 - 41 concerning the behaviour of the 
series on the right at « = 0 and at <c= ir, it is evident that f(x) cannot be a 
convergent Schlomilch series at either point unless a 0 is zero; and this proves 
the theorem stated at the beginning of this section. 


19*6. Theorems concerning the convergence of generalised Schlomilch series. 

We shall now study briefly the series 

m _ h<h , v ( mx) + b m H. v (mx) 

' r(i/ + l) + m =i {fanny 

We shall first prove that, when v<\, the condition that the (m + 1 )th term of 
the series tends to zero as m-*~oo at all points of any interval of values of x 
is sufficient to ensure that 

a m =o(m v+ i), b m = o {m v+ ^). 


[Note. If the origin is a point of the interval in question, then the theorem that 


is obviously true.] 


a w =o(l) 


Since the series under consideration is unaffected by a change in the sign 
of # if the signs of all the coefficients b m are also changed, no generality is 
lost by considering an interval on the right of the origin. 

We call this interval ; and, at all points of I u we have, by § 10'41 (4), 

-(is*)' -.. = v) 008 ( “ - ~ ilr ~ Vm) 

— Q (mx, v) sin {tnx ~ fair —{tt — r) m )] + b m .O (m _1 ), 
where a m — c m cos v) m , b m ~ c m sin . 


We now suppose that a m and b m are not both o (m l ' + *); we have to shew 
that this hypothesis leads to a contradiction. 

If am and b m are not both o {m v+ *) } a positive number e must exist such 
that 

c m > em v+i 

whenever m is given any value belonging to a certain unending sequence 
m l} ms, m„.... 



646 THUOBY OF BESSEL FUNCTIONS [CHAP. XIX 


We now prove, exactly as in § 19‘5, that, at some point X of /„ the 
inequalities 


P(mX,v)^h ( Q(mX, v)\^h 


| cos (mX - \vtt - \tt - g m ) | > £ | sin (mX — \vtt — \tt — v} m ) | ^ £ 

are satisfied whenever m has any value belonging to a sequence (m/) which 
is a sub-sequence of the sequence (m,). 

For values of m which belong to this sub-sequence we have 
‘ a m J v (mX) + b m H, (ml) | ^ (^3 - 1) 

!- ifrSy - 1 

and, since v — £ is negative, the expression on the right cannot be arbitrarily 
small. This is the contradiction which is sufficient to prove that a m and b m 
must both be o(m*'+*) if the (m + l)bh term of the Schlbmiloh series tends to 
zero at all points of I x . 


The reader may now prove (as in § 19’5) that, when v<^,if the generalised 
Schlomilch series converges throughout any interval, the necessary and sufficient 
condition that it may converge for any positive value of x {whether a point of 
the interval or not) is that the series 



cos (ma i — ^vrr — \tt — rj m ) 


4V 3 —1 
8 mx 


-sin (mx - \vtr - - ? 7 m )J- 


,K (%ma Q *- 1 

+ m-'T(v+i)r(i)_ 


should be convergent for that value of x. 


19*61. The associated function. 

Let us take —\<v<^, and let the sum of the series 

jap ! Om Jy (mx) 4- b m H, (mx) 

f(v+lj «=i (kmxy 


at any point at which the series is convergent be called f v (x). 
Let' 

/IN /_\_ a 0 a? % a m J,(rnx) + b m 'H. v (mx) 

(1) T,(x) 8r(y+2) rt.Qmty 


Then F„ (a;) will be called the function associated with the Schlomilch series 
whose sum is /„ (x). 


It i$ easy to prove that, if the series defining f,(x) converges at all points 
°f ar, y interval, then the series defining T v (x) converges for all real values of x. 

The only respect in which the proof differs from the analysis used in 
§ 19‘61 is that the additional theorem that H r (x)/x ¥ is a bounded function of 
the real variable x has to be used. 
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Again, let 

(2) G, {x, a) = \ [(« + 2z/a + a) F* (x + 2a) 

+ {x — 2m — a) F„ {x — 2a) — 2aT, (a:)]/a® 
Then, just as in § 19‘62, we may prove that* 


lim ®,(«, a)-«/,(*) 

at my point x at which the series defining f r {x) is convergent, provided that 

QO 

a m and b m are both o (w"' + *) and that the series X b m /vn is convergent. 


Further we may prove that 

lim [a Cl, (w, a)] = 0, 

a-*- 0 

oo 

provided only that dm and b m are both o (m v+ l), whether the series 2 bm/rn is 

«i=i 


convergent or not. 


19*62. The analogue of Riemann’s theorem. 


We can now prove that, if two generalised Schl&milch series of the same 
order v {where — \ < v < ^) converge and have the same sum-function at all 
points of the closed interval {— 7 r, 7r) with the possible exception of a finite 
number of points {it is supposed that the origin and the points + 7 r are not all 
exceptional points), and if the coefficients of the terms containing Struve’s func¬ 
tions in the two series are sufficiently nearly equal f each to each, then all 
corresponding coefficients in the two series are equal. 

Let the difference of the two series be 


jop S «m Jy Off) + b m H„ {mm) 
iT(v + l) {%mxy 

and let the sum of this series be /„ {x), so that the series for /„ {x) converges 
to zero at all points of the interval ( — 7r, 7r) with a finite number of exceptions. 

The convergence of the series for f, (x) nearly everywhere in the interval 
(— 7r, 7r) necessitates the equations 


a m = 0 (m v+i ), b m = o 

The statement that the coefficients of the terms containing Struve’s func¬ 
tions in the two series are to be sufficiently nearly equal is to be interpreted to 

00 

mean that b m 0 as m -► 00 in such a way that i — is convergent. 

7»=1 m 


We now discuss the function F„ {x) associated with the Schlomilch series 
for f ¥ {x). It can be proved{that if the interval (£ X) f 9 ) is such that the origin 


* The presence of the series on the right is dae to the laok of homogeneity in the differential 
equation satisfied by Struve’s funotion. 

t This statement will be made definite immediately. 

$ It seems unnecessary to repeat the arguments already used in § 19*64. 
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and the exceptional points (if any) are not internal points of the interval, then 
p -(®> is a linear function* of a;-* in the interval. It may then |w> shewn 
that the exceptional points do not cause any discontinuity in the form of F, (»), 
and hence we deduce that 

| F *(®) = Ax~** + B, (0 < x%tt) 

|F„(®) = A' | x -H B f ) (0 >x'^ — tt) 

where A, B, A\ B 1 are constants. 

Now take the equation 

p (x) = g, ° -- _ v J » (mx) + b m H„ (m at) 

8r(v + 2) TOtal m *. {$rrix) v ’ 

replace x by a sin 6, multiply by sin*+> fl/cos* 0, (which has an absolutely 
convergent integral) and integrate from 0 to £tt. The series for F r <®sin0) 
converges uniformly in this interval of values of 6, so term-by-term integra¬ 
tions are permissible. ~ ° 

It is thus found that 


m sin* , ' +1 0 cua? f 

T p (x sm 9) —— -~ r d6 = ~-^~ - 

Jo v J cos*" 6 8r(i/ + 2)J { 


iir sin 3 *'* 8 # 


dd 


8r(i/ + 2)J 0 cos 2 **# 

_ ^ (mb sin 6) + b m H, (rnx sin 9) sin K+1 0 

m-iJo m i .{^mccy cos * v 6 

- a ^ r (fr ~ v ) r (I~ v ) % a m sm mx + b m (l- cos mw) 

12r (i) ^ (&) w»=i m*x 

When we substitute for F v (x sin 6) we deduce that 

nv v Qi»sin?na;+ b m (1 - cos mas) a^a? Ax 1 -*" T (T) 

m=i m* “ "12 r ($ — v) T (z; + 1), 

when O^x^ir; and a similar equation may be obtained when O^x^-ir. 

Since and b m are both o (m v +l), it is permissible to differentiate (1) twice 

term-by-term when 0 >v > -* ; but it may only be differentiated once if 
0^v< 

}! ”6 differentiate twice or once as the case may be, the resulting series 
on the left tends to a limit as »,-0, but the resulting expression on the right 
Jails to do so unless A is zero. 

We infer that 4 = 0 and in like manner 4' must be zero; the continuity 
of ¥,{&) at the origin then shews that B and B must be equal. 

It now follows from (1) that 

/■o') v sin mx -4- b m (1 — cos mx) a«a? n 

m=i m 8 ~ ~" "i2 “T (v +1) 

when 

* When » is iero has to be replaced by log*. 
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Multiply (2) by cos mx and integrate from — tt to 7 r; and then 
(3) b m - 0. 

Again, multiply by sin mx and integrate; and then 
(-) m <bi ~ cl 0 + m? {2BT (v + 1) — 

This equation is inconsistent with the fact that a m is 0 (to"**) unless 
2BV (v 4-1) *= 

and then a m — (— ) m Oo- 

Hence the series for /„ (x) must reduce to 

„ T £ , 1 (—) m J v (rna) ~ 

a °Li>+i) mti 

Now at least one of the points 0, tt, — ir is not an exceptional point; and 
the series for /„ {x) cannot converge at that point unless ft 0 is zero, so that a m 
is also zero. 

We have therefore proved that, if the series % b m /in is convergent all the 
coefficients a m and b m must vanish ; that is to say, the two Schl5milch series 
with which we started must have corresponding coefficients, equal. And this 
is the theorem to be proved. 

We have therefore established for Sohlbmilch series in which — | < v < \ 
theorems analogous to the usual theorems concerning the representation of 
null-functions by trigonometrical series. 

19*7. Theorems of Riemanns type concerning series of Bessel functions and 
Dims series of Bessel functions. 

We shall now give a very brief sketch of the method by which the series 
discussed in Chapter xvili, namely 

00 UD 

S 2 b m J v (\ rn x), 

m<=l 

(in which v > — may be investigated after the manner of Riemann’s investi¬ 
gation of trigonometrical series. 

The method is identical with the method of investigation of Sehldmilch 
series just given in §§19'6—19*62, though there are various points of detail*, 
which do not arise in the case of Schldmilch series, due to the fact that j m 
and X,* are not linear functions of m. 

* These points of detail are very numerous and there iB no special difficulty in discussing any 
of them; but it iB a tedious and lengthy process to set them out in full, and they do not seem to 
be of sufficient importance to justify the use of the space which they would require. The reader 
who desires to appreciate the details necessary in such investigations may consult the papers by 
0. N. Moore, Tram. American Math. 80c. x. (1909), pp. 891—485; xii. (1911), pp. 181—206; 
xxx. (1920), pp. 107—156. 


1 
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In the first place, it is easy to prove by the method used in § 19‘5 that 
if the series 

00 00 

S m^)i 2 b m J „ (Xtn®) 

W=1 771*1 

converge throughout any interval of values of a?, then 

= o(Vw), b m = o(*Jm). 

Next we consider the associated functionj we write 


/(#) = t dm J v {j m x), 

ffl«l 

and then the function associated with/(a?) is defined by the equation 

F(x)*= X 

- ljffl* <c v 

It may be proved that, when x has any positive value for which the series 
defining f (x) is convergent, and if the expression 

— [(a? 4- 2va + a) F(x + 2a) — 2a; F(x) + (x — 2va — a)F(x — 2a)] 

is arranged as a series in which the with term has dm for a factor, then the 
latter series is uniformly convergent with respect to a in an interval containing 
the point a = 0 , and that its limit when a~^0 is — a?~ v f{x). 

It may also be proved that, whether the series for /(a?) converges or not, 
the condition that 0 ^ = 0 (*Jm) is sufficient to ensure that 
1 

+ 2va + a)F(x + 2ct) — 2xF (a) + (x — 2pa — a) F (x - 2a)] 


tends to zero with a. 


The proofs of these theorems depend on a number of lemmas such as the lemma* that 

I i ”°y»+ig sip y«g 

m-ll j\+ l« S Fm*** 

ih a bounded function of a ; proofs of the lemmas can be constructed on the lines of the 
proofs in the special (trigonometrical) case in which 


It now follows in the usual manner (of. § 19'54) that, when f(x) is a null- 
function throughout the interval (0, 1), then F(x) satisfies the differential 
equation 

.*?& + (*+ !)"&?. ft 


da? 


dx 


and sof F (x) = A + Bar*", 

where A and B are constants. This equation is valid when 0 < x < 1. 

* Of. Modem Analysis, § 9*62. 
t When v =0, F (*) = A + & log x. 
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Now since v > — J,(j m ®)/(jm 0B ) v i® bounded when whatever 

be the value of m; and so, when* v < the series 

5 Jh .L ^0» 

to=1 jm t ~ v (ji »®) v 

converges uniformly when 0 ^ x ^ 1, by the test of Weierstrass. 

Hence F (x) is a continuous function of x in the closed interval and so B 
is zero when v is positive; and B' is zero in the case v — 0. 

For any assigned value of n multiplying the series for F(x) by x v+1 J v (j n x) 
does not destroy the uniformity of its convergence; and, when we integrate, 
we find that 

(hi . J7 9 O'n) ~jn [ (Ax v + Bx~ ¥ ) x J,. (j n x) dx 
J 0 

=j„ [s. - (A + B) j: 0„)] . 

Now, when n is large, 

and so the formula just obtained for is inconsistent with the equation 
On = o(V«) when v > — \ unless both A + B and B are zerof; and then is 
zero. 

Hence a series of Bessel functions (in which v > — £) cannot converge to 
the sum zero at all points of the interval (0,1), with the possible exception of 
a finite number of points (the origin not being an exceptional pointj when 
v > ^), unless all the coefficients in the series are zero. 

We infer that two series of Bessel functions, in which v > — cannot 
converge and be equal at all points of the interval (0, 1), with the possible 
exception of a finite number of points, unless corresponding coefficients in the 
two series are equal. 

Dini’s series § 

f (®) s ^ b m J v (\tn&) 

7n=l 

may be dealt with in the same manner. The associated function is defined 
by the equation 

tt/\ V 

rw “5.w“r ■ 

* When v ^ 4, the convergence of the aeries for /(«)/«*’ ata;=0 is sufficient to ensure the 
uniformity of the convergence. 

t An exception might occur when v -1 = - 4; but this is the trigonometrical case. 

X The series divided by x” then has to converge at the origin. 

§ It is supposed for the present that JST+v^O, so that no initial term is inserted. 
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and |t is inferred that when /(a?) is a null-function throughout (0,1), then 
constants A and B exist such that 

F(a:)=iA + Bar a, ' f 

-ow [a Jh., <k«)+• B -JU <*■«)}]; 

and B = 0 when v > 0. 

Now, when n is large 

( x ~ s?) J '' + J ’ *^ ~ ’ 

Jr +1 (K)=0(^-*), j,-., PO - o (>wr»), 

, wBK’*' 

2 >r(i<) ’ 

and this is inconsistent with the equation 

i n = o (Vw), 

since v> — ^. 

Hence B is zero, and therefore 

in ~ J* (^») + * (Xn) “ A.Xn i/(X«). 

This equation is inconsistent with the equation 

i n “ o (\/w) 

unless J. is zero, since Jp +1 (X*) is not zero; and then b n is zero. 

We next consider what happens when H + v is zero or negative ; in these 

cases Dini’s series assume the forms 

00 

6 0 flJ y + 2 b-mJv (Xm®), 
i*=l 

oo 

h 0 I v {\qOd) + 2 b m J,f(\ m x\ 

ro=l 

respectively. 

In the second of the two cases the previous arguments are unaffected by 
the insertion of an initial term; the first of the two cases needs more careful 
consideration because the initial term to be inserted in the associated 
function is 

b 0 af 

4 (v + iy 

and hence, when n > I, 

b n JS (Xn) — X^ Jo + Bar' "j- ocJ„ dec 

o 23.. \ (iX n ) y _ r \] j_.boJ*tyn) 
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Since b n = o {\fn) we infer first that 5 = 0, by considering the term in 
(i Xn) v , and then that b 0 = 0; and so 6 n = 0 for all values of n. 

We infer also that, as in the limiting case of series of Bessel functions, 
Dini's series of Bessel functions cannot represent a null-function throughout 
the interval (0, 1), and that if two of Dini’s series (with the same v and H) 
converge and are equal at all points of the interval (0,1), with the exception 
of a finite number of points, then corresponding coefficients in the two series 
are equal. 



CHAPTEB XX 

THE TABULATION OF BESSEL FUNCTIONS 


20*1. Tables of Bessel Functions and associated functions. 

It is evident from a consideration of the analysis contained in Chapters vii, 
vm and xv that a large part of the theory of Bessel Functions has been con¬ 
structed expressly for the purpose of facilitating numerical computations 
connected with the functions. To the Mathematician such computations are 
of less interest and importance * than the construction of the theories which 
make them possible; but to the Physicist numerical results have a significance "f 
which formulae may fail to convey. 

As an application of various portions of the Theory of Bessel Functions, 
it has been considered desirable to insert this Chapter, which contains an 
historical account of Tables .of Bessel Functions which have been previously 
published, together with a collection of those tables which seem to be of the 
greatest value for the present requirements of the Physicist. 

The reader will not be concerned with the monotony and technical irrele¬ 
vance of this Chapter when he realises that it can be read without the efforts 
required to master the previous chapters and to amplify arguments so ruth¬ 
lessly condensed. 

The first Tables of J 0 (x) and f (a) were published by Bessel himself in 
his memoir on Planetary Perturbations, Berliner Abhandlunyen, 1824 [1826], 
pp. 46 —52. These tables give the values of J 0 (a?) and J x (x) to ten places of 
decimals for a range of values of x from x » 0 to x = 3 20 with interval 0 01. 

Ashort Table of J 0 (x) and J 0 *(x) to four places of decimals was constructed 
by Airy, Phil. Mag . (3) xvm. (1841), p. 7; its range is from « - 0 to as « 100 
with interval 0 2. AiryJ had previously constructed a Table of 2/, {x)jx, of 
the same scope. 

The function J t (x)lx was subsequently tabulated to sir places of decimals by Lommel, 
Zeitechrift fiir Math und Phys. xv. (1870), pp. 164-167, with a range from x~0 to a;-20-0 
with interval 01; this Table, with a Table of *«(»)/*» was republished by Lommel, 
Milnchener Abkandlungen, xv. (1886), pp. 312_315. 


* Gf. Love, Proc. London Math. Soc. (2) rrv. (1915), p. 184. 

t Cf. Lord Kelvin’s statement “I have no satisfaction in formulas unless I feel their arithmetical 
magnitude—at all events when formulas are intended for definite dynamical or physical problems.” 
Baltimore Lecture* (Cambridge, 1904), p. 76. "O' P 

* Tram. Cart,. PHI Soc. (1885), p 291. A T.bl, of 2ft (*)/, M a if ^ to fop, or 

places of decimals, in which the range is from 0 to the circular measure of 1125° (with interval 15°1 
was given by Sohwerd, Die Beugungeenoheittungen (Mannheim, 1885), p. 146. ’ 
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In consequence of the need of Tables of J n (a) with fairly large values of 
n and x for Astronomical purposes, Hansen constructed a Table of J 0 (as) and 
J i (as) to six places of decimals with a range from as = 0 to as = 10'0 with 
interval 0T; this was published in his Ermittelung der absolutes Stdrungen 
in EUipsen von beliebiger Excentricitat und Neigung (Gotha, 1843). Hansen’s 
Table was reprinted by Schlomilch* and also by Lommelf who extended it 
to x = 20. 

These tables, however, are superseded by Meissel’s great Table of J Q (x) 
and J t (x) to twelve places of decimals^, published in the Berliner Abhand- 
Lungen, 1888; its range is from a = 0 to x = 15 - 50 with interval 0'01. 

Meissel’s Table was reprinted in full by Gray and Mathews, A Treatise 
on Bessel Functions (London, 1895), pp. 247—266, and an abridgement of it 
is given in Table I infra, pp. 666—697. 

A Table of J Q (x) and f (x) to twenty-one places of decimals, from x = 0 
to x = 60 with interval 0T, has been constructed by Aldis, True. Royal Soc. 
lxvi. (1900), p. 40. 

A Table of J 0 (nir) to six placos of decimals for n = 1, 2, 3, .... 50 has been computed by 
Nagaoka, Journal of the Coll, of Sci. Imp. Univ. Japan , iv. (1801), p. 313. 

The value of / 0 (40) was computed by W. R. Hamilton from the ascending series, Phil. 
Mag. (4) xiv. (1857), p. 375. 

A Table of J^ (x) to six places of decimals from #=20-1 to a: = 41 with interval 0'1 or 
0-2 has been published by Steiner, Math, und Naturusm. Beriehta aus Ungurn , xi. (1894), 
pp. 372—373. 

The earliest table of functions of the second kind was constructed by 
B. A. Smith, Messenger, xxvi. (1896), pp. 98—101; this is a Table to four 
places of decimals of Neumann’s functions F |0) (x) and F (l) (x). Its range is 
from x — 0 to a; = 1 ‘00 with interval 0 01 and from as = 10 to x = 10‘2 with 
interval 0T. 

A more extensive table of these functions is given in the British A&so- 
ciation Report, 1914, pp. 76—82; this is a Table to six places of decimals 
whose range is from 35 = 0 to x — 16'50 with interval 0'02; a year later a table 
was published, ibid. 1915, p. 33, in which the values of Y m (x) and F (I> (x) 
were given to ten places of decimals for a range from x = 0 to as — <5*0 with 
interval 0‘2 and from x = 6'0 to x— 160 with interval 05. 

Shortly after tho appearance'of Smith’s Table, an elaborate table was con¬ 
structed by Aldis, Proc. Royal Soc. lxvi. (1900), p. 41, of Heine’s functions § 
(?„(&•) and Gi(x) to twenty-one places of decimals; the reader should be 

* Zeitechrift filr Moth, und Phys. n. (1857), pp. 158—165. 

t Studien ilbcr die De»sel'*chen Functionen (Leipzig, 1868), pp. 127—135. 

J Meissel’s Table contains a misprint, the correct value of J 0 (0'62) being +0 , 90618.,., not 
+ 0 , 90518,... An additional misprint waB umde iu the reprint of the Table by Gray and Mathews. 

§ These functions were also tabulated by B. A. Smith, Phil. May, (5), xi.v. (1898), pp. 122— 
123; the scope of this table is the same as that of his Table of T(°) (a:) and TW (.r). 
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remin ded that these functions, are equal to —\rrY t (x) and — Ti (x) re¬ 
spectively. The range of Aldis’ Table is from x — Q bo a? s= 6*0 with interval 0*1* 

Another table of these functions with a smaller interval was published in 
the British Association Report , 1918, pp. 116—130; this table gives the 
functions to seven places of decimals for a range from x *= 0 to w = 16*00 with 
interval 0*01. The Report for 1916, p. 83, contains a table to ten plates of 
decimals from x => 6*6 to x «* 16*5 with interval 0*6. 

The functions Y 0 (x) and Y l (a) are tabulated to seven places of decimals 
in Table I infra ; this table has an appreciable advantage over the British 
Association Tables* in that the auxiliary tables make interpolation a trivial 
matter; in the British Association Tables interpolation is impracticable. 

By means of the recurrence formulae combined with the use of the tables 
which have now been described, it is an easy matter to- construct tables of 
functions whose order is any integer. Such tables of J n (x) were constructed 
by Hansen and reprinted by Schlomilch and Lommel after their Tables of 
Jo(x) and /, (a?). Subsequently Lommel, Milnchener Abhandlungen, XV. (1886), 
pp. 315—316, published a Table of J n (x) to six places of decimals, in which 
n**0,1, 2,..., 20, and 0,1,2,..., 12; this Table is reprinted in liable IV 
infra, pp. 730—731. A Table of J n (x) of practically the same scope was also 
published by Meissel, A sir. Rack, cxxvm. (1891), col. 154—155. 

A much more extensive Table of J n (w) was computed by Meissel, but it 
seems that he never published it. He communicated it to Gray and Mathews 
for publication in their Treatise, pp 267—279. This table gives J K (x) to 
eighteen places of decimals when n =0,1, 2,..., 60, and 0, 1, 2,24. 

Some 8 were constructed, with the help of the last-mentioned 

table, by Hague, Proa Rhys. Soc. xxix. (1917), pp. 211—214. 

The corresponding Tables of funotions of the seoond kind are not so ex- 


to to* H fvoaatwntopcrt, Ml*, pp. 83-*} oontaina Tables of <?, (a,) 

&r+ n “ 2 » for the range » = 0 to 6-0 

mth interval 0-1 and a = 6'0 to 16'0 with interval 0-6 

rijcasyscs 

“t* iTutzr**’ * 

Table IV infra ^ more ^ figures is contained in 

infra. This has been computed from Aldis" Table of <?, (») and ff, <»). 

- *.<-) 
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Tables of log 10 [V(ijf7ra;).|£ r v ll) (aj)|] to eight significant figures are given 
in the British Association Report, 1907, pp. 94—97. The values assigned 
to v are 0, 1, 1|, ...,6^, and the range of values of x is from x — 10 to 100 

(interval 10) and 100 talOOO (interval 100). For this range of values of x, 
the asymptotic expansion (§ 7*51) gives so rapid an approximation that the 
Table is of less value than a table in which the values of x and the intervals 
are considerably smaller. * 

Functions of the first kind with imaginary argument have been tabulated 
in the British Association Reports. The Report for 1896, pp. 99—149, con¬ 
tained a Table of I 0 (x) to nine places of decimals, its range being from x = 0 
to x = 5100 with interval 0 001. A Table of 7 a (as) of the same scope had been 
published previously in the Report for 1893, pp. 229—279; an abridgement 
of this (with interval 0*01) was given by Gray and Mathews in their Treatise , 
pp. 282—284. 

Tables of I 0 (x) and I x ( x ) to twenty-one places of decimals have been con¬ 
structed by Aldis, Proc. Royal Soc. lxiv. (1899), p. 218. The range of these 
Tables is x= 0 to = 6‘0 with interval 01; Aldis also gave (ibid. p. 221) the 
values of /„(#) and (x) for x = 7, 8, 9, 10,11. 

Extensive tables connected with /„ (x) and f (x) have been published by 
Anding, Sechsstellige Tafeln der Bessel’schen FunJctionen imaginaren Arguments 
(Leipzig, 1911). These tables give log 10 /„ (x) and log 10 j A (#)/#} from x = 0 
to x = 10‘00 with interval 001. They also give the values of the functions 

*J(27tx) . e“® I 0 (x), \J(2ttx) . e~ x I l (x), log 10 [>Jx . /„ (••*)} and log 10 { fa: • 7, (.-r)j 

for values of x from x = 10’0 to x — 50‘0 (interval 01), x = 50 to x — 200 
(interval 1), x = 200 to x — 1000 (interval 10), and for various larger values of x. 

Table II infra , pp. 698—713, gives the values of e~ x I„(x) and e~ x I 1 (x)\ 
these have been computed, for the most part, by interpolation in Aldis’ Table. 

The earliest tables of functions of the type K n (x) were constructed by 
Aldis, Proc. Royal Soc. lxiv. (1899), pp. 219—221. These give K 0 {x) and 
Kfx) to twenty-one places of decimals for values of x from & = 0 to x =s6'0 
with interval 01, and also to between seven and thirteen significant figures 
from x= 5*0 to aj = 12’0 with interval 01. 

The values of e?K 0 (x) and €?K X (x) in Table II infra were computed with 
the help of Aldis’ Table, like the values of e~ x I 0 (x) and e~ x I i (x). 

By means of recurrence formulae, I n (x) has been tabulated to twelve signi¬ 
ficant figures for n — 0, 1, 2,..., 11 over the range of values of x from x — 0 
to # = 6’0 with interval 0'2. These Tables of I n (x) were published in the 
British Association Report, 1889, pp. 29—32, and reprinted by Gray and 
Mathews in their Treatise, pp. 285—288. An abridgement (to five significant 
•figures) of these Tables has been given by Isherwood, who added to them 

42 


W. B. P. 
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Tables of K n (os) to five significant figures for n =» 0,1,2,..., 10 over the range 

of values of a from to « = 6'0 with interval 0‘2. Isherwood’s Tables were 

published in the Mem. and Proc., Manchester Lit. cmd Phil. Soc., 1903—1904, 
no. 19. 

m 6 to seven places of decimals are given in 

Table IV infra, pp. 736—739. 

' A 

The earliest Tables of Bessel functions of large order were constructed by 
eisse, who has calculated J m (n) to twelve significant figures for n = 10, 

/ .21, Aefr. Rack cxjix. (1892), col. 284; Meiesel also calculated /„(1000) 

to seven significant figures for a = 1000, 999,981, ibid. cxxvm. (1891), 
col. 154-105. The values of J n {h), J M (»), F»>(»), F»-»(«), <?„(*«), <?_,(») 

o Six places of decimals for values of n from n = l to « = 50 (interval 1), 
B “ 1 ® 0 (interval 5), « = 100 to n=>200 (interval 10), *. = 200 to 
” 400 (interval 20), n = 400 to n = 1000 (interval 50), n = 1000 to » » 2000 
in rva ) and for various larger values of n, are given in the British 
-Association Report, 1916, pp. 93—96. 

• ( n ^’ T* ( n )' bV(n) to seven places of decimals are given 

m Table VI infra, pp. 746_747. 

, i , ^ functions ber (a), bei (x), ker ( x ) and kei (x) have been extensively 
tabulated on account of their importance in the theory of alternating currents. 

, £ b " ef T r abl t 6 of ber ( fl! ) “<• bei(<r), computed by Maclean, was published 

j/mr f a fi ani ^ P<lpm ' m - < 1890 b P 49a Tables of JJxfi) 

places of decimals have been constructed 

lJ^t’ L y l a0C - “ VI - ^ 90 °>- PP ** ™ge is from 

® = 0 to x = 60 with interval 0-1. These are extensions of the Table of 

iXl? rt °9 nm v| P ' aC f.° f f ecima!s ‘>>e range from a, = 0 to a = 60 with 
. published in the British Association Report, 1893, p. 228 and 
reprinted by Gray and Mathews in their Treatise, p. 281. 

Tables of ber(a), bei(a), ker(w) and kei(w) to four significant figures for 
p. 53 ! ’ 3 "" ,3 °' h been P ubll8hed by Savidge, Phil. Mag. (6) xix. (1910), 

nl^/T 0 ^ (-X W « “ d W'W are tabulated to nine 

places of decimals, from x = 0 to » = 10-0 with interval 01 in the British 
Association Report, 1912, pp. 57—68; and a Table of kerbs) kei (x) ker' (ini 
and kei (*) of the same scope (except that only six or seven signifiLnt figures 

ZSK m i‘ he Sep0H f0r 1916 - PP 36 - 38 - Tables of sq^res 
“ f „ h fun °‘ 10na t° “ “gnificant figures from ® = 0 to xi 10-0 
with interval 0-2 were given in the Report for 1916, pp. 118—121. 

Lo Jm«| f T J±( ’A i l (X) haTO bee “ tabulated t“ «« places of decimals by 

Ummel, **•*«■■ 4* xv. (1886), pp. 644-647, for n = 0, 1, 2.6 with 

7 ... •, 60, and (in the case of functions of positive order) n = 7, 8 ,..., 14 
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with x = 1, 2,..., 20, and n = 15,.... 34 with smaller range* of values of x ; see 
Table V infra, pp. 740—743. A Table of the same functions to four places of 
decimals with n =0, 1, 2 and from x — 0 to # = 8'0 with interval 0'2 is given 
by Dinnik, Archiv der Math, und Phys. (3) XX. (1913), pp. 238—240. 

Functions related to J±(n+l) (#) have recently been tabulated in the British 
Association Reports. The notation used is 

TX) . Jn+i (#) = S n (x), (-) n \/(^7TX) . J (%) = G n (x), 

E n (x) = | G n (x) + i 8 n (x) |, 

and the functions tabulated are S n (x), G n (x), E n 2 (#), S n '(x), Cf(x), E n 2 (x), 
and their logarithms. In the Report for 1914, pp. 88—102, the functions are 
tabulated to seven significant figures for n — 0,1,2,..., 17 and # = 1,2,3,.... 10, 
and in the Report for 1916, pp. 97—107, for ?i = 0, 1, 2, ...,10 and a?=Tl, 
1-2,..., 19. 

Functions of order + i §, have been tabulated by Dinnik, Archiv dev 
Math, und Phys. (3) xvm. (1911), pp. 337—338, to four places of decimals; 
the functions tabulated are T (1 + &)«/*$(#)» T(1 ±§)*/± 3 (#) from x = Q to 
a: = 8-0 with interval 0‘2; and Dinnik has also tabulated I ±i (x), I ±i (x\ ibid. 
(3) xxii. (1914), pp. 226—227 and J±±(x), «/±|(#), ibid. (3) xxi. (1913), 
pp. 324—326. All these tables have the range x = 0 to x - 80 with interval 
0-2. The Tables of T(1 ± \)J ±i {x) are less extensive than Table III infra , 
pp. 714—729; but, with the exception of Dinnik’s tables, there exist no 
tables of functions of orders §, | and f. 

In connexion with functions of order + J, Airy’s Table of his integral 

I cos ^ 7 r (w 3 — rtm) dw 
Jo 

must be mentioned; Airy calculated by quadratures and by ascending series 
the values of this integral for values of m from — 5‘6 to + 5'6 with interval 
0'2; a seven-figure Table from m = - 4 to m = 4 is given in the Trans. Camh. 
Phil. Soc. vi. (1838), p. 402, and a five-figure Table from m = - 5-6 to m = 5’6, 
ibid. viii. (1849), p. 599. 

Apart from the work of Euler described in § 15‘5 the earliest computation 
of the zeros of J 0 (x) and J x (#) is due to Stokes, Trans. Camb. Phil. Soc. IX. 
(1856), p. 186 [Math, and Phys. Paper's, II. (1883), p. 355]. Stokes gave the 
values of the first twelve zeros (divided by it) of Jo(x) and «/, ( x ) to four places 
of decimals. In the same memoir he gave the first fifty zeros of Airy’s integral, 
and the first ten stationary points of this integral. 

The first nine zeros of J Q (x), Jfx ),..., J t (x) were computed by Bourget, 
Ann. sci. de I'ficole norm. sup. III. (1866), pp. 82—87. Bourget’s results are 
given to three places of decimals; some corrections in his lables have recently 
been made by Airey*. 


* Phil. Mag. (6) xxxn. (1916), pp. 7—14. 


42—2 



660 


THEORY OR BESSEL FUNCTIONS [CHAP. XX 

Bourget’s Tables have been reprinted so frequently that their authorship has been 
overlooked by the .writers of the articles on Bessel Functions in the Encyclopddie der 
Math. Wise. and the Encyclopidie de s Set. Math. 

The first five zeros of /, {#) and J a (x) were given to six places of decimals 
by Lommel, Zeitschrift fur Math. und. Phys. xv. (1870), p. 167 and Munchener 
Abhandlungen, xv. (1886), p. 315. 

The first ten zeros of J 0 (pc) were computed to ten places of decimals by 
Meissel, Berliner Abhandlungen , 1888. 

The first fifty zeros (and their logarithms) of J 0 (x) were given to ten places 
of decimals by Willson and Peirce, Bulletin American Math. Soc-. ill. (1897), 
pp. 153—155; they also gave the values of J x (x) and log | J x (x) | at these 
zeros to eight and seven places of decimals respectively. 

The first fifty zeros of J x (x) and the corresponding values of J 0 (x) were 
computed to sixteen places of decimals by Meissel *, Kiel Programm, 1890; 
this Table is reprinted by Gray and Mathews in their Treatise , p. 280. 

Tables of roots of the equation 

Jn (x) Y n (has) - J n (has) F n (as) == 0 

have been constructed by Kalahne, Zeitschrift fQr Math, und Phys. Liv. (1907), 
pp. 55—86 ; the values taken for h are 1*2, 1*5 and 2 0, while n is given the 
values 0, 1, |, 2, 

Dinnik in his Tables of functions of fractional order mentions the values 
of a few of the zeros of each function, while Airey, Phil Mag. (6) xli. (1921), 
pp. 200—205, has computed the value of the smallest zero of J v (x) 'for small 
fractional values of v by Euler's method. 

Rayleigh, Proc. London Math. Soc. x. (1878), pp. 6—7 [Scientific Papers, 
I. (1899), pp. 363—364], has calculated that 

(1 - a?) xl x (x)JI 0 (x) 
has a maximum when a? = 0*4858. 

Airey, Archiv der Math, und Phys. (3) xx. (1913), p. 291, has computed 
the first ten zeros of 3 aJ 0 (x) — 2 J x (x) and of 2 xJ 0 (x) — J x (x) to four places 
of decimals. 

In his memoirs on Diffraction, Mihnchener Abhandlungen , xv. (1886), 
Lommel has published tables connected with his functions of two variables, 
but these tables are so numerous that a detailed account of them will not be 
given here. His Table of Fresnel's integrals (p. 648) to six places of decimals 
from x — 0 to x = 50*0 with interval 0*5 (with auxiliary tables for purposes 
of interpolation) must, however, be mentioned, and with it his Table of the 
first sixteen maxima and minima of these integrals. 

# Jahrbuch liber die Fortsekritte der Math. 1890, p. 521. In con sequence of the inaccessibility 
of MeisaeTB table, the zeros of J x (x) were recomputed {to ten places of decimals) for insertion in 
Table VII, p. 748. 
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LommeFs form for Fresnel's integrals was 

i J o ^ r ±J’ (^) » 

a different form was tabulated earlier by Lindstedt, Ann. der Physik und 
Ghemie, (3) xvii. (1882), p. 725. 

Defining the functions M ( x) and N (x) by the equations 

| cos t*dt = M ( x ) cos x 9 - N ( x) sin m 2 , 

J a 

j Bin t 2 dt = M(x) Bin x* + N(x)co8 x 3 , 

J 03 

and writing x — {(y + J) t r}^, Lindstedt tabulated M (x) and N (x) to six places 
of decimals from y = 0 to y = 9*0 with interval 0*1. 

The function I (x) defined as 

i r^<u 

•jtJ x t* 

has been tabulated to four places of decimals by Struve, Ann. der Physik und 
Ghemie, (3) xvii. (1882), pp. 1008—1016, from x = 0 to 4*0 (interval 01), from 
ip =4*0 to 7*0 (interval 0*2) and from x = 7*0 to 11*0 (interval 0*4). 

A table of values of the integral 

Ki &dx, 

J * 

in which the limits are consecutive zeros (up to the forty-ninth) of Ji(x), has 
been published by Steiner, Math, und Naturwiss. Bemchte aus Ungam XI. 
(1894), pp. 366—367; this integral occurs in the problem of Diffraction by 
a Circular Aperture. 

,No Tables of Struve’s functions- seem to have been constructed before the 
Table of H 0 ( x) and H x ( x ) which is given on pp. 666—697. 


20*2. Description of the Tables contained in this book. 

Preliminary considerations on the magnitude and character of the tables 
to be included in this book led to the following decisions : 

(I) That space did not usually admit of the inclusion of more than seven 
places of decimals in the tables. 

(II) That the tables should be so constructed as to minimise the difficulty 
of making interpolations. In particular, it was decided that a table with a 
moderately large interval (such as 0*02), together with an auxiliary table to 
facilitate interpolation, would be more useful than a table with a smaller 
interval (such as 0*01), occupying the same space as the first table and its 
auxiliary, in which interpolation was impracticable. 
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(III) That in computing tables, calculations should be carried to ten 
places of decimals in order to ensure that the number of cases of inaccuracy 
in the last figure of the published results should be trivial*. This does not 
apply to the auxiliary tables of angles which are entered in Tables I and III. 

In order to obtain seven-figure accuracy, it is not sufficient to tabulate to 
tenths of a second of arc, because the differences per minute of arc in a seven- 
figure table of natural sines may be as large as 0*0002909; on the other hand, 
an error of a hundredth of a second does not affect the value of the sine by 
more than 0*00000005. Hence, for seven-figure accuracy, it was considered 
adequate to compute to nine places of decimals the sines (or cosines) of the 
angles tabulated and then to compute the angles from Gifford’s Natural Sines 
(Manchester, 1914); these are eight-figure tables with an intervalf of l' 7 . 

The angles tabulated may consequently frequently be in error as to the 
last digit, but, in all probability, the error never exceeds a unit (ie. a 
hundredth of a second of arc). 

We now proceed to describe the tables in detail. 

Table I consists primarily of Tables of J 0 (x), Y 0 (x), J x (x) and Y x (x) from 
x — 0 to 16*00 with interval of 0*02. The values of J 0 (x) and «/i {x) up to 
15*50 are taken from Meissel’s Table j, while the values of Y 0 (x) and Y^x) 
were computed partly by interpolation in Aldis’ Table of G 0 (x) and G 1 (x) and 
partly from the asymptotic expansions of / 0 a (x) 4- F 0 2 (x) and Ji a (x) + Y a (x) 
given in § 7*51. 

The auxiliary tables § give the values of J H n [l) (x) | and arg J ff n w (x) for 
w = 0 and n= 1. In these tables the first differences are sufficiently steady 
(except for quite small values of x) to enable interpolations to be effected 
with but little trouble on the part of the reader; thus, when x is about 10 
the second differences of j ( x ) j do not exceed 0*0000009. 

The values || of | (%) | and arg N n {1) (x) can consequently be computed 

by the reader for any value of a less than 16, with the exception of quite 
small values. The corresponding values of J n (x) and Y n (x) can then be 
calculated immediately by the use of seven-figure logarithm tables. 

* The tables were differenced before removing the last three figures, and it was found that the 
ten-figure results were rarely in error by more than a unit in the tenth place; so it is hoped that the 
number of errors in the last figure retained does not exceed about one in every thousand entries. 

+ No tables with a smaller interval have been published; the use of any tables with a larger 
interval and a greater number of decimal places would have very greatly increased the labour of 
constructing the auxiliary tables of angles, and the increased acouraoy so obtained would be of no 
advantage to anyone using the auxiliary tables for purposes of interpolation. 

X 1 must here express my cordial thanks to the Preussische Akademie der Wissenschaften zu 
Berlin for permitting me to make use of this Table. 

§ The idea of constructing the auxiliary tables grew out of a conversation with Professor Love, 
in the course of which he remarked that it was frequently not realised how closely Bessel functions 
of any given order resemble cironlar functions multiplied by a damping factor in which the rate 
of decay ie slow. 

|| The remarks immediately following of course presuppose that n is 0 or 1. 
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The relation between the various functions tabulated may be expressed 
most briefly by regarding j H n {l) (x) j and arg H n ® (x) as the polar coordinates 
of a point in a plane; then the Cartesian coordinates of this point are J n ( x) 
and Y n (x). Thus, from the entry for x = 8‘00, 

+ 0T716508 = 0-2818269 cos 412° 28' 40"-60, 

+ 0-2235216 = 0-2818269 ain 412° 28' 40"-60. 

Table I also contains the values of Struve's functions H 0 (x) and H 1 (at). 
These functions are included in Table I, instead of being contained in a 
separate Table, to facilitate interpolation; by §10-41(4), the difference 
Hn (x) — F n (x) is a positive monotonic function, and it varies sufficiently 
steadily for interpolation to be easy when x is not small. 

The Tables of Struve’s functions were computed by calculating the values of H 0 (a?) 
and Hq'( a?) directly from the ascending series when x — \, 2, 3,..., and then calculating 
Ho" (x), Ho'" (#),... for these values of x from the differential equation ^ 10-4(10) and the 
equations obtained by differentiating it. 

• A few differential coefficients are adequate to calculate Ho (x) and Ho' (x) by Taylor’s 
theorem for the values 0-5, 0-6, 0‘7,... of x. Interpolation to fiftieths of the unit is then 
effected by using Taylor’s theorem iH the same manner. This process, though it seems at first 
sight to be complicated and lengthy, is, in reality, an extremely rapid one when a machine* 
is used. It is very much more effective than the use of asymptotic expansions or the 
process suggested in the British Association Import, 1913, p. 116. As an example of the 
rapidity of the process, it may be stated that the values of e~ x I 0 (x) and e~ x I 1 (x) in Table 11 
took less than a fortnight to compute; of course the time taken over this tabulation was 
appreciably shortened by the use of Aldis’ Table as a framework for interpolation. 

Table II consists of Tables of e~ x I 0 (x), /,(#), e? K 0 (x), and e x K x {x), 

and a Table of e* is inserted, in case the reader should require the values of 
the functionsf / 0 (x), I r (x), K 0 (</;) and K x (x) ; the functions are tabulated 
from 0 to 16 00 with interval 0 02. 

Interpolation by differencing is easy in the case of the first four functions 
throughout the greater part of the range. 

The Table of e* was constructed with the help of Newman’s Table of e~ x , 
Trans. Gamb. Phil. Soc. xill. (1883), pp. 145—241. Unlike the other Tables 
in this book, the Table of e* is given to eight significant figures J, and care 
has been taken that the last digit given is accurate in every entry. Interpo¬ 
lation in this Table is, of course, effected by multiplying or dividing entries 
by exponentials of numbers not exceeding 0-01; such exponentials can be 
calculated without difficulty. 

* The machine on which the calculations were carried out is a Marchant Calculating Machine, 
10 x 9 recording to 18 figures. 

t These functions were not tabulated because tables of them are unsuited for interpolation. 

t Nine figures are given in parts of the Table to avoid spoiling its appearance. 
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Newman’s Table gives e~* to a large number of places of decimals, but tbe actual 
number of significant figures in tbe latter part of tbe Table is small; and less than half of 
the Table of was constructed by the process of calculating reciprocals; the rest was con¬ 
structed from Newman’s Table by using the values of e 13 and a 16 given by Glaisher*, and 
the value of e -16,6 given by Newman in a short table of e~ a with interval O’l. These ex¬ 
ponentials were employed because the tenth significant figures in all three and the eleventh 
significant figures in the first and third are zero. 

Table III consists of Tables of Y$ (sc), | E^ ] (x) | and | arg JETj 0 ' (oc) | 

of the same scope as Table I, and interpolations are effected in the manner 
already explained. A Table of e® (x) is also included. These' Tables are 
of importance in dealing with approximations to Bessel functions of large 
order (§ 8‘43), and also in the theory of Airy’s integral. 

The reader can easily compute values of «/_j (x) from this table by means 
of the formula 

(x) = j («j) | cos {60° + arg («)}. 

Table IV gives the values of J n {at), Y n (#), e -48 I n (x) and K n (x) for various 
values of a and n. The values of J n (x) are taken from Lommel’s Tabled*, with 
some corrections, but the remainder of Table IV, with the exception of some 
values of K n (x) taken from Isherwood’s Tablef, is new; they have been con¬ 
structed in part by means of Aldis’ Tables of functions of orders zero and unity. 

Table V is Lommel’s Tablet of «/±( n+i ) (a?) and Fresnel’s integrals with 
some modifications and corrections. 

Table VI gives the values of J n (n), Y n (n), J n '(n), Y n ' (n) and n*J n (n), 
n$ Y n (n), (n), n 3 Y n ' ( n) for n = 1, 2, 3,... 60. Interpolation in the tables 

of the last four of the eight functions is easy. 

Table VII gives the first forty zeros of J n (x) and Y n ( x) for various values 
of n\ part of this Table is taken from the Tables of Willson and Peircet- 
Forty zeros of various cylinder functions of order one-third are also given. 

Table VHI gives the values of 

Jo (t)dt, 

Jo Jo 

from x =« 0 to 50 with interval 1, together with the first sixteen maxima and 
minima of the integrals. The former table of maxima and minima can be 
used to compute the coefficients (cf. § 18T2) in certain Fourier-Bessel series 
for which v = 0. 


* Tram. Canib. Phil Soc. m (1888), p. 245. 

f I must here express my cordial thankB to the Bayerisohe Akademie der Wisseuaohafteu zu 
MtLnohen, to the Manchester Literary and Philosophical Society, and to the American Mathe¬ 
matical Society for permitting me to make.nse of these Tables. The non-existence of adequate 
trigonometrical tables of angles in radian meaBure has made it impracticable to check the last 
digits in the entries in the greater part of Table V. 
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+ 0*9999000 
+ 0*9996000 
+ 0*9991002 
+ 0*9984006 
+ 0-9975016 

+ 0*9964032 
+ 0*9951060 
+ 0*9936102 
+ 0*9919164 
+ 0*9900250 

+ 0*9879366 
+ 0*9856518 
+ 0*9831713 
+ 0*9804958 
+ 0*9776262 

+ 0*9745634 
+ 0*9713081 
+ 0*9078615 
+ 0*9642245 
+ 0*9603982 


+ 0*9563838 
+ 0*9521825 

+ 0*9477955 

+ 0*9432242 
+ 0*9384698 

+ 0-9335339 
+ 0*9284179 
+ 0*9231233 
+ 0*9176518 
+ 0*9120049 

+ 0*9061843 
+ 0*9001918 
+ 0*8940292 
+ 0*8876982 
+ 0*8812009 

+ °- 874539 i 
+ 0*8677147 
+ 0*8607300 
+ 0*8535868 
+ 0*8462874 

+ 0*8388338 
+ 0*8312284 
+ 0*8234734 
+ 0*8155711 
+ 0*8075238 

+ 0*7993339 
+ 0*7910039 
+ 07825361 

+ °"773933 2 

+ 0*7651977 


- 2*1219006 

- 1*8626264 

- 1*6780254 

“ 1*5342387 

- 1*4161969 

- 1-3158701 

- 1*2284710 

- 1*1509166 

- 1*0811053 

- 1*0175412 

- 0*9591221 

- 0*9050133 

- 0*8545676 

- 0*8072736 

- 0*7627204 

- 0*7205732 

- 0*6805338 

- 0*6424376 

- 0*6060246 

- 0*5711520 

- 0*5376789 

- 0-5054836 

- 0*4744608 

- o-4445i87 

- 0*4155768 

- 0*3875642 

- 0*3604182 

- 0*3340833 

- 0*3085099 

- 0*2836537 

- o-259475i 

- 0-2359383 

- 0*2130113 

- 0*1906649 

- 0*1688729 

- 0*1476114 

- 0*1268587 

- 0*1065950 

- 0*0868023 

- 0*0674640 

- 0*0485651 

- 0*0300917 

- 0*0120311 
+ 0*0056283 

+ 0*0228974 
+ 0*0397860 
+ 0*0563032 
+ 0*0724576 
+ 0*0882570 


2*7520297 

2*3455622 

2-1136647 

1-9525811 

1-8299993 


1-7315984 - 54 0 52' 14^42 

1*6497727 - 52 ° 54 ' 7-85 

800007 - «T° o' ktoi 


68° 41' 42*16 
64° 46' 31 *73 
6i° 47' 28*29 
59 ° 14' 52*70 
56° 58' 10*79 


1*6497727 

1*5800007 

I-5I93772 

1-4659257 

1*4182414 

1-3752907 

1-3362914 

1-3006375 

1*2678500 

1 -2375444 
1*2094070 
1*1831788 
1*1586436 
I ‘ I 356 i 90 

1-1139500 

1*0935036 

1*0741648 

x ’° 55?337 

1*0384231 

1*0218560 

1*0060645 

0*9909884 

0-9765738 

0*9627727 

0 - 94954 i 7 

0*9368418 

0*9246378 

0*9128976 

0*9015920 

0*8906945 

0*8801807 

0*8700283 

0*8602168 

0*8507273 

0*8415424 

°‘® 326 4 55 

0*8240231 

0*8156598 

°-8o7543 4 

0*7996618 

0*7920038 

0 -7845590 

0-7773177 

0*7702706 


51 0 2' 0*32 
49 ° *< 37;05 
47 3 i 4 ' 8 g 

45 ° 50' 44-63 
44 ° 13 6*41 

4 2 37 , 46 ? 9 i 
41 “ 4 27 ? 57 
39 32 53 ' 3 2 

38° 2' 51*54 
36° 34 ' 12*42 
35 ^47-25 

33° 40 28*14 
32 0 15" 8*97 

30 ° 50; 44 ?2 7 

2 S 2 K 9 ; 2 5 

28 0 4' 19*71 
26° 42' 11*96 
25° 20' 42*72 

23 ° 59 ; 49*07 
22° 39' 28*42 
21° 19' 38*41 
20 ° O' 16*94 
18° 41' 22*10 

17° 22' 52*16 

< 45:55 

14 ° 47 0*02 

13° 29' 36^67 

12° 12' 31*88 

55 ; 45-35 

4 ° 35 ' 53 ? 4 i 
3° 20 37*48 
2° 5 34-06 
o° 50' 42*55 
°° 23' 57 * 6 i 

i° 38' 26*96 

2 ° 5< 45*99 
4 6' 55*16 

5° 20' 54*92 
6° 34 / 45*67 


H 0 (*y 


0*0000000 

+ 0*0127318 
+ 0*0254603 
+ 0*0381819 
+ 0*0508934 
+ 00635913 


+ 0*3781032 
+ 0*3891950 
+ 0*4001841 
+ 0*4110675 
+ 0*4218424 

+ 0*4325061 
+ 0*4430558 
+ 0*4534888 
+ 0*4638026 
+ 0*4739944 

+ 0*4840616 
+ 0*4940018 
+ 0*5038124 
+ 0*5134909 
+ 0*5230350 

+ 0*5324422 
+ 0*5417103 
+ 0*5508368 
+ 0*5598197 
+ 0*5086560 



+ 0*0889328 
+ 0*1015697 
+ 0*1141796 
+ 0*1267590 


+ o* 1393046 
+ 0*1518131 
+ 0*1642813 
+ 0*1767056 
+ 0*1890829 

+ 0*2014099 
+ 0*2130834 
+ 0*2258999 
+ 0*2380565 
+ 0*2501497 

+ 0*2621765 
+ 0*2741336 
+ 0*2800180 
+ 0*2978265 
+ 0*3095559 

+ 0*3212033 
+ 0*3327655 
+ 0*3442396 
+ 0*3556226 
+ 0*3669114 
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ih'I’wi 


hTm 


0-0000000 

+ 0-0099995 
+ 0-0199960 
+ 0-0299865 
+ 0-0399680 
+ 0*0499375 

+ 0-0598921 
+ 0-0698286 


L-Z-jtI-YZTkI 


+ 0-0896360 
-I- 0-0995008 

+ 0 -I 09335 8 
+ 0-1191381 
+ 0-1289046 
+ 0-1386325 
+ 0-1483188 

+ 0-1579607 
+ 0*1675553 




0-38 + 0-1865911 

0-40 + 0-1960266 

0-42 + 0-2054034 

0-44 + 0-2147188 

0-46 + 0-2239699 

0-48 + 0-2331540 

0-50 + 0-2422685 

0-52 + 0-2513105 

0-54 + 0-2602774 

0-56 + 0-2691665 

0-58 + 0-2779752 

o-6o + 0-2867010 

0-62 + 0-2953412 

0-64 + 0-3038932 

0-66 + 0-3x23547 

o-68 + 0-3207230 I 

0-70 + 0-3*89957 

0-72 + 0-337170 

0-74 + 0-345244 

0-76 + 0-3532164 

0-78 + 0-3610829 

o-8o + 0-3688420 


- 31-8598128 31-8598144 

- 15-9643089 15-9643214 

- 10*6757892 10-6758314 

- 8-0376696 8-0377690 

- 6-4589511 6-4591441 

- 5*4 0 94402 * 5-4097717 

- 4-6619853 4-6625082 


5-4094402 

4-6619853 

4-1030547 

3-6696037 

3-323825*6 


4-6625682 

4-1038295 

3-6706983 

3-3253140 


3-0416730 3*0436375 

2-807x277 2-8096547 

2-60QXO<i;Q 2-6122883 


+ 0-3040292 
+ 0-3914529 
+ 0-3987603 
+ 0-4059495 

+ 0-4130184 

+ 0-4199649 

+ 0-4267871 

+ 0-4334829 
+ 0-4400506 


- 2-609x059 

- 2-4396971 

- 2-2931051 

- 2-1649866 

- 2 0520233 

- I- 95 1 6372 

- 1-8617949 

- 1-7808720 

- i *7075549 

- 1-6407704 

- 1*5796331 

- i-5 2 34063 

- 1-4714724 

- 1-4233094 

: ivm 

- 1*2973191 

- 1-2603913 

- 1*2255572 

- 1-1926026 

- 1-16x3400 

- 1-1316043 

- 1-1032499 

- 1-0761476 

- 1-0501828 

- 1-0252532 

- 1-0012677 

- 0-9781442 

- 0-9558093 

- 0-9341970 

- 0-9132475 

- 0-8929069 

- 0-8731266 

- 0*8*538622 

- 0-8350735 

- 0-8167241 

- 0-7987806 

- 0-7812128 


2-6122883 

2-4436328 

2-2978968 

2 *i 7074 x 5 

2-0588527 

1*9596561 

1-8711218 

1-79x6282 

1-7198647 

1-6547603 

1*5954320 

1-5411449 

1-4912830 

1 *4453258 

x -4028308 
i*3634I93 
1-3267657 
1-2925880 

1-2606415 

1-2307120 

1-2020122 

1-1761767 

I-I5I2595 

I-I 2773 I 2 

1-1054763 

1-0843920 

1-0643861 

I* 045375 8 

1-0272864 

I-0I005O7 

0-9936077 

0-9779022 

0-9628837 I 

0-9485066 

O.934729O 

0-92I5I26 

0*9088223 

0-8966259 


0-0000000 

89° 58' 55*26 + 0-0000849 
89° 55 ' 4 x *64 + 0-0003395 
89° 50' 20*64 + 0-0007638 
89° 42' 54*34 + 0-00x3575 0-08 
89° 33' 25*29 + 0-002x207 o-io 

89° 21' 56*38 + 0-0030528 0-12 
8g° 8' 30*73 + 0-0041539 
88° 53' xi "68 + 0-0054232 
88° 30' 2*65 + 0-0068607 o-x8 
88° 17' 7*17 + 0-0084657 0*20 

87° 56' 28*81 + 0-0102377 °* 22 
87° 34' xx*1 1 +0-0121762 

87° io' 17*63 + 0-0x42806 

86° 44' 51*87 + 0-0165502 0-28 
86° 17' 57*28 + 0-0189843 0-30 

85° 49' 37*22 + 0-0215820 0-32 
85° 19' 55*00 + 0-0243427 0-34 
84° 48' 53*80 +0-0272652 0-36 
84° 16' 36*72 + 0-0303489 0-38 

83° 43' 6*78 + 0-0335925 0-40 


83° 8' 26*86 
82° 32' 39*76 
8i° 55' 48*18 
8i° 17' 54*69 
8o° 39' 1*79 

79 0 59' 11*85 
79 0 18' 27*16 
78° 36' 49*90 
77° 54; 22*18 
77 0 n' 5*99 

76° 27' 3*26 
75 ° 42 ; 15*81 
74 ° 56 , 45 ; 4 i 
74 0 10' 33*75 
73 ° 23' 42^8 

72 0 36' 12*87 
71 0 48' 6*68 
7 o° 59' 25*22 
70° 10' .9*80 
69 0 20' 21*73 

■ 68° 30' 2*20 

. 67 0 39' 12 *39 


+ 0-0369952 0-42 
+ 0-0405559 I 0-44 
0-46 

+ 0-0481403 0-48 

+ 0-0521737 °* 5 ° 

+ 0-0563542 0-52 
+ 0-0600865 0-54 
+ 0-0651691 0-56 
+ 0-0698006 0-58 

+ 0-0745797 °* 6 ° 


65° 

3 ' 

52*21 

64° 

11' 

h t 97 

63° 

18' 

6*57 

62° 


36*89 

6i° 

3 °' 

43*79 

6o° 

36 ' 

28*10 


+ 0-I426299 

+ 0-149371° 
+ 0-1560343 
+ 0-1628175 

1+ 0-1697186 
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X 

Jo ( x ) 


|H?WI 

arg fl'JW 

Ho(*) 

X I 

1*02 

1*04 

x-o6 

x-o8 

1*10 

+ 07563321 
+ 07473390 
+ 07382212 
+ 07289813 
+ 07196220 

+ 0-1037085 
+ 0-1x88188 
+ 0-1335943 
+ 0-1480406 
+ 0-1621032 

0-7634092 

0-7567255 

0-7502I20 

0 - 74386 I 4 

O737667I 

7 ° 48' 27*80 
9 ° 2' 1'68 
io° 15' 27*64 
n° 28' 46*01 
12 0 41'57*10 

+ °'5773455 
+ 0-5858842 
+ 0-5942706 
+ 0-6025028 
+ 0-6105787 

mV 

^BX IiHr 

n *9 

m zs 

r. §JH 

+ 07101461 
+ 07004564 
+ 0-6908557 
+ 0-6810469 
+ 0-6711327 

+ 0-1759670 
+ 0-1894567 
+ 0-2026367 
+ 0-2155111 
+ 0-2200835 

0-73I6228 

07257225 

0-7X99606 

°' 7 r 433 I 7 

0-7088309 

13 * 55 ' 1*20 
15 ° 7' 58*58 

16° 20' 49*49 

Hi 33 ; 34^0 
18 0 46' 12*92 

+ 0-6184965 
+ 0*6262544 
+ 0-6338504 
+ 0-6412828 
+ 0-6485500 

1*12 

r-x 4 

1*10 

x-i8 

1-20 

1*22 

1-24 

1*26 

1-28 

1-30 

+ o-66fii6 3 
+ 0-6510004 
+ 0-6407880 
+ 0-6304822 
+ 0-6200860 

+ 0-2403577 
+ 0-2523369 
+ 9-2040243 
+ 0-2754228 
+ 0-2865354 

° 7°34533 

0-698x944 

0-6910499 

0-6880157 

0-6830879 

I 9 ° 58' 45-88 
21° II' 13*30 

24 0 48' 4*22 

+ 0-6556502 
+ 0-66258x9 
+ 0-6693434 
+ 0-6759334 
+ 0-6823503 

X -22 

1*24 

1-26 

1*28 

1-30 

1-32 

lit 

i- 3 8 

1-40 

+ 0-6096023 

+ °" 599°343 
+ 0-5883850 

+ 0-2973645 
+ 0-3079127 
+ 0-318x824 
+ 0-3281758 
+ 0-3378951 

0-6782630 

°-6735372 

0-6689073 

0-6643701 

0-6599226 

26° o' xi* 3 6 

2 7 ° 12' 13*86 
28° 24' 11*88 
2 9°36' 5*57 
30 ° 47 55 ? o8 

+ 0-6885928 
+ 0-6946595 
+ 0-7005492 
+ 0-7062606 
+ 0-7x17925 

1*32 

Ht 

138 

I- 4 0 

f 4 2 

1*44 

1-46 

1-48 

1-50 

+ 0-5559807 
+ 0-5450376 
+ 0-5340289 
+ 0-5220579 
+ 0-5118277 

+ 0 -3473424 

+ 0-3565195 

+ 0-3654285 
+ 0-3740710 
+ 0-3824489 

°- 65556 x 8 

0-6512850 

0-6470895 

0-6429728 

0-6389325 

31° 59; 40*54 
33 11 22*08 
34 “ 22' 59-82 
35 * 34 ; 33 ; 9 o 
36 46' 4 t 43 

+ 0-7171439 
+ 0-7223136 
+ 0-7273008 
+ 0-7321043 
+ 0-7367235 

I - 4 2 

I44 

I/46 

1-48 

I -50 

1-52 

It 

+ 0-5006415 
+ 0-4894026 
+ 0-4781143 

4 - 0-4667797 
+ 0-4554022 

+ 0-3905639 
+ 0-3984176 
+ 0-4060x16 
•+ 0 - 4 i 33476 
+ 0-4204269 

0-6349662 

0-63x0717 

0-6272469 

0-6234898 

0-6197983 

37 ° 57 ' 3 ** 5 ° 
39 ° r 55;24 
4 ° 20 15*74 

+ 0-7411573 

+ 0-7454051 
+ 0-7494662 
+ 07533398 
+ 0-7570255 

I 52 

Ht 

I-58 

1-60 

1-62 

1-64 

1*66 

r-68 

1*70 

+ 0-4439850 

+ o- 43253 I 3 
+ 0-4210446 
+ 0-4095280 
+ 0-3979849 

+ 0-4272512 
+ 0-4338219 
+ 0-4401404 
+ 0-4462083 
+ 0-4520270 

0-6161706 

0-6126049 

0-6090994 

0-6056520 

0-6022627 

is? 

46° 16' 12*95 
$ % 

+ 0-7605226 
+ 0-7638306 
+ 0-7669403 . 
+ 07698781 
+ 0-7726168 

1-62 

I-6 4 

1-66 

x-68 

1*70 

1-72 

m 

1-78 

x-8o 

+ 0-3864185 
+ 0 ' 374832 l 
+ 0-3632292 
+ 0-3516128 
+ 0-3399864 

+ 0*4575979 
+ 0-4629223 
+ 0-4680019 
+ 0-4728378 
+ 0 - 47743 I 7 

0-5989282 

Q, 5956 4 77 

0-5924198 

0-5892429 

0-5861159 

49 ° 49 ' 14**0 
51 0 o' 9*41 
52 ° 11' 2*31 
53 ° 21; 52*85 
54 3 2/ 41*11 

+ 0-7751652 
+ 0-7775230 
+ 0-7796902 
+ 0-78x6666 
+ 0-7834523 

1-72 

m 

x-78 

x*8o 

1-82 

1*84 

x*8o 

i-88 

r-go 

+ 0-3283532 
+ 0-3x67166 
+ 0-305079 7 
+ 0-2034460 
+ 0-28x8186 

+ 0-48x7849 
+ 0-4858989 
+ 0-4897751 
+ 0-4934149 

+ 0-4968200 

0, 5830 3 74 

0-5800061 

0-57702x0 

0-5740809 

0-5711845 

55 * 43 ' 27*14 
56 54 11*00 
58 ° 4 - 52*75 
59 * 15' 32*45 
6o° 26' xo*i 4 

+ 0-7850474 
+ 0-7864518 
+ 0-7876058 
+ 0-7886897 
+ 0-7895236 

1-82 

1*84 

1-86 

x-88 

1*90 

1-92 

1-94 

1*96 

1- 98 

2 - 00 

+ 0*2702008 
+ 0-2585959 
+ 0-2470071 
+ 0 -2354376 
+ 0-2238908 

+ 0-49999x7 
+ 0-5029315 
+ 0-5056411 
+ 0-5081220 
+ 0-5x03757 

°\ 56833 io 

°' 5655 i §2 

0-5627481 

0-5600168 

°’ 5573 2 43 

61° 36; 45-88 
62° 47 ' 19-73 
63 57 ' 51-71 
65° 8'21*89 
66° x8' 50*32 

+ 0-7901680 
+ 07906233 
+ 07908898 
+ 0790968 X 
+ 0-7908588 

1-92 

1-94 

1-96 

1- 98 

2 - 00 
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H,W 



2 + 0*4464882 

4 + °‘ 45 2 7939 

6 + 0*4589660 

8 + 0*4050027 

+ 0*4709024 


+ 0*4822840 
+ 0*4877629 
+ 0*4930984 
+ 0*4982891 


+ 0*5033336 
+ 0*5082305 
+ 0*5129786 
1*28 I + 0*5175766 
1*30 I + 0*5220232 



0*7639930 0*8848938 

0*7470959 0*8735987 
0*7304984 0*8627154 

0*7141794 0*8522205 
0*6901190 0*8420926 

0*6823011 0*8323117 

■ 0*6667078 0*8228591 

■ 0*6513248 0*8137178 

- 0*6361385 0*8048715 

- 0*62x1364 0*7963055 

- 0*6063070 0*7880056 

- 0*5916398 0*7799589 

- 0*5771253 0*7721533 

- 0*5627546 0*7645772 

- 0*5485197 0*7572200 


+ 0*5304500 | - 


XKlEEkg] 


+ 0*5302741 
+ 0*5419477 


+ 0*5400215 
4 - 0*5520200 
+ o- 555 ° 5 86 

+ 0*5579365 

+ 0*5606532 
+ 0*5632079 


°‘ 5344 I 33 

0*5204287 


+ 0*5005107 
+ .0*5810962 
+ 0*5815170 


+ 0*5818649 
+ 0*5817926 
+ 0*58x5566 
+ 0*5811571 


+ 0*5708695 

+ 0*5789825 

+ 0*5779341 

+ 0*5767248 


0*7500717 

0*7431229 


0*7233873 

0*7171528 

0*7110785 

0*7051576 

0*6993840 

0*6937519 


59 0 41' 50*60 + 0*2059142 1*02 

58° 46' 52*03 + 0*2134753 **°4 

57 ° 33*12 +0*2211382 I*o6 

=6° 55' 54*55 + 0*2289005 I*o8 

55° 59 ' 56*99 + 0*2367597 


55 “ 3 
54 ° 7 
53 ° 

52° 13 
51 15 


3'4*l°7 


13' 9*10 
15 ' 45*57 


50° 18' 6*48 
49 0 20' 12*35 
48° 22' 3*58 
47 ° 23; 40-70 
46° 25' 4*12 

45° 26' 14*26 
44 ° 27 1**54 
43 27 56*34 

■ 42 0 28 29*03 

■ 41 0 28' 49*98 


+ 0*^447133 1*12 
„+ 0*2527589 1*14 
+ 0*2608939 1*16 
+ 0*2691157 1-18 

+ 0*2774218 1*20 

+ 0*2858095 1*22 

+ 0*2942761 1*24 

+ 0*3028191 1-26 

+ 0 * 31 X 4357 I>28 

+ 0*320I23I 1*30 

+ 0*3288788 1*32 

+ 0*3376999 i '34 

+ 0*3465837 1*36 

+ 0*3555273 1*38 

+ 0*3645280 


1*42 

+ 0*3826894 1*44 

38° 28' 45*78 I + 0*3918443 1’40 

--O „Q/ I 0*4010450 1*48 

+ 0-4I02885 1*50 


0*6485948 

0*644II3I 

0*6397250 

0*6354274 

0*63I2I7I 

0*6>709I4 

0*6230473 

0*6l90823 

0*6l5I939 

0*6lI3796 

0-607637I 

0*6039642 


0*I527766 I 0*6003588 
0*I4I2236 | 0*5968l89 
0*I297478 
0-1183504 

0*I070324 


I + 0*4x95719 I- 5 2 

+ 0*4288924 x*54 

33° 2 5' I 3;93 + °' 43 82 47 i 1-56 

32 0 24 3*39 + 0'447633 0 r ’ 5 8 

31 0 22' 44*05 + 0*4570472 

30° 21' 16*17 + 0*4664869 

r_o —> + 0*4759490 

+ 0*4854306 
+ o* 4949 288 
+ 0*5044467 


+ 0*5139633 i*7 2 
+ 0*5234937 1 ‘74 

+ 0*5330289 1*76 

+ 0*5425661 1*78 

+ 0-5521021 i*8o 

+ 0*5616342 1*82 

IZIlimt & 

+ 0*5901775 i* 88 

+ 0*5996645 1*90 


2' 16*43 

18 0 56' 46*45 
17° 53 ', 5 2 *°4 

rAO ?r\ r BTTC *7 


14° 44 33 *°i 
13° 4 X z 5 * 22 
12 s 37' 51 '93 
ii° 34' 23*27 
xo° 30' 49*38 


+ 0*6091329 I’92 
+ 0*6185800 1*94 

+ 0*6280027 1*96 

+ 0*6373982 1*98 


+ 0*6280027 


7 +0*6373982 

8 + 0*6467637 





































TABLES OF BESSEL 1TJNOTIONS 
Table I. Functions of order zero 


1 „ 

/.(*) 

y.w 

ia?(*)l 

axg tffa) 

H.M 


2 02 
2-04 
2*06 
2-o8 
2*10 

2*12 

2*14 

2*16 

2-l8 

2*20 

2*22 

2*24 

2*26 

2*28 

2 *30 

2*32 

2 ‘34 

2*36 

2* 3 8 

2*40 

2*42 

2-44 

2*46 

2*48 

2*50 

2*52 

2*54 

2*56 

2*58 

2*60 

■2*62 

2*64 

2*66 

2*68 

2*70 

2*72 

274 

2*76 

2*78 

2*00 

2*82 

2*84 

2-86 

2*88 

2*90 

2*92 

2*94 

2*96 

2*98 

3-oo 

+ 0*2123697 
+ 0*2008770 
+ 0*1894177 
+ 0, i77993i 
+ 0*1606070 

+ 0*1552625 
+ 0*1439626 
+ 0*1327106 
+ 0*1215095 
+ 0*1103623 

+ 0*0092720 
+ 0*0882416 
+ 0*0772742 
+ 0*0063726 
+ 0-0555398 

+ 0*0447786 
+ 0*0340921 
+ 0*0234828 
+ 0*0129538 
+ 0*0025077 

- 0*0078527 

- 0*0181247 

- 0*02830 <}7 

- 0*0383029 

- 0-0483838 

- 0*0582758 

- 0*0680064 

- 0*0777531 

- 0*0872334 

- 0*0968050 

- OT06X654 

~ 0-1154123 

- 0*1245434 

- 0-1335505 

- OT424494 

-0*1512X98 

- 0*1598658 

- 0*1683852 

- 0*1767759 

- 0*1850360 

- 0*1931636 

- 0*2011568 

- 07090137 

- 0*2167325 

- 0*2243115 

- 0*2317491 

- 0*2390434 

- 0*2461931 

- 0*2531964 

- 0*2600520 

+ 0*5124038 
+ 0*5x42080 
+ 0*5x57900 

+ 0*5171513 
+ 0*5182937 

+ 0*5x92190 
+ 0*5199289 
+ 0*5204252 
+ 0*5207097 
+ 0*5207843 

+ 0*5206508 
+ 0*5203112 
+ 0*5x97675 
+ 0*5190215 
+ 0*5180754 

+ 0*5169311 
+ 0-5155908 
+ 0*5x40565 
+ 0*5x23304 
+ 0*5x04147 

+ 0*50831x6 
+ 0*5060233 
+ 0-5035522 
+ 0*5009004 
+ 0-4980704 

+ 0-4950645 
+ 0*49x8851 

t °‘4| 8 5347 
+ 0-4850157 
+ 0-4813306 

+ 0*4774820 

+ Q, 4734724 
+ 0*4693043 
+ 0*4649805 
+ 0*4605035 

+ 0*4558761 
+ 0*451x009 
+ 0*4461806 
+ 0*4411x81 
+ o-4359i6o 

+ °"4305772 
+ 0*425x045 
+ 0*4195008 
+ 0*4137689 
+ 0*4079x18 

+ 0*4019323 
+ 0*3958334 
+ 0-3896181 
+ 0-3832893 
+ 0*3768500 

0-5546698 

0-5520523 

0'54947I0 

0-5469250 

°"5444 I 37 

0-54I9362 

0-53949I7 

0-5370796 

°-534699i 

0-5323496 

0-5300304 

0-5277408 

0-5254803 

0*5232482 

0*5210439 

0*5188670 
0*5167167 
°‘5145926 
0*5124942 
0*5104209 

0-5083723 

0-5063478 

0*5004x49 

0*4984826 

0*4965722 

0-4940834 

0*4928157 

0*4909688 

0*4891422 

°"4873357 

0*4855488. 

0-4837812 

0*4820325 

0*4803025 

0*4785907 

0*4768970 

0*4752209 

°-473562X 

0*4719204 

°'4702955 

0*4686871 

0*4670950 

0-4655187 

0*4639582 

0*4624x31 

0*4608831 

0 -459368l 

0-4578678 

67° 29' 17*02 
68° 39' 42*05 
69 50 5*44 

71 0 o' 27*23 
72° 10' 47*47 

73° 2i' 6*18 
74“ 31; 2 3 * 4 X 
75° 41 39-19 
7§ 51 53*55 
78 2' 6*53 

79° 12' 18*15 
80° 22' 28*45 

sJ° 32 ' 

82 42' 45*20 
8 3° 52' 51*71 

85° 2' 57*01 
86° 13' x*x 2 
87° 23' 4*08 
88° 33' 5*90 
89° 43' 6*62 

9°° 53' 6*25 

92° 3' 4*83 

93° 13' 2*36 
94 22' 58*88 
95° 32' 54-40 

96° 42' 48*94 
97° 52' 42*52 
99° 2' 35*17 
100° 12' 26*90 
IOI° 22' 17*74 

102° 32' 7*69 

io 3° 41' 56*77 
io 4 5 1 ' 45*oi 
106° 1'32*41 
107° H' 19*00 

108° 21' 4*79 
109° 30' 49*80 
40; 34^4 
in® 5017*53 
113° 0' 0*27 

114° 9' 42*29 

115° 19' 23*59 
116° 20' 4*20 

“7° 3 8/ 44-12 
1x8° |8'23*36 

XI9° 58' 1*94 
I2i° 7'39*86 
122° 17'17*15 

J 23° 26' 53*82 
124° 36' 29*87 

+ 0-7905626 
+ 0-7900800 
+ 07894119 
+ 07885590 
+ 07875222 

+ 0-7863025 
+ 07849006 
+ 07833178 
+ 07815550 
+ 07796135 

+ 07774943 
+ 07751986 
+ 07727279 
+ 07700834 
+ 07672665 

+ 0-7642787 
+ 07611214 
+ 0-7577962 
+ 07543047 
+ 07506485 

+ 07468293 
+ 07428488 
+ 0-738708 8 
+ 07344112 

+ 0-7299577 

+ 0-7253504 
+ 07205912 
+ 07156821 
+ 07106251 
+ 07054223 

+ 07000759 
+ 0-0945880 
+ 0-6889609 
+ 0-6831967 
+ 0-6772977 

+ 0-6712664 
+ 0-6651050 
+ 0-6508160 
+ 0-6524017 
+ 0-6458646 

+ 0-6392073 
+ 0-6324323 
+ 0-6255420 
+ 0-6185392 
+ 0-61-14264 

+ 0-6042062 
+ 0-5968814 

: o-ilvM 

+ 0-5743061 

2-02 

2-04 

2-00 

2-08 

2-10 

2*12 

2-14 

2-16 

2-18 

2-20 

2-22 

2-24 

2-20 

2-28 

2-30 

2*32 

2-34 

2-36 

2-38 

2-40 

2-42 

2-44 

2-46 

2-48 

2-50 

2-52 

2 '54 

2-56 

2-58 

2*60 

2-62 

2-64 

2-66 

2-68 

2-70 

2-72 

2-74 

2-76 

2*78 

2-80 

2-82 

2-84 

2-86 

2-88 

2-90 

2-92 

2-94 

2-96 

2- 98 

3- 00 
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Table I. Functions of order uni V 




arg h’J’W 


2-02 + o-5753554 

2-oa + 0-5738267 
2*00 + 0 - 572 I 393 

2-08 + 0*5702942 

2-10 + 0-5682921 

2*12 + 0-5661342 

2'14 + 0-5638212 

2-16 + 0-5613543 

2-18 + 0-5587345 

2-20 + 0-5559630 

2-22 + 0-5530410 

2-24 + 0-5499696 

2-26 + 0-5467502 

2-28 + 0-543384! 

2-30 + O-5398725 

+ 0-5362170 
+ 0-5324190 
+ 0-5284801 
+ 0-5244016 
+ 0-5201853 

+ O-5I58327 
+ 0-5113456 
+ 0-^067256 
+ 0-5019745 
+ 0-4970941 

+ 0-4920863 
+ O-4869528. 
+ 0-4816957 
+ 0-4763168 
+ 0-4708183 

+ 0-4652020 I 
+ 0-4594700 
+ 0-4536245 

+ O-4476676 
+ 0-4416014 

+ 0-4354281 
+ 0-429x500 
+ 0-4227693 
+ O-4162882 
+ O-4097092 

+ 0-4030346 
+ 0-3962667 
+ 0-3894079 
+ 0-3824607 
+ 0-3754275 



- 0-0625801 

- 0-0516786 

- 0-0408645 

- 0-0301393 

- 0-0195645 

- 0-0089616 
+ 0-0014878 

+ 0-0118422 

+ 0-0220999 

+ 0-0322594 
+ 0-0423191 
+ 0-0522773 

+ 0-0621324 
+ 0-0718828 
+ 0-0815267 
+ 0-0910627 
+ 0-1004889 

+ 0-1098039 

+ 0 -II 90059 

+ O-I280934 
+ 0-1370647 
+ O-I459181 

+ 0-1546522 
+ 0-1632654 
+ 0-1717560 
+ 0 -X 80 I 226 
+ 0-1883635 

+ 0-1964774 
+ 0-2044627 
+ 0 - 2 I 23 I 79 

+ 0-2200416 
+ 0-2276324 

+ 0-2350890 
+ 0-2424099 
+ 0-2495937 
+ 0-2566393 
+ 0-2635454 

+ 0-2703106 
+ 0-2769339 
+ 0-2834140 
+ 0-2897497 
+ 0-2959401 


0*5832757 

0-5800353 

0-5768497 

0-5737174 

0-570637° 

0-5676071 

0-5646262 

0-5616930 

0-5588064 

0-5559650 

0-5531678 

0 - 5504 I 35 

0-5477011 

0-5450295 

0-5423977 

0-5398047 

0-5372490 

o-53473i5 

0-5322494 

0-5298025 

0-5273901 

0-5250111 

0-5226650 

0-5203509 

0-5180682 

0-5158160 

o- 5 I 35938 

0-5114009 

0-5092366 

0-5071003 

0-5049913 

0-5029092 

0-5008534 

0-4988252 

0-4968182 

0-4948578 

0-4928816 

0-4909490 

0-4890395 

0-4871528 

0-4852883 


9° 27' 10*37 
8° 23' 26*38 
7 ° 19 ' 37 * 5 * 

■ «! 15 ; 43*88 

■ 5 11 45*59 

- 4 “ 7 ; 42;76 
‘ 3 " 3 35-49 
• 1 59 23*88 

■ o° 55' 8*03 
o° 9' xi*98 

i° 13 ' 36*04 
2 0 18' 4*07 
3° 22' 35*97 
4 0 27' 11*68 
5 0 31' 51*10 

6° 36' 34 * 16 
7° 41' 20*77 
8° 46' 10*86 

9 “ 5 i; 4*37 
io° 56' 1*21 


2-92 + 0-3683108 + 0-3010839 

2-94 +0-3611130 +0-3078802 

2-96 +0-3538368 +0-3x36281 

2- 98 + 0-3464846 + 0-3192264 

3- 00 + 0-3390590 + 0-3246744 



+ 0-6560964 2-02 

+ 0-6653933 2-04 
+ 0-6746517 2-06 

+ 0-6038688 2-08 

+ 0-6930418 2*XO 

+ 0-7021680 2-12 

+ 07II2445 2-14 

+ 0-7202688 2-16 

+ 07202381 2-18 

+ 07381496 2-20 

+ 0-7470008 2-22 

+ O755789O 2-2A 

+ O7645XI7 2-26 

+ O773X66I 2-28 

+ 07817498 2-30 


+ 0-7902603 2*32 

+ 07986950 2-34 

+ 0-8070514 2-36 

+ 0-8153272 2-38 

+ 0-8235X98 2-40 


12° I / 1*31 
13 0 6' 4*62 
I4 0 Xl' 11*06 
15° 16' 20*57 
16 0 21' 33*10 

17 ! 26 ' 48*57 
18 0 32' 6*93 

19° 37; 28*12 

20° 42' 52*08 
21° 4 8' 18*76 

22° 53' 48*11 
23° 59' 20*07 
25° 4 54 - 6 o 
26° io' 31*65 
27 0 16' 11*16 

28° 21' 53*09 
29° 27' 37*39 
3°° 33 24*03 
3X 0 39' 12*95 
3 2°45' 4*11 

33° 5°; 57*48 
34° 56 53*oi 
36 2 50*66 

37° 8; 50*39 
38° 14' 52*17 

39° 20' 55*96 
40° 27' 1*72 
41° 33' 9*42 
42 0 39' 19*02 
43° 45' 30*50 


31 + 0-8316270 2-42 

62 I + 0-8396463 2-44 

+ 0-8475755 2-46 

+ 0-8554122 2-48 

+ 0-8631542 2-50 


+ 0-8707993 2-52 

+ 0-8783453 2-54 

+ 0-8857900 2-56 

+ 0-89313x4 2-58 

+ 0-9003674 2-60 

+ 0-9074958 2-62 

+ 0-9145148 2-64 

+ 0-9214224 2-60 

+ 0-9282167 2-68 

+ 0-9348957 2-70 

+ 0-9414577 2-72 

+ 0-9479008 2-74 

+ 0-9542233 2-76 

+ 0-9604235 2-78 

+ 0-9664998 2-80 

+ 0-9724504 2-82 

+ 0-9782739 2-84 

+ 0-9839687 2-86 

+ 0-9895333 2-88 

+ 0-9949663 2-90 

+1-0002663 2-92 

+ 1-00543x8 2-94 

+1-0104617 2-96 

+ I-OI 53547 2-98 

+ 1-0201096 3-00 
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Table I. Functions of order zero 


X 

/•(*) 

y.w 

ia?wi 

axg<'w 

H 0 (*) 

X 

3*02 

3-04 

3*oo 

3-o8 

3-io 

- 0*2667583 

- 0*2733140 

- 0*2797178 

- 0*2859683 

- 0*2920643 

+ 0*3703033 
+ 0*3636522 
+ 0*3568997 
+ 0*3500489 
+ 0*3431029. 

0*4563820 

0*4549104 

0-4534528 

0*4520090 

0-4505787 

I25 0 46' 5^31 
126° 55' 40*16 
128° 5' 14*42 
129 0 14' 48*11 
130° 24' 21*23 

+ 0*5665900 
+ 0*5587829 
+ 0*5508877 
+ 0*5429073 
+ 0*5348444 

3*02 
3-°4 
3*06 
3-08 
3*10 

• 3*12 
3*14 
3 *io 
3 *i8 
3*20 

- 0*2980048 

- 0*3037884 

- 0*3094142 

- o*3i488ir 

- 0*3201882 

+ 0*3360648 
+ 0*3289376 
+ 0*3217245 
+0*3144287 
+ 0*3070533 

0*4491618 

0*4477581 

0*4463673 

0*4449893 

0*4436239 

I 3 i° 33 ' 53 ? 8o 
132 0 43' 25*82 

136° ii' 58*71 

+ 0*5267021 
+ 0*5184831 
+ 0*5101905 
+ 0*5018270 
+ 0*4933957 

3-12 

3-14 

3*16 

3-i8 

3.20 

3-22 

3*24 

3*26 

3*28 

3 * 3 ° 

- 0*3253345 

- 0*3303193 

- 0*3351416 

- 0*3398009 

- 0*3442963 

■+ 0*2996013 
+ 0*2920760 
+ 0*2844006 
+ 0*2768182 
■+0*2690920 

0*4422708 

0*4409300 

0*4396011 

0*4382841 

0*4369787 

137° 2I / 28*65 
138° 30' 58*08 
139 0 40' 27*02 
I 4 °° 49 ; 55-47 
141 59 23*45 

+ 0*4848996 

+ 0*4703415 

+ 0*467724 5 
+ 0*4590516 
+ 0*4503257 

3.22 

3-24 

3'2o 

3*28 

3-30 

3*32 

3*34 

3 * 3 “ 

3*38 

3 * 4 ° 

- 0*3486272 

- 0*3527931 

- 0*3567934 

- 0*3606277 

- 0*3642956 

+ 0*2613052 

4 - 0*2534609 
+ 0*2455624 
+ 0*2376128 
+ 0*2296153 

o -4356849 

0*4344023 

0*4331310 

0*4318706 

0*4306210 

J 43° 8'50*95 
144 0 18' 18*00 

* 45 ° 27 ', 44*59 
146° 37' 10*74 
* 47 ° 46 ' 36*44 

+ 0*4415499 
+ 0*4327272 
+ 0*4238607 
+ 0*4149532 
+ 0*4060080 

3 - 3.2 

3-34 

3-30 

3'38 

3-40 

3*42 

3*44 

3 * 4 & 

3*48 

3*50 

- 0*3677967 

- 0*3711306 

- 0*3742972 

- 0*3772963 

- 0*3801277 

+ 0*2215732 
+ 0*2134896 
+ 0*2053678 
+ 0*1972108 

4 - 0*1890219 

0*4293822 

0*4281539 

0*4269360 

0*4257283 

0*4245308 

148° 56' 1*71 
150° 5 ' 26*56 
151° 14' 50*98 
152 0 24' 15*00 
* 53 ° 33 / 3«*6i 

+ 0*3970279 
+ 0*3880161 

+ 0*3789757 

+ 0*3699095 
+ 0*3608208 

3-42 
3-44 
3 40 
3-48 
3-50 

3*52 

33 

It 

- 0*3827914 

- 0*3852873 

- 0*3876155 

- 0*3897760 

- 0*3917690 

4 - 0*1808043 

4 - 0*1725612 

4 - 0*1642956 

4 - 0*1560109 
+ 0*1477100 

0 *4233432 

0*4221655 

zism 

0*4186898 

154 “ 43 ' 1*82 
155 ° 52 24*63 
* 57 ° 1 47*05 
158° ii' 9*10 
I59 0 20' 30*77 

+ 0*3517124 
+ 0*3425876 
+ 0*3334492 
+ 0*3243003 
+ 0*3151440 

352 

3-54 

3-56 

3 - 5 8 

3*60 

3-62 

33 

3*68 

3 * 7 ° 

- 0*3935947 

- 0*3952533 

- 0*3967452 

- 0*3980707 

- 0*3992302 

+ 0*1393962 
4 - 0*1310727 
4 - 0*1227424 
+ 0*1144086 
+ 0*1060743 

0-4175501 

0*4164195 

0*4152980 

0*4141855 

0*4130817 

160 0 29' 52*06 
161° 39' 12*99 
162° 48' 33*56 
163“ 57 ; 53*78 
165° 7' 13*65 

+ 0*3059833 
+ 0*2968211 
+ 0*2876605 
+ 0*2785044 
+ 0*2693559 

3*62 

§3 

3-68 

3 * 7 ° 

3*72 

33 

3 ‘ 7 8 

3*8o 

- 0*4002242 

- 0*4010532 

- 0*4017178 

- 0*4022187 

- 0*4025564 

+ 0*0977426 
4- 0*0894167 
4 - 0*0810994 
‘ 4 - 0*0727939 
4 - 0*0645032 

6*4119867 

0*4109003 

0*4098223 

0*4087528 

0*4076915 

166 0 16' 33*17 
167° 25' 52*36 
168° 35' H* 2 I 
169“ 44 ; 29*74 
* 7 ° 53 47*93 

+ 0*2602179 
+ 0*2510933 
+ 0*2419852 
+ 0*2328964 
+ 0*2238298 

3.72 

lit 

3-78 

3 -»o 

3*82 

33 

3*88 

3*90 

- 0*4027318 

- 0*4027.,56 

- 0*4025986 

- 0*402290:8 

- 0*4018260 

4 - 0*0562303 
4 - 0*0479782 
+ 0*0397408 
4 - 0*0315481 
4 - 0*0233759 

0*4066383 

0-4055933' 

0*4045561 

0*4035269 

0*4025054 

172 1 3 ' 5 * 8 i 
173° 12 23*37 
174 2l' 40*63 

x 75 l 30; 57;57 
176° 40' 14*22 

+ 0*2147883 
+ 0*2057749 
+ 0*1967923 
+ 0*1878435 
+ 0*1789312. 

3-82 

31 * 

3-88 

3*90 

3*92 

3*94 

3 ! 9 o 

3*98 

4*oo 

- 0*4012023 

- 0*4004218 

- 0*3994854 

- 0*3983943 

- 0 - 397 I 498 

4 - 0*0152362 
+ 0*0071319 

- 0*0009343 

- 0*0089594 

- 0*0169407 ■ 

0*4014915 

0*4004853 

0-3994865 

0-3984951 

0-3975110 

I 77 “ 4 §; 30*56 
178° 58' 46*60 
180 0 8' 2*36 
i8i° 17' 17*86 
182° 26' 33*05 

+ 0*1700582 
+ 0*1612273 
+ 0*1524412 
+ 0*1437027 
+ 0*1350146 

3-92 

394 

3-90 

3-98 

4*00 
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Table I. Functions of order urity 


X 

Ji(%) 


Ifl'l'wi 

arg ^(x) 

BJiM 

X 

3-02 

3-04 

3-06 

3'o8 

3-io 

+ Q’3315626 

+ 0-3239979 

+ 0-3163677 
+ 0-3086740 

4- 0-3009211 

+ 0-3299712 

+ 0-3351158 

+ 0-3401076 

+ 0-3449457 
+ 0-3496295 

0-4677763 

0-4661301 

0-4645016 

0-4628904 

0-4612963 

44 ° 5 i; 43 - 8 i 
45 ° 57 58-93 

47° 4 I5 ; 82 

48° 10' 34*45 
49 0 x 6 ' 54*80 

+ 1-0247251 
+ 1-0292003 

+1-0335340 

+ 1:0377252 
+ 1-0417730 

3-02 

3-°4 

3-06 

3-08 

3-10 

3-12 

3-14 

3*i6 

3 ;i8 

3-20 

+ 0-2931100 
+ 0-2852440 
+ 0-2773257 
+ 0-2693579 
+ 0-2613432 

+ 0-3541583 

+ 0-3585314 

+ 0-3627483 

+ 0-3668084 
+ 0-3707113 

0-4597190 

0-4581582 

0-4566135 

0-4550847 

0-4535716 

50° 23' 16*83 
51 0 29' 40*52 

53 ° 42; 32*7^ 
54 0 49' 1*25 

+ 1*0456765 
+ 1-0494347 
+ 1-0530469 
+ 1-0565124 
+ 1-0598303 

3-12 

3-14 

3 ‘i 6 

3-18 

3-20 

3 -22 
3-24 
3-26 
3-28 
3*30 

+ 0-2532845 
+ 0-2451844 
+ 0-2370457 
+ 0-2288711 
+ 0-2206635 

+ o -3744565 
+ 0-3780436 
+ 0-3814723 
+ 0-3847421 
+ 0-3878529 

0-4520738 

0-4505911 

0-4491233 

0-4476701 

0-4462312 

55 ° 55 ' 3 i *29 
57 0 2' 2*86 
58“ 8'35*92 
59 “ 15 10*45 
6o° 21 46*43 

+ 1-0630001 
+ 1-0660211 
+ 1-0688928 
+ 1-0716147 
+ 1-0741863 

3-22 

3-24 

3-26 

3-28 

3*30 

3-32 

3*34 

3 - 3 o 

3-38 

3 ; 4 ° 

+ 0-2124255 
+ 0-2041599 
+ 0-1958696 
+ 0-1875574 
+ 0-1792259 

+ 0-3908045 
+ 0-3935906 
+ 0-3962292 
+ 0-3987021 
+ 0-4010153 

0-4448064 

0-4433955 

0-44x9983 

0-4406145 

o -4392439 

6i° 28' 23*84 
62° 35' 2*65 
63 0 41' 42*85 
64° 48' 24*40 
65° 55 ' 7*28 

+ 1-0766072 
+ 1-0788770 

+ 1-0809955 

+ 1-0829624 
+ 1-0847774 

3-32 

3*34 

3-30 

3-38 

3 - 4 ° 

3-42 

3-44 

3-46 

3-48 

3 - 5 ° 

+ 0-1708779 
+ 0-1625163 
+ 0-1541439 

+ 0-1457634 
+ 0-1373775 

+ 0-4031689 
+ 0-4051628 
+ 0-4069973 
+ 0-4086724 
+ 0-4101884 

0-4378863 

o- 43654 j 5 

0-4352093 

0-4338895 

0-4325819 

67° i* 51*48 
68° 8'36*98 
69° 15 ' 23*75 
70° 22' n *77 
71 0 29' 1*04 

+ 1-0864406 
+ 1-0879516 
+ 1-0893106 
+ 1-0905175 

+ 1-0915723 

3-42 

3-44 

3-48 

3 - 5 ° 

3-52 

3-54 

3'50 
3-58 

3 >60 

+ 0-1289892 
+ 0-1206010 
+ 0-1122159 
+ 0-1038365 
+ 0-0954655 

+ 0-4115455 
+ 0-4127440 

+ 0-4137843 

+ 0-4146667 
+ 0-4153918 

0-4312864 

0-4300020 

0-4287305 

0-4274699 

0-4262206 

72 ° 35 ', 5 i; 5 i 
73 ° 42 43**8 
74 ° 49 36;°4 
75 ° 56 30*05 
77 3 25*21 

+ 1-0924752 
+ 1-0932264 
+ 1-0938260 
+ 1-0942743 
+ 1 * 09457 16 

3-52 

3‘54 

3-56 

3-58 

3-60 

3-62 

& 

3-68 

3.70 

+ 0-0871059 
+ 0-0787602 
+ 0-0704312 
+ 0-0621215 
+ 0-0538340 

+ 0-4159599 

+ 0-4163716 
+ 0-4166275 
+ 0-4167282 
+ 0-4166744 

0-4249824 

o -4237552 

0-4225387 

0-4213329 

0-4201376 

78° IO' 2X*50 
79 ° 17' 18*89 
8o° 24' 17*38 
8i° 31' 16*94 
82° 38' 17*57 

+ 1-0947183 
+ I- 0947 I 47 
+ 1-094561 , 

+ 1-0942589 
+ 1-0938077 

3-62 

iS 

3-68 

3.70 

372 

374 

376 

3 * 7 8 

3*8o 

+ 0-0455712 
+ 0-0373359 
4 - 0-0291307 
■f 0-0209582 

+ 0 - 0 I 282 I 0 

+ 0-4164668 
+ 0-4161062 

+ 0-4155934 

+ 0-4149293 
+ 0-4141147 

0-4189527 

0-4177779 

0-4166131 

0-4154582 

0-4143131 

83° 45' 19*23 
84° 52' 21*94 
85° 59 ' 25*66 
87° 6' 30*37 
88° 13' 36*07 

+ 1-0932084 
+ 1-0924617 
+ 1-0915683 
+ 1-0965289 
+ 1-0893444 

3-72 

3-74 

li 

3-80 

3’82 

i a 
3-88 
390 

+ O-OO47218 

- 0-0033369 

- 0-0113524 

- 0-0193223 

- 0*0272440 

+ 0-4x31506 
+ 0-4x20381 
+ 0-4107780 
+ 0-4093717 
+ 0-4078200 

0-4131776 

0-4120516 

0-4109349 

0-4098274 

0-4087290 

89° 20' 42*75 
90° 27' 50*38 
9 i° 34 ' 58*96 
92 0 42' 8*47 
93 0 49' 18*89 

+ 1-0880156 
+ 1-0865434 
+ 1-0849208 
+ 1-0831727 
+ 1-0812762 

3-82 

l it 

3-88 

3-90 

3 92 

3 94 
3-96 
3-98 
400 

- 0-035115! 

- 0-0429330 

- 0-0506953 

- 0-0583995 

- 0-0660433 

+ 0-4061243 
+ 0-4042858 
+ 0-4023056 
+ 0-4001851 

+ 0-3979257 

0-4076396 

0-406559° 

0-4054871 

0-4044238 

0-4033691 

94° 56' 30*22 
96 ° 3 ; 42*44 
97° 10 o , 55*54 

98° 18' 9*50 
99 0 25' 24*33 

+ 1-0792403 
+ 1-0770662 
+ 1-0747551 
+ 1-0723082 
+ 1-0697267 

3-92 

3-94 

3-96 

3 - 98 

4- 00 


w. B.F. 


43 
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TABLES 03T BESSEL FUNCTIONS 


Table I. Functions of order zero 


n 

Jo( x ) 

Y 0 (*) 

is'I'mi 

arg 77 oV) 

H,(*) 

X 

4*02 

4-04 

4-06 

4*08 

4*10 

~ 0*3957530 

- 0-3942053 

- 0-3925079 

- 0*3906622 

- 0-3886697 

0-0248755 

- 0-0327610 

- 0-0405944 

- 6*0483732 

- 0*0560946 

0*3965340 

o *3955643 

0-3946015 

o *3936457 

0-3926967 

r §3° 35 / 47 r 96 
184° 45' 2*62 

i3 5® 54 ,' l6? " 
187® 3 31*11 
188 0 12' 44*96 

+ 0-1263794 
+ 0-1177998 
+ 0-1092784 
+ 0-1008179 
+ 0-0924208 

4*02 

4.04 

4-06 

4-08 

4-10 

4*12 

4-14 

4-16 

4*18 

4*20 

- 0-3865318 
-0-3842500 

- 0-3818259 

- 0-3792610 

- 0-3765571 

- 0*0637561 

- 0-0713550 

- 0-0788889 

- 0-0863551 

- 0-0937512 

o* 39I7546 

0-3908x91 

0-3898903 

0-3889680 

0-3880522 

189° 21' 58*54 
190° 31' 11*87 
igx° 40' 24*95 
192 0 49' 37*78 
193° 58' 50*36 

+ 0-0840896 
+ 0-0758269 
+ 0-0076351 
+ 0*0595166 
+ 0-05x4740 

4-12 

414 

4-16 

4-18 

4-20 

4*22 

4-24 

4-26 

4-28 

4*30 

- 0-3737157 

- 0-3707386 

- 0-3676276 

- 0-3643845 

- 0-3610111 

- 0-1010748 

- o-io 832'34 

“ o* 1 154947 

- 0-1225863 

- 0-1295959 

0*3871428 

0-3862397 

o*385342S 

0*3844522 

0*3835676 

195 0 8' 2*71 
196° 17' i4*8x 
197° 26' 26*67 
*98° 35' 38*31 
199 44 49*71 

+ 0-0435095 
+ 0-0356255 
+ 0-0278243 
+ 6-0201081 
+ 0-0124793 

4-22 

4-24 

4*26 

4-28 

4*30 

4'3 2 

4-34 

4'3o 

4*38 

4-40 

“ 0-3575093 

- 0-3538810 

- 0-3501281 

- 0-3462527 

- 0-3422568 

- 0-1365213 

- 0-1433602 

- 0-1501104 

- 0-1567699 

- 0-1633365 

0-3826891 

0-38x8166 

0-3809499 

0-3800891 

0*3792341 

200° 54' 0*88 
202° 3' 11*83 
203° X2' 22*56 
204° 2l' 33*08 
205° 3°' 43*37 

+ 0-0049399 

- 0-0025077 

- 0-0098616 

- 0-0171197 

- 0-0242798 

4*32 

4*34 

4*3° 

4*38 

4-40 

4-42 

4-44 

4H$ 

4.48 

4-50 

- 0-3381424 

- 0-3339176 

- 0-3295666 

- 0-3251095 

- 0-3205425 

- 0-1698081 

- 0-1761827 

- 0-1824583 

- 0-1886330 

- 0-1947050 

0*3783848 

■ 0 *37754ii 

0-3767030 

0*3758705 

0*3750434 

206° 39' 53*45 

20 2 49 3*33 

208° 58' 12*99 
210 0 7' 22*45 
2li° 16' 31*70 

- 0-0313400. 

- 0-0382984 
~ 0-0451530 

- 0-05190x9 

- 0-058.5433 

4-42 

4*44 

4*40 

4-48 

4*50 

4*52 

4‘54 

4-56 

4-58 

4-00 

- 0-3x58678 

- 0-31x0877 

- 0-3062045 

- 0-30x2204 

- 0-2961378 

- 0-2006723 

- 0-2065332 

- 0-2x22859 

- 0-2179287 

- 0-2234600 

0-37422x7 

°*3734°53. 

o*3725943 

0*3717885 

0*3709878 

212° 25' 40*76 
2I3 o 34; 49*62 
2I 4° 43 58*28 
215° 53' 6*75 
2x7° 2'15*03 

- 0-0650755 

- 0-0714966 

- 0-0778050 

- 0-0839990 

- 0-0900771 

4*52 

4*54 

4*5§ 

4*58 

4-00 

4-62 

$ 

4-68 

470 

- 0-2909591 

- 0-2856866 

- 0-2803228 

- 0-2748700 

- 0-2693308 

- 0-2288780 

- 0-234x813 

- 0-2393683 

- 0-2444376 

- 0-2493876 

0-3701923 

0-3694018 

0-3680164 

0*3678359 

0-3670603 

2X8° II' 23*12 
219° 20' 31*03 
220° 2Q'38*75 
221° 38' 46*29 
222° 47' 53*65 

- 0-0960376 

- 0-1018790 

- 0-1075998 

- 0-1x31987 

- 0-1186742 

4*62 

\lit 
4*68 
4.70 

472 

474 

476 

478 

4-80 

- 0-2637076 

- 0-2580029 

- 0-2522193 

- 0-2463592 

- 0-2404253 

- 0-2542x72 

- 0-2589248 

- 0*2635093 

- 0-2679693 

- 0-2723038 

0-3662896 

0*3655237 

0-3647625 

0-3640061 

0*3632543 

223=57' 0*83 
225° 6' 7*84 
226° 15' 14*68 
227° 24'21*34 
228° 33' 27*84 

- 0-1240251 

- 0-1292500 

- °* 1343477 

- 0-1393170 

- 0-1441567 

4-72 

4*74 

4-76 

4-78 

4-80 

4-82 

XU 

4-88 

4-90 

- 0-2344201 

- 0-2283462 

- 0-2222062 

- 0-2160027 

- 0-2097383 

- 0-2765116 

- 0-2805915 

- 0-2845427 

- 0-2883640 

- 0-2920546 

0-3625071 

0*3617645 

0-3610265 

0-3602929 

o*3595637 

229° 42; 34*17 
230= 5 I 40*33, 
232= o'46*33 
233® 9'52*17 
234 18' 57*85 

- 0-1488659 

: o-mm 

- 0*162x997 

- 0-2663766 

4-82 

£li 

4-88 

4-90 

4*92 

4-94 

4*90 

4-98 

5*oo 

- 0-2034158 

- 0; 19703 77 

- 0-2906067 

- 0-1841255 

- 0-1775968 

- 0-2956136 

- 0-2990401 

- 0-3023335 

- 0*3054928 

- 0-3085176 

0*3588389 

0*3581185 

0*3574023 

0*3566904 

0*3559828 

235® 28; 3*37 

236=37 8*74 
237° 46' 13*95 
238° \55' 19*01 
240 4'23*93 

- 0-1704182 

- 0-1743238 

- 0-1780925 

- 0-18x7237 

- 0-1852x68 

4-92 

4*94 

4-96 

4- 98 

5- 00 
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Table I. Funotions of order unity 


X 

/iW 

Y 1 ( x ) 

|H>)| 

arg fl* 1 ,’(#) 

Hi(*) 

X 

4*02 

4*04 

4*oo 

4*08 

4*10 

- 0*0736243 

- 0*0811401 

- 0*0885084 

- 0*0959669 

- 0*1032733 

+ 0*3955287 

+ 0*3929956 
+ 0*3903277 
+ 0*3875267 
+ 0*3845940 

0*4023226 

0 - 40 I 2845 

0*4002545 

0-3993325 

0*3982x85 

ioo° 32' 40*00 
101° 39; 56^49 
102 0 47' 13'81 
103° 54 ' 3 i *94 
105° i' 50*87 

4 - 1-0670119 
+ 1-0641653 
+ 1-0611881 
+ 1*0580818 
+ 1*0548479 

4*02 

4*°4 

4*06 

4*08 

4*10 

4*12 

4-14 

4*i6 

4*18 

4-20 

- 0*1105054 

- 0*1176609 

- 0*1247378 

- 0-1317339 

- 0-1386469 

+ 0*3815313 

4* 0*3783401 

+ 0*3750222 
+ °- 37 l 5792 
+ 0*3680128 

0*3972x23 

0*3962138 

0*3952229 

0*3942396 

0*3932638 

106 0 9' 10*59 
107 0 16' 31*08 
i°8° 23' 52*34 

109° H , 

iio° 38' 37*12 

+ 1*0514880 
+ 1*0480034 
+ 1*0443959 
+ 1*0406671 
+ 1*0368186 

4*12 

4*14 

4*16 

4* 18 
4*20 

4-22 

4'24 

4-26 

4-28 

4-30 

- 0*1454750 

- 0*1522160 

- 0*1588679 

- 0*1654287 

- 0*1718966 

+ 0*3643248 
+ 6*3605171 
+ 0*3565914 
+ 0*3525497 
+ 0*3483938 

0*3922953 

0 * 391334 ° 

0*3903799 

0 ‘3894328 

0*3884928 

m° 46' 0*62 
112° 53' 24*85 
114 0 o' 49 ? 79 

115° 8' 15*45 

1x6 15 41*80 

+ 1*0328522 
+ 1*0287695 
+ 1*0245724 
+ 1-0202627 
+ 1-0158422 

4*22 

4*24 

4*26 

4*28 

4-30 

4-32 

4-34 

4 ' 3 ° 

4-38 

4-40 

- 0*1782695 

- 0-1845457 

- 0*1907233 

- 0*1968005 

- 0*2027755 

+ 0*3441256 
+ 0*3397472 
+ 073352606 
+ 0*3306677 
+ 0*3259707 

0 *3875596 

0*3866333 

0*3857136 

0*3848007 

0*3838942 

117 0 23' 8*84 
118° 30' 36*56 
119 ° 38' 4 ? 96 
120 0 45' 34*02 
121 0 53 ' 3*74 

+ 1*0113128 
+ 1*0066764 
+ 1-0019350 
+ 0*9970906 
+ 0*9921451 

4-32 

4’34 

4-36 

4-38 

4*40 

4-42 

4’44 

4*40 

4-48 

4 - 5 ° 

- 0*2086467 

- 0*2144125 

- 0*2200710 

- 0*2256209 

- 0*2310604 

+ 0*3211716 
+ 0*3162725 
+ 0*3112757 
+ 0*3061832 
+ 0*3009973 

0*3829943 

0*3821008 

0*3812136 

0*3803327 

0*3794579 

123° 0' 34*10 
124 0 8' 5*10 
I2 5 ° 15 ' 36*73 
126° 23' 8*99 
127 0 30' 41*86 

+ 0*987x006 
+ 0*9819591 
+ 0-9767229 
+ 0-9713939 
+ 0-9659744 

4*42 

4-44 

4*46 

4*48 

4 ' 5 ° 

4‘52 

4'54 

4 - 5 $ 

4 ’ 5 8 

4-60 

- 0*2363882 

- 0*2416027 

- 0*2467026 

- 0*2516864 

- 0*2565528 

+ 0*2957202 
+ 0*2903542 
+ 0*2849015 
+ 0*2793644 
+ 0*2737452 

0*3785893 

0*3777267 

0*3768700 

0*3760193 

o* 375 i 744 

128“ 38' 15*34 
129 45 49*42 
130° 53 ' 2 4*°9 
132° o' 59*35 
133° 8'35*18 

4- 0*9604664 

+ 0*9548724 

+ 0*949x944 
+ 0*9434347 
+ o *9375956 

4’52 

4-54 

4-56 

4-58 

4-60 

|| 

- 0*2613006 

- 0*2659284 

- 0*2704352 

- 0*2748196 

- 0*2790807 

+ 0*2680464 
4- 0*2622702 
4- 0*2564190 
4- 0*2504952 
+ 0*2445013 

0*3743352 

o* 3735 oi 8 

0*3726740 

0*37x8517 

0*3710350 

134° 16' 11*59 
135° 23' 48*56 
136 31 26*09 
137 ° 39 ' 4 ?I 7 
138° 46' 42*80 

+ 0*9316793 

+ 0*9256883 
+ 0*9x96249 

+ 0*9134914 

+ 0*9072901 

4*62 

4-64 

4*66 

4*68 

4*70 

4-72 

474 

47 b 

4-78 

4*80 

- 0*2832174 

- 0*2872280 

- 0*2911133 

- 0*2948707 

- 0*2984999 

4- 0*2384397 
4- 0*2323128 
+ 0*2261230 
4- 0*2198730 
4 * 0*2135652 

0*3702237 

0*3694177 

0*3686171 

0*36782x8 

0*3670317 

139 ° 54 ' 21*96 
141 0 2' 1*65 
142“ 9 ; 41*87 
143° 17 22*60 
144 25 ' 3*85 

+ 0*9010236 
+ 0-8946941 
+ 0-8883042 
+ 0*8818563 
+ 0-8753528 

472 

474 

x 4 

4-80 

4-82 

%U 

4-88 

4-90 

- 0*3019999 

- 0*3053702 

- 0*3080098 

- 0*3117182 

- 0*3146947 

4 - 0 * 207202 u 

4- 0*2007860 
4 - 0*1943198 
4- 0*1878058 
4 - 0*1812467 

0*3662467 
0-3654668 
0*3646919 
0*3639221 
0*3631 5 7 1 

145 “ 32 ' 45*61 
I46 0 40 27*87 
X47 0 48' 10*62 
X 4 «° 55 ' 53*86 
150° 3 37*59 

+ 0-8687963 
+ 0-8621891 
+ 0-8555338 
+ 0-8488330 
+ 0-8420890 

4*82 

4la 

4-88 

4-90 

IK ® 

- 0*3175386 

- 0*3202495 

- 0*3228269 

- 0*3252702 

- 0*3275791 

4 - 0*1746449 
4 - 0*1680031 
4- 0*1613238 
4* 0*1546097 
4* 0*1478631 

0*3623971 

0*3610418 

0*3608913 

0*3601456 

o *3594045 

151 0 11' 21*79 
152 0 19' 6*47 
153 0 26' 51*61 
154“ 34; 37*22 
155 42'23*28 

+ 0-8353045 
+ 0-8284820 
+ 0-8210241 
+ 0*8147332 
+ 0*8078119 

4-92 

4-94 

4-96 

4*98 

5*00 


43—2 
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Table I. Functions of order zero 


■ 

V.W 

Y.W 


arg H*;V) 

H,(*) 

X 

5*02 

5*04 

5*oo 

5*o8 

5*io 

- 0*1710232 

- 0*1644075 

- 0*1577524 

- 0*1510606 

- 0*1443347 

- 0*3114072 

- 0*3141609 

- 0*3167784 

- 0*3192590 

- 0*3216024 

0 ‘ 355 2 793 

0*3545799 

0*3538847 

°‘ 353 I 934 

0*3525062 

24I 0 13' 28*68 
242 0 22' 33*30 
243 ° 3 i; 37-76 
244 0 40' 42*09 
245° 49' 46*28 

- 0*1885712 

- 0*1917864 

- 0*1948618 

- 0*1977971 

- 0*2005919 

5*02 

5'04 

5-06 

5-08 

5-10 

5*12 

5*14 

5-i6 

5*i8 

5*20 

- 0*1375776 

- 0*1307619 

- 0*1239803 

- 0*1171456 

- 0*1102904 

- 0*3238083 

- 0*3258764 

- 0*3278063 

- 0*3295978 

- 0*3312509 • 

0*3518230 

0 - 35 II 437 

0*3504684 

0*3497968 

0*3491291 

246° 58' 50*32 
248° 7' 54*22 
249 0 16' 57*98 
250° 26' 1*61 
251 0 35 ' 5 * ri 

- 0*2032458 

- 0*2057586 

- 0*2081301 

- 0*2103600 

- 0*2124483 

5-12 

5-14 

5*io 

5-i8 

5*20 

5*22 

5*24 

5*20 

5*28 

5*30 

- 0*1034176 

- 0*0065297 

- 0*0896295 

- 0*0827198 

- 0*0758031 

- 0*3327654 

- 0*3341413 

- 0*3353785 

- 0-3304772 
~ 0 - 3374373 ’ 

0*3484652 

0-3478051 

0*3471487 

0-3464959 

03458469 

232° 44' 8*47 
253 53 11*70 
255 0 2' 14*80 
256° 11' 17*76 
257 0 20' 20*00 

- 0*2143949 

- 0*2161998 

- 0*2178630 

- 0*2193846 

- 0*2207647 

5*22 

5-24 

5-26 

5-28 

5-30 

5*32 

5*34 

5*30 

5*38 

5*40 

- 0*0688822 

- 0*0619598 

- 0*0550386 

- 0*0481211 

- 0*0412101 

- 0*3382591 

- 0*3389428 

- 0*3394886 

- 0*3398969 

- 0*3401679 

o: 3453 pi 4 

0-3445595 

0-3439212 

0*3432863 

0-3426550 

258° 29' 23*32 
259 0 38' 25*91 
260° 47' 28*37 
261° 56' 30*72 

263° 5' 32*95 

- 0*2220035 

- 0*2231013 

- 0*2240583 

- 0*2248748 

- 0*2255513 

5*32 

5-34 

5-30 

5-38 

5 - 4 ° 

5*42 

5*44 

5 * 4 g 
5*48 

5*50 

- 0*0343082 

- 0*0274180 

- 0*0205422 

- 0*0136833 

- 0*0068439 

- 0*3403021 

- 0*3402999 

- 0*3401619 

- 0-3398886 

- 0*3394806 

0*3420271 

0*3414027 

0*3407816 

0*3401639 

0-3395496 

264“ 14; 35*°5 
265° 23 37 ? °4 
266° 32' 38*91 
267° 41' 40*66 
268° 50' 42*30 

- 0*2260882 

- 0*2264860 

- 0*2267451 

- 0*2268662 

- 0*2268499 

5-42 

5 "44 
5-46 
5-48 
5’50 

5*52 

Pt 

It 

- 0*0000266 
+ 0*0067661 

+ 0*0135315 

+ 0*0202673 
+ 0*0269709 

- 0*3389385 

- 0*3382631 

- 0-3374550 

- 0*3365151 
“ 0-3354442 

0-3389385 

0-3383367 

0-3377262 

0*3371249 

0*3365267 

269 ° 59 ' 43 ? 83 
271 0 8' 45*24 
272° 1/ 46*54 
273° 26 47*73 
274 35 48*81 

- 0*2266969 

- 0*2264079 

- 0*2259836 

- 0*2254249 

- 0*2247327 

5-52 

P 4 

It 

5-62 

5*64 

5*66 

5*68 

5 * 7 ° 

+ 0*0336398 
+ 0*0402716 
+ 0*0468638 
+ 0*0534141 
+ 0*0599200 

- o -3342432 

- 0*3329130 

- °- 33 i 4545 

- 0*3298689 

- 0*328157,1 

0 - 33593 I 7 

0-3353399 

0 - 33475 H 

0-3341655 

0-3335828 

2 75 ° 44 ' 49*79 
276° 53 50*65 
278° 2' 51*41 

279 ° II' 52*07 

280° 20 ' 52*62 

- 0*2239078 

- 0*2229512 

- 0*2218639 

- 0*2206469 

- 0*2193014 

5*62 

5*1 

5-68 

5-70 

5*72 

5*74 

5*70 

5 * 7 8 

5’80 

+ 0*6663792 
+ 0*0727894 
+ 0*0791482 
+ 0*0854533 
+ 0*0917026 

- 0*3263203 
~ 0-3243597 

- 0*3222763 

- 0*3200715 

- 0*3177464 

0-3330033 

0*3324267 

0-3318530 

0*3312824 

0-3307146 

28l° 20' 53*07 
282° 38' 53*42 
283° 47 ' 53*67 
284° 56' 53*82 
286° 5' 53*87 

- 0*2178284 

- 0*2162291 

- 0*2145048 

- 0*2126567 

- 0*2106861 

5-7 2 

Pt 

It 

5*82 

S$t 

5-88 

5*90 

+ 0*0978937 
+ 0*1040245 
.+ 0*1100928 
+ 0*1160964 
+ 0*1220334 

- 0*3153025 

- 0*3127411 

- 0*3100036 

- 0*3072714 

- 0*3043659 

0*3301498 

0*3295878 

0*3290286 

0*3284723 

0*3279188 

287° 14' 53*83 
288° 23' 53*68 
289“ 32; 53*44 
290° 41' 53*11 
291 0 50' 52*68 

- 0*2085942 

- 0*2063827 

- 0*2040527 

- 0*2016058 

- 0-1990435 

5*82 

fl* 

5-88 

5*90 

5*92 

5*94 

5*90 

5*98 

6*oo 

+ 0*1279015 
+*.0*1336987 
+ 0*1394230 
+ 0*1450725 
+ 0*1506453 

- 0*3013488 

- 0*2982215 

- 0*2949856 

- 0*2916428 

- 0*2881947 

0-3273681 

0*3268201 

0*3262749 

0-3257324 

0-3231925 

292° 59 ' 52*16 
294 ° s; 51*54 
295" 17 50*84 
296 20' 50*05 
297 ° 35 ' 49*16 

- 0*1963672 
“ 0 'i 9357»7 

- 0*1906794 

- 0*1876711 
~ 0 -^45553 

5'92 

5-94 

5-96 

5-93 

6*oo 
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Table I. Funotions of order unity 


X 

/iW 



— 

arg «*;’(*) 

HxW 

X 

5*02 

5*04 

5-o6 

5*o8 

5-io 

- 0-3297533 

- 0-3317925 

- 0-3336963 

- 0-3354640 

- 0-3370972 

+ 0-1410869 
+ 0-1342835 
+ 0-1274556 
+ 0-1206057 
+ 0-1137364 

0-3586680 

0 -3579362 

0-3572088 

0-3564859 

0-3557675 

156° 50' 9*80 
157 “ 57 ' 56-75 
159 “ 5 , 44-15 
160° 13' 31*99 
l6l° 2I / 20*26 

+ 0-8008629 
+ 0-7938886 
+ 0-7868916 

+ 07798745 

+ 0-7728398 

5-02 

5-04 

5-06 

5-08 

5-io 

5-12 

5-14 

5-io 

5-i8 

5-20 

- 0-3385940 

- 0-3399550 

- 0-3411802 

- 0-3422695 

- 0-3432230 

+ 0-1068504 
+ 0-0999502 
+ 0-0930384 
+ 0-0861176 
+ 0-0791903 

0-3550534 

0-3543437 

0-3536383 

0 - 352937 I 

0-3522402 

162° 29' 8*96 
163° 36' 58*08 
164” 4 < 47^1 
165“ 52 37;56 
167 0' 27*92 

+ 07657902 
+ 07587281 
+ 07516562 
+ 0-7445770 
+ 0 - 737493 ° 

5*12 

5 ' l i 

5-16 

5*18 

5-20 

5*22 

5-24 

5-26 

5*28 

5*30 

- 0-3440409 

- 0-3447234 

- 0-3452707 

- 0-3456831 

- 0-3459608 

+ 0-0722592 
+ 0-0653269 
+ 0-0583958 
+ 0-0514685 
+ 0-0445476 

0 - 35 i 5474 

0-3508587 

0-3501742 

0-3494936 

0-3488171 

-168 0 8' 18*68 
169° 16' 9*84 
170° 24' 1*40 
171° 3 X ' 53;34 
172 0 39' 45*68 

+ 0-7304068 
+ 0-7233211 
+ 07162382 
+ 07091007 
+ 07020912 

5-22 

5 * 2 4 
5-26 
5-28 
5-30 

5-32 

5*34 

5 - 3 § 

5*38 

5‘40 

- 0-3461043 

- o-'346ii40 

- 0-3459903 

- 0-3457337 

- 0-3453448 

+ 0-0376356 
+ 0-0307351 
+ 0-0238485 
+ 0-0169784 
+ 0-0101273 

0-3481446 

0*3474759 

0-3468112 

0-3461503 

0-3454933 

173 ° 47 ' 38339 
174 ° 55 31349 
176° 3 24*96 
177 0 11' 18*80 
178° 19' 13*00 

+ 0-6950321 
+ 0-6879861 
+ 0-6809555 
+ 0-6739428 
+ 0-6069506 

5-32 

5*34 

5 * 3 ° 

5-38 

5*40 

5-42 

5-44 

5 - 4 & 

5-48 

5-50 

- 0-3448242 

- 0-3441725 

- 0-3433905 

- 0-3424788 

- 0-3414382 

+ 0-0032975 

- 0-0035083 

- 0-0102879 

- 0-0170386 

- 0-0237582 

0-3448400 

0-3441904 

0-3435445 

0-3429024 

0-3422638 

179° 27; 7;56 
180 0 35' 2*49 
181 0 42' 57*78 
182° 50' 53*41 
183° 58 ' 49*39 

+ 0-6599812 
+ 0-6530372 
+ 0-6461209 
+ 0-6392347 
+ 0-6323810 

5 * 4 2 

5-44 

5 - 4 ° 

5 ‘ 4 8 

5*50 

5-52 

5-54 

5*50 

5 - 5 8 

5-60 

- 0-3402696 

- o -3389739 

- o- 33755 i 8 

- 0-3360045 

- o -3343328 

- 0-0304443 

- 0-0370944 

- 0-0437062 

- 0-0502774 

- 0-0568050 

0-3416288 

o -3409975 

0-3403696 

0*3397452 

0-3391243 

• 185° 6' 45*72 
186 0 14' 42*38 
187° 22' 39*38 
188 0 30' 36*72 
189° 38' 34*39 

+ 0-6255623 
+ 0-6187809 
+ 0-6120390 
+ 0-6053391 
+ 0-5986835 

5*52 

5*54 

5-50 

5-58 

5-60 

5 *62 
5-64 
5’6o 
5*68 
5-70 

- 0-3325379 

- 0-3306208 

- 0-3285826 

- 0-3264245 

- 0-3241477 

- 0-0632886 

- 0-0697241 

- 0-0761099 

- 0-0824437 

- 0-0887233 

0-3385069 

0-3378928 

0-3372821 

0-3366748 

0-3360708 

190° 46' 32*39 
191“ 54 ' 30371 

193“ 2 29*35 

194 0 10' 28*30 
195 0 18' 27*57 

+ 0-5920743 
+ 0-5855138 
+ 0-5790044 
+ 0-5725481 
+ 0-5661472 

5-62 

sa 

5-68 

57 ° 

5‘72 

5‘74 

570 

5 - 7 8 

5 '8 o 

- 0-3217534 

- 0-3192429 

- 0-3166176 

- 0-3138787 

- 0-3110277 

- 0-0949466 

- 0-1011115 

- 0-1072157 

- 0-1132573 

- 0-1192341 

0-3354700 

0-3348725 

0-3342782 

0-3336871 

0 - 333099 I 

196° 26' 27*15 
197° 34' 27*04 
198° 42' 27*23 
199 0 50' 27*72 
200° 58' 28*52 

+ o-<5 598038 
+ 0-5535201 
+ 0-5472981 
+ 0-5411399 

+ 0-535047^ 

57 2 

574 

5-76 

5 - 7 8 

5 ‘8 o 

5-82 

lit 

5*88 

5-90 

- 0-3080661 

- 0-3049952 

- 0-3018166 

- 0-2985318 

- 0-2951424 

- 0-1251442 

- 0-1309855 

- 0-1367560 

- 0-1424539 

- 0-1480772 

0 - 3325 I 43 

0-3319326 

0 - 33 I 3540 

0-3307784 

0-3302059 

202° 6' 29*60 
203° 14' 30*98 
204° 22' 32*65 

205 ° 30' 34*61 

206° 38' 36*85 

+ 0-5290231 
+ 0-5230685 
+ 0-5171858 
+ 0-5113768 
+ 0-5056434 

5-82 

li t 

5*88 

5 -QO 

5-92 

5’94 

5-99 

5-98 

0*00 

- 0-2916501 

- 0-2880563 

- 0-2843629 

- 0-2805715, 

- 0-2766839 

- 0-1536240 

- 0-1590925 

- 0-1644809 

- 0-1697874 

- 0-1750103 

0-3296363 

0-3290697 

0-3285061 

o -3279453 

0-3273875 

207 ° 46' 39*37 
208“ 54' 42*17 
210° 2' 45*25 
211° IO' 48*60 

212° l8' 52*23 

+ 0-4999876 
+ 0-4944111 
+ 0-4889157 
+ 0-4835031 

+ 0-4781753 

5-92 

5-94 

5-96 

5 - 98 

6- oo 
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+ 0*1561393 
+ 0*1615527 
+ 0*1668837 
+ 0*1721300 
+ 0*1772914 

+ 0*1823646 

+ 0-1873484 
+ 0*1922411 
+ 0*1970413 
+ 0*2017472 

+ 0*2063574 
+ 0*2108705 
+ 0*2152848 
+ 0*2195991 
+ 0*2238120 

+ 0*2279222 
+ 0*2310283 
+ 0*2358292 
+ 0*2396237 
+ 0*2433106 

+ 0*2468888 

+ 0*2503573- 

+ 0*2537151 

+ 0*2569612 
+ 0*2600946 

+ 0*2631145 
+ 0*2660201 
+ 0*2688106 
+ 0*2714853 
+ 0*2740434 

+ °' 2 7 ^ 4 8 43 
+ 0*2788074 
+ 0*2810122 
+ 0*2830981 
+ 0*2850647 

+ 0*2869117 
+ 0*55886385 
+ 0*2902449 


0*261255 

0*2570287 

0*2527128 

0*2483100 

0*2438221 

0*2392513 

°* 2 345990 

0*2298691 

0*2250617 

0*2201798 

0*2152253 

0*2102005 

0*2051075 

0*1999486 

0*1047259 

0*1894417 

0*1840982 

0*1786977 

0*1732424 

°* i 6773 4 8 

0*1621770 

°* i 5657 i 4 

0*1509204 

0*1452262 


0, 3246553 

0*3241208 

0*3235889 

0 *323P596 

0*3225328 

0*3220087 

0*3214870 

0*3209679 

0*3204513 

o* 3 i 9937 i 

0*3194255 

0*3189162 

0*3184094 

0*3179050 

0*3174029 

0*3169032 

0*3164059 

0*3159109 

0*3154182 

0*3149278 

0*3144396 

0*3139537 

0 * 3 r 3470 i 

0*3129887 

0*3125094 

'>*3120324 
o*3U5575 
0*3110848 
0*3106143 
0*3101458 


°* I 3949 1 3 I 0*3096795 


+ 0*2g8l020 - 

+ 0*298739^ - 

+ 0*2992557 - 

+ 0*2996510 
+ 0*2999254 - 

+ 0*3000793 


■ 0*1279085 

■ 0*1220655 

• 0*1161911 

• 0*1102879 

■ 0*1043582 

■ 0*0984043 

■ 0*0924287 

• 0*0864339 

• 0*0804221 
o* 0 743958 
0*0683573 
0*0623092 
0*0562537 

0*0501933 

0*0441303 

0*0380671 

0*0320002 

0*0259497 


0*3087530 

0*3082929 

0*3078348 

0*3073788 

0*3069248 

0*3064727 

0*3060227 

o *3055746 

0*3051285 

0*3046843 

0*3042421 

0*3038017 

0*3033633 

0*3029268 

0*3024921 

0*3020593 

0*3016283 

0*3011992 


298° 44' 48*19 
299° 53 / 47 f i3 
301° 2; 45*98 
302° 11 44*74 
303° 2o / 43*43 

3 ° 4 ° 29' 42*03 
3 ° 5 ° 38'40*54 
30 ^ 47 ; 38 ^ 
3°7 56' 37*32 
309 ° 5 ' 35*59 

3io“ 14' 33*77 
311° 23'31*88 
312° 32' 29*90 
313 0 41" 27*85 
3 X 4 ° 5 o / 25*73 

3 i 5 ° 59 ' 23*52 
3 X 7 8'21*24 

318 0 17' 18*88 
319 0 26' 16*44 
320° 35' 13*94 

321 ° 44' 11*36 
322° 53' 8*71 
324° 2' 5*98 
325 II' 3*18 
326° 20' 0*31 

327° 28' 57*38 
328° 37; 54*37 

329 46 51*29 
330° 55 ' 48*14 
332 4 44*93 

333 ° x 3 ; 41*65 
334° 22' 38*30 
335 ° 31 / 34*88 
336 ° 40' 31*40 
337 49 ' 27*86 

338 ° 58; 24*23 
340° 7 20*58 
34 1 16' 16*84 
342° 25' 13*04 
343 ° 34 ' 9*i8 

344 ° 43 ' 5*26 
345 ° 52 ' 1*27 
347 o' 57*22 
348° o' 53*12 
349 ° 18' 48*95 

350 ° 27' 44*73 
351 ° 36 ' 40*45 
352' 45; 36 *io 
353 ° 54 ' 31*70 
355 ° 3'27*25 


813339 6-02 

780085 6-04 

745809 • 6^06 
710529 6-o8 

074264 6 -io 


o-X55974 

0-1478^24 

°' I 437°5° 

0-1394427 

0 -I 350977 

0-1306719 

0-1261676 

0-1215867 

0-1169316 

0-1122043 

0-1074071 

0-1025422 

0-0976117 

0-0926181 

0-0875634 

0-0824500 

0-0772802 

0-0720564 

0-0667807 

0-0614556 

0-0560834 

0-0506605 


- 0-0397080 

- 0-0341711 

- 0-0285990 

- 0*0229940 

- 0*0173587 

- 0-0116953 

- 0-0060063 

- 0-0002941 
+ 0-0054389 

+ 0-0111903 
+ 0-0169576 
+ 0-0227386 
+ 0-0285306 
+ °'° 3433 X 5 

+ 0-0401386 
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Table I. Functions of order unity 
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.AM 

Yi(*) 

ih'I’wi 

arg #*!’(*) 


X 


- 0*2727017 

- 0*2080269 

- 0*2644612 

- 0*2602066 

- 0*2558648 

- 0-2514378 

- 0-2469275 

- 0*2423358 


- 0*23291 

- 0*2280930 

- 0*2231961 

- 0*2182281 

- 0*2131910 

- 0*2080869 

- 0*2029180 

- 0*1976865 

- 0*1923944 - 

- 0*1870440 

- 0*1816375 - 

- 0*1761771 

- 0*1706650 - 

- 0*1651035 - 

- 0*1594949 - 

- 0*1538413 ~ 

- 0*1481451 

- 0*1424086 

- 0*1360341 

- 0*1308238 

- 0*1249802 

- 0*1191054 - 

- 0*1132019 

- 0*1072720 

- 0*1013179 - 

- 0*0953421 - 

- 0*0893469 

- 0*0833346 - 

- 0*0773076 

- 0*0712681 

- 0*0652187 - 

- 0*0591615 - 

- 0*0530989 - 

- 0*0470332 - 

- 0*0409009 

- 0*0349021 

- 0*0288412 


0*1801479 

0*1851985 

0*1901605 

0*1950322 

0*1998122 


0*3268325 

0*3262804 

0*3257311 

0*3251846 

0*3246409 


0*2044989 0*3240999 

0*2090908 0*3235616 

0*2135865 0*3230261 

0*2179846 0*3224932 

0*2222836 0*3219630 

0*2264824 0*3214354 

0*2305790 0*3209104 

0*2345740 0*3203880 

0*2384643 0*3198682 

0*2422495 0*3193509 

0*2459284 0*3188362 

0*2494998 0*3183239 

0*2529629 0*3178142 

0*2563166 0*3173069 

o*2<?a«;5QQ 0*3168020 


- 0*2595599 

- 0*2626920 

- 0*2657119 

- 0*2686190 

- 0*2714123 

- 0-2740913 

- 0*2766551 

- 0*2791032 

- 0*28x4349 

- 0*2836498 

- 0*2857473 


0*3162996 

o- 3 I 57996 

°' 3 1 53 020 

0*3148067 

o- 3 i 43 i 38 

0*3138232 

o- 3 i 3335 o 

0*3x28490 

0-3123053 

0*3118839 


0*2877269 0*3114047 

0*2895883 0*3169277 

0-29133x0 0*3104529 

0*2929548 0*3099804 

0*2944593 0*3095099 


0*2958444 

0*2971098 

0*2982554 

0*2992811 

0*3001869 

0*3009727 

0*3016385 

■ 0*3021846 

■ 0*3026x09 

■ 0*3029176 


0*3090417 

0-3085756 

0*3081116 

0*3076497 

0*3071899 

0*3067322 

0*3062765 

0*3058229 

0-3053713 

0*3049217 


0*02064x2 

0*0227866 

0*0x67404 

6*0107051 

6*0040828 


- 0*3031051 

- 0*3031734 

- 0*3031230 

- 0*3029541 

- 0*3026672 



213 0 26' 56*12 

2I < 35 ' °\v 

215° 43' 4^9 
216^51 9;37 

2x7° 59 14^1 

2x9° 7' I 9 T 5 ° 
220 0 15' 24*94 
221° 23' 30*64 
222 ° 3 I' 36*59 
223 ° 39 ' 42*78 

224“ 47', 49*21 

225° 55 55*§9 

227 ° 4 2 * 8 l 

'228° 12' 9*97 

229° 20' X7*35 

23O 0 28' 24*98 
231 ° 36' 32*83 
232“ 44' 40-91 
233 ° 52 49-22 

235 o'57*75 
236° 9' 6*51 

239 0 33; 34*09 
240° 41' 43*72 

241° 42 ' 53*56 
242 0 58' 3*61 
244 0 6' 13*86 
245 ° H; 24*33 
246° 22' 35*00 

247° 3 °' 45*88 
248° 38' 56*96 
249 ° 47 .' 8*24 
250° 55 19 * 7 * 
252 0 3 31*38 

253“ n; 43*25 
254° 19 55*31 
255 28 7*56 

250° 36 20*01 

257 0 44' 32*64 
258° 52; 45*45 

260° o'58*45 
261° 9'11*04 
262° 17' 25*01 
263° 25' 38*56 

264° 33' 52*29 
265° 42' 6*19 
266° 50' 20*27 



+ 0*4433866 

+ 0*4387935 

+ 0*4342988 
+ 0*4299040 

+ 0*4256104 
+ 0*4214192 
+ 0*4173317 
+ 0*4133490 
+ 0*4094724 

+ 0*4057028 
+ 0*4020415 
+ 0*3984894 

+ 0*3950474 

+ 0*3917166 
+ 0*3884978 

+ 0*3853919 
+ 0*3823996 
+ 0*3795218 
+ 0*3767591 

+ 0*3741123 
+ 0*3715819 
+ 0*3691685 
+ 0*3668728 
+ 0*3646951 

+ 0*3626360 
+ 0*3606958 

+ 0*3588749 
+ 0*3571737 

+ 0-3555923 

+ 0*3541310 
+ 0*3527901 
+ 0*3515696 
+ 0*3504696 
+ 0*3494901 

+ 0*3486313 
+ 0*3478930 

+ 0*3472751 

+ 0*3467775 
+ 0*3464001 

+ 0*3461426 
+ 0*3460047 
















TABLES OF BESSEL FUNCTIONS 
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!«?(*>! 




7*02 + 0-3001128 

7-04 + 0-3000264 

7-06 + 0-2998204 

7-08 + 0-2994953 

7-10 + 0-2990514 

7-12 +0-2984893 

7-14 + 0-2978090 
7-10 + 0-2970128 

T 18 + 0-2960996 

7-20 + 0-2950707 

7-22 + 0-2939268 

7-24 + 0-2926686 

7-26 + 0-2912970 

7*28 + 0-2898128 

7‘3° + 0-2882169 

7‘3 2 + 0-2865103 

7‘34 + 0-2846939 

7-36 + 0-2827687 

7‘38 + 0-2807358 

7-40 + 0-2785962 

7-42 + 0-2763512 

7-44 + 0-2740018 

7*40 + 0-2715492 

7-48 + 0-2689947 

7-50 + 0-2663397 

7-52 + 0-2635853 

7-54 + 0-2607329 

7*50 + 0-2577839 

7*5» + 0-2547397 

7-60 + 0-2516018 

7-62 + 0-2483717 

7-64 + 0-2450508 

• 7-66 + 0-2416407 

7-68 + 0-2381429 

7*70 + 0-2345591 

7-72 + 0-2308910 

7-74 + 0-2271400 

7-70 + 0-2233081 

7-78 + 0-2193967 

7*80 + 0-2154078 

7-§2 + 0-2113430 

7-84 + 0-2072042 

7-80 + 0-2029932 

7-88 +0-1987118 

7*90 + 0-1943618 

7-92 + 0-1899452 

™ +o-x 85 4 S39 
+ 0-1809198 
+ 0-1763147 
+ 0-1710508 


- 0-0199002 

- 0-0138600 

- 0-0078314 

- 0-0018167 
+ 0-0041818 

+ 0-0101617 
+ 0-0161208 
+ 0-0220568 
+ 0-0279674 
+ 0-0338504 

+ 0-0397036 
+ 0-0455247 
+ 0-0513115 
+ 0-0570620 
+ 0-0627739 

+ 0-0684451 
+ 0-0740734 
+ 0-0796569 
+ 0-0851934 
+ 0-0906809 

+ 0-0961173 
+ 0-1015007 
+ 0-1068292 
+ 0-1x21007 
+ 0-1173133 

+ 0-1224652 

+ °‘ I2 75545 
+ 0-1325793 

+ °‘ r 375379 
+ 0-1424285 

+ 0-1472494 
+ 0-1519988 
+ 0-1566751 
+ 0-1612765 
+ 0-1658016 

+ 0-1702488 
+ 0-1746164 
+ 0-1789029 
+ 0-183x070 
+ 0-1872272 

+ 0-1912620 
+ o-i 952 iox 
+ 0-1990701 
+ 0-2028408 
+ 0-2065209 

+ 0-2101093 
+ 0-2136046 
+ 0-2x70058 
+ 0-2203118 
+ 0-2235215 


0-3007719 

0-3003464 

0-2999227 

0-2995008 

0-2990806 

0-2986622 

0-2982456 

0-2978307 

0-2974175 

0-2970060 

0-2965962 

0-2961881 

0-2957817 

0-2953769 

o - 2 949738 


0-2929827 

0-2925893 

0-2921975 

0-2918072 

0-2914185 

0-29103x3 


0-29026x6 

0-2898790 


0-2891183 

0-2887401 

0-2883035 

0-2879883 

0-2876146 

0-2872424 

0-2868715 

0-2865021 

0-2861341 

0-2857676 

0-2854024 

0-2850386 

0-2846763 

°' 2 ® 43 I 5 2 

° ,2 839556 

0>2 835973 

0-2832404 

0-2828848 

0-2825305 

0-2821770 

0-2818259 


356° 12' 22*74 
357 0 21' 18*17 
358 ° 30 ' 13*54 
359 ° 39 ' 8*86 
360° 48' 4*12 

36^ 56' 59*33 

363 5 54*49 

364° 14 49*59 

365 2 3 44*64 
366° 32' 39*63 

3^7“ 4i; 34*57 
368° 50' 29*46 
369“ 5§; 24*30 
371“ ° 19*09 
37 2 17'13*83 

373 0 26' 8*52 
374 ° 35 ' 3*i6 
375 ° 43 57*75 
376 52 52*29 
378° i' 46*78 

379 0 10' 41*22 
380° 19' 35*61 
381° 28' 29*96 
382° 37' 24*26 
383° 46' 18*52 

384° 55' 12*72 
386° 4' 6*88 
387° 13' 1*00 
388° 21' 55*07 
389° 3 °' 49*09 

39°: 39; 43*07 

391° 48 37*00 
39 2 ° 57 30*89 

394 6 ' 2 4;74 

395 15 18*54 

396° 24' 12*30 
397 ° 33 ' 6*02 
398 ° 41; 59*70 
399 ° 50 53*33 
400 59 46*92 

402° 8' 40*47 
403 ° 17' 33*98 
4 ° 4 ° 26 27*45 
4°5 35 20*87 
406° 44' 14*26 

407 ° 53 ' 7 * 6 i 
409° 2' 0*92 
410° xo' 54*19 

4II ° x § 47*41 

412° 28' 40*60 


+ 0-069x861 
+ 0-0749812 
+ 0-0807662 
+ 0-0865385 
+ 0-0922958 

+ 0-0980360 
+ 0-1037565 
+ 0-1094553 
+ 0-115x299 
+ 0-1207782 

+ 0-1263979 
+ 0-1319868 
+ 0-1375427 
+ 0-1430634 
+ 0-1485467 

+ 0-1539905 

+ 0-1593927 
+ 0-16475x1 
+ 0-1700638 
+ 0-1753286 

+ 0-1805435 
+ 0-1857066 
+ 0*1908158 
+ 0-1958692 
+ 0-2008648 

+ 0-2058008 
+ 0-2106753 
+ 0-2154865 
+ 0-2202325 
+ 0-2249x15 

+ 0-22952x9 
+ 0-2340620 
+ 0-2385299 
+ 0-2429241 
+ 0-2472429 

+ 0-2514848 
+ 0-2550402 
+ 0-2597315 
+ 0-2637334 
+ 0-2676524 

+ 0-2714870 
+ 0-2752358 
+ 0-2708977 
+ 0-2824711 
+ 0-2859549 


+ 0-2893479 
+ 0-2926488 
+ 0-2958566 
+ 0-2989700 
+ 0-3019881 
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2 + 0*0013241 

4 + 0*0073134 

0 + 0*0132828 

8 + 0*0192302 

+ 0*0251533 

+ 0*0310498 
+ 0*0369177 




+ 0*0485586 
+ 0*0543274 

+ 0*0600589 
+ 0*0657511 
•+ 0*07x4017 


■1- 0*0825704 

+ 0*088084,1 
+ 0*0935488 
+ 0*0989617 
+ 0*1043211 
+ 0*1096251 

+ 0*1x48718 
+ 0*1200593 
+ 0*1251857 
+ 0-1302494 

+ 0*1352484 

+ 0*140x8x1 
+ 0*1450456 
-I- 0*1498404 
+ 0*1545636 
+ 0*1592138 

+ 0*1637892 
+ 0*1682883 
+ 0*1727096 


+ 0*1813127 

-I- 0*1854916 
+ 0*1895868 

+ 0*1935970 

+ 0*1975208 
+ 0*2013569 

-I- 0*2051041 
+ 0*2087611 
+ 0*2123267 
+ 0*2157999 

+ 0*2191794 

+ 0*2224642 
+ 0*2256533 
+ 0*2287457 
+ 0*2317403 
+ 0*2346363 


0*3022627 0*3022656 270° 15' 3*56 I + 0*346642 

0*3017411 0*3018297 271 0 23' 18*33 + °'347°97 

0*30x1029 0*3013957 272 0 31' 33*27 

0*3003486 0*3009636 273 0 39' 48*37 + 0*3403505 

0*2994789 0*3005333 274° 48' 3*65 + 0*3491631 

0*2984943 0*3001049 275 0 56' 19*08 + 0*3500830 

0-2973957 0*2996784 277 0 4' 34*69 + 0*3511175 

0*2961837 0*2992530 278° 12' 50*45 + 0*3522659 

0*2948590 0*2988307, 279 0 21' 6*37 +0*3535275 

0*2934226 0*2984096 280° 29' 22*45 + 0*3549013 


0*29x8752 0*2979903 

0*2902177 0*2975727 

0*2884511 0*2971569 

0*2865763 0*2967429 

0*2845944 0*2963306 

0*2825063 0*2959200 

0*2803x32 0*2955112 

0*2780161 0*2951041 

0*2756163 0*2946986 

0*2731149 0*2942948 


281° 37' 38*69 
282° 45' 55*09 
283° 54' 11*65 
285° 2' 28*36 
286° 10' 45*22 

287° 19' 2*23 




289 

°35' 36*71 

290 

29X 

“ 43 , 54 *i 7 

0 52' 11*78 

293 

0 o' 29*54 

0 Q' a nl aa 

294 

295 

: ; 


+ 0*3563867 
+ 0*3579825 
+ 0*3596880 
+ 0*3615021 
+ 0*3634239 


+ 0*3675862 
+ 0*3698244 
+ 0*3721659 
+ 0*3746094 


0*2705132 0*2938927 

0*2678124 0*2934923 

0-2930935 295“ 17* 5 ; 4 » + 0*3825390 

0*262118710*2926963 296 25 23*67 +0*3833786 

o*2«59I285 0*2923007 297 0 33'42*00 +0*3883131 


+ 0*3025390 


0*2528684 

0*2496015 

0*2462451 

0*2428010 

0*2392706 

0*2356555 


0*2243105 

0*2203810 

0*2163672 

0*2122788 

0*2081x75 

0*2038851 

o*X995 8 34 

0*1952143 


[iO iSl&MiSYA 


0*1862813 

0*1817211 

o*X77ioio 

0*1724229 


0-2919068 

0*2915x45 

0*291x237 




0*2903409 

0*2899609 

0*2895764 

0*2891935 

0*2888120 

0*2884321 

0*2880537 

0*2876768 

0*2873014 

0*2869274 

0*2865549 

0*2861839 


298° 42' 

299° 50; : 
3°° 5f : 
302°* 6 

3°3° 15' 

3°4° 23 ; 
3°5° 3i 

3 ° 6 :40 


310° 5' 12^63 
3 IJ ° 13 ' 32 ; 5 « 
312 0 21' 52*65 
3 * 3 ° 3 °; 12*85 
314 38 ' 33**7 

3 r 5 ° 46 ', 53-62 

55 l *H° 

318° 3 34*89 
319 ° 11 55 * 7 i 
320° 20' 16*66 


0-2836267 

0*2832670 

0*2829087 


+ 0*4043684 

+ 0*4078456 
+ 0*4114078 

+ 0*4150535 

+ 0*41878x1 
+ 0*4225888 

+ 0*4264750 

+ 0*4304379 


EKKKiEkH 


+ 0*4385870 
+ 0*4427696 

+ 0*44702x9 

+ 0*4513419 


EXsZMdurcJ 


+ 0*4001780 
+ 0*4646902 

+ 0*4692627 


+ 0*4833221 
+ 0*4881160 












































TABLES OE BESSEL FUNCTIONS 
Table I. Functions of order zero 


X 

-./•(*) 

Y 0 (x) 

!<’(*) 1 

axg^(x) 

H 0 (*) 

x | 

8*02 

8-04 

8*oo 

8-o8 

8-io 

8*12 

8*14 

8-i6 

8-i8 

8-20 

8*22 

8-24 

8-26 

8-28 

8-30 

8-32 

Ht 

8-33 

8*40 

8*42 

8- 4 8 

8-50 

8-52 

lit 

8-58 

8-6o 

8*62 

8-64 

8-66 

8-68 

8*70 

872 

l 7 7 t 

878 

8*80 

8-82 

8-84 

8-86 

8-88 

8*90 

8*92 

lit 

8-98 

9*oo 

+ 0*1669299 
+ 0*1621542 
+ 0-1573255 
+ 0 -I 524459 
+ 0*1475175 

4 * 0*1425423 
+ 0*1375223 
+ 0*1324598 
+ 0*1273568 
+ 0*1222153 

+ 0*1170375 
+ 0*1118256 
+ 0*1065816 
+ 0*10*3077 
+ 0*0960061 

+ 0*0006789 
+ 0*0853282 
+ 0*0799563 
+ 0*0745652 
+ 0*0691573 

+ 0*0637345 
+ 0*0582992 
+ 0*0528534 
+ 0*0473994 
+ 0*0419393 

+ 0*0364752 
+ 0*0310094 
+ 0*0255440 
+ 0*0200812 
+ 6*0146230 

+ 0*0091717 
+ 0*0037293 

- 0*0017019 

- 0*0071200 

- 0*0125227 

- 0*0179081 

- 0*0232739 

- 0*0286182 

~ °-°339388 

- 0*0392338 

- 0*0445011 

- 0*0497387 

- °’°549445 

- 0*0601167 
0*0652532 

- 0*0703522 

- 0*0754116. 

- 0*0804295 

- 0*0854042 

- 0*0903336 

+ 0*2266339 
+ 0*2296480 
+ 0*2325028 
+ 0*2333776 
+ 0*2380913 

+ 0*2407033 
+ 0*2432126 
+ 0*2456187 
+ 0*2479207 
+ 0*2501180 

+ 0*2522101 
+ 0*2541963 
+ 0*2560762 
+ 0*2578492 
+ 0*2595150 

+ 0*2610730 
+ 0*2625230 
+ 0*2638647 
+ 0*2650977 
+ 0*2602219 

+ 0*2672370 
+ 0*2681430 
+ 0*2689397 
+ 0*269627 X 
+ 0*2702051 

+ 0-2706738 
+ 0-27x0333 
+ 0-27x2837 
+ 0-2714^5 x 
+ 0-2714577 

+ 0-2713818 

+ 0-271x977 

+ 0-2709050 
+ 6-2705060 
+ 0-2699992 

+ 0*2693857 
+ 0-2680660 
+ 0-2678405 
+ 0-2609x00 
+ 01-2658749 

+ 0*2647360 
+ 0*2634939 
+ 0-262x493 
+ 0*2607030 
+ 0-259x558 

+ 0-2575085 
+ 0-2557620 
+ 0-2539172 
+ 0-25x9731... 
+ 0-2499367 

0-2814756 

0 - 28 II 266 

0-2807789 

0-2804324 

0-2800873 

0-2797434 

0-2794007 

0*2760594 

CV2787192 

0-2783803 

0-2780427 

0*2777062 

0*27737x0 

0*2770370 

0*2767042 

0-2763725 

0-2760421 

0*2757x28 

°-2753847 

°- 275057 « 

0-2747321 

°*2744075 

0-2740840 

0-27376x7 

0*2734405 

0-273x204 

0-27280x5 

0-2724836 

0-272x669 

0-27185x3 

0-2715368 

0-2712233 

0*2709109 

0*2705996 

0*2702894 

0-2699803 
0*2696722 
0*269305 x 
0-2690591 
0*2687541 

0-2684502 

0-2681473 

0-2678454 

0, 2675445 

0-2672446 

0-2669458 

0-2666479 

0-2663510 

0-2660552 

0-2657603 

413 “ 37 ' 33*75 
414 46' 26*87 
415 “ 55 ' 19*94 
417 4 12*98 

4i8° i 3 ' 5*98 

419 0 21' 58*95 
420° 30'.51*87 
421“ 39 44*76 

422° 48 37*62 

423 0 57 30*43 

425 0 6' 23*21 
426° 15' 15*96 

427° 24' 8*67 
428° 33' x*35 
429 41 53*99 

430° 50' 46*59 
43I o 52 39*16 

433 ° 8 31*70 
434 ° *7 24*21 
435° 26' 16*68 

436 ° 35' 9*1 x 

4 ^:^ : 5 p 8 
440 I' 46*22 
441° 10' 38*53 

442 0 19' 30*80 
443° 28' 23*04 

444 ° 37 ; 15*25 

44 i 0 46 7*43 

446 ° 54 59*58 

448 ° 3; 51*69 
449 ° 12 43;77 
450 ° 21 35*83 
451 ° 30' 27*85 
452 ° 39 19*84 

453 ° 48' xx*8o 

aefju 

S-S-gg 

459 ° 32 ' 31*17 
460° 41' 22*95 
4 fi° 50' 14*71 
462° 59' 6*44 

464? r 58*14 
465° 16'49*81 

466° 25' 41*45 

467° 34' 33*07 

4 f8® 43' 24*66 
469 52 ' 16*22 

+ 0-3049098 
+ 0-3077342 
+ 0-3104602 
+ 0-3130870 
+ 0-3x56x37 

+ 0-3x80394 
+ 0-3203635 
+ 0-3225852 
+ 0-3247036 
+ 0-3267x83 

. + 0-3286286 

+ 0 '3304339 
+ 0-332x337 
+ 0-3337274 
+ 0-3352X47 

+ 0-3365952 
+ 0-3378684 
+ 0-3390341 
+ 0-3400920 
+ 0-3410418 

+ 0-3418834 
+ 0-3426166 
+ 0-3432414 
+ 0-3437576 
+ 0-3441653 

+ 0-3444644 
+ 0-3446550 
+ o -3447373 
+ 0-3447x14 

+ 0 -3445775 

+ 0*3443357 

+ o -3439865 
+ 0-3435301 
+ 9-3429669 
+ 0-3422972 

+ 0-34x5216 
+ 0-3406404 
+ 0-3396543 
+ 0-3385638 
+ 0-3373694 

+ 0-3360719 
+ 0-3346718 
+ 0-3331700 
+ 0-33x5672 
+ 0-3298642 

+ 0-3280617 
+ 0-3261608 
+ 0-3241622 
+ 0-3220669 
+ 0-3198760 

8-02 

8-04 

8-o6 

8-o8 

8-xo 

8-12 

8-14 

8-16 

8-l8 

8-20 

8-22 

8-24 

8-26 

8-28 

8-30 

8-32 

lit 

8-38 

8-40 

8-42 

lit 

8-48 
8-50 

8-52 

in 

8-58 

8-6o 

8-62 

8-64 

8-6o 

8-68 

8-70 

8-72 

lit 

8-78 

8-8o 

8-82 

8-84 

8-86 

8-88 

8-90 

8-92 

lit 

8- 98 

9- 00 
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Table I. Funotions of order unity 


X 

/iW 

^i(*) 

<(*)! 

arg < (x) 

Hx(*) 

X 

8*02 

8*04 

8*oo 

8-o8 

8-10 

+ 0-2374329 
+ 0-2401291 
+ 0-2427241 
+ 0-2452173 
+ 0-2476078 

- 0-1531702 

- 0-1482318 

- 0-1432475 

- 0-1382191 

- 0-1331488 

0-28255I7 

0-282I96I 

0-2818419 

0-2814889 

0 - 28 II 373 

327 0 xo' 24*81 
328° 18' 46*58 
329 0 27' 8*46 
330 “ 35 ' 30-46 
33 i 43 52-57 

+ 0-4929604 

+ 0-4978531 

+ 0-5027922 
+ 0-5077756 
+ 0-5128012 

8-02 

8-04 

8-oo 

8*08 

8-io 


+ 0-2498950 
+ 0-2520782 
+ 0-2541570 
+ 0*2561306 
+ 0-2579986 

0-1280386 

- 0-1228906 

- 0-1177069 

- 0-1124896 

- 0-1072407 

0-2807871 

0-2804381 

0-2800905 

0 - 279744 I 

0 - 279399 I 

332 ® 52' 14-79 
334“ 0 37 <i2 

335 ° 8' 59*56 
336° 17 22*ix 
337 25' 44-78 

+ 0-5178671 
+ 0-5229711 
+ 0-5281111 
+ 0-5332850 
+ 0-5384907 

8-12 

8-14 

8-i6 

8-i8 

8-20 

8*22 

8-24 

8-2§ 

8-28 

8-30 

+ 0-2597605 

+ 0-2614159 
+ 0-2629644 
+ 0-2644050 

+ 0-2657393 

- 0-1019624 

- 0-0966569 

- 0-0913261 

- 0-0859723 

- 0-0805975 

0-2790553 

0-2787128 

0-2783716 

0-2780316 

0-2776929 

338 ° 3 < 7;55 
339 ° 42 30-42 
340 ° 50 53 - 4 ° 
34 i° 59 16*49 
343 7 39*09 

+ 0-5437262 
+ 0-5489893 
+ 0-5542779 

+ 0-5595898 
+ 0-5649229 

8-22 

8-24 

8-26 

8-28 

8*30 

8-32 

lit 

8-38 

8-40. 

+ 0-2669651 
+ 0-2680829 
+ 0-2690924 
+ 0-2699936 
+ 0-2707863 

- 0-0752040 

- 0-0697937 

- 0-0643690 

- 0-0589319 

- 0-0534845 

0-2773554 

0 - 2770 I 9 I 

0-2766841 

0-2763503 

0-2760177 

344 0 16' 2*99 
345 ° 2 4 ', 26*39 

346 ° 32 49*90 

347 0 41' 13*51 
348 ° 49 ' 37*22 

+ 0-5702752 

+ 0-5756443 

+ 0-5810283 

4- 0-5864249 
+ 0-5918321 

8-32 

lit 

i- 3 8 

8-40 

8*42 

s$ 

8-48 

8-50 

+ 0-2714704 
+ 0-2720460 
+ 0-2725131 
+ 0-2728717 
+ 0-2731220 

- 0-0480290 

- 0-0425676 

- 0-0371023 

- 0-0316353 

- 0-0261687 

0-2756864 

0-275356? 

0-2750272 

0-2746994 

0-2743728 

349 ° 5 f, i ;03 
351 0 6 24*94 
352 ° 14 4»*95 
353 ° 23 I 3;°5 
.354 3 i 37*26 

+ 0-5972476 
+ 0-6026694 
+ 0-6080953 
+ 0-6135232 
+ 0-6189510 

8-42 

1$ 

8-48 

8-50 

8-52 

Ut 

8-58 

8’60 

+ 0-2732640 
+ 0-2732981 
+ 0-2732244 
+ 0-2730432 
+ 0-2727548 

- 0-0207046 

- 0-0152452 

- 0-0097926 

- 0-0043488 
+ 0-0010840 

0-2740473 

0-2737230 

0-2733998 

0-2730779 

0-2727570 

355 ° 4 o; i -56 
356° 48 25*97 
357 ° 56 , 50-46 
359 ° 5 15*06 
360° 13' 39-74 

+ 0-6243764 

+ 0-6297975 

+ 0-6352120 
+ 0-6406180 
+ 0-6460132 

8-52 

8-58 

8-6c 

8-62 

8-64 

8-66 

8-68 

870 

+ 0-2723596 
+ 0-2718580 
+ 0-2712504 
+ 0-2705372 
+ 0-2697190 

+ 0-0065038 
+ 0-0119084 
+ 0-0172958 
+ 0-0226640 
+ 0-0280110 

0-2724373 

0-2721187 

0-27I80I2 

0-2714849 

0 - 27 II 696 

361° 22' 4*52 
362° 30' 29*39 
363° 38 ; 54*35 
364° 47 I 9 - 4 I 
365 55 44*57 

+ 0-65x3957 

+ 0-6567633 
+ 0-6621139 
+ 0-6674455 
+ 0-6727561 

8:6s 

8-6, 

8-6( 

8-6i 

8- 7< 

872 

lit 

878 

8-8o 

+ 0-2687964 
+ 0-2677699 
+ 0-2606402 
+ 0-2654079 
+ 0-2640737 

+ 0-0333346 
+ 0-0386328 
+ 0-0439037 
+ 0-0491453 
+ 0-0543556 

0-2708555 

0-2705424 

0-2702305 

0-2699196 

0-2696098 

367° 4' 9 * 8 i 
368° 12' 35*14 
369° 2l' 0*57 
370° 29' 26*08 
37 *° 37 ' 5 i *68 

+ 0-6780436 
+ 0-6833060 
+ 0-68854x3 
+ 0-6937475 
+ 0-6989226 

8-7- 

ll 

is 

8-82 

8-84 

8-86 

8-88 

8*96 

+ 0-2626384 
-t- 0-2611028 
+ 0-2594677 

+ 0-2577339 

+ 0-2559024 

+ 0-0595326 
+ 0-0046744 

+ 0-069779° 

+ 0-0748447 
+ 0-0798694 

0-26930II 

0-2689934 

0-2686808 

0-2683813 

0-2680768 

372° 46' 17*36 
373 ° 54 43 *M 
375° 3 9*oo 
376 ° 11 34*95 
377 0 20 0-98 

+ 0-7040647 
+ 0-70917x8 
+ 0-7x42420 
+ 0-7192734 
+ 0-7242641 

8-8 

■8-8 

8-8 

8-8 

8-9 

8*92 

lit 

8- 98 

9- 00 

+ 0-2539740 
+ 0-2519497 

+ 0-2498306 
+ o- 2476 i 7 € 
+ 0-2453118 

+ 0-0848513 

+ 0-0897886 

+ 0-0946795 

+ 0-0995220 
+ 0-1043146 

0-2677733 

0-2674709 

0-2671694 

0-2608691 

0-2665697 

378° 28' 27*10 
379 ° 36 ; 53*30 
38°° 45 * 9*59 
3 81° 53 45;96 
383° 2'12*41 

+ 0-7292122 

+ 07341159 
+ 07389734 

+ 0743782c 
+ 0*7485424 

8-g 

8-g 

8-g 

8- g 

9 - c 
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TABLES OF BESSEL FUNCTIONS 


Table L Functions of order zero 


X 


y.W 

K’wi. 


H 0 (*) 

X 

9*02 

9-04 

9 *o 6 

9*o8 

9*io 

- 0-0952160 

- 0-1000496 

- 0-1048325 

- 0-1095629 

- 0-1142392 

+ 0-2478029 
+ 0-2455748 
+ °-2432536 
+ 0-2408402 
+ 0*2383360 

0-2654663 

ziu&n 

0-2645904 

0-2643003 

471“ 1' 7*75 
472 9'59*26 

473 °18'50*73 
474 27'42*18 
475 ° 30 ' 33 * 6 o 

+ 0-3175904 
+ 0-3x521x1 
+ 0-3127393 
+ 0-3x01761 
+ 0-3075226 

9-02 

9-04 

9-06 

9-08 

9*10 

9*12 

9*14 

9^16 

9*18 

9*20 

- 0-1188596 

- 0-1234224 

- 0-1279258 

- 0-1323684 

- 0-1367484 

+ 0-2357420 
+ 0-2330595 
+ 0-2302898 
+ 0-2274341 
+ 0-2244937 

0-2640112 

0-2637230 

°*2634358 

0*2631495 

0-2628641 

476 ° 45'25*01 
477 ° 54 '16*39 
nK 3 7*73 
4 §°o 11 59*°5 
481 20 50*35 

+ 0*3047800 
+ 0-3019495 
+ 0-2990324 
+ 0-2960300 
+ 0-2929435 

9*12 

9-14 

9-10 

9-18 

9-20 

9*22 

9*24 

9*26 

9*28 

9 ' 3 ° 

- 0-1410642 

" °' I 453 I 43 

- 0-1494972 

- 0-1536113 

- 0-1576552 

+ 0-2214700 
+ 0-2183644 
+ 0-2151782 
-l- 0-2119130 
+ 0-2085701 

6-2625796 
0-2622961 
0-2620135 
0-26x7318 
0-26145x0 

482° 20'41*62 
483° 38'32*86 
484° 47'24*08 
4 f 5 ° 56 '15'28 
487° 5 ' 6*44 

+ 0-2897743 
+ 0-2865238 
+ 0-2831934 
+ 0-2797845 
+ 0-2762985 

9*22 

9*24 

9-26 

9-28 

9-30 

9 ‘ 3 2 

9*34 

9 ‘ 3 o 

9*38 

9*40 

- 0-1616274 

- 0-1655265 

- 0*1693511 

- 0-1730999 

- 0-1767716 

+ 0-205x510 
+ 0-2016573 
+ 0-1980905 
+ 0-1944522 
+ 0-1907439 

0-2611711 

0*2608921 

0-2606140 

0-2603308 

0-2600604 

4 « 8 o I3 ' 5 Z *59 
489°22'48*70 
490 ° 31 7 39*80 
491° 40' 30*87 
492° 49'21*92 

+ 0-2727370 
+ 0-2691014 
+ 0-2653933 
+ 0-26x6143 
+ 0-2577659 

9.32 

9*34 

9 * 3 ° 

9-38 

9*40 

9*42 

9-44 

9*46 

9*48 

9*50 

- 0-1803648 

- 0-1838783 

- 0-1873109 

- 0-1906615 

- 0-1939287 

+ 0-1869673 
+ 0-1831240 
+ 0-1792157 
+ 0-1752440 
+ 0-1712106 

0*2597850 

0*2595104 

0-2592367 

0-2589638 

0-2586918 

493 °58;12*95 
495 ° 7 3*94 

496 15 54*92 

497 24'45*87 
498 ° 33'36*80 

+ 0-2538498 
+ 0-2498075 
+ 0-2458208 
+ 0-2417112 
+ 0-2375406 

9*42 

9*44 

9-46 

9-48 

9-50 

9*52 

9*54 

9*50 

9*58 

9-60 

- 0-1971117 

- 0-20020g2 

- 0-2032202 

- 0-2061437 

- 0-2089787 

+ 0-1671174 
+ 0-1629659 
+ 0-1587580 

+ 0-I 544955 
+ 0-150x801 

0*2584206 

0-2581503 

0-2578809 

0-2576x23 

°* 2 573445 

499 ° 42'27*70 
500°51'18*58 

5 ° 2 o °; 9*44 
503° 9' 0*28 
504 °i 7 ' 5 i ? o 8 

+ 0-2333107 
+ 0-2290231 
+ 0-2246796 
+ 0-2202821 
+ 0-2158322 

9*52 

9*54 

9*50 

9-58 

9-60 

9-62 

9 *% 

9*66 

9-68 

970 

- 0-2117244 

- 0-2143797 

- 0-2169439 

- 0-2194161 

- 0-2217955 

+ 0-1458137 
+ 0-1413982 

+ 0-1 369352 

+ 0-1324268 
+ 0-1278748 

0-2570775 

0-2568114 

0*2565461 

0-2562816 

0-2560180 

505°26'41*87 
506°35^32*65 
5 ° 7°44 2 3*40 
5 o 8 ° 5 3 14*12 
510° 2' 4*82 

+ 0-2113319 
+ 0-2067829 
+ 0-2021871 
+ 0-1975464 
+ 0-1928025 

9-62 

9-64 

9-66 

9*68 

9-70 

9*72 
9*74 
9*7 0 
9*78 
9-80 

- 0-2240814 

- 0-2262730 

- 0-2283698 

- 0-2303710 

- 0-2322760 

+ 0-1232810 
+ 0-1186475 
+ 0-1139760 
+ 0-1092686 
+ 0-1045271 

°’ 2 55755 I 

°* 2 55493 i 

0-2552318 

°* 2 5497 I 4 

o- 2 547 ii 7 

511°10'55*49 
512 0 10'46*15 

513°28'36*79 
514 ° 3 /27*40 
515 46'18*00 

+ 0-1881375 

+ 0-1833732 
+ 0-1785715 

+ OI Z§Z §44 
+ 0-1688637 

9-72 

9*74 

9-76 

9.78 

9-80 

9*82 

9*84 

9*86 

9*88 

9-90 

- 0-2340844 
“ 9*2357955 

- 0-2374090 

- 0-2389243 

- 0-2403411 

+ 0*0997535 
+ 0-0949498 
+ 0-0901178 
+ 0-0852597 
+ 0-0803773 

°' 2 5445 2 9 

0-2541948 

o ,2 539375 

0*2536810 

°* 2 534 2 53 

516°55' 8*57 
5 i 8 “ 3 ' 59 f i 2 
519°12 49*65 
520° 2l'40*15 
521°30'30*64 

+ 0-1639615 
+ 0-1590296 
+ 0-1540700 
+ 0-1490847 
+ 0*1440757 

9-82 

9*84 

9-86 

9*88 

9-90 

9*92 

9*94 

9.96 

9*98 

10-00 

- 0-2416590 

- 0-2428777 

- 0-2439968 

- 0-2450163 
“ ° ,2 459358 

+ 0-0754727 
+ 0-0705477 
+ 0-0656045 
+ 0-0606450 
+ 0-0556712 

°* 2 53 I 7°3 

0*2529161 

0-2526626 

0-2524100 

0-2521580 

522° 39'21 *11 
523°48'11*56 
52 57 ; i ;99 

526 ° 5 52*39 
527°14'42*78 

+ 0-1390449 
+ 0-1339943 
+ 0-1289259 
+ 0-1238417 
+ 0-1187437 

9-92 

9*94 

9*90 

9*98 

10-00 
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+ 0*1090553 | 0*2662713 
+ 0*1137425 I 0*2659740 
+ 0*1183744 

+ 0*2351833 1 + 0*1229495 0*2653823 
+ 0*2324307 + 0*1274059 0*2650879 


argVj’W 


+ 0*229592 
+ 0*226669 


+ 0*7532504 

+ 07579051 

+ 07625048 
+ 07670477 
+ 0*7715322 


+ 0*1319221 0*2647945 

•f 0*1363164 0*2645021 

iCTlHiiill as 


+ 0*2141618 
+ 0*2108375 
+ 0*2074370 
+ 0*2039020 
+ 0*2004139 

+ 0*1967943 
+ 0*1931047 
+ 0*1893468 
+ 0*1855221 
+ 0*1816322 


0*2633421 
+ 0*1573003 0*2630545 

+ 0*1612974 0*2627679 
+ 0*1652162 0*2624822 

+ 0*1690613 0*2621974 

+ 0*1728314 0*2619135 
0*2616306 


+ 0*1801413 
+ 0*1836785 I 0*2610675 
+ 0*1871357 0*2607873 


+ 0*1736637 
+ 0*1695884 
+ 0*1654548 
+ 0*1612644 

+ 0*1570192 
+ •0*1527208 

+ 0*1483711 
+ 0*1439718 
+ 0*1395248 

+ 0*1350319 

+ 0*1304950 

+ 0*1259159 

+ 0*1212965 
+ 0*1166386 I 

+ 0*1119443 
+ 0*1072154 
+ 0*1024537 
+ 0*0976613 
+ 0*0928401 

+ 0*0879920 
+ 0*0831189 
+ 0*0782229 
+ 0*0733059 

+ 0*0683698 

+ 0*0634167 
+ 0*0584484 
+ 0*0534670 
+ 0*0484745 
+ 0*0434727 


+ 0*1905116 
+ 0*1938050 
+ 0*1970150 
+ 0*2001403 

+ 0*2031799 

+ 0*2061329 
+ 0*2089982 

I + 0*2117749 

+ 0*2144621 
+ 0*2170590 

+ 0*2195646 
+ 0*22x9783 
+ 0*2242992 
+ 0*2265267 
+ 0*2286600 

+ 0*2306986 


0*2605080 

0*2602297 

0*2599522 

0*2596756 

0*2593999 

0*259125° 

0*2588511 

0*2585780 

0*2*583058 

0*2580344 

0*2577639 

0*2574943 


+ 0*2302395 
+ 0*2378932 


0*2561587 

0*2558941 

0*2556303 

0*2553673 


+ 0*2394495 I o -2 55i°52 


395°35 8 ;7 o 
396°43 36*11 
397°52 3;59 

399 0 0'31*15 
400° 8'58*78 

401° 17'26*49 
402;>25;; 54-27 
4°3°34 22*13 
404° 42' 50*06 
405° 51' i8*q6 


408° 8'14*2 
409° 16' 42*50 
410°25'10*79 
4U°33'39 t I 5 

412°42' 7*58 
4x3° 50'36*08 
4x4=59 4*64 

416° 7 *33 ?2 ° 
417°16' 1*99 

418=24'30*76 
419 32 59*6 i 
420° 41'28*52 
4 2i°49'57 ? 49 
422°58'26*53 

424° 6'55*64 
425 0 15'24*82 
426°23'54*06 
427°32'23*36 
428°40'52*73 

429 0 49'22*16 




+ 0*2422681 
+ 0*2435297 
+ 0*2446924 

+ 0*2457560 
+ 0*2467203 




+ 0*2483501 
+ 0*2490154 


0*2545033 0 , 

0*2543235 433 n i 4,5°; k 4 

0*2540646 434 23 20*52 

0*2538064 435°3i'5°;27 

0*2535491 436°40 20*08 

0*2532925 437: 48; 49§3 

0*2530367 438 o 57 / i 9*88 

0*2527816 440 5 49^87 


+ 0*8051156 
+ 0*8090043 
+ 0*8128195 

+ 0*8165598 
+ 0*8202240 
+ 0*8238107 
+ 0*8273187 
+ 0*8307469 

+ 0*8340939 

+ 0*8373587 

+ 0*8405401 




+ 0*8466485 

+ 0*8495735 
+ 0*8524110 
+ 0*8551601 
+ 0*8578198 
+ 0*8603894 

+ 0*8628679 




+ 0*8675487 
+ 0*8697495 
+ 0*8718563 

+ 0*8738685 
+ 0*8757855 
+ 0*8776066 
+ 0*8793314 
+ 0*8809594 

+ 0*8824901 
+ 0*8839230 
+ 0*8852579 




+ 0*8876322 

+ 0*8886710 
+ 0*8896106 
+ 0*8904508 
+ 0*8911914 
+ 0*8918325 












































TABLES OF BESSEL FUNCTIONS 
Table I. Functions of order zero 


K’mi 




Trt . “ °- 246755 i 

10*04 - 

10*06 - 
10*08 - 
10*10 - 


- 0*2495649 

- 0*2496822 

- 0*2496996 

- 0*2496171 

- 0-2494350 

- 0*2401536 

- 0*2487732 

- 0*2482942 

- 0*2477x68 

- 0*2470416 

- 0*2402690 
“ 0*2453994 

- 0-2444335 

“ o* 24337 i« 

- 0*2422148 

- 0*2409633 

- 0-2396178 

- 0*2381702 

- 0*2366482 

- 0*2350255 

- 0*2333120 

- 0*2315085 

- 0*2296158 
r 0*2276350 

- 0*2255670 

- 0*2234x27 

- 0*22x1732 

- 0*2x88495 

- 0*2x64427 

- 0*2139339 

- 0*2113843 

- 0*2087349 

- 0*2060071 

- 0*2032020 

- 0*2003208 
“ 0*1973650 
" 0-1943357 

- 0*1912343 

- 0*1880622 

- 0*1848208 

- 0*1815115 

- 0*1781356 

- 0*1746947 

- 0*1711903 


■+ 0*0506850 
+ 0*0456886 
+ 0*0406838 
+ 0*0356728 
+ 0*0306574 

+ 0*0256397 
+ 0*0206216 
+ 0*0156052, 
+ 0*0105924 
+ 0*0055852 

+ 0*0005856 

- 0*0044044 

- 0*0093830 

- 0*0x43481 

- 0*0x92978 

- 0*0242303 

- 0*029x435 


0*03890 

6*0437486 

0*0485659 

°‘°533546 

0*0581x28 

0*0628386 

°‘ o6 75304 


0*251406, 
0-25x1578 
0*2509096 

0*2506622 

0*2504154 

0*2501694 

0*2499241 

0*2496795 

°‘ 2 494357 

0*2491925 

0*2489501 

0*2487084 

0*2484674 

0*2482270 

°* 24798?4 

0*2477484 

0*2475102 

0*2472726 

0 #2 47 P 357 

0*2467995 

0*2465640 

0*2463291 

0*2460949 


528“23 33 ? i5 
529 ° 32 '23*49 
530 °41'13*82 
53i“50' 4*13 
S 3 2 58'54*41 


0*072x862 I 0*2458614 
0*2456283 
°’ 2 453963 

0*245x648 
°* 2 449339 

0 ' 2 447°37 

0*2444741 
0*2442451 
0*2440168 
0*2437891 

0-2435621 

° -2 433357 
0*243x099 
0*2428847 
0*2426602 

0*2424363 
0*2422130 
0*2419903 
0*2417683 
0*2415468 

0*2413260 
0*2411057 
0*2408861 


- 0*0813830 

- 0*0859205 

- 0*0904152 

■ 0*0948652 

- 0*0992609 

■ 0*1036247 

• 0*1079309 

• 0*1121859 

• 0*1163881 
0*1205360 

■ 0-1246281 
0*1286627 
0*1326384 

0,I 365537 

0*1404073 

0*1441977 

0,i 479234 

0*1515832 



534° 7'44-68 

539° 5 1 '55*73 
541 o 45*88 
542° 9 30*02 
543° 18'26*13 
544 27' 16-23 

545°36' 6*31 I 
546 44,56 *37 
547° 53- 46*41 
549° 2 36*44 
550°ii'26*44 

551°20'16*43 
552°29' 6*41 

553 ° 37 '56*36 
554 ° 46 4(5*30 
55555 ' 36*22 

557° 4'26*12 
558° 13' 16*00 
559°22' 5^87 

56o°30;55*72 

56i°39'45*55 
562°48'35*37 
565 0 14*95 

566° i 5 ' hXi 
567°23'54*46 

568°32'44*20 
5 6 9 °41; 33*91 
570 ° 50'23*61 
57 r ° 59 '13*30 
573 ° o ' 2*97 

574 °16'52*62 
575 °25'42*26 
576 ° 34 ' 31*88 
57 43 '21*48 
57 «°52'xx*07 

580° 1' 0*64 
581° £50*20 
582°18'39*75 
583°27'29*28 
584° 36'18*79 


+ 0*1136338 
+ ,0*1085x42 
+ 0*1033867 
+ 0*0982533 
+ 0*0931x62 


+ 0*0777014 
+ 0*0725687 
+ 0*0674420 

+ 0*0623234 
+ 0*0572x48 
+ 0*0521x81 
+ 0*0470353 
+ 0*0419684 

+ 0*0369x92 
+ 0*03x8896 
+ 0*0268817 
+ 0*02x8972 
+ 0*016938X 

+ 0*0x20062 
+ 0*0071034 
+ 0-0022315 

- 0*0026077 

- 0-0074123 

- 0-012x806 

- 0-0x69108 

- 0-0216012 

- 0-0262499 

- 0*0308553 

- 0-0354157 

- 0-039929 


- 0*0488103 

- 0*053x741 

- 0*0574847 

- 0*06x7406 I 

- 0*0659402 

- 0-0700821 

- 0-074x646 

- 0*0781864 

- 0*0821461 

- 0*0860421 

- 0*0898731 

- 0*0936378 

- 0*0973349 

- 0-1009630 

- 0-1045299 

- 0-1080073 

- 0*1114210 


























TABLES OF BESSEL FUNCTIONS 
Table I. Functions of order unity 



I#? Ml argH^O*) 


+ 0*0384638 

+ 0*0334497 

+ 0*0284322 
+ 0*0234135 

+ 0*0183955 

+ 0*0133801 . 
+ 0*0083694 
+ 0*0033652 

- 0*0016305 

- 0*0066157 

- 0*0115886 

- 0*0165471 

I - 0*0214895 

- 0*0264137 

- 0*0313178 

- 0*0362001 

- 0*0410586 

- 0*0458914 

- 0*0506967 

- 0*0554728 

- 0*0602176 

- 0*0649296 

- 0*0696068 

- 0*07^2475 

- 0*0788500 | 

- 0*0834125 

- 0*0879333 

- 0:0924107 

- 0*0968431 

- 0*1012287 

- 0*1055659 

- 0*1098532 



+ 0*2495809 0*2525274 

+ 0*2500465 0*2522739 
+ 0*2504122 0*2520212 

+ 0*2500782 0*2517692 

+ 0*2508444 0*2515180 

. + 0*2509111' 0*2512676 
+ 0*2508783 0*2510179 

+ 0*2507464 0*2507690 
+ 0*2505154 0*2505208 
+ 0*2501858 0*2502733 

+ 0*2497578 0*2500266 

+ 0*2492319 0*2497806 

+ 0*2486082 0*2495353 
+ 6*2478874 0*2492907 
+ 0*2470699 0*2490469 

+ 0*2461562 0*2488038 

+ 0*2451468 0*2485614 

+ 0*2440423 0*2483197 
+ 0*2428434 0*2480787 

+ 0*2415506 0*2478385 

' , 0*2475989 

+ 0*2386862 0*2473600 

+ 0*2371162 0*24712x8 

+ 0*2354552 0*2468843 

+ 0*2337042 0*2466475 

+ 0*2318640 0*2464114 
+ 0*2299355 0*2461760 

+ 0*2279195 0*2459412 

+ 0*2258171 0*2457071 

+ 0*2236293 0*2454736 

+ 0*2213570 0*2452409 
+ 0*2190013 0*2450088 

+ 0*2165633 0*2447773 
+ 0*2140441 0*2445465 

+ 0*2x14448 0*2443164 


441=14 19^93 

442° 22' 50*04 
443 ° 3 i; 2 °« 2 i 
444“39 50*44 
445 4§ 20*73 

44f“56;5i;°8 
448° .5'21*49 

449“ 1 3^5**95 
450°22'22*48 

45 l0 3 °' 53*° 6 

452°*39 7 23*69 

a e- o° A*n r e Sion 


457 13 2 


0*1459354 

0*1496394 

o-i53 2 774 

0*1568479 

0*1603497 

0*1637815 

0*1671422 



+ 0*2087666 
+ 0*2060107 
+ 0*2031783 
+ 0*2002707 
+ 0*1972891 

+ 0*1942349 
+ 0*1911093 
+ 0*1879138 
+ 0*1846498 
+ 0*1813185 

+ 0*1779215 
+ 0*1744602 
+ 0*1709362 
+ 0*1673507 
+ 0*1637055 


+ 0*8917685 
+ 0*8911224 
+ 0*8903793 
+ o *8895395 

+ 0*8886036 




+ 0*8864459 
+ 0*8852252 
+ 0*8839107 

+ 0*8825033 
+ 0*8810035 
+ 0*8794x22 
+ 0*8777301 
+ 0*8759580 

+ 0*8740969 
+ 0*872x475 
+ 0*8701109 
+ 0*8679879 
+ 0*8657796 

+ 0*8634870 
+ 0*86111x0 
+ 0*8586529 
+ 0*8561136 

+ 0*8534944 


0*2440869 481°12'27*19 
0*2438581 482° 20'59 : 20 

0*2436299 483° 2 9'3*! 2 5 
0*2434024 484°38 3*36 

0*2431755 485 46 35*51 


0*2429492 

0*2427236 

0*2424986 

0*2422742 

0*2420505 

0*2418273 

0*2416048 

0*2413829 

9*24x16x6 

0*2409410 


486° 55' 7*71 
488° 3'39*96 
489°12'12*26 
49O 0 20 / 44*61 
491° 29'17*00 

492“ 3g 49;43 
493=46^21*92 


497=11'59*65 


10*72 
+ 0*8480208 10*74 

+ 0*8451689 10*76 

+ 0*8422418 10*78 

+ 0*8392408 io*8o 

+ 0*8361673 10*82 

+ 0*8330226 10*84 

+ 0*8298080 io*86 

+ 0*8265250 io*88 

+ 0*8231749 10*90 

+ 0*8197592 10*92 

+ 0*8162792 10*94 

+ 0*8127366 10*96 

+ 0*8091327 10*98 

+ 0*8054091 11*00 




















































TABLES OE BESSEL FUNCTIONS 


Table I. Functions of order zero 






0-I676238 - 

0 -l 63 g 9 S 8 “ 

0-l603I09 - 

0 -I 527683 | - 


0 -I 450089 

0-I4I0520 

0 -I 370458 

0 -I 3299 I 9 


-0-1720845 0-2402308 585°45' 8*29 - 

-0-1:752470 0-2400135 586 “ 53 ' 57*77 ~ 

-0*1783338 o-2'397q68 588° 2' 47*23 - 

-0-1813437 0-2395807 589° ii'36*69 - 

- 0-1842758 0-2393652 590°20'26*13 - 

-0-1871289 0-2391503 591 0 29' 15*55’ - 

- 0-1899021 0-2389359 592 0 38' 4*96 - 

-0-1925944 0-2387222 593 ° 46 ' 54’35 - 
-0-1952050 0-2385090 594 55 43*73 " 

- 0-1977329 0-2382963 596° 4'33*09 - 


0-1288922 I - 


0-1205018 

0-1163346 

0-1120685 

0*1077650 

0-1034261 

0-0990535 

0-0946491 

0-0902145 

0-0857517 

0-0812623 

0-0767484 


0-0676539 

0-0630771 


- 0*0538735 

- 0-0492505 

- 0-0446157 

- 0-0399711 

- 0-0353184 

- 0-0306597 

- 0-0259967 

- 0-0213313 

- 0-0166653 

- 0-0120006 

- 0-0073391 

- 0-0026825 

+ 0-0019672 

+ 0-0066082 
+ 0 -OXI 2388 
+ 0-0x58571 
+ 0-0204612 
+ 0-0250494 


+ 0-0296200 f - 

+ 0-0387007 - 

+ 0-0432074 - 

+ 0-0476893 - 


- 0-20017.72 0-2380843 

- 0-2025372 0-2378728 

- 0-2048X2I 0-2376618 

- O- 2 O 7 O 0 IX 

- 0-2091034 0-237241 

- 0-2111185 0-237032 


599 0 31' l-io 
6oo° 39' 50*41 
6oi°48'39*70 


602° 57'28*98 
604° 6'18*25 
0-2x48843 0-2366155 605°15' 7*51 
0*2106338 0-2364078 6o6°23'56*75 

0-2182937 0-2362008 607° 32' 45*97 


-0-2198634 0-2359942 6o8° 41'35*18 - 

- 0-22x3425 -0-2357882 609° 50' 24*38 - 


0-2227306 0-2355828 6xo° 59"13*56 
0-2240273 0-2353779 612° 8' 2*73 
-0-2252321 0-2351735 613° 16'51*89 


0-2263449 0*2349696 614°25'41*04 
0-2273652 0-2347663 615° 34'30*17 
0-2282930 0-2345635 616 0 43'10*28 
0-2291278 0-2343612 617°52' 8*39 
0-2298697 0-2341595 619° o' 57*48 


0-2305185 0-2339582 
0-2310740 0-2337575 
0-2315362 0-2335573 
0-23x9050 0-2333576 
0-232x806 0-2331584 


0-2323629 

0-2324520 

0-2324481 

0-2323513 

0-23216x8 

0-2318798 

• 0-2315056 

• 0-2310396 

■ 0-2304820 
•0-2298332 

• 0-2290937 

- 0-2282638 

■ 0-2273441 

- 0-2263351 

- 0-2252373 


0-2329598 
0-2327616 


0-2321701 


0-2317703 

0-2315831 

0-2313884 

0-2311942 

0-2310005 


620° g'46*56 
621°18'35*63 
622° 2/ 24*68 
623°36'13*72 
624°45' 2*75 

625° 53 ' 5**76 
627° 2 40*77 
628°IX'29*75 
629° 20'18*73 
630° 29' 7*70 

6 3 x° o 37; 56*65 
632 ° 46 ' 45;59 
633°55 34;52 
£ 35 ° 4 23*44 
636° 13' 12*34 

637°22' 1*24 
638° 30'50*12 
639° 39 ' 38*99 
640° 48 27*84 
641° 57' 16*69 


- 0-1147608 11*02 

- 0-1180257 11-04 

- 0-1212x44 11-00 

- 0-1243260 n-o8 

- 0-1273593 xi-io 

- 0-1303x33 XI-I 2 

- 0-1331870 II-X 4 

- 0-1359795 ii'ig 

- 0-1386899 Ii-x8 

- 0-1413173 11-20 

- 0-1438608 IX*22 

- 6-1463196 

- 0-1486929 

- 0-1509799 11-28 

- o-i53i8ox 11-30 


0-1552926 

0-1573169 

0-1592522 

0-1610982 

0-1628541 

0-1645196 

0-1660942 

0-1675773 

0-1689687 

0-1702681 

0-1714749 

0-1725891 

0-1736103 

• 0-1745384 

0-1753731 

- 0-1761144 

- 0-1767622 

- 0-1773163 

- 0-1777768 

- 0-1781436 

- 0-178416 

• 0-178596 


- 0*1786765 

- 0-1785768 


0-1783843 
0-1780994 
0-1777222 
0-1772532 
0-1766928 11-90 

0-1760413 11-92 
0-1752992 11-94 

0*1744669 11*96 

0 -I 73545 1 11*98 

0-1725341 12-00 



















TABLES OE BESSEL FUNCTIONS 689 


Table I. Functions of order unity 


X 

7 iW 

YM 

ih'I’wi 

arg riiix ) 

H.W 

X 

11-02 

11-04 

ii-o6 

ii-o8 

XI-IO 

- 0-1798496 

- 0-1828371 

- 0-1857467 

- 0-1885774 

- 0-1913283 

+ 0-1600021 
+ 0-1562419 
+ 0-1524266 
+ 0-1485578 

4- 0-1446371 

0-2407209 

0-2405014 

0-2402820 

0-2400643 

0-2398400 

498° 20'32*32 
499 °29' 5^03 
5°°°37 37*79 
501 46 10-59 

502 0 54 ' 43*44 

+ 0 - 80 I 7474 
+ O797969I 
+ 07941357 

+ O -7902489 
+ O7863IO3 

IX-02 

11-04 

IX -06 

11-08 

IX-XO 

11*12 
II-I 4 
II-IO 
xi-i8 
IX -20 

- 0-1939984 

- 0-1965868 

- 0-1990926 

- 0-20x5150 

- 0-2038531 

+ 0-1406661 
+ 0-1366465 
+ 0-1325799 
+ 0-1284681 
+ 0-1243127 

0-2396296 

0-2394x31 

0-2391972 

.0-2389819 

0-2387671 

5 ° 4 ° 3 ;i 6;34 
505 11 49*27 
506° 20'22*25 
507° 28'55*28 
508°37 # 28*35 

+ 0-78232X5 
+ O7782842 
+ 07742001 
+ O77OO7O7 
+ O7658979 

II-I 2 

11-14 

II-IO 

xx-i8 

11-20 


- 0-2061063 

- 0-2082738 

- 0-2103549 

- 0-2123488 

- 0-2x42550 

+ 0-1201154 
+ 0-1158779 
+ 0-1x16021 
+ 0-1072896 
+• 0-1029422 

0*2385530 

0*2383394 

0-2381264 

0-2379140 

0-2377021 

509“46' 1*46 
5 i °°54 34*61 
5x2° 3 7*81 

513=xi 41*05 
514 0 20'14-33 

+ O76I6832 
+ O7574286 
+ O753I356 
+ O748806O 
+ 0 - 74444 I 6 

11*22 

11-24 

11-26 

11-28 

11*30 

11-32 

n -34 

11-36 

11-38 

11-40 

- 0-2x60729 

- 0-2x78019 

- 0-2194415 

- 0-22099x2 

- 0-2224506 

+ 0-0985617 
+ 0-0941498 
+ 0-0897083 
+ 0-0852391 
+ 0-0807440 

0-2374909 

0-2372801 

0-2370700 

0-2368604 

0-2366513 

5^° 28'47*65 

516°37'21*01 
5 I 7 ° 45 / , 54;42 
5 * 8 °54 27*37 
520° 3' 1*36 

+ 0-7400442 
+ 07356155 

+ 0731 X 573 
+ O72667I5 
+ O722I598 

11*32 

11-34 

11-36 

11*38 

11-40 

11-42 

ii -44 

11-46 

11-48 

ii- 5 ° 

- 0-2238192 

- 0-2250966 

- 0-2262825 

- 0-2273766 

- 0-2283786 

+ 0-0762247 
+ 0-0716830 
+ 0-0671209 
+ 0-0625402 

+ 0-0579425 

0-2364428 

0-2362349 

0-2360275 

0-2358207 

0-2356144 

521°11'34*89 
522 0 20' 8*46 
523 0 28' 42*07 
524° 37 ' x 5*72 
525 45 49 * 4 1 

+ 0-7176241 
+ O7I3066I 
+ O7084877 
+ 0-7038907 
+ 0-6992769 

11-42 

11-44 

XI-46 
11-48 
11 * 5 ° 

H \52 

n -54 

11-56 

11-58 

11 -DO 

- 0-2292883 

- 0-2301055 

- 0-2308300 

- 0-2314617 

- 0-2320005 

+ 0-0553299 
+ 0-0487042 
+ 0-0440671 
+ 0-0394206 
+ 0-0347665 

0-2354086 

0-2352034 

0-2349987 

0-2347946 

0-2345910 

526° 54'23*14 
528° 2'56*91 
529°11' 3°*72 
530° 20' 4*58 

53X°28'38*47 

+ 0-6946483 
+ 0-6900066 
+ 0-6853536 
+ 0-68p69I3 
+ 0-67602I5 

11-52 

11 *54 
n *50 
11-58 

11-DO 

11-62 

11-64 

ll-6o 

ix-,68 

11-70 

- 0-2324463 

- 0-2327992 

- 0-2330591 

- 0-2332261 

- 0-2333002 

+ 0-0301065 
+ 0-0254427 
4- 0-0207768 
+ 0-0x61x06 
+ 0-0114460 

0*2343879 

0-2341854 

0*2339833 

0-2337818 

0*2335809 

532 ° 37 ^ 2*39 
533°45 46;36 
534°’54 2 o ; 37 
536° 2 54*41 
537 0 11'28*49 

+ 0 - 67 I 3459 
+ 0-6666665 

+ 0-66I985I 
+ 0-6573035 
+ 0-6526236 

IX -62 
11-64 
IX-66 
xi-68 
11-70 

■ 

- 0-2332817 

- 0-2331707 

- 0-2329674 

- 0-2326720 

- 0-2322847 

+ 0-0067849 
+ 0-0021289 

- 0-0025199 

- 0-0071598 

- 0-0117890 

0-2333804 

0-2331804 

0-2329810 

0-2327821 

0-2325837 

538°20' 2*6l 
539 0 28'36*77 
540°37 I0 '96 
541 ° 45 45 *i 9 
542 54 *9*46 

+ 0-6479472 
+ 0 - 643276 I 
+ 0-6386I22 
+ 0-6339572 
+ 0 - 6293 I 3 I 

11-72 

11*74 

11-76 

1178 

11-So 

11-82 

11-84 

n-86 

xx-88 

11-90 

- 0-23x8060 

- 0-23x2361 

- 0-2305754 

- 0-2298243 

- 0*2289832 

- 0-0164057 

- 0-0210081 

- 0-0255944 

- 0-0301628 

- 0-0347115 

0-2323858 

0-2321884 

0-2319915 

0*2317951 

0*23x5993 

544 ° 2'53*77 

545° II ^2o*xi 
546°20' 2*49 
547°28'36*91 
548° 37''36 

+ 0-62468I5 
+ 0-6200643 
+ 0-6154633 
+ 0 - 6 I 08802 
+ 0-6063I69 

11-82 

11-84 

II-86 

n-88 

11*90 

11-92 

II -94 

xx-96 

H-98 

12*00 

- 0-2280528 

- 0-2270334 

- 0-2259255 

- 0-2247299 

- 0-2234471 

U ■ - —» 

- 0-0392388 

- 0-0457430 

- 0-0482223 

- 0-0526749 

- 0-0570992 

0-2314039 

0-2312090 

0-2310146 

0-2308207 

0-2306273 

549 ° 45 ', 45*85 
550°54 20*37 
552 ° 2 54*93 
553 °11 2 9*53 
554 20' 4*16 

+ 0-60I775I 
+ 0-5972565 
+ 0-5927628 
+ 0-5882959 
+ 0-5838573 

11-92 

ii *94 

11-90 

11- 98 

12- 00 


W.B.F. 


44 



















690 TABLES OS' BESSEL FUNCTIONS 

Table I. Punotiona of order zero 


■ 



|H?Wi 

, «g fi'i’W 

H 0 (*) 

X 

12*02 

12*04 

12*00 

12*68 

12*10 

+ 0*0521447 
+ 0*0565718 
+ 0*0609090 

+ 0*0653346 

+ 0*0696068 

- 0*2240513 

- 0*2227778 

- 0*2214173 

- 0*2x99706 
■ - 0*2184384 

0*2300393 

0*2298485 

0*2296581 

0:2294682 

0-2292788 

643° 6' 5*52 
644“ 14; 54*35 
6 45 23 43 ? i6 

646° 32' 31*96 
647°41'20*74 

- 0*1714348 

- o*x702475 

- 0*1689731 

- 0*1676121 

- 0*1661654 

12*02 
12*04 
. 12*06 
12*08 

X2*IO 

12*12 

I2T4 

12*10 

12*18 

12*20 

+ 0*0739640 
+ 0*0782245 
+ 0*0824468 
+ 0*0866292 
+ 0*0907701 

- 0*2168214 

- 0*2x51204 

- 0*2x33362 

- 0*2114698 

- 0*2095218 

0*2290899 

O*22890I4 

0*2287134 

0*2285256 

0*2283388 

648°50' 9*52 
649°58'58*29 
651 7' 47*04 

652° 16'35^78 
653 25'24*51 

- 0*1646336 

- 0*1630x75 

- 0*1613180 

- 0*1595359 

- 0*1576720 

12*12 

12*14 

X2-IO 

X2*l8 

12*20 

12*22 

12*24 

12*20 

12*28 

12*30 

+ 0*0948680 
+ 0:0989212 
+ 0*1029283 
+ 0*1068877 
+ 0*1107980 

- 0*2074933 

- 0*2053852 

- 0*2031985 

- 0*2009341 

- 0*1985931 

0*228l522 

0*2279660 

0*2277803 

0*2275950 

0*2274102 

f54“34'13*23 
£55°43' i*94 
656°51 50*64 
658“ o' 39*32 
659 9'28*00 

- 0*1557274 

- 0*1537028 

- 0*1515994 

- 0*1494x80 

- 0*1471598 

12*22 

12*24 

12*26 

12*28 

X2*30 

12*32 

12*34 

12*36 

12*38 

12*40 

+ 0*1146576 
+ 0*1184651 
+ 0*1222101 
.+ 0*1259182 
+ 0*1295610 

- 0*1961765 

- 0*1936855 

- 0*1911210 

- 0*1884844 

- 0*1857766 

0*2272258 

0*2270419 

0*2268585 

0*2266754 

0*2264928 

66o° 18'16*67 
66 i°27' 5*32 
662°35'53*96 
663° 44'42*60 
66 4 °53'3i*22 

- 0*1448257 

- 0*1424x69 

- 0*1399344 

- 0*1373794 

~ o-i347532 

12*32 

12*34 

12*36 

12*38 

12*40 

12*42 

12*44 

12*46 

12*48 

12*50 

+ 0*1331462 
+ 0-1366724 
+ 0*1401382 
+ 0*1435426 
+ 0*1468841 

- 0*1829990 

- 0*1801527 

- 0*1772390 

- 0*1742591 

- 0*1712143 

0*2263107 

0*2261290 

0.2259477 

0*2257669 

0*2255865 

666' 2'19*83 
667°ix' 8*43 
668° 19' 57*62 
669° 28' 45*60 
6 7°°37'34*17 

- 0*1320567 

- 0*1292914 
-‘0*1264583 

- 0*1235588 

- 0*1205943 

12*42 

12-44 

12*46 

12*48 

12*50 

12*52 

12*54 

12*56 

12*58 

12*00 

+ 0*1501615 

+ °‘ I 533737 
+ 0*1565195 

+ °-!595977 
+ 0*1626073 

- o*x68xo6o 

- 0*1649354 

- 0*16x7040 

- 0*1584x31 

- 0*1550641 

0*2254065 

0*2252270 

0*2250479 

0*2248692 

0*2246909 

671° 46'22*73 
672° 55' 11*28 
f74° 3'59*82 
675° 12'48*35 
676° 21' 36*86 

- 0*1175659 

- 0*1144750 

- 0*1113230 

- 6*xo8ixi2* 

- 0*1048412 

12*52 

12*54 

12*56 

12*58 

I2*6o 

12*62 

12*64 

12*66 

12*68 

12*70 

+ 0*1655471 
+ 0*1684160 
+ 0*1712131 

+ 0 ' 1 739374 
+ 0*1765879 

- 0*1516585 

- 0*148x970 

- 0*1446030 

- 0*1411x61 

- o-i374984 

0*2245131 

°-2243357 

0*224x587 

0*2239821 

0*2238059 

679° 48" 2*36 
68o° 56'50*84 
682° 5'39*30 

- 0*1015142 

- 0*09813x8 

- 0*0946953 

- 0*09x2064 

- 0*0876664 

12*62 

12*64 

12*66 

12*68 

12*70 

12*72 

12*74 

12*76 

12*78 

12*80 

+ 0*179x636 
+ 0*1816637 
+ 0*1840872 
+ 0-1864334 
+ 0*1887014 

- 0*1338314 

- 0*1301x68 

- 0*1263559 

- 0*1225504 

- 0*1187019 

0*2236302 

0*2234548 

0*2232799 

0*2231054 

0*2229313 

683° 14' 27*76 
684° 23' 16*21 
685° 32' 4*65 
686° 40'53*08 
687° 49'41 *50 

- 0*0840769 

- 0*0804395 

- 0*0767556 

- 0*0730269 

- 0*0692549 

12*72 

12*74 

12*76 

12*78 

I2*8o 

12*82 

12*84 

12*86 

12*88 

12*90 

+ 0*1908904 
+ 0*1929997 
+ 0*1950286 
+ 0*1969764 
+ 0*1988424 

- 0*1148x20, 

- 0*1108823 

- 0*1069x43 

- 0*1029098 

- 0*0988704 

0*2227576 

0*2225843 

0*2224114 

0*2222389 

0*2220668 

688°58'29*91 
690° 7'18*31 
691°16' 6*70 
692° 24'55*08 
693° 33" 43 *45 

- 0*0654413 

- 0*0615876 

- 0*0576954 

- 0*0537665 

- 0*0498024 

12*82 

12*84 

12*86 

12*88 

12*90 

12*92 

12*94 

12*96 

12*98 

13*00 

+ 0*2006261 
+ 0*4023269 
+ 0*2039441 

+ 0*2054773 
+ 0*2069261 

- 0*0947977 

- 0*0906934 

- 0*0865592 

- 0*0823968 

- 0*0782079 

0*2218951 

0*2217238 

0*2215529 

0*22x3824 

0*22X2123 

694°42'31*81 
695°51'20*16 
697° o' 8*51 
698° 8'56*85 
699°I7'45*i7 

- 0*0458049 

~ °*°4 I 7755 

- 0*0377x60 

- 0*0336280 

- 0*0295133 

E f b Nx 

gf t. JT *1 

E • u 3 

















































TABLES OF BESSEL FUNCTIONS 
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Table I. Functions of order unity 


!<(*) I 



- 0*2220777 

- 0*2206225 

- 0*2190821 

- 0*2174574 

- 0*2157490 

- 0*2139578 

- 0*2120846 

- 0*2101303 

- 0*2080958 - 

- 0*2059820 - 

- 0*2037900 - 

- 0*2015206 - 

- 0*1991749 - 

- 0*1967540 - 

- 0*1942588 - 

- 0*1916907 - 

- 0*1890506 - 

- 0*1863397 ~ 

- o*i 83559 i 

- 0*1807102 

- 0*1777942 

- 0*1748122 

- 0*1717656 

- 0-1686557 

- 0-1654838 

- 0-1622513 

- 0-1589594 

- 0-1556097 

- 0-1522036 

- 0*1487423 

- 0*1452276 

- 0*1416606 

- 0*1380431 

- 0-1343705 

- 0*1306622 

- 0-1269019 

- 0-1230971 

- 0*1192494 

- 0*1153604 

- 0*1114316 

- 0*1074646 

- 0*1034612 

- 0-0994229 

- 0-0953513 

- 0-0912483 

- 0*0871153 



+ 0*5794489 
+ 0*5750722 


0*0953682 

0*0994184 


0*1034226 

0*1073791 

0*1112866 

0 - 1 X 51435 

0*1189484 


0*2304343 555“ 28 38 *83 
0*2302415 556 “ 37 13*53 
0*2300499 557°45 4»;27 ... - 

0*2298584 558 54 23^04 +0*5664209 

0*2296674 500° 2'57*84 +0*5621495 


I* L 1 


0*1226999 

0*1263966 

0*1300372 

0*1336202 

0*1371444 

0*1406084 

0-14401x1 

0*1473511 

0*1506272 

0*1538383 

0*1569831 
o*i600606 
0*1630696 
0*1660091 

• 0*1688779 

- 0*1716752 

• 0*1743998 

- 0*1770509 


0*1009012 

0*1891710 

0*1913021 

0 -X 934738 

0*1955054 

0*1974561 

6*1993253 

0*2011125 

0*2028170 

0*2044382 

0*2059758 


0*2007970 

0*2100814 


0*2294769 

0*2292868 

0*2290973 

0*2289082 

0*2287195 

0*22853x3 

0*2283436 

0*2281564 

0*2279690 

0*2277833 

0*2275974 

0*2274120 

0*2272270 

0*2270425 

0*2208585 

0*2266749 

0-2264917 

0-2263090 

0*226x267 

0*2259449 

0*2257635 

0*2255826 

0*2254020 

0*2252220 

0*2250423 

0*2248631 

0*2246843 


0*2243200 

0*2241505 

0*2239734 

0*2237967 


.561° n'32*68 
562°20' 7*55 
563°28'42*46 
564 ° 37 ; 17-40 
565°45 52*38 

566“54'27*39 

568° 3 2*43 

569° xx 37-5° 
570° 20 12*61 
571 0 28'47*75 

572“37'22*93 
573“45,58*13 

577 11 43*95 

578° 20' 19*28 

579 ° 28'54*65 

580° 37' 30*05 
58x° 46' 5*48 
582° 54' 40*94 

5 § 4 : 3;^;43 
5|5° n'51 ;95 
586° 20'27*51 
587°29' 3*°9 
588° 37' 38*71 

589° 46;14-35 
590°54,50*03 
592° 3 25*74 
593° 12, i*47 
594 20'37*24 

595° 29'. 13:94 


0*2232092 

0*2230942 

0*2229196 

0*2227454 

0*2225716 

0-222398^ 


0*2220527 

0*2218805 

0*2217088 


+ 0*5579x64 12*12 
+ 0*5537234 I2 -I 4 
+ 0*5495718 I2*X6 

+ 0*5454634 12*18 
+ 0*5413995 12*20 

+ 0*5373819 12*22 
+ 0*5334X19 12*24 

+ o*52949XX 12*26 

+ 0*5256209 X2*28 

+ 0*5218027 12*30 

+ 0*5X80381 X2*32 

+ 0-5143282 12*34 

+ 0*5X06746 12*36 

+ 0*5070786 I2*38 

+ 0*5035415 X2-40 


+ 0-5000646 X2*42 

+ 0-4966492 12-44 

+ 0-4932964 12-46 

+ 0-4900076 12-48 

+ 0-4867839 I2-50 

+ 0-4836265 12*52 

+ 0-4805365 12-54 

+ 0-4775151 12*50 

+ 0*4745632 12-58 

+ 0-47x6820 I2*6 o 

+ 0*4688725 12*62 

+ 0*4661356 12*64 

+ 0*4634724 12*66 

+ 0*4608838 12*68 

+ 0*4583706 12*70 

+ 0*4559337 I2 7 2 
+ 0 * 453574 ° I2 ’74 
+ 0*4512923 12*76 

+ 0*4490893 12*78 

+ 0*4469659 12*80 

+ 0*4449226 12*82 
+ 0*4429602 12*84 

+ 0*4410794 12*86 

+ 0-4392807 12*88 
+ 0*4375647 12*90 

+ 0*4359320 12*92 
+ 0*4343830 12*94 
+ 0-4329183 12*96 
+ 0*4315383 12*98 
+ 0-4302435 13*00 


597 °46'24^72 

598 ° 55 , o-6o 
600 336*51 

6oi° 12' 12*45 
602° 20'48*43 
603° 29' 24*43 
604°38' 0*46 
605°46'36*51 


0*2222253 6o6°55'12^60 


6o8° 3'48*71 
609° 12' 24*85 
6io°2i' 1*02 


0*2215374 I 6ix°29'37*22 


44—2 
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TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order zero 


■ 

/.(*) 

*•<*) 

|H?«I 


H 0 (*) 

X 

1302 

13*04 

13*06 

13*08 

13*10 

+ 0*2082899 
+ 0*2095684 
+ 0*2107612 
+ 0*2118679 
+ 0*2128882 

- 0*0739941 

- 0*0697573 

- 0*0654990 

- 0*0612211 

- 0*0569253 

0*2210426 

0*2208732 

0-2207043 

0*2205357 

0*2203676 

700°26'33 *48 
7 °i“35; 2 i ;79 
702° 44'10*08 
7 0 3 “ 5 2 ' 58 ? 37 
705° i'46*65 

- 0*0253735 

- 0*0212104 

- 0*0170257 

- 0*0128211 

- 0-0085984 

13*02 

13*04 

13*06 

13*08 

13*10 

13*12 

13-14 

13*10 

13-18 

13-20 

+ 0*2138219 
+ 0*2146687 
+ 0*2154284 
+ 0*2161009 
+ 0*2166859 

- 0*0526132 

- 0*0482807 

- 0*0439475 
~ 0*0395973 

- 0*0352379 

0*220I998 

0*2200324 

0*2198654 

0 * 2 I 96987 

0 * 2 I 95325 

706°10'34*92 
707°19'23*18 
708°28'11*43 
709°36'59*68 
710° 45'47*91 

- 0*0043592 

- 0*0001054 
+ 0*0041614 
+ 0*0084393 
+ 0*0127268 

13-12 

I 3 -I 4 

13*16 

13-18 

13*20 

13*22 

13*24 

I3-26 

13*28 

I 3-30 

+ 0*2171835 
+ 0*2175935 
+ 0*2179159 
+ 0*2181508 
+ 0*2182981 

- 0*0308710 

- 0*0264983 

- 0*0221217 

- 0*0177428 

- 0*0133634 

0*2I93666 

0*2192010 

0*2100359 

0*2l887Il 

0*2187067 

7 «: 34 ; 36^14 
713 ^ 3 24*35 
7I4 0 12' 12*56 
7'15°21 / 0*76 
716° 29' 48*96 

+ 0*0170219 
+ 0*0213229 
+ 0*0256282 
+ 0*0299359 
+ 0*0342443 

13*22 

13-24 

13*26 

13*28 

1330 

I 3-32 

13-34 

1330 

13-38 

13-40 

+ 0*2183579 
+ 0*2183304 
+ 0*2182156 
+ 0*2180138 
+ 0*2177252 

- 0*0089853 

- 0-0046I0I 

- 0-0002396 
+ 0*0041244 
+ 0*0084802 

0 * 2 l 85427 

0 * 2 l 83790 

0*2l82I58 

0*2l80528 

0*2178903 

717“38;37*14 

718° 47'25*31 
719=56 13*47 
721= 5 1*63 
722° 13' 49*78 

+ 0*0385517 
+ 0*0428564 
+ 0*0471565 
+ 0*0514504 
+ 0*0557363 

13-32 

13-34 

13-30 

I 3-38 

13*40 

13*42 

13-44 

134O 

13-48 

13-50 

+ 0*2173499 
+ 0*2168884 
+ 0*2163409 
+ 0*2157076 
+ 0*2149892 

+ 0 - 0 I 28262 

+ 0*0171605 
+ 0*0214816 
+ 0*0257876 
+ 0*0300770 

0*2I7728l 

9*2175662 

0*2174047 

0*2172436 

0*2170829 

723° 22'37*92 
724°31'26*05 
725=4° 14^7 
726=49' 2*29 
727° 57 ' 5°*39 

+ 0*0600126 
+ 0*0642775 
+ 0*0685292 

H- 0*0727662 
+ 0*0769866 

13*42 

13-44 

13-40 

I 3-48 

13-50 

13-52 

13-54 

13-50 

13-58 

13*60 

+ 0*2141858 
+ 0*2132981 
+ 0*2123263 
+ 0*2112712 
+ 0*2101332 

+ 0*0343480 
+ 0*0385900 
+ 0*0428282 
+ 0 - 047034 1 
+ 0*0512150 

0*2169225 

0*2167624 

0*2166027 

0*2164434 

0*2162844 

729° 6'38*40 
730°15'26*58 
73^2414*66 
732“33 2*73 
733 4 i 50*80 

+ 0*0811889 
+ 0*0853714 
+ 0*0895324 
+ 0*0936702 
+ 0*0977832 

13-52 

13-54 

13-50 

13*58 

13*60 

13-62 

:ia 

13-68 

13*70 

+ 0*2089128 
+ 0*2076107 
+ 0*2062276 
+ 0*2047641 
+ 0*2032208 

+ 0*0553693 
+ 0*0594954 

+ 0*0635916 
+ 0*0676565 
+ 0*0716883 

0*2161257 

0*2159674 

0*2158995 

0*2156519 

0*2154946 

734°5°'38*86 
735 ° 59 '26*90 

739 25' 51*00 

+ 0*1018698 
+ 0*1059283 
+ 0*1099573 
+ 0*1139550 
+ 0*1179199 

13*62 

:sa 

13-08 

13.70 

1372 

1374 

1376 

1378 

13-80 

+ 0*2015986 
+ 0*1998982 
+ 0*1981203 
+ 0*1962659 
+ 0 -I 943356 

+ 0*0756856 
+ 0*0796469 
+ 0*0835705 
+ 0*0874551 
+ 0*0912990 

°- 2 i 53377 

0*2151811 

0*2150249 

0*2148690 

0*2147134 

740 ° 34 ' 39-02 

74 !° 43 ' 27*03 
742=52'15*03 
744 ° 1 3*°3 
745 9 5**01 

+ 0*1218505 
+ 0*1257452 
+ 0*1296025 
+ 0*1334209 
+ 0*1371989 

13*72 

13-74 

13*76 

13*78 

13*80 

13*82 

Hit 

13-88 

13*90 

+ 0*1923305 
+ 0*1902515 
+ 0*1880993 
+ 0*1858751 
+ 0*1835799 

+ 0*0951009 
4 * 0*0988593 
+ 0*1025727 
+ 0*1062398 
+ 0*1098592 

0*2145582 

0*2144033 

0*2142488 

0*2140945 

0*2139407 

746=18'38*99 
747=27'26*96 
748 ° 30' 14*02 
749 ° 45' 2*87 
750°53 50*82 

+ 0*1409350 
+ 0*1446278 
+ 0*1482758 
■+ 0*1518777 
+ 0*1554320 

13*8? 

Hit 

13*88 

13*90 

13*92 

13-94 

13-96 

13*98 

14*00 

+ 0*^812145 
+ 0*1787801 
+ 0*1762777 
+ 0*1737085 
+ 0*1710735 

+ 0*1134294 
+ 0*1169492 
+ 0*1204172 
+ 0*1238321 
+ 0*1271926 

0*2137871 

0*2136339 

0*2134810 

0*2133284 

0*2131762 

752° 2'38*76 
753=ii'26*70 
754° 20'14*63 

755=29' 2*54 
750 ° 37 ' 50*45 

+ 0*1589374 
+ 0*1623925 
+ 0*1657960 
+ 0*1691466 
+ 0*1724429 

1392 

13-94 

13-90 

1398 

14*00 








TABLES OF BESSEL FUNCTIONS 
Table I. Functions of order unity 



- 0-0660609 

- 0-6617841 

- 0-0574892 

- 0-0521781 

- 0-0488525 

- 0-0445140 

- 0-0401645 

- 0-0358056 

- 0-0314391 

- 0-0270067 

- 0-0226902 

- 0-0183113 

- 0-0139317 

- 0-0095532 

- 0-0051775 

- 0-0008063 
+ 0-0035587 
+ 0-0079157 
+ 00122630 
+ 0-0165990 

+ 0-0209219 
+ 0-0252301 
+ 0-0295218 
+ 0-0337954 
+ 0-0380493 


- 0-2112796 

- 0-2123920 

- 0-2134183 

- 0-2143582 

- 0*2152115 

- 0-2159780 

- 0-2166575 

- 0*2172499 

- 0-2177551 

- 0-2181729 


|H ( [ ) (^)| arg #*!'(*) 


0-2213665 612° 38 13*45 
0-2211959 613° 46'49*71 
0-2210257 614° 55'25*99 
0-2208559 616 0 4' 2*30 
0-2206866 617°12'38*63 

0-2205176 6i8°2i / 14*99 

619 0 29' 51*38 
0-2201807 620° 38'27*80 
0-2200129 621°47" 4*24 
0-2198455 622°55'40*71 


+ 0-0422817 
+ 0-0464911 
+ 0-0506758 




+ 0-0589646 - 

+ 0-0630655 - 

+ 0-0671353 - 

+ 0-0711725 - 

+ 0-0751755 - 

+ 0-0791428 - 

+ 0-0830728 - 

+ 0-0869640 
+ 0-0908150 
+ 0-0946243 - 

-t- 0 -O 9839 O 5 - 


0-21874 
0-2189025 

0-2I897I2 

0-2189527 

0-2188473 

0-2I86550 

0-2183761 

0-2180108 

0-2175595 

• 0-2170223 
0-2163997 

- 0-2156920 

- 0-2148996 

- 0-2140229 

- 0-2130625 

- 0-2120188 

- 0-2108924 

- 0-2096838 

- 0-2083936 


+ 0-0983905 - 0-1911585 


0-2196784 

0-2195117 

0-2193454 

0-2191795 

0-2190139 


+ 0-1021121 
+ 0-1057877 
+ 0-1094160 
+ O-1129955 
+ 0-1165249 

+ 0*1200029 
+ 0-1234282 

+ 0-1267995 

+ 0-1301156 
+ 0-1333752 


624° 4'17*21 
625°12'53*73 
626°21"30*28 
627°30" 6*85 

628° 38"43*45 


0-2188487 629° 47'20*08 
0-2186839 630° 55'56*73 
0-2185195 632° 4 33-4 1 

0-2183555 633°13 10*12 
0-2181918 634°2l'46*85 


0-2070225 

0-2055711 

0-2040400 

0-2024302 

0-2007421 

0-1989768 

0-1971349 

0-1952173 

0-1932249 

■ 0-1011585 


0-1890191 

0-1868077 

0-1845252 

0-1821726 

0-I7975 10 

0-1772613 

0-1747048 

0-1720824 

0-1693954 

0-1666448 


0-2181918 

0-2180285 

0-2178655 

0-2177029 

0-2173700 

0-2172174 

0-2170562 

0-2168954 

0-2167350 

0-2165750 

0-2164153 

0-2162559 

0-2160969 

0-2159382 

0-2157799 

0-2156220 

0-2154644 

0-2153071 

0-2151502 

0-2149936 

0-2148374 

0-2146815 

0-2145260 

0-2143708 

0-2142159 

0-2140614 

0-2139072 

0-2137533 

0-2135998 

0-2134466 


635° 30'23*60 

638 * 39 ; °;38 

637°47 37;i9 
638° 56'14*02 
640° 4'50*87 

641“13'27-75 
642 22' 4*66 
£43°3°;41*59 
644°39 18*54 

645°47'55*52 

646° 56"32*52 
648° 5' 9*55 
649°13'46*60 
650° 22'23*67 
651°31' o*77 

652°39'37*89 

653 48 15*04 


657' 14 6*62 

658° 22"43*86 
659° 31'21*12 
66o° 39' 58*41 
6 6l °48'35*72 
662°57'13-05 

664° 5'50*40 

665° 14'27*78 
666°23' 5*18 
667° 31" 42*60 
668° 40' 20*04 


+ 0-4290341 13-02 

+ 0-4279106 I3‘°4 

+ 0-4268732 13-06 

+ 0-4259222 13-08 

+ 0-4250579 13-10 

+ 0-4242805 13-12 

+ 0-4235900 13-14 

+ 0-4229868 13-16 

+ 0-4224709 13-18 

+ 0-4220422 13-20 

+ 0-4217010 13-22 

13-24 

+ 0-4212007 13-26 

+ 0-4212014 13-28 

+ 0-4212094 13-30 


+ 0-4214002 13*34 

+ 0-4217547 13*30 
+ 0-4221096 13 * 3 ° 

+ 0-4225507 13-40 

+ 0-4230776 13-42 

+ 0-4236901 13-44 

+ 0-4243876 13-40 

+ 0-4251699 13*48 

+ 0-4260365 13-50 

+ 0-4269869 I3*52 
+ 0-4280206 13-54 

+ 0-4291371 13-50 

+ 0-4303358 13-58 

+ 0-4316161 13-60 

+ 0-4329775 13*62 
+ 0-4344191 I3*»4 


+ 0-4466981 13-78 

+ 0-4487550 13-80 

+ 0-4508850 13-82 

+ 0-4530871 13-84 

+ 0-4553603 13-86 

+ 0-4577036 13-88 

+ 0-4601160 13-90 

+ 0-4625965 13*92 
+ 0-4651439 13*94 
+ 0-4677571 13*96 

+ 0-4704350 13-98 

+ 0-4731766 
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TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order zero 


B 

. /„(*) 

r.to 

1 H?MI 

arg &"(*) 

H.W 

X 

14-02 

14-04 

14*06 

14*08 

14*10 

+ 0*1683739 
+ 0*1656108 
+ 0*1627855 
+ 0*1598991 
+ 0*1569529 

4 0*1304974 

+ 0,1 337454 . 
4 0*1369354 
4 0*1400660 
4 0*1431362 

0*2130243 

0*2128727 

0*2127214 

0*2125705 

0*2124198 

757 “46'38 *36 
758 “ 55 '26^25 
760° 4'14*14 
761°13' 2*02 
702 ° 21'49*89 

+ 0*1756839 
+ 0*1788681 
+ 0*1819944 
+ 0*1850617 
+ 0*1880687 

14*02 

14*04 

14*06 

14*08 

14*10 

14*12 

14*14 

14*16 

14*18 

14*20 

+ 0*1539481 
+ 0*1508861 
+ 0*1477681 
+ 0*1445954 
+ 0*1413694 

4 0*1461449 
4 0*1490909 
4 0*1519731 
4 0*1547905 
+ °' I 57542 i 

0 - 2 I 22695 

0*2121195 

0 * 2 HQ 699 

0*21l8205 

0*2116715 

763 “30' 37-76 
7f 4 39 25*62 
765° 48'13*47 
766°57' 5*32 
768 ° 5 7 49*16 

+ 0*1910143 
+ 0*1938974 
+ 0*1967169 
+ 0*1994718 
+ 0*2021610 

14*12 

14-14 

14*16 

14*18 

14*20 

14*22 

14*24 

14*26 

14*28 

14*30 

+ 0*1380914 
. + 0*1347629 

+ 0*1313851 

+ 0*1279396 
4 0*1244877 

4 0*1602268 
4 0*1628437 
4 0*1653919 
4 0*1678704 
4 0*1702783 

0 - 2 I 15227 

0-2113743 

0 - 2 II 2262 

0*2110784 

O *2109310 

769 °14'36*09 
770 °23'24*81 
77 i° 32 'i 2 ? 6 3 
772 °41' 0*44 
773 49'48*24 

+ 0*2047836 
+ 0*2073385 
+ 0*2098248 
+ 0*2122416 
+ 0*2145880 

14*22 

14*24 

14*26 

14*28 

I 4.-30 

14*32 

J 4-34 

14*36 

H -38 

14*40 

+ 0*12097109 
+ 0*1174107 
+ 0*1138085 
4 0*1101658 
4 0*1064841 

4 0*1726147 
4 0*1748790 
4 0*1770701 
4 0*1791875 
4 0*1812302 

0*2107838 

0*2106369 

0*2104904 

0*2103441 

0*2101982 

774°58'36*03 
77 ° 7 23*82 

777 ° 10' 11*60 
778 °24'59*38 
779 33 47-15 

+ 0*2168632 
+ 0*2190663 
+ 0*2211964 
+ 0*2232530 
+ 0*2252351 

14*32 

14-34 

14*36 

14*38 

14*40 

I 4 " 4 2 

14*44 

14*46 

14*48 

14-5° 

4 0*1027650 
4 0*0990100 
4 0*0952206 
4 0*0913984 
4 0*0875449 

4 >0 *i 83 iQ 77 

4 0*1850893 
4 0*1869042 
4 0*1886420 
4 0*1903019 

0 * 2 I 00525 

9*2099072 

0*2097621 

0*2696174 

0*2094729 

780° 42'34*91 
781° 51'22*66 
783° 0'10*41 
784° 8'58*16 
785°17' 45*89 

+ 0*2271421 
+ 0*2289733 
+ 0*2307281 
+ 0*2324058 
+ 0*2340059 

14*42 

r 4'44 

14*46 

14*48 

14-50 

I 4-52 

14-54 

14*56 

14-58 

14*60 

4 0*0836617 

+ °" 0 7975°4 
4 0*0758127 
4 0*0718500 
4 0*0678641 

4 0*1918835 
+ 0*1933862 
4 0*1948095 
4 0*1961530 
4 0*1974163 

0*2093288 

0*2091849 

0*2090414 

0*2088981 

0*2087552 

786°26'33*61 

?S? 44 : * 5 ^ 

789°52'56*76 
79 i° 1' 44*46 

+ °- 2355 2 79 
+ 0*2369710 
+ 0*2383350 
+ 0*2396194 
+ 0*2408236 

I 4'52 

14-54 

14*56 

14*58 

14*60 

14*62 

14*64 

14*66 

14*68 

14*70 

4 0*0638565 

4 0*0598288 
+ 6*0557827 
+ 0*0517198 
4 0*0476418 

4 0*1985989 
4 0*1997005 

4 0*2007208 

4 0*2016595 

4 0*2025163 

0 - 2086 I 25 

0*2084701 

0*2083280 

O* 208 l 862 

0*2080447 

792 0 io'32*I5 
793 °19'19*84 
794 °28 7*52 
795°36 55*20 
796°45'42*87 

+ 0*2419474 
+ 0*2429903 
+ 0*2439521 
+ 0*2448324 
+ 0*2456309 

14*62 

33 

14*68 

14*70 

14*72 

I 4-74 

14*76 

14-78 

14*80 

+ o " 0 4355 o 3 
4 0*0394470 

+ °"°353334 
4 0*0312113 

4 0*0270823 

4 0*2032910 

4 0*2039834 

4 0*2045933 

4 0*2051206 

4 0*2055652 

0*2079035 

0*2077626 

0*2076219 

0*2074816 

0-2073415 

797 ° 54 ; 30*53 
799 3 18*19 

8oo°i2' 5*84 
8oi°20'53*48 
802 ° 29 ' 4 I'Tl 2 

+ 0*2463475 
+ 0*2469820 

+ °" 2 47534 I 
+ 0*2480038 
+ 0*2483909 

14*72 

X 4-74 

X 4-72 

14-78 

14*80 

14-82 

33 

14*88 

14*90 

4 0*0229481 

4 0*0188102 

4 0*0146704 
4 0*0105303 

4 0*0063915 

4 0*2059270 

4 0*2062060 

4 0*2064022 

4 0*2065157 

4 0*2065464 

0*2072017 

0*2070622 

0*2069229 

0*2067840 

0*2066453 

803°38'28*75 

PJI' 

«&£ 

+ 0*2486955 
+ 0*2489173 
+ 0-2490565 
+ 0*2491132 
+ 0*2490872 

14*82 

33 

14*88 

14*90 

14*92 

14*94 

14*96 

14*98 

15*00 

4 0*0022558 

- 0*0018753 

- 0*0066002 

- 0*0101171 

- 0*0142245 

4 0*2064946 

4 0*2063603 

4 0*2061436 

4 0*2058449 

4 0*2054643 

0*2065060 

0*2063688 

0*2062309 

0*2060934 

0*2059561 

809°22'26*8l 
8 io°31'14*40 

811° 40' 1*99 
812°48'49*57 
8 X 3 ° 57 ' 37*14 

+ 0*2489788 
+ 0*2487881 
+ 0*2485152 
+ 0*2481604 
+ 0*2477238 

14*92 

14-94 

14*96 

14*98 

15*00 
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Table I. Functions of order unity 


'|J2^*(#)1 argH^#) 


+ 0-1365770 | - 


+ 0-1420030 
+ 0-1458248 
+ 0-1487844 

2 + 0-1516805 

4 +0-1545122 
6 + 0-1572785 

8 + 0-1599783 

+ 0-1626107 

+ 0-1651747 
+ 0-1676695 
+ 0-1700940 
+ 0-1724475 
+ 0-1747291 

+ 0-1769380 


+ 0-1902309 
+ 0-1975240 
+ 0-1987287 
+ 0-1998527 

+ 0-2008956 
+ 0-2018572 
+ 0-2027371 
+ 0-2035352 
+ 0-2042513 

+ 0-2048851 
+ 0-2054365 




+ 0-2062918 
+ 0-2065956 

+ 0-2068167 
+ 0-2069553 

+ 0-2070113 

+ 0-2069849 
+ 0-2068702 

+ 0-2066853 
+ .0-2064124 
+ 0-2060577 
+ 0-2056215 

+ O-2O5IO4O 


0-1638320 

O-I609579 

0-1580240 

o-i55°3 I 4 

0-1519813 

0-1488752 

0-1457x42 

0-1424998 

0-1392332 

0-1359159 

0-1325491 

0-1291344 

■ 0-1256731 
• 0-X22l6o7 

- o-ii86i6o 

■ 0-1x50243 

- 0-1113912 

- 0-1077189 

- 0-1040089 

- 0-1002626 

- 0-0964.816 

- 0-0920676 

- 0-0888219 

- 0-0849462 

- 0-0810421 1 

- 0-0771111 

- 0-0731549 

- 0-0691749 

- 0-065x730 

- 0-0611506 

- 0-0571093 

- 0-0530509 


0-0407888 


0-0325580 


- —^-937 

0^2131411 

0-2129889 
0-2x28370 
0-2X26855 

0-212534,2 
0-2123833 
0-2x22327 
0-2120824 
0-2119325 

0-2x17828 68i°15'13-38 
0-2116335 682°23'51*08 

0-2114845 683°32 28*81 

0-2113358 684°41' 6*55 
0-2111874 685°49 44-32 

0-2110394 686°58 / 2?'ii 
0-2108916 688° 6'59*92 

0-2107442 
0-2105971 _ n 

0-2104502 691 32 53-47 


0-2103037 

0-210x575 

0-2100116 

0-2098660 

0-2097207 

0-2095757 

0-2094310 

0-2092866 

0-2091425 

0-2089987 

. 0-2088552 
0-2087120 
0-2085691 
0-2084265 
0-2082842 

0-2081422 

0-2080004 

0-2078590 

0-2077x78 

0-2075769 


+ 0-4759804 


[XiZymSM 


+ 0-4817705 
+ 0-4847542 

+ 0-4877954 

+ 0*4908927 
+ 0-4940449 
+ 0-4972506 




+ 0-5038x72 


+ 0-51058x4 
+ 0-5140341 
+ 0-5175320 
+ 0-5210736 


+ 9-5282821 
+ 0:5319460 




+ 0-5393357 

+ 0-5431583 

+ 0-5469642 
+ 0-5508016 


698*24 41*14 

699“33 / i 9;I5 
700° 41 57 
701 50 35*23 
702° 59' 

7°4° 7 * 5 * ;4° 
705 16'29*51 
706°25' 7^64 


708°42'23*97 I + 0*5987387 




+ 0-5585651 


+ 0-5664361 
+ 0-5704080 


* f win 


+ 0-5784163 

+ 0-5824496 
+ 0-5865001 
+ 0-5905662 




709° 51' 2*16 


7 i 3 „ i6 / 56;84 

714 25'35-10 


+ 0-6028418 
+ 0-6069539 
+ 0-6110734 

+ 0-6x51907 

+ 0-6193280 


+ 0-0005203 


+ 0-0046553 
+ 0-0087750 
+ 0-0128857 
+ 0-0169858 
+ 0-0210736 


0-2074363 7 I 5°34' I 3;39 + °'f*34599 

0-2072960 716° 42' 51 -69 | +0-6275926 

0-2071560 717“5i;30*01 

0-2070163 719 0 8-36 

0-2068768 720° 8^6*72 

721 0 17'25*09 


0*2064602 723 0 34 41 *9° 

0-2063210 724°43 20;33 
0-2061838 725 0 51'58*79 


n +<000 o +000 




































































- 0*0183207 

- 0*0224042 

- 0*0264732 

- 0*0305263 
-0*0345619 

- 0*0385782 

- 0*0425738 

- 0*0465472 

- 0*0504967 

- 0*0544208 

- 0*0583180 

- 0*0621868 

- 0*0660256 

- 0*0698330 

- 0*0736075 

■ °-°773477 

- 0*0810521 
• 0*0847192 

■ 0*0883477 

■ 0*0919362 

°-°954833 

0*0989876 

0*1024478 

0*1058026 

0*1092307 

0*1125507 

0*1158215 

0*1190418 

0*1222103 

0*1253260 

0*1283875 

0*1313938 

° -I 343438 

0*1372363 

0*1400702 


0-I455583 
0*1482104 
’ 0*1507998 
°- i 533257 

0*1557872 

0*1581832 

0*1605130 

0*1627757 

0*1649705 

0*1670966 

0*169x532 

0*171x396 

°‘ I 73 ° 55 1 

0 -X 74899 X 
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«?<*> 


815° 6'24*71 
8io°15'12*27 
817°23'59*83 
8x8°32'47*38 
8 i 9 ° 4 i' 34'93 

820° 50'22*47 
821° 59'10*01 

825°25'32*57 
826° 34"20*08 

830“ O'4^58 
831° 9'30*07 

832°18'17*55 
833°27' 5*03 
834 “ 35 '52*50 

835 44 ; 39*96 

836 53 27*42 


+ 0*2050021 
+ 0*2044585 
+ 0*2038339 
+ 0*203x287 
+ 0*2023432 

+ 0*2014779 
+ 0*2005332 
4 * 0*1995096 
4 * 0*1984076 
+ 0*1972277 

+ 0 -I 959705 
+ 0*1946367 
+ -0*1932268 

+ 0*1917415 
+ 0*1901815 

+ 0*1885475 
+ 0*1868403 
+ 0-1850607 
+ 0*1832093 
+ 0*1812872 

+ 0*1792950 
+ 0*1772338 
+ 0*1751045 
+ 0*1729078 
+ 0*1706449 

+ 0*1683x67 
+ 0*1659242 
+ 0*1634685 
+ 0*1609500 
+ 0*1583715 

+ 0-1557325 
+ 0-1530340 

+ 0*1502790 
+ 0*1474668 
+ 0*1445992 

+ 0*1416775 
+ 0*1387029 
+ 0*1356766 
+ 0*1326000 
+ 0*1294742 

+ 0*1263006 
+ 0*1230805 
+ 0*1198153 
+ 0*1165064 
+ 0-1131550 

+ 0*1097626 
+ 0*1063305 
+ 0*1028003 
+ 0*0993533 

+ 0*0958110 


0*2058x91 

0*2056823 

0-2055459 

0*2054097 

0*2052737 

0*2051381 

0*2050027 

0*2048675 

0*2047327 

0*2045981 

0*2044638 

0*2043297 

0*2041959 

0*2040624 

0*2039291 

0*2037961 

0*2030633 

0*2035308 

0*2033986 

0*2032666 


0*2031349 838° 2'14*87 

0*2030034 839°II' 2*32 

0*2028722 84O 0 19'49*76 
0*20274x2 841° 28'37*20 
0*2026105 842° 37'24*63 

0*2024801 843° 46'12*06 
0*2023499 844° 54'59*48 
0*2022199 846° 3'46*89 
0*2020902 847°12'34*30 
0*2019607 848°2X'21*71 

0*20x8315 849° 30' 9*11 
0*2017026 850° 38'56*50 
0*20x5739 851° 47'43*89 
0*20x4454 852°56'31*27 
0*2013172 854° 5'18*65 

855° 14' 6*02 
856° 22'53*39 

S 57 ° 3 i' 4 0? 75 

858 40'28*11 
8 59 ° 49 '15*46 

86o°58' 2*81 
862° 6 / 50*15 
863°15'37*48 
864° 24'24*81 
865°33'12*14 

866° 41'59*46 
867 °50'46*78 
868° 50'34*09 

87 o 0 °Ki*£! 

871°17' 8*69 


0*2024801 

0*2023499 

0*2022199 

0*2020902 

0*2019607 

0*20x8315 

0*2017026 

0*20i573g 

0*2014454 

0-2013172 

0-2011892 

0*20x0615 

0-2009340 

0-2008067 

0-2006797 

0*2005530 

0*2004264 

0*2003001 



+ 0*2472058 
+ 0*2466066 
+ 0*2459265 
+ 0*2451659 
+ 0*2443252 

+ 0*2434048 
+ 0*2424052 
+ 0*2413268 
+ 0*2401701 
+ 0*2389357 

+ 0*2376242 
+ 0*2362361 
+ 0*2347721 
+ 0*2332329 
+ 0*23x6x91 

+ 0*2299315 
+ 0*2281707 
+ 0*2263377 *0 JV 
+ 0*2244331 i 5 * 3 £ 

+ 0*2224578 15*40 

+ 0*2204127 15*42 
+ 0*2182987 15*44 

+ 0*2161166 15*46 
+ 0-2138674 15-48 
+ 0-2115520 15*50 

+ 0*2091715 15.52 

+ 0*2067269 15*54 
+ 0*2042191 15*56 
+ 0*2016493 15*58 

+ 0*1990185 15*60 

+ 0*1963278 15*62 

+ 0*1935784 15.64 

+ 0*19077-14 15*66 

+ 0*1879079 15*68 
+ 0*1849893 15*70 

+ 0*1820x66 15*72 
+ 0*1789911 15.74 

+ 0*1759141 x 5 - j 6 

+ 0*1727868 15.78 
+ 0*1696x05 15*80 

+ 0*1663866 15*82 
+ 0*1631163 15-84 
+ 0*1598009 15*80 
+ 0*1564420 15*88 
+ 0*1530407 15*90 

+ °"1495986 15*92 

+ 0*1461170 15-94 
+ 0*1425972 15-96 
+ 0*1390409 15-98 
+ °" I 354493 16*00 
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Table I. Functions of order unity 
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+ 0-2043057 
+ 0-2038267 
+ 0-2030675 
+ 0-2022286 
+ 0-2013102 

+ 0-2003130 
+ 0-1992373 
+ 0-1980838 
+ 0*1968530 
+ 0-1955454 

+ 0-1941618 
+ 0-1927027 
+ 0-1911688 
+ 0-1895608 
+ 0-1878794 

+ 0-1861255 
+ 0-1842998 
+ 0-1824032 
+ 0-1804363 
+ 0-1784003 

+ 0-1762958 
+ 0-1741239 
+ 0-1718855 
+ 0-1695816 
+ 0-1672132 

+ 0-1647812 
+ 0-1622868 
+ 0-1597310 
+ 0-1571149 
+ 0-1544396 

+ 0-1517062 
+ 0-1489160 
+ 0-1460700 
+ 0-1431695 
+ 0-1402157 

+ 0-1372099 
+ 0-1341533 
+ 0-1310471 
+ 0-1278927 1 
+ 0-1246913 I 

+ 0-1214444 
+ 0-1181532 
1 +0-1148192 

1 +0-1114436 

1 + 0-1080279 

1 + 0-104573 5 

+ 0-10x0818 
+ 0-0975542 
+ 0-0939922 
> + 0-0903972 


+ 0-0251476 
+ 0-0292062 
+ 0-0332478 
+ 6-0372707 
+ 0-0412735 

+ 0-0452546 
+ 0-0492124 

+ 0-0531454 

+ 0-0570521 
+ 0-0609309 


+ 0-0685990 
+ 0-0723855 
+ 0-0761378 
+ 0-0798551 

+ 0-0835358 
+ 0-0871785 
+ 0-0907816 
+ 0-0943440 
+ 0-0978042 


+ 0-1013409 
+ 0-1047727 
+ 0-1081584 
+ 0-11x4966 
+ 0-1147861 


0-2060460 

0-2059085 

0-2057713 

0-2056344 

0-2054977 

0-2053613 

0-2052252 

0-2050893 

0-2049537 

0-2648x84 

0-2046854 

0-2045486 

0-2044141 

0-2042798 

0-2041459 

0-2040x21 

0-2038787 

0-2037455 

0-2036125 

0-2034799 

0-2033475 

0-2032153 

0-2030834 

0-2029518 

0-2028204 


+ 0-1180258 0-2026892 

+ 0-12x2142 0-2025584 

+ 0-1243503 0-2024278 

+ 0-1274329 0-2022974 

+ 0-1304608 0-2021673 


+ 0-1334329 

+ 0-1363480 
+ 0-1392052 
+ .0-1420033 

+ 0-1447413 

+ 0-1474181 
+ 0-1500529 
+ 0-1525847 
+ 0-1550724 

+ 0-1574953 

+ 0-1598524 
+ 0-1621429 
) 

+ 0-1665207 
+ 0-1686064 

+ 0-1706224 
+ 0-1725680 

+ 0-1702450 

+ 0-1779752 


0-2020374 

0-2019078 

0-2017784 

0-2016493 

0-2015204 

0-2013918 

0-2012634 

0-201x353 

0-2010074 

0-2008798 

0-2007524 

0-2006252 

0-2004983 

0-2003717 

0-2002452 

0-2001190 

0 -I 99993 1 

0-1998674 

0 -I 9974 I 9 

0-1996167 


727 

728 

729®i7 / 54’25 ■ 

730°26'32*77 ■ 
73 x 35 IX * 3 X ' 

732 ° 43 ' 49;87 
733° 52 28*45 
735 ° 1 7;°4 

736 “ 9 45;65 
737 0 18 24*28 

738°27' 2*93 

739 ° 35 ', 4 i ;59 
•740=44 20-27 
74 x °52 58-97 
743 x 37* 6 9 

744°10' 16*42 

745:*s;55J17 

746° 27'33*94 
747 36 12*72 

74 ° 44 x 5**52 

749 ° 53 ' 30-34 
751° 2 9 ?I 7 

752° 10 4852 
753°19'26-89 
754°28' 5-77 

755 ° 36 ' 44;67 
756 ° 45 23*59 
757° 54 ; 2*52 
759 ° 2 41*47 
760°11'20*43 

761° 19' 59*41 
762°28'38*41 
763 ° 37 ', 17*43 
764 °45 56-46 

765 54 35-50 

767° 3' 14*56 
768°11' 53*64 
769° 20'32*73 
770° 29'11*84 
77 T ° 37 ' 5 0 * 9 o 

772 °46;30*10 
773 ! 55 '. 9*25 

[ 

777°21' 6*81 

778° 29'46*03 
779°38'25*26 
7 °°o 47 4*50 

781 °55 43*76 

783° 4 23*04 


+ 0-6645540 15-02 

+ 0-6686052 15-04 

+ 0-672639 5 15-00 

+ 0-6766552 15-08 

+ 0-6806508 15-10 


+ 0-6846246 15-12 | 
+ 0-6885753 15-14 
+ 0-6925011 15-16 

+ 0-6964006 15*18 

+ 0-7002724 15-20 


+ 0-7041148 15-22 

+ 0-7079263 15-24 
+ 0-7117056 15-26 

+ 0-7154512 15-28 

+ 0-7x91616 15-3° 

+ 0-7228353 15-32 

+ 0-7264711 X5-34 

+ 0-7300674 15-36 

+ 0-7336229 15-38 

+ 0-7371363 15-40 

+ 0-7406061 15-42 

+ 0-7440312 15-44 

+ 0-7474101 15-46 

I + 0-7507416 15-48 

+ 0-7540245 15-50 

+ 0-7572574 15-52 

+ 0-7604392 15-54 

+ 0-7635687 15-56 

+ 0-7666447 15-58 

+ 0-7696660 15-60 

+ 0-7726316 15-62 

+ 0-7755402 15-64 

+ 07783909 15-66 

+ 0-7811825 15-68 

+ 0-7839140 15-70 

+ 0-7865845 15-72 

+ 0-7891929 15-74 
+ 0-7917383 15-76 
+ 07942197 15-78 
+ 07966362 15-80 

+ 07989870 15-82 

+ 0-8012712 15-84 

+ 0-8034880 15-86 

+ 0-8056365 15-88 

+ 0-8077161 15-90 

+ 0-8097259 15-92 
+ 0-8116653 15-94 
+ 0-8135336 15-96 
+ 0-8153300 15-98 
+ 0-8170541 1 16-00 








TABLES OF BESSEL FUNCTIONS 
Table U. Functions of imaginary argument, and e® 


e«K 0 (x) e*KM 


I'OOOOOOO 0*0000000 


0*9802967 

0*9611738 

0*9426123 

0-9245939 

0*9071009 

0*8901162 

0*8736233 

0*8576002 

0*8420406 

0*8269386 

0*8122587 

0-7979961 

0-7841375 

0*7706098 

07575806 

0*7448578 

0*7324896 

0*7204648 

.0*7087725 

0*6974022. 

0*6863436 

0-6755870 

0*6651228 

0*6549419 

0-6450353 

0-6353945 

0*62601x1 

0*6168773 

0*6079851 

0*5993272 

0*5908962 

0*5826853 

0-5593055 

0*5519089 

0-5447006 

0-5376748 

0*5308260 

0*5241489 

0*5176383 

0*5112892 

0*5050967 

0-4990561 

0-4931630 

0*4874128 

0*4818015 

0*4763248 

0*4709788' 

0-4057596 



0*0098025 

0*0192196 

0*0282657 


0*0533111 

0*0010043 

0*0683899 

0-0754792 

0*0822831 

0*0888122 

0*0950766 

0*1010861 

0*1068501 

.0*1123776 

0*1176774 

0*1227579 

0*1276272 

0*1322931 

0*1367632 

0*1410447 

0*1451446 

0*1490697 

0*1528263 

0*1564208 

0-1598592 

0-1631473 

0*1662906 

0*1692946 

0*1721644 

0*1749051 

0*1775214 

0*1800181 

0*1823995 

0*1846700 

0*1868337 

0*1888946 

0*1908567 

0*1927235 

0*1944987 

0*1961857 

0*1977879 

0*1993083 

0*2007502 

0*2021165 


4*1098376 

3*4727083 

3*1142387 

2*8679911 

2*6823261 


2-5344522 

2*2192980 

2*1407573 

‘2*0709767 

2*0083522 

1*9516748 

1*9000114 

1*8526273 

1*8089345 

1*7684552 

17307961 

1*6956301 

1*6626821 

1*6317188 

1*6025406 

1-5749758 

1 -5488754 
1*5241094 

1*5005638 

1*4781381 

I * 456743 2 

1*4363000 

1*4167376 

1*3979927 

1*3800080 

1-3627320 

1*3461180 

1-3301237 

1*3147102 

1*2998425 

1*2854881 

1*2716174 

1*2582031 

1*2452202 

1*2326455 

1*1971634 

1*1860217 



1*1646692 

1*1544294 

1-1444631 


50*9638701 

25*9404241 

17-5879738 

13*4048206 

10*8901827 

9*2162792 

8*0076794 

7*1036124 

6*3987260 

5-8333860 

4-6533504 

4-3707591 

4*1251578 

3-9096449 

3*7189398 

3*5489328 

3-3963772 

3-2586739 

3-1337176 

3-0197845 

2 "§ r 54495 

2*8195242 

2*7310097 

2*6490599 

2-5729537 

2*5020724 

2*4358821 

2*3739200 

2*3157825 

2*2611160 

2*2096099 

2*1609894 

2*1150113 

2*0714590 

2-0301393 

1*9908791 

j -9535227 

1-9179303 

1*8839752 

1-8515429 

1*8205294 

1*7908309 

1*7623882 


1-6837033 

1-6594708 

I*6i6i«?a<? 


1*0000000 

1*0202013 

i : 04o8io8 

1*0018365 

1*0832871 

1*1051709 

1*1274969 

1*1502738 

1*1735109 

1*1972174 

1*2214028 

1*2460767 

1*2712492 

1-2969301 

1-3231298 

1*3498588 

1*3771278 
1*4049476 
1 -4333294 
1*462284 6 
1*4918247 

1*5219616 

1-5527072 

1*5840740 

1*6160744 

1*6487213 

1*6820276 

1*7160069 

1*7506725 

1*7860384 

1-8221188 

1*8589280 

1*8964809 

1 - 9347923 
1*9738777 
2*0137527 

2- 0544332 
2-0959355 
2*1382762 
2-1814723 
2*2255409 

2*2704998 

2*3163670 

2-3631607 

2*4108997 

2*4596031 

2*5092904 

2-5599814 

2*6116965 

2*6644562 

2*7182818 
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Table II. Functions of imaginary argument, and e® 


K 0 {x) s® K^x) 


0*4606636 

0*4556871 

0*4508266 

0*4460788 

0*4414404 

0*4369082 

0*4324792 

0*4281504 

0*4239190 

0*4197821 

0*4157371 

0*4117813 

0*4079123 

0*4041277 

0*4004249 

0*3968018 

0*3932561 

°-3897«57 

0*3863885 

0*3830625 

0*3798057 

0*3766162 

0’3734922 

0*3704319 

o -3674336 

o -3644956 

0*3616163 

0*3587941 

0*3560275 

o* 3535 i 50 

0*3506552 

°-34 8o 467 

0*3454881 

0*3429782 

0*3405157 

0*3380993 

o*3357279 

0*3334003 

o* 33 iii 53 

0*3288719 

0*3266691 

0*3245058 

0*3223810 

0*3202938 

0*3182432 

0*3162282 

0*3142481 

0*3123020 

0*3103890 

0*3085083 


0*2088796 

0*2097912 

0*2106473 

0*2114501 

0 * 21220 X 6 

0*2129039 

0*2135587 

0*2141680 

0*2147335 

0*2152569 

0*2157398 

0*216x838 

0*2x65905 

0*2x69613 

0*2x72976 

0*2x76008 

0*2178721 

0*2181x29 

0*2183243 

0*2x85076 

0*2186638 

0-2187941 

0*2188994 

0*2189809 

0*2190394 

0*2190759 

0*2190913 

0*2190865 

0*2190623 

0*2190195 

0*2189589 

0*2x888x2 

0*2187872 

0*2186775 

0*2185528 

0*2184138 

0*21826x0 

0*2180952 

0*2179107 

0*2177263 

0*2175244 

0*2x73115 

0*2170881 

0*2x68548 

0*2166119 

0*2163599 
0*2x60993 
0*2x58304 
0-2x5553 6 
0*2152693 


I-I347579 
1*1253024 
I MI 60860 
1*1070984 
1*0983303 

I -0897726 

1*0814169 

1-0733553 

1*0652802 

1*0574845 

1*0498615 

1*0424048 

1*0351082 

1*0279662 

I*0209732 

$: *0141239 
1*0074136 
1*0008375 

0*9943910 

0*9880700 

0*9818703 

0-975788I 

0*9698197 

0-96396x5 

0*9582101 

0*9525622 

0*9470148 

0*9415648 

0*9362095 

0*9309460 

0*9257717 

0*9206842 

0*9x56810 

0*9x07597 

0*9059181 

0*90x1541 

0*8964656 

0*89x8506 

0*8873072 

0*8828335 

0*8784278 

0*8740882 

0*8698132 

0*8656012 

0*86x4506 

0-8573599 

0-8533277 

0*8493526 

0 -8454332 

0*8415682 


x*6i368i7 

1*5920x35 

x*57iio 4 6 

I- 5509 I 4 I 

1*53x4038 

1*5125382 

1*4942846 

1*4766120 

I-45949I9 

1*4428976 

1*4268038 

1*4111872 

1*3960258 

1*3812990 

1*3669873 

I -3530725 


1*3263660 

I- 3 I 35429 

1*3010537 

1*2888849 

1*2770235 

1-2654575 

1*2541752 

1*2431659 

1*2324190 

1*2219249 

1*2116741 

1*2016578 

1*1918676 

1*1822954 

I-I 729335 

1-1637748 

1*1548x23 

1*1460392 

X-X 374494 

1*1290368 

1*1207955 

1*1127201 

1*1048054 

1*0970461 

1*0894376 

1*0819752 

1*0746544 

1*0674709 

1*0604208 
1 -0535000 
1*0467048 
1*04003x6 
1*0334768 


2 - 773 I 948 
2*8292170 
2*8863710 
2*9446796 
3*0041660 

3*0648542 

3*1267084 

3'i899333 

3*2543742 

3*3201x69 

3*3871877 

3- 4556135 

3-5254215 

3- 5906397 
3*6692967 

3*7434214 

3*8190435 

3*8961933 

3*9749016 

4*0552000 

4*1371204 

4*2206958 

4- 3059595 
4-3929457 
4*48x6891 

4*5722252 

4*6645903 

4*75882x2 

4-8549558 

4 - 9530324 

5*0530903 

5 - I 55 I 695 
5*2593108 

5 - 365556 o 
5-4739474 

5-5845285 

5- 6973434 
5*8x24374 
5*9298564 
6*0496475 

6*1718584 

6*2965383 

6*4237368 

6- 5535049 

6*6858944 

6*8209585 

6-958751° 

7*0993271 
















TABLES OF BESSEL FUNCTIONS 
Table n. Functions of imaginary argument, and e x 




B* K 0 (x) e?K x {x) 


0*3066592 .0*2149779 

0*3048408 0*2146797 

0*3030525 0*2143750 

0*3012935 0*2140643 

0*2995631 0*2137477 

0*2978606 0*2134256 

0*2961855 0*2130983 

°'2945309 0*2127660 

6*2929144 0*2124291 

0*2913173 0*2120877 

0*2897451 0*2117422 

0*2881970 0*2113927 

0*2866727 0*2110396 

0*2851715 0*2106829 

0*2836930 0*2103230 

0*2822366 0*2099600 

0*2808018 0*2095941 

0*2793881 0*2092256 

0*2779951 0*2088545 

0*2766223 , 0*2084811 

0*2752693 0*2081055 

0-2739356 0*2077279 

0*2726209 0*2073485 

0*2713246 0*2069674 

0*2700464 0*2065846 


0*2687860 

0*2675429 

0*2663168 

0*2651072 

0*2639140 

0*2627367 

0*2615749 

0*2604285 

0*2592970 

0*2581801 

0*2570776 

°' 2 559 o 92 

0*2549146 

0 ’ 2 53«534 

0*2528055 

0*2517706 
0*2507484 
0-2 497387 
0*2487412 

°* 2 477557 

0*2467820 

0*2458198 

0*2448690 

0*2439292 

0*2430004 


0*2062005 

0*2058151 

0*2054285 

0*2050408 

0*2046523 

0*2042628 

0*2038727 

0*2034820 

0*2030907 

0*2026991 

0*2023071 

0*2019148 

0*2015224 

0*2011299 

0*2007374 

0*2003450 

0 -I 999527 

o* 1995606 
0*1991688 
0*1987773 

0*1983862 

0 , i979955 

0*1976053 

0*1972157 

0*1968267 


°-8377564 

0*8339966 

0*83028^5 

0*8266281 

0*8230172 

°‘§ I 94537 

0*8159366 

0*8124050 

0*8090377 

0*8056540 

0*8023128 

0*7990133 

°7957545 

0 79 2 535» 

07893501 

0*7862149* 

0*7831112 

0*7800443 

0 7770i35 

0*7740181 

0 77i 0 575 

0*7681308 

0*7652376 

0*7623771 

07595487 

0*7567518 

07539859 

07512504 

0 7485447 

0*7458682 

07432205 

0*7406011 

0*7380094 

07354449 

0*7329072 

07303957 

07279102 

07254500 

07230148 

07206041 

0*7182176 

07158548 

07135154 

0*7111989 

07089050 

07066333 

07043834 

07021551 

0*6999479 

0*6977616 


1*0270373 

1*0207097 

1*0144909 

1*0083780 

1*0023681 


7-5383249 

7*6906092 

7*8459698 


0*9964584 

0*9906463 

0*9849292 

0*9793046 

0*9737702 

0*9683236 

0*9629626 

0*9576851 

0*9524890 

0*9473722 

0*9423329 

0 - 9373 O 92 

0*9324793 

0*9276613 

0*9229137 

0*9182347 

0*9136228 

0*9090764 

0*9045941 

0*9001744 

0*8958159 

0*8915172 

0*8872771 

0*8830942 

0*8789673 

0*8748952 

0*8708767 

0*8669107 

0*8629961 

0*8591319 

0-8553169 

0-8515502 

0-8478308 

°'§44 I 577 

0*8405301 

0*8369469 

0-8334074 

0*8299106 

0*8264557 

0*3236420 

0*8196687 

0*8163349 

o- 8 i 30399 

0*8097830 

0*8065635 


8*0044689 

8*1661699 

§•3311375 

§•4994376 

8*6711377 

8*8463003 

9-0250135 

9*2073308 

9-39333I3 

9-5830892 

9*7766804 

9-9741825 


10*1756743 

10*3812366 

*0-5909515 

10- 8049029 

11- 0231764 

11*2458593 

11-4730407 

11-7048115 

11-9412644 

12*1824940 


12-4285967 
12-6796710 
12-9358173 
i 3 " i 97 i 382 
J 3 -4637380 


I 3'7357236 

14-0132036 

14-2962891 

14-5850933 

14- 8797317 

15- 1803222 
*5-4869851 
*57998429 

16- 1190209 
16*4446468 

16*7768507 

17- 1157655 
17-4615269 
17*8142732 

18*1741454 

19*2979718 

19*6878167 

20*0855369 
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Table II. Functions of imaginary argument, and e® 


n 

< 3 -® I 0 (X) 

e -® Ii(x) 

e* K 0 (x) 

e® K t {x) 

e® 

X 

3-02 

3-04 

3<o6 

3*o8 

3*io 

0-2420822 

0-24II745 

0-2402772 

0-2303899 

0-2385126 

0-1964383 

0-1960506 

0-1956637 

0-I952775 

0-1948921 

0*6955958 

0-6934501 

0-6913243 

0-6892181 

0-6871311 

0-8033807 

0-8002339 

0-7971224 

O-7940457 

0-7910030 

20-491292 

20- 905243 

21 "3 2 7557 

21- 758402 

22- 197951 

3-02 

3-04 

3-06 

3-o8 

3-10 

3*12 

3-14 

3-16 

3-i8 

3-20 

0-2376451 

0-236787! 

0-2359385 

0-235090! 

0-2342688 

0-1945076 

0-1941240 

0-1937412 

0-1933594 

0-1929786 

0-6850631 

0-6830138 

0-6809829 

0-6789701 

0-6769751 

0-7879938 

07850176 

07820736 

07791613 

07762803 

22- 646380 

23- 103867 

2 3- 570596 

24- 046754 
24'532530 

3-12 

3-14 

3-16 

3-18 

3*20 

3*22 

3-24 

3*26 

3-28 

3*30 

0-2334475 

0-2326348 

0-2318308 

0-2310352 

0-2302480 

0-1925988 

0-1922200 

0-1918423 

0-1914657 

0-1910902 

0-6749978 

0-6730377 

0-6710948 

0-6691687 

0-6672592 

o-7734 2 99 

07706096 

07678189 

0-7650573 

0-7623243 

25-028120 

25- 533722 

26- 049537 

26- 575773 

27- 112639 

3"22 

3-24 

3-26 

3-28 

3-3° 

3-32 

3-34 

3-36 

3-38 

3-4° 

0-2294689 

0-2280978 

0-2279346 

0-2271792 

0-2264314 

0-1907158 

0-1903425 

0-1899704 

0-1895995 

0-1892299 

0-6653660 

0-6634890 

0-6610278 

0-6597823 

0-6579523 

0-7596194 

07569422 

07542922 

07516690 

07490721 

27- 660351 

28- 219127 

28- 789191 

29- 370771 
29-964100 

3-32 

3-34 

3-36 

3'38 

3*4° 

3-42 

3'44 

3-4§ 

3-48 

3-5° 

0-2256911 
0-2249582 
0-2242325 
0-2235140 , 
0-2228024 

0-1888614 

0-1884941 

0-1881282 

0-1877634 

0-1874000 

0-6561375 

0-6543377 

0-6525527 

0-6507823 

0-6490263 

0-7465010 

0-7439555 

07414350 

o-738939i 

0-7364675 

3 0 - 5694i5 

31- 186958 

31- 816977 

32- 459722 

33- II5452 

3-42 

3-44 

3-46 

3-48 

3-50 

3-52 

3'54 

356 

0-2220978 

0-2214000 

0-2207089 

0-2200243 

0-2193402 

0-1870378 

0-1866770 

0-1863174 

0-1859592 

0-1856022 

0-6472846 

0-6455509 

0-6438430 

0-6421427 

0-6404560 

0-7340199 

o-73i5957 

0-7291947 

0-7268165 

07244607 

33784428 

34- 466919 

35- 163197 

35' 8 7354i 

36- 598234 

3-52 

3-54 

3-50 

3-58 

3’6o 

3-62 

fd 

3-68 

3 . 7 o 

0-2186745 

0-2180091 

0-2173498 

0-2166966 

0-2160494 

0-1852467 

0-1848924 

0-1845396 

0-1841880 

0-1838379 

0-6387825 

0-6371221 

0-6354747 

0-6338401 

0-6322181 

0-7221270 

07198150 

o-7i75245 

0-7152551 

07130065 

37- 337568 

38- 091837 

38- 861343 

39- 646394 

40- 447304 

3-62 

i& 

3-68 

3-7° 

372 

374 

3-76 

378 

3'8o 

0-2154081 

0-2147726 

0-2141429 

0-2135187 

0-2129001 

0-1834891 

0-1831416 

0-1827956 

0-1824509 

0-1821076 

0-6306085 

0-6290112 

0*6274261 

0-6258529 

0-6242916 

0-7107784 

07085704 

0-7063823 

0-7042139 

07020647 

41- 264394 

42- 097990 

42- 948426 

43- 816042 

44- 701184 

3-72 
3*74 
3-7 6 
3-78 
3-80 

3*82 

m 

3-88 

3-90 

0-2122870 

0-2116793 

0-2110768 

0-2104796 

0-2098875 

0-1817657 

0-1814251 

0-1810860 

0-1807482 

0-1804119 

0-6227419 

0-6212038 

0-6196771 

0-6181017 

*0-6166573 

0-6999345 

0-6978232 

0-6957302 

0-6936555 

0-6915988 

45- 604208 

46- 525474 

47- 46535I 

48- 424215 

49- 402449 

3-82 

i it 
3-88 
3-90 

3-92 

3-94 

3-96 

3- 98 

4- 00 

0-2093005 

0-2087186 

0-2081415 

0-2075693 

0-2070019 

0-1800769 

0-1797433 

0-1794111 

0-1790803 

0-1787508 

0-6151640 

0-6136814 

0-6122090 

0-6107484 

0-6092977 

0-6895598 

0-6875382 

0-6855339 

0-6835466 

0-6815759 

50- 400445 

51- 418601 

52- 457326 
53*5I7034 
54-598150 

3-92 

3-94 

3- 96 
3*98 

4- 00 









TABLES OF BESSEL FUNCTION'S 
Table'll. Functions of imaginary argument, and e* 


X 

e^I 0 {x) 


»■*.(*) 


e* 

X 

4*02 

4-04 

4*o6 

4*o8 

4-io 

0*2064393 

0*2058812 

0*2053278 

0*2047789 

0*2042345 

0*1784228 

0*1780961 

0*1777709 

°* I 77447 ° 

0*1771245 

0*6078573 

0*6064270 

0*6050069 

0 *6035968 

0 * 602 I 965 

0*6796219 

0*6776840 

0*6757623 

0-6738564 

0*6719662 

55*701106 

56*826343 

57*974311 

4*02 

4*04 

4*06 

4*08 

4*10 

4*12 

4-14 

4*16 

4*18 

4*20 

0*2036945 

0*2031589 

0*2026275 

0*2021003 

0*2015774 

0*1768033 

0*1764836 

0*1761652 

0*1758482 

Q,I 755325 

0*6008060 

°" 5994 2 5 I 

0-5980537 

0*5966917 

0 - 595339 ° 

0*6700914 

0*6082318 

0*6663872 

Q, ff 45575 

0*6627424 

61-559242 

62*802821 

64*071523 

05-305853 

66*686331 

4*12 

4*14 

4*i6 

4*18 

4*20 

4*22 

4-24 

4*26 

4-28 

4-30 

0*2010585 

0*2005438 

0*2000330 

0*1995262 

0*1990233 

0*1752182 

°' I 749°53 

°‘ I 745937 

0*1742835 

°-i 73974 § 

0-5939955 

0*5926611 

0-5913357 

0*5900192 

0*5887114 

0*6669418 

o- 659 i 553 

0-6573830 

0*6556246 

0-6538798 

68*033484 

69-407852 

70*809983 

72*240440 

73*699794 

4*22 

4*24 

4*26 

4*28 

4 - 3 o 

4-32 

4*34 

4*30 

4-38 

4-40 

0*1985242 

0*1980290 

°‘ I 975375 

0*1970497 

0*1965656 

0*1736671 

0*1733609 

0*1730560 

0*1727525 

0*1724502 

0*5874124 

0*5861220 

0*5848400 

0-5835065 

0-5823013 

0*6521486 

0-6504308 

0*6487262 

0*6470346 

0-6453559 

75*188628 

76*707539 

7 8 - 257 i 34 

79- 838033 
81*450869 

4*32 

4*34 

4-36 

4-38 

4-40 

4-42 

4'44 

4-46 

4-48 

4-50 

0*1960851 

0*1956081 

°‘ I 95 i 347 

0*1946648 

0*1941983 

0*1721493 

o*i 7I 8 4 9 7 

°* I 7 I 55 I 5 

0*1712545 

0*1709588 

0*5810443 
. 0-5797954 
0-5785540 
0*5773218 
0*5760968 

0*6436899 

0*6420364 

°t 403953 

0*6387665 

0*6371498 

83*096285 
84-774942 
86*487509 
88.I34673 
• 90*017131 

4*42 

4*44 

4*46 

4.48 

4 - 5 ° 

4-52 

4-54 

%i 

4-60 

°' I 93735 2 

0*1932754 

0*1928190 

0*1923658 

0*1919159 

0*1706644 

°‘ I 7 0 37 I 3 

0*1700795 

0*1697890 

0*1694997 

0*5748796 

0-5730701 

0*5724683 

0*5712740 

0*5700872 

o- 635545 o 

o- 633952 i 

0-6323708 

0*6308010 

0*6292426 

91-835598 

93*690800 

95-583480 

97-514394 

99-484316 

452 

454 

4-56 

4-58 

4*oo 

4-62 

xu 

4-68 

470 

0*1914692 

0*1910256 

0*1905851 

0*1001478 

0*1897134 

0*1692117 

0*1689250 

0*1686395 

0*1683553 

0*1680723 

0*5689078 

0-5677357 

0-5665708 

°- 5654 i 3 I 

0*5642625 

0*6276955 

0*6261595 

0*6246345 

0*6231203 

0*6216169 

101*494032 

103 -544348 
• 105*636082 
107*770073 
109*947172 

4*62 

Xtl 

4*68 

4*70 

472 

474 

476 

478 

4*80 

0*1892821 

0*1888538 

0*1884283 

0*1880058 

0*1875802 

0*1677905 

0*1675100 

0*1672307 

0*1669526 

0*1666757 

0*5631189 

0*5619823 

0*5608525 

0-5597295 

0-5586133 

0*6201241 

0*6186418 

0*6171699 

0*6157082 

0*6142566 

112*168253 

114*434202 

1x6*745926 

119-104350 

121*510418 

4*72 

4-74 

4-76 

4*78 

4*80 

4-82 

& 

4-88 

4*90 

0*1871694 

0*1867554 

0*1863442 

°' I |59357 

0*1855300 

0*1664000 

0*1661256 

0*1658523 

0*1655802 

0*1653093 

o -5575038 

0*5564008 

0-5553045 

o- 5542 I 45 

°- 553 * 3 i<* 

0*6128151 

0*6113834 

0*6099616 

0*6085494 

0*6071468 

123*965091 

126*469352 

129*024202 

131*630664 

134*289780 

4*82 

;ill 

4*88 

4*90 

4-92 

4*94 

4- 96 
4*98 

5- oo 

0*1851269 

0*1847265 

0*1843287 

0,I §39335 

0*1835408 

0*1650396 

0*1647710 

0*1645036 

0*1642374 

0*1639723 

0*5520539 

0-5509830 

0-5499184 

0*5488599 

0*5478076 

°-f °57537 

0*6043699 

0-6029955 

0*6016301 

0*6002739 

137*0026x3 

139*770250 

I 42-593796 

i 45 - 4743»2 

148-413x59 

4*92 

4.94 

4*96 

4*98 

5-oo 
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X 

e~® I 0 (x) j 

! e“® I Ax) 

1 

e® K 0 (x) 

e® K x {x) 

6 ® 

X 


0*1831507 

0*1827631 

0*1823700 

0*1819953 

0*1816151 

0*1812373 

0*1808618 

0*1804887 

0*1801180 

0*1797495 

0*1793833 

0*1790194 

0*1786577 

0*1782982 

0*1779409 

o*i 775857 

0*1772327 

0*1768810 

Q-I76533 1 

0*1761863 

0*1758417 
I 0*1754991 
0*1751585 I 

0*1748199 

0*1744833 

0*1741486 

0^738159 

0*1734856 

0*1731561 

0*1728291 

0*1725039 

0-1721806 

0*1718591 

0-I7I5394 

0*1712215 

0*1709054 

0*1705911 

0*170278 


0*1696584 

0*1693509 

0*1687410 

0*1684385 

0*1681377 


0*1637083 0*5467613 


0*1634455 

0*1631838 

0*1629233 

0*1626639 

0*1624055 

0*1621483 

0*1618922 

0*1616372 

0*1613833 

0*1611304 

0*1608787 

0*1606280 

0*1603784 

0*1601298 

0*1598823 

0*1596358 

0*1593904 

0*1591460 

0*1589026 

0*1586603 

0*1584189 

0*1581786 

0*1579393 

•0*1577010 

0-1574637 

0*1572274 

0*1569920 

0-1567576 

0-1565242 

0-1562918 

0*1560603 

0*1558298 

0*1556002 

o*i 5537 l6 

o*i 55 i 439 

0*1549171 

0*1546913 

0*1544664 

0*1542424 

0*1540193 

o*i 53797 i 

o*i 535758 

0*1533554 

o*i 53 i 359 

0*1529172 

0*1526995 

0*1524826 

0*1522666 

0*1520515 


0*5457209 

0*5446865 

0*5436580 

0*5426354 

0*5416184 

0*5406072 

0*5396017 

0*5386017 

0*5376074 

0*5366185 

0*5356350 

0*534657° 

0*5336843 

0-5327170 

0*5317549 

0*5307980 

0*5298462 

0*5288996 

0*5279580 

0*5270215 

0*5260899 

0*5251633 

0*5242416 

0*5233247 

0-5224x27 

0*5215054 

0*5206028 

0*5197049 

0*5188116 

0*5179230 

0*5170389 

0*5101593 

0*5152842 

0*5144136 


0*5126855 

0*5118280 

0*5109748 

0*5101258 

0*5092811 


0*5962584 

0*5949375 

0*5936250 

0*5923211 
0*5910256 


0*5018031 


0*5859258 

0*58467x0 

0*5834241 

0*5821850 

0*5809536 

o*5797299 

0*5785137 

0*5773050 

0*5761038 

0*5749099 

0*5737233 

o *5725438 

o* 57 i 37 i 5 

0-5702062 

0-5690480 

0*5678966 

0*5667521 

0*5656x44 

0*5644834 

o* 563359 o 

0*56224X3 

0*5611300 

0*5600253 

0*5589269 

o*5578348 

0*5567491 

0*5556695 

o*5545962 

o*5535289 

0*5524676 

0*55x4124 

0-550363 1 

0*5493197 

0*5482821 

o*5472503 

0*5462242 

0*5452037 

0*5441889 

0-5437796 

0*5421759 


151*41130 

154*47002 

I57*59052 

16077406 

164*62191 

i 67*33537 

170*71577 

174*16446 
177*68281 
181*27224 

184*93418 

188*67010 

192-48x49 

196*36988 

200*33681 

204*38388 

208*51271 

212*72494 

217*02228 

221*40642 

225*87912 

230*44218 

235*°974 2 

239*84671 

244*69193 

249*63504 

254-67800 

259-82284 

265*07i6x 

270-42641 

275*88938 
281-46272 
287*14864 
292*94943 
298*86740 

304*90492 
31 x *06441 
317*34833 
323 * 759 i 9 
330*29956 

336*97205 

343*77934 

350*72414 

357*80924 

365*03747 

372*4x171 

379*93493 

387*61012 

395*44037 

403*42879 
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TABLES OE BESSEL FUNCTIONS 
Table II. Functions of imaginary argument, and & 


X 

er * I 0 ( x ) 



e * K x ( x ) 

e x 

X 

6-02 

6*04 

6*oo 

6*o8 

6*io 

6*12 

6*14 

6*io 

6*i8 

6*20 

6*22 

6*24 

6*26 

6*28 

6*30 

6*32 

tit 

6* 3 8 

6*40 

6*42 

t\t 

6*48 

6*50 

6*52 

tn 

6-58 

6*6o 

6-62 

6*64 

6*66 

6*68 

6*70 

6*72 

tit 

6*78 

6*8o 

6*82 

6*84 

6*86 

6*88 

6-90 

6-92 

6*94 

6-96 

.6*98 

7*00 

0*1663661 

0*1660763 

0*1657880 

0*1655012 

0*1652159 

0*1649321 

0*1646498 

0*1643689 

0*1640894 

0*1638114 

0**635348 

0*1632596 

0*1629858 

0*1627134 

0*1624424 

0*1621727 

0*1619044 

0*1616374 

0*1613717 

0*1611073 

0*1608443 

0*1605825 

0*1603220 

0*1600628 

0*1598048. 

o*I59548i 

0*1592927 

0*1590385 

0*1587855 

°* I 585337 

0*1582831 

0*1580336 

0*1577834 

0*1575384 

0*1572925 

0*1570477 

0*1568042 

0*1565617 

0*1563204 

0*1560802 

0*1558411 

0*1556031 

0,i 553662 

0 * I 55J3 0 4 

°* I 548950 

0*1546619 

6*1544293 

0*1541978 

0,i 539672 

°' I 537377 

0*1518372 

0*151-6237 

0*1514111 

0*1511994 

0*1509885 

0*1507784 

0*1505691 

0*1503607 

0*1501531 

0*1499463 

0 *i497403 

o*i49535i 

0*1493307 

0*1491271 

0*1489243 

0*1487223 

0*1485211 

0*1483206 

0*1481209 

0*1479220 

0*1477238 

0*1475264 

0*1473297 

°* i 47 i 338 

0*1469386 

0*1467442 

0*1465505 

0*1463576 

0*1461653 

°* i 459738 

°* i 45783o 

0-I455930 

°* 1 454036 

0*1452149 

0*1450270 

°’ i 448397 

0*1446532 

°* i 444073 

0*1442821 

0*1440976 

0*1439138 

0 *i437306 

0 *I43548i 

0*1433663 

0*1431852 

0*1430047 

0*1428248 

0*1426457 

0*1424671 

0*1422892 

0*5010588 

0*5002584 

9*4994618 

0*4986689 

0*4978799 

0*4970946 

0*4963130 

0*4955351 

0*4947608 

0*4939902 

0*4932232 

0*4924597 

0*4916998 

0*4909434 

0*4901905 

0*4894411 

0*4886950 

0*4879524 

0*4872132 

0*4804773 

0 *4857448 

0*4850156 

0*4842896 

0*4835669 

0*4828474 

0*4821312 

0*4814181 

0*4807082 

0*4800014 

0*4792978 

0*4785972 

o*4778997 

0*4772053 

0*4765138 

0*4758254 

o*475i40o 

0*4744575 

0*4737779 

0*4731013 

0*4724270 

0*4717367 

0*4710887 

0*4704235 

0*4697612 

0*4691016 

0*4684440 

0*4677908 

0-467I395 

0*4664910 

0*4658451 

0*5411776 

0*5401848 

0 *539I973 

0*5382151 

0*5372382 

0*5362666 

°*5353°oi 

o*5343387 

0 *5333825 

o*53243I3 

0*5314851 

0 *5305438 

0-5296075 

0*5286761 

0*5277494 

0*5268276 

0-5259105 

0*5249982 

0*5240905 

0*5231874 

0*5222889 

0*5213950 

0-5205056 

0*5196207 

0*5187402 

0*5178642 

0*5169925 

0*5161251 

0-5152620 

0*5144032 

0*5135486 

0*5126982 

0*5118520 

0*5110099 

0*5101719 

o*509338o 

0*5085080 

0*5076821 

0*5068602 

0*5060421 

0*5052280 

0*5044178 

0*5036114 

0*5028088 

0*5020099 

0*5012149 

0*5004235 

°*4996359 

0*4988519 

0*4980716 

411*57860 

419*89303 

428*37544 

437*02919 

445*85777 

454*86469 

464-05357 

473*42807 

482*99196 

492*74904 

502*70323 

512*85851 

523*21894 

533*78866 

544*57i9i 

555*57299 

566*79631 

578*24636 

589*92771 

601*84504 

614*00311 

626*40080 

639*06106 

651*97095 

665*14163 

678*57839 

692*28658 

706*27169 

720*53933 

7 35*09519 

749*94510 

765*09499 

780*55094 

796*31911 

812*40583 

828*81751 

845*56074 

062*64220 

880*06872 

897*84729 

915*98501 

934*48913 

953*36707 

972-62636 

992*27472 

1012*31999 

1032*77021 

io 53*63356 

1074*91837 

1096*63316 

6*02 
6*04 
6*0 6 
6*o8 
6*io 

6*12 

6*14 

6*16 

6*i8 

6*20 

6*22 

6*24 

6*26 

6*28 

6*30 

6*32 

6-34 

6-36 

6-38 

6*40 

6*42 

ttt 

6*48 

6-50 

6*52 

tit 

658 

6*6o 

6*62 

6*64 

6*66 

6*68 

6*70 

6*72 

tit 

6*78 

6*8o 

6*82 

6*84 

6*86 

6*88 

6*90 

6*92 

6*94 

6*96 

6*98 

7*00 



TABLES OF BESSEL FUNCTIONS 
Table II. Functions of imaginary argument, and e‘ 


705 


X 

e~ x I 0 (x) 

er* I x {%) 

e*K 0 (x) 

\ 

e*K l {x) 

e* 

X 

7'02 

7-04 

T o6 

7-08 

7*io 

0-I535093 

0-1532819 

0-I530554 

0*1528300 

0-1526056 

0-1421120 

0-I4J9354 

0-1417594 

0-1415840 

0-1414093 

0-4652019 

0-4645614 

0-4639235 

0-4632882 

0-4626556 

0-4972948 

0-4965217 

0-4957521 

0-4949860 

0-4942235 

1118-7866 

1141-3876 

1164-4452 

1187-9685 

1211-9671 

7-02 

7-04 

7-06 

7-08 

7-10 

7*12 

7-i8 

7'20 

0-1523822 

6-1521597 

o-I 5I93§2 

0-1517177 

0-1514982 

0-1412352 

0-1410017 

0-1408889 

0-1407166 

0-1405450 

0-4620255 

0-4613980 

0-4607731 

0-4601507 

o- 45953 o 8 

0-4934644 

0-4927087 

0-4919565 

0-4912077 

0-4904623 

1236-4504 

1261-4284 

1286-9109 

1312-9083 

I339-4308 

7-12 

TH 

7*16 

7-18 

7-20 

7*22 

7-24 

7*26 

7-28 

7- 3 o 

0-1512796 

0-1510020 

0-1508453 

0-1506295 

0-1504147 

0*1403739 

0-1402035 

0-1400337 

0-1398644 

0-1396958 

0-4589134 

0.4582985 

0-4576861 

0-4570761 

0-4564686 

0-4897202 

0-4889814* 

0-4882459 

°‘4?Z5i37 

0-4867848 

1366-4891 

1394-0940 

1422-2565 

1450-9880 

1480-2999 

7-22 

7-24 

7-26 

7-28 

7*30 

7.32 

7-34 

7-36 

7-38 

7-40 

0-1502007 

0-1499877 

o-i497756 

0-1495644 

o-i49354i 

o-i395277 

0-1393603 

0-1391934 

0-1390271 

0-1388613 

0-4558634 

0-4552607 

0-4546604 

0-4540625 

0-4534669 

0-4860591 

0-4853365' 

0-4846172 

0-4839010 

0-4831880 

1510-2040 

1540-7121 

1571-8366 

1603-5898 

1635-9844 

7.32 

7-34 

7-36 

7-38 

7-40 

7-42 

7*44 

7-46 

7-48 

7-5° 

0-1491447 

0-1489362 

0-1487285 

0-1485218 

0-1483158 

0-1386962 

0-1385316 

0-1383676 

0-1382041 

0-1380412 

0-4528736 

0-4522827 

0-4516941 

0-4511077 

0-4505237 

0-4824780 
0-4817712 
0-4810674 
0-4803667 
«. 0-4796689 

1669-0335 

1702-7502 

1737-1481 

1772-2408 

1808-0424 

7-42 

7-44 

7-46 

7-48 

7-50 

7-52 

7-54 

7-5° 

7-58 

7-60 

0-1481108 

0-1479066 

0-1477032 

0-1475007 

0-1472990 

0-1378789 

0-1377171 

o-i375559 

0-1373952 

0-137235° 

0-4499419 

0-4493624 

0-4487851 

0-4482101 

0-4476372 

0-4789742 

0-4782825 

0-4775937 

0-4769079 

0-4762249 

1844*5673 

1881-8300 

1919-8455 

1958-6290 

1998-1959 

7-52 

7-54 

7-56 

7*58 

7-60 

7-62 

£2 

7-68 

7-70 

0-1470981 

0-1468981 

0-1466988 

0-1465004 

0-1463028 

0-1370754 

0-1369164 

0-1367579 

0-1365999 

0-1364424 

0-4470665 

0-4464981 

o-44593i7 

0-4453676 

0-4448056 

0-4755449 

0-4748678 

0-474I935 

0-473522° 

0-4728534 

2038-5621 

2079-7438 

2121-7574 

2164-6198 

2208-3480 

7-62 

lit 

7-68 

7- 7 o 

772 

774 

7'8o 

0-1461060 

0-1459100 

0-1457148 

0-1455203 

0-1453267 

0-1362855 

0-1361291 

o-i359732 

0-1358179 

0-1356630 

0-4442457 

0-4436879 

0-4431322 

0-4425786 

0-4420271 

0-4721876 

°'47 I 5 2 45 

0-4708642 

0-4702066 

0-4695518 

2252-9596 

2298-4724 

2344-9046 

2392-2748 

2440-6020 

772 

774 

7.76 

7-78 

7-80 

7-82 

$ 

7-88 

7-90 

0-1451338 

0 -I 4494 1 ? 

0 -I 447503 

0-1445597 

0-1443699 

0-1355087 

0-1353549 

0-1352016 

0-1350488 

0-1348965 

0-4414776 

0-4409302 

0-4403848 

0-4398414 

0-4393 001 

0-4688997 

0-4682502 

0-4676034 

0*4609593 

0-4663178 

2489-9054 

2540-2048 

2591-5204 

2643-8726 

2697-2823 

7-82 

lit 

7-88 

7-90 

7-92 

7-94 

7- 96 

T9& 

8- oo 

0-1441808 

0-1439924 

.0-1438048 

0-1436179 

0-I4343 18 

Q-I347447 

0-1345934 

0-1344426 

0-1342923 

0-1341425 

0-4387607 

0-4382234 

0-4376880 

0-4371545 

0-4366230 

0-4656789 

0-4650426 

0-4644089 

o-4637777 

0-4631491 

2751-7710 

2807-3605 

2864-0730 

2921-9311 

2980-9580 

7-92 

7‘94 

7- 96 

7‘9 8 

8 - oo 
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TABLES OF BESSEL FUNCTIONS 
Table II. Functions of imaginary argument, and e® 


e~^h{x) «r*I x {3t) e* K 0 (x) e* K x (x) 


0-1432464 
0-1430617 
0-1428777 
o-,i 426944 
0-1425118 

0-1423209 

0-1421488 

0-1419683 

0-1417885 

0-1410094 

0-1414309 

0-1412532 

0-1410761 

0-1408997 

0-1407239 

0-1405488 


0-1402006 

0-1400274 

0 -I 398549 

0-1396830 

0-1395118 

0-I3934 12 

0-1391712 

0-1390018 

0-1388331 

0-1386650 

0 -I 384975 

0-1383306 

0-1381642 

0-1379985 

0 -I 378334 

0-1376689 

0-1375050 

0‘i3734i7 

0-1371789 

0-1370167 

0-1368551 

0-1366941 

0-i 365336 

o ,;[ 363737 

0-1362144 

0-1360550 

0-I358974 

°- I 357397 

0-1355826 

0-1354260 

0-1352700 

0-135II45 

0-1349595 


0-1339932 

0 -I 338443 

0-1336960 

0-1335481 

0-1334007 

0-1332538 

0-1331073 

0-1329613 

0-1328158 

0-1326708 

0-1325262 

0-1323821 

0-1322384 

0-1320952 

0-1319524 

0-1318101 

0-1316683 

0-1315269 

0*1313859 

0-1312454 

0-1311053 

0-1309657 

0-1308265 

0-1306877 

0-1305494 

0-1304114 

0-1302740 

0-1301369 

0-1300003 

0-1298641 

0-1297283 

0-1295929 

0-1294579 

0-1293234 

0-1291892 

0-1290555 

0-1289222 

0-1287892 

0-1286567 

0-1285246 

0-1283929 

0-1282615 

0-1281306 

0-1280001 

0-1278699 

0-1277402 

0-1276108 

0-1274818 

0-1273532 

0-1272250 


0-4360935 

0-4355658 

0-4350401 

0-4345163 

0-4339944 

0-4334743 

0-4329562 

0-4324398 

0-4319254 

0-4314127 

0-4309019 

0-4303929 

0-4298857 

0-4293803 

0-4288766 

0-4283748 

0-4278747 

0-4273763 


0-4215289 

0-4210524 

0-4205776 

0-4201043 

0-4196326 

0-4191625 

0-4186940 

0-4182270 

0-4177616 

0-4172978 

0-4168355 

0-4163747 

o- 4 i 59 i 55 

0-4154578 

0-4150016 

0-4145468 

0-4140936 

0-4136419 

0-4131917 

0-4127429 

0-4122955 


0-4625230 

0-4618994 

0-4612783 

0-4606597 

0-4600436 


mmm 


0-4582097 

0-4576033 

0-4569992 

0-4563974 

0-4557981 

0-4552010 

0-4546063 

0-4540139 

0-4534238 

0-4528359 

0-4522504 

0-4516670 

0-4510859 

0-4505070 

0-4499303 

0-4493559 

0-4487835 

0-4482134 

0-4476454 

0-4470795 

0-4465158 

0-4459542 

o-4453946 

0-4448372 

0-4442818 

0-4437285 


0-4426280 

0-4420808 

0-4415356 

0-4409923 

0-4404511 

0-4399II9 

0 -4393746 

0-4388392 

0-4383058 

0-4377743 

0-4372448 

0-4367171 

0-4361913 

0-4356674 

0-435I454 

0-4346252 


3041-1773 

3102-6132 

3165-2901 

3229-2332 

3294-4681 

3361-0207 

3428-9179 

3498-1866 

3568-8547 

3640-9503 

3714-5024 

3789-5403 

3866-0941 

3944-1944 

4023-8724 

4105-1600 


4447-0667 

4536-9035 

4628-5550 

4722-0580 


5014-0538 


5324-105 

543 I -659 


5653-329 


5884-0466 

6002-9122 

6124-1791 

6247-8957 

6374-1116 

6502-8772 

6634-2440 

6768-2646 

6904-9926 

7044-4827 

7186-7907 

7331-9735 

7480-0892 

7631-1971 

7785-3575 

7942-6321 

8103-0839 
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Table II. Functions of imaginary argument, and e® 




a* K 0 ( x ) e*K x {x) 


0-1348051 

0-1346512 

0-1344978 

0-1343450 

0-1341927 

°-1340409 

0-1338*596 

0-1337388 

o-i 335»85 

0-1334388 

0-1332895 

0-1331408 

0-1329925 

0-1328447 

0-1326975 

0-1325507 

0-13240.14 

0-1322586 

0-1321133 

0-1319684 

0-1318240 

0-1316801 

0-1315367 

0-1313938 

0-1312513 

0-X3H092 

0-1309677 

0-1308260 

0-1306859 

0 -I 305457 

0-1304060 

0-1302667 

0-1301270 

0-1299894 

0-1298514 

0-1297139 

0-1295768 

0-1294401 

0-1293039 

0-1291681 

0-1290328 

0-1288978 

0-1287633 

0-1286292 

0-1284955 

0-1283623 

0-1282294 

0-1280970 

0-1279650 

0-1278333 


0-1270971 

0-1269697 

0-1268426 

0-1267159 

0-1265895 

0-1264636 

0-1263380 

0-1262127 

0-1260879 

0-1259634 

0-1258392 

0-1257154 

0-1255920 

0-1254689 

0-1253462 

0-1252239 

0-1251018 

0-1249802 

0-1248589 

0-1247379 

0-1246173 

0-1244970 

0-1243771 

0-1242575 

0-1241382 

0-1240193 

0-1239008 

0-1237825 

0-1236646 

0-1235470 

0-1234298 

0-1233128 

0-1231962 

0-1230800 

0-1229640 

0-1228484 

0-1227331 

0-1226181 

0-1225034 

0-1223891 

0-1222751 

0-1221613 

0-1220479 

0-1219348 

0-1218220 

0-1217096 

0 -.I 2 I 5974 

0-1214855 

0-1213739 

0-1212627 


0-4118497 

0-4114053 

0-4109623 

0-4105207 

0-4100806 

0-4096419 

0-4092045 

0-4087686 

0-4083341 

0-4079010 

0-4074692 

0-4070388 

0-4066098 

0-4061821 

0-4057558 

0 ‘4°533°8 

0-4049071 

0-4044848 

0-4040638 

0-4036441 

0-4032257 

0-4028087 

0-4023929 

0-4019784 

0-4015651 

0-4011532 

0-4007425 

0-4003331 

0-3999249 

o- 3995 i 8 o 

0-3991123 

0-3987078 

0-3983046 

0-3979026 

0 ’ 39750 i 8 

0-3971023 

0-3967039 

0-3963067 

o- 3959 i 67 

0-3955159 

0-3951223 

o-3947299 

o-3943386 

o -3939485 

0-3935596 

o- 393 i 7 i 7 

0-3927851 

0-3923996 

0-3920152 

0-3916319 


0-4341069 

0-4335904 

0-4330758 

0-4325629 

0*4320519 

0-4315427 

0-4310352 

0-4305295 

0-4300256 

0-4295234 

0-4290230 

0-4285243 

0-4280273 

0-4275321 

0-4270385 

0-4265467 

0-4260565 

0-4255680 

0-4250811 

0-4245960 

0-4241124 

0-4236305 

0-4231502 

0-4226716 

0-4221945 

0-4217191 

0-4212452 

0-4207730 

0-4203023 

0-4198332 

0-4193656 

0-4188996 

0-4184351 

0-4179721 

0-4175107 

0-4170508 

0:4165924 

0-4161355 

0-4156801 

0-4152261 

0 - 4 I 47737 

0-4143227 

0-4138731 

0-4134250 

0-4129784 

0-4125332 

0-4120894 

0-4116471 

0-4112061 

0-4107666 


8266-7771 

8433-777I 

8604-1507 

8777-9660 

8955-2927 

9136-2016 

9320-7651 

9509-0571 

9701-1528 

9897-1291 

10097-0643 

10301-0386 

10509-1333 

10721-4319 

10938-0192 

11158-9819 

11384-4082 

11614-3885 

11849-0148 

12088-3807 

12332-5822 

12581-7169 

12835-8844 

13095-1865 

I3359-7268 

13629-6112 

13904-9476 

14185-8462 

14472-4193 

14764-7816 

15063-0499 

I 5367-3437 

15677-7847 

I 5994-4969 

16317-6072 

16647-2447 

16983-5414 

17320-6317 

17676-6529 

18033-7449 

18398-0507 

i 8 ' 76 g- 7 i 6 o 

19148-8894 

i9535-7 22 7 

I 993°'37°4 

20332-9906 

20743-7443 

21162-7957 

21590-3125 

22026-4658 













TABLES OE BESSEL FUNCTIONS 
Table II. Functions of imaginary argument, and e K 



*-*/„(*) 


0*1277021 

0*1275713 

0*1274409 

0*1273109 

0*1271813 


0*120923 


0*1266608 

0*1265392 

0*1264119 

0*1262850 

0*1261-585 

0*1260324 

0*1259067 

0*1257813 

0*1256563 

°‘ I2 553 I 7 

0*1254075 

0*1252836 

0*1251601 

0*1250369 

0*1249141 

.0*1247917 

0*1246697 

0*1245480 

0*1244266 

0*1243056 

0*1241850 

0*1240647 

0*1239448 

0*1238252 

0*1237059 

0*1235870 

0*1234685 

0*1233503 

0*1232324 

0*1231149 

0*1229977 

0*1228808 

0*1227642 

0*1226480 

0*1225322 

0*1224166 

0*1223014 

0*1221865 

0*1220719 

ll 


e*K 0 (x) e* K x (x) 


0*1211517 

0*1210411 

0*1209307 

0*1208206 

0*1207109 

0*1206014 

0*1204922 

0*1203833 

0*1202747 

0*1201604 

0*1200584 

0*1199506 

0*1198432 

0*1197360 

0*1196292 

0*1195226 

0*1194162 

0*1193102 

0*1192044 

0*1190990 

0*1189938 

0*1188888 

0*1187842 

0*1186798 

0*1185757 

0*1184718 

0*1183682 

0*1182649 

0*1181619 

0*1180591 

0*1179566 

0*1178544 

0*1177524 

0*1176507 

0*1175492 

0*1174480 

0*1173471 

0*1172464 

0*1171459 

0*1170458 

0*1169458 

0*1168402 

0*1167467 

0*1160476 

0*1165487 

0*1164500 

0*1163516 

0*1162534 



0*3904889 

0*3901101 

0-3897324 

0-3893558 

0 ' 3 §§ 98°3 

0*3886059 

0*3882325 

0*3878603 

0*3874891 


0*3863818 

0*3860149 

0*3856489 

0*3852841 

0*3849202 

0-3845574 

0*3841956 

0*3838348 

o- 383475 o 
0*3831163 
0*3827586 
0*3824018 

0*3820461 

0*3816913 

0 - 38 i 3375 

0*3809848 

0*3806330 

0*3802821 

0-3799323 

0-3795834 


■kh&b 


0-3785424 

0-3781973 

0-3778532 

0*3775100 

0*3771677 

0*3768264 

0*3764860 

0*3761465 

0-3758079 

0*3754702 

0-3751335 

0-3747970 

0*3744627 

0*3741287 

0-3737955 


0*4103284 

0*4098917 

0*4094563 

0*4090223 

0*4085897 

0*4081584 
0*4077285 
0*4073000 
0*4008727 . 
0*4064468 

0*4060223 

0-4055990 

0*4051771 

0*4047565 

o -4043372 

0*4039191 

0-4035024 

0*4030869 

0*4026728 

0*4022598 

0*4018482 

0*4014378 

0*4010286 

0*4006207 

0*4002140 

0*3998085 

0*3994043 

0*3990013 

0-3985995 

0*3981989 

0-3977995 

0*3974013 


0*3966084 

0*3962137 

0-3958202 

0-3954279 

0-3950367 

0*3946467 

o -3942578 

0-3938701 

0-3934835 

0-3930980 

0*3927137 

0*3923305 

0*3919484 

0*3915673 

0*3911874 

0*3908086 

0*3904309 


22471*430 

22925*383 

23388*506 

23860*986 

24343-009 

24834-771 

25330-466 

25848*297 

26370-467 

26903*186 

27446*666 

28001*126 

28566*786 

29143*874 

29732*619 

30333-258 

30946*030 

31571-181 

32208*961 

32859*626 

33523'434 

34200*652 

3489 I- 55 I 

35596-408 

36315-503 

37049*124 


39340 -II 4 

40134*837 

40945*615 
41772771 
42616*637 
43477-550 
44355-855 

45251*903 

46166*052 

47098*668 

48050*124 

49020*801 

50011*087 

51021*378 

52052*078 

53103*600 

54 i 76'364 

55270*799 

56387*343 

57526*443 

58688*554 

59874*142 
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709 


11*02 
11*04 
11 *06 
ii*o8 
11*10 


11*12 
11 *14 
11*10 
n*i8 
11*20 


11*22 
11*24 
11*26 
11*28 
IX *30 


11*32 

II -34 

1*36 


ii*3C 

ii-38 

11*40 


11*42 

ii *44 

11*40 


' 4 < 
II48 
XX *50 


11*52 

11*54 

11*50 


11-58 
11*00 


11*72 

n -74 

11*76 


ii* 

ii* 


11*62 

11*64 

11*66 

ii*68 

11*70 


11*82 

11*84 

11*86 

ii*88 

11*90 


11*92 

11*94 

11*96 

11*98 

12*00 


JoW 


K 0 (x) 

e« K x {x) 

e* 

0*1216169 

0*1215039 

0*1213912 

0*1212789 

0*1211669 

0*1159603 

0*1158631 

0*1157602 

0*1156694 

0 - 1 X 55730 

0-3734632 

0-3731319 

0*3728014 

0*3724717 

0*3721430 

0*3900543 

0*3896788 

0 - 3893 0 43 

0-3889309 

0*3885586 

61083*680 

62317*652 

63576-552 

64860*883 

66171-160 

0*1210551 

0*1209437 

0*1208326 

0*1207218 

9*1206113 

0*1154767 
o-i 153807 
0*1152849 
0*1151894 
0*1150941 

o*37 i8 isi 

0*3714881 

0*3711619 

0*3708367 

0*3705122 

0-3881873 

0*3878171 

0*3874480 

°- 387°799 

0*3867128 

67507*906 

68871*656 

70262*956 

71682*362 

73130*442 

0*1205011 

0*1203912 

0*1202817 

0*1201724 

0*1200634 

0*1149990 

0*1149042 

0*1148096 

0*1147152 

0*1146211 

0*3701886 

0*3698659 

0*3695440 

0*3692229 

0*3689027 

0*3863468 

0*3859018 

0*3856178 

0*3852548 

0*3848929 

74607*775 

76114*952 

77652*576 

79221*262 

80821*638 

0*1199547 

0*1198463 

0*1197382 

0*1196303 

0-1x95228 

0*1145272 

0*1144335 

0*1143401 

0*1142468 

0*1141538 

0*3685833 

0*3682648 

0*3679470 

0-3676301 

0-3673140 

0-3845320 

0*3841721 

0*3838132 

0-3834553 

0*3830984 

82454-343 

84120*031 

85819*368 

87553-035 

89321*723 

0*1194156 

0*1193086 

0*1192020 

0*1190956 

0*1189895 

0*1140610 

0*1139685 

0*1138762 

0*1137841 

0*1136922 

0*3669987 

03666843 

0*3663706 

0*3660578 

o -3657457 

0-3827425 

0*3823875 

0*3820336 

0*3816806 

0*3813286 

91126*142 

92967*012 

94845*070 

96761*068 

987x5*771 

0*1188837 

0*1187782 

0*1186729 

0*1185680 

0*1184633 

0*1136005 
o*x135090 
0*1134x78 
0*1133268 
0*1132360 

o *3654344 

0*3651240 

0*3648143 

0*3645054 

0*3641973 

0*3809775 

0*3806275 

0*3802783 

0*3799302 

0-3795830 

100709*962 

102744*438 

104820*012 

106937-5x8 

109097*799 

0*1183589 

0*1182548 

0*1181509 

0*1180473 

0*1179440 

0*1131454 

0*1130551 

0*1129649 

0*1128750 

0*1127852 

0*3638900 

0-3635834 

0*3632777 

0*3629727 

0*3626684 

0*3792367 

0*3788914 

0-3785470 

0*3782035 

0*3778610 

111301*721 

113550*165 

115844*030 

118184*235 

120571*715 

0*1178410 

0-1177382 

0*1176357 

0*1175335 

o*ii 743 i 5 

0*1126957 

0*1126064 

0*1125173 

0*1124284 

0*1123398 

0*3623650 

0*3620623 

0*3617603 

0*3614591 

0*3611587 

0 * 3775 X 94 

0-377x787 

0*3768389 

0*3765001 

0*3761621 

123007*425 

125492*34° 

128027*453 

130613*780 
i 3325*-353 

0*1173298 

0*1172284 

0*1171272 

0*1170263 

0*1169256 

0*1122513 

0*1121630 

0*1120750 

0*1119871 

0*1118995 

0*3608590 

0*3605600 

0*3602618 

0*3599643 

0*3596676 

0*3758251 

o *3754890 

0 * 375 X 537 

0*3748194 

o *3744859 

1 35944-229 

138690*485 

141492*218 

144350-55 x 
147266*625 

0*1168252 

0*1167251 

0*1166252 

0*1165256 

0*1164262 

0*1118120 

0*1117248 

0*1116378 

0*1115509 

0*1114643 

0*3593756 

0*3590763 

0*3587818 

0*3584880 

0*3581949 

0*3741533 

0-3738216 

0*3734908 

0*3731608 

0*3728318 

150241*608 

153276*690 

156373-085 

I 59532 -Q 3 X 

162754*791 


11*02 

11*04 

11*06 

11*08 

11*10 


11*12 

II*I4 

11*16 

H*i8 

11*20 


11*22 

11*24 

11*26 

11*28 

11*30 


11-32 

11-34 

11-36 

11-38 

11*40 


11*42 

11*44 

11*46 

11*48 

11*50 


11*52 

”: 5 4 


n*5t 

11*58 

ii*6o 


11*62 

11*64 

n*6o 

11*68 

11*70 


11*72 

11*74 

11*76 


ii* 

ii* 


11*82 
11 *84 

ii*86 

ii*88 

11*90 


11*92 

11*94 

11*96 

11*98 

12*00 













710 


X 


12-02 

12-04 

12-00 

12-08 

I2-IO 

12-12 

12-14 

12-10 

12-18 

12-20 

12-22 

12*24 

12-20 

12*28 

12-30 

12-32 

12-34 

12-36 

12-38 

12-40 

I2-42 

12-44 

12-46 

12-48 

12-50 

12-52 

12-54 

12-56 

12-58 

I2-6o 

12-62 

12-64 

12-66 

12-68 

1270 

1272 

1274 

12-76 

12-78 

12-80 

12-82 

12-84 

12-86 

12-88 

12-90 

12-92 

12-94 

12-96 

12- 98 

13- 00 


TABLES OP BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e m 


e~ a I 0 (x) 


0-1163271 

0*1162283 

0-1161296 

0-1160313 

0-1159332 


e-'IM 


0-1113779 

0-1112916 

0-1112056 

0-1111197 

0-1110341 


e*K 0 (x) 


0-3579025 

0-3576108 

0-3573199 

0*3570296 

0-3567401 


e tt K 1 (x) 


0-3725035 

0-3721762 

0-3718497 

0-3715240 

0-3711992 


166042-66 

169396-94 

172818-99 

176310-16 

179871-86 


12-02 

I2-O4 

I 2 -o 6 

12-08 

12-10 


0 -II 58353 

°‘ II 57377 

0-1156404 

0-1155432 

0-1154464 


0-1109487 
0-1108034 
6-1107783 
0-1106935 
o-ii06088 


0-3564513 

0-3561631 

0-3558757 

0-3555890 

0-3553029 


0*3708753 

0-3705522 

0-3702209 

0-3699085 

0-3695879 


183505*51 

187212-57 

190994-52 

194852-86 

190789*15 


12-12 

12*14 

12-16 

12-18 

12-20 


0-1153497 

0 -I 152533 

0-1151572 

0-1150613 

0-1149656 


0-1105243 

0 -II 04400 

0-H03559 

0-1102720 

0 -IIOI 883 


0 - 3550 I 76 

0-3547329 

0-3544489 

0-3541656 

0-3538830 


0*36Q268l 

0-3689492 

0-3686311 

0*3683138 

0-3679973 


0-1148702 

0-1147750 

0-1146801 

O-H45853 

0-1144909 


0 - 1 I 0 I 048 

0-1100215 

0-1099383 

0-1098553 

0-1097726 


O-35360I0 

0-3533I98 

0-3530392 

0-3527592 

0-3524800 


0-3676816 

O-3673667 

0-3670527 

O-3667394 

0-3664269 


202804-96 

206901-89 

2 II 08 I -59 

2I5345-72 

219695-99 


24280 


12-22 
I2-24 t 
12-26 
12-28 
12-30 

12-32 

12-34 

12-36 

12-38 

12-40 


0-1143966 

0-1143026 

0-1142088 

0-1141153 

0-1140219 

0-1139288 

0-1138360 

0-U37433 

0-1136509 

0-1135587 

0-1134668 

o-ii3375o 

0-1132835 

0-1131922 

0-1131011 


0-1096900 

0-1096076 

0-1095253 

0-1094433 

0-1093614 

0-1092798 

0-1091983 

0-1091x69 

0-1090358 

0-1089549 

0-1088741 

0-1087935 

0-1087131 

0-1080328 

0-1085527 


0-3522014 

0*3519234 

0-3516461 

0 - 35 I 3695 

0-3510935 

0-3508182 

0-3505435 

0-3502694 

0-3499960 

o-3497 2 33 

0-3494512 

0 * 349 1 797 
0-3489088 
0-3486386 
0-3483090 


0-3661152 

0-3658044 

o-3654943 

0-3651849 

0-3648764 


247706-54 

252710-54 

2578x5-63 

263023-85 

268337-29 


0-3645687 

0-3642617 

o-3639555 

0-3636500 

o-3633453 


2 73758 -o 6 

279288-34 

284930-34 

290686-31 

296558-57 


0-3630414 

0-3627383 

0-3624359 

0-3621342 

0-3618333 


3086^1-35 
314896-72 
321258-06 
327747-90 


0-1130103 

0-1129196 

0-1128292 

0-1x27390 

0-1120490 


0-1084728 

0-1083931 

0-1083136 

0-1082342 

0-1081550 


0-3481000 

o- 34783 i 7 

0-3475639 

0-3472968 

0-3470303 


0 - 36 I 5332 

0-3612337 

0*3609351 

0-3606371 

0-3603399 


334368-85 

341123-55 

348014-70 

355045-06 

362217-45 


0-1125592 

0-1124697 

0-1123803 

0-1122912 

0-1122023 


0-1080760 

0-1079971 

0-1079184 

0-1078399 

0-1077616 


0-3467644 

0-3464991 

o -3462345 

0-3459704 

0-3457070 


0-3600434 

0*3597477 

o-3594527 


o-35« 

o- 35 < 


>158 


369534-73 

376999-82 

384615-73 

392385-48 

400312-19 


0-1121136 
o 1120251 
0-1119368 
0-1118487 
0-1x17008 


0-1076834 

0-1076054 

0-1075270 

0-1074499 

0-1073724 


0-3454441 

0-3451818 

0-3449202 


o- 34465 ‘ 

0-344392 


0-3585719 

0*3582798 

o -3579883 

0*3576970 

0-3574076 


40839903 

416649-24 

425066-11 

433653'02 

442413-39 


12-42 

12-44 

12-46 

12-48 

12-50 

12-52 

12-54 

12-56 

12-58 

12-60 

12-62 

12-64 

12-66 

12-68 

12-70 

12-72 

12-74 

12-76 

12-78 

I2-8 o 

12-82 

I 2-84 

12-86 

12-88 

12-90 

12-92 

12-94 

12-96 

12- 98 

13- 00 



























TABLES OE BESSEL FUNCTIONS 
Table II. Functions of imaginary argument, and e ! 


711 



X 


Ii(#) 

«• K a (x) 

e«K x {x) 

e* 

X 


13*02 

13*04 

13*06 

13*08 

13*10 

0*1116732 

0*1115857 

0*1114985 

0*1114114 

0*1113240 

0*1072951 

0*1072179 

0*1071409 

0*1070640 

0*1069874 

0*3441388 

o-3438795 

0*3436208 

0*3433626 

0-3431051 

0*3571182 

0*3568296 

0-3565417 

0*3562544 

o-3559679 

45135074 

460468*63 

469770*71 

479260*71 

488942*41 

13*02 

13*04 

13*06 

13*08 

13-1° 


13-12 

13-14 

13*16 

13*18 

13*20 

0*1112379 

0*1111515 

0*1110052 

0*1109792 

0*1108934 

0*1069109 

0*1068345 

0*1067583 

0*1060823 

0*1066064 

0*3428481 

0*3425917 

o-34 2 3359 

0*3420807 

0*3418260 

0*3556820 

0*3553968 

0-3551123 

0*3548285 

0-3545454 

498819*71 

508896*53 

5x9x76*92 

529664*99 

549364-94 

13-12 

13-14 

13-16 

13-18 

13*20 


13*22 

13-24 

13*26 

13*28 

13-30 

0*1108077 

0*1107223 

0*1100370 

0*1105520 

0*1104671 

0*1065307 

0*1064552 

0*1063798 

0*1063046 

0*1062295 

0*34*57*9 

0*34x3184 

0*3410654 

0*3408x30 

0*3405611 

0*3542629 

o- 35398 ii 

0-3537000 

0-3534195 

0-353I398 

55x281*03 

562417*65 

573779-24 

585370-35 

597195*61 

13*22 

13*24 

13*26 

13*28 

13-3° 


13-32 

13-34 

13-30 

13-38 

13-40 

o*xio 3825 

0*1102980 

0*1102138 

0*1101297 

0*1100458 

0*1061546 

0*1060798 

0*1060052 

0*1059308 

0*1058565 

0*3403098 

°-34°o59X 

0*3398089 

0 3395593 
0-3393 102 

0*3528606 

0*3525821 

0*3523043 

0*3520272 

o*35i75 0 6 

609259*77 

621567*63 

634124*13 

646934*29 

660003*22 

13-32 

I3-34 

13-36 

I3-38 

13*40 


13*42 

13-44 

13*46 

I3-48 

I3-50 

0*1099621 

0*1098786 

0*1097953 

0*1097122 

0*1096292 

0*1057824 

0*1057084 

0*1056346 

0*1055609 

0*1054874 

0*3390616 

0-3388137 

0*3385662 

o* 3383 1 93 

0-3380729 

o*35 I 474 8 

0*3511995 

o- - } 509250 
0*3506510 
o*3503777 

673336-I7 

686938*47 

700815*54 

714972*96 

729416*37 

13*42 

13-44 

13*46 

13*48 

13-50 


I3'52 

13*54 

13-50 

13-58 

13*60 

0*1095465 

0*1094639 

0*1093816 

0*1092994 

0*1092174 

0*1054140 

0*1053408 

0*1052677 

0*1051948 

0*1051221 

0*3378271 

o-33758i8 

0-3373371 

0*3370928 

0-3368491 

0-3501051 

0*349833° 

0*3495616 

0*3492909 

0-3490207 

744x51*56 

759184*42 

774520-96 

790167*32 

806x29*76 

13-52 

13*54 

13*56 

I3-58 

13*60 


13*62 

sa 

13-68 

1370 

0*1091356 

0*1090540 

0*1089725 

0*1088912 

0*1088102 

0*1050495 

0*1049770 

0*1049047 

0*1048325 

0*1047605 

0*3366060 

0*3363633 

0*3361212 

o-3358796 

0-3356385 

0-3487512 

0*3484823 

0*3482140 

0-3479463 

0-3476793 

822414*66 

839028*54 

855978*04 

873269-94 

890911*17 

13*62 

sa 

13-68 

137° 


13-72 

13-74 

13*76 

13*78 

13-80 

0*1087293 

0*1086485 

0*1085680 

0*1084876 

0*1084074 

0*1046886 

0*1046169 

0*10454-53 

0*1044739 

0*1044026 

o- 33 o 398 o 

0-3351579 

0*3349184 

0-3346794 

0-3344409 

0*3474128 

0*3466x72 

0-3463532 

908908*77 

927269*94 

946002*04 

965112*54 

984609*11 

13-72 

I 3-74 

13*76 

13*78 

13*80 


13*82 

13-88 

13-90 

0*1083274 

0*1082476 

0*1081679 

0*1080885 

0*1080092 

0*1043315 

0*1042605 

0*1041896 

0*1041189 

0*1040484 

0-3342029 

0-3339654 

0-3337285 

0-3334920 

0-3332560 

0*3460897 

0*3458269 

0-3455647 

0-3453031 

0*3450420 

1004499*53 

1024791*77 

1045493-94 

1066614*32 

1088161*36 

13*82 

Hit 

13*88 

13*90 


13*92 

13-94 

13*96 

13*98 

14*00 

0*1079300 

0*10785x1 

0*1077723 

0*1076937 

0*1076153 

0*1039779 

0*1039077 

0*1038375 

0*1037675 

0*1036977 

0*3330206 

0*3327856 

0*3325511 

0*3323171 

0*3320836 

0*34478x6 

0*3445217 

0*3442624 

0*3440037 

o-3437456 

1110143*67 

1132570*06 

1155449-5° 

1178791*12 

1202604*28 

13-92 

I 3-94 

13*96 

13*98 

14*00 
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TABLES OE BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e“ 


IB 

e-*h{x) 

e - * I^x) 

«**„(*) 

e*K x {x) 

e<° 

X 

14-02 

14-04 

14-06 

14-08 

14-10 

14-12 

14-14 

14-16 

14-18 

14-20 

14*22 

14-24 

14-26 

14-28 

14-30 

14-32 

14*34 

14*36 

I4*38 

14-40 

14-42 

14*44 

14-46 

14-48 

14*50 

14*52 

I4*54 

14*56 

i 4*58 

€ x 4 *6o 

14-62 

33 

14-68 

14-70 

14-72 

14*74 

14*76 

I 4*78 

14-80 

14-82 

33 

14-88 

14-90 

14-92 

14-94 

14- 96 
14*98 

15- 00 

°' I0 7537° 

0-1074589 

0-1073810 

0-1073032 

0-1072256 

0-1071482 

0-1070710 

0-1069939 

0-1060169 

0*1068402 

0-1067636 

0-1066872 

0-1066109 

0-1065348 

0-1064589 

0-1063831 

0-1063075 

0-1062321 

0-1061568 

0-1060817 

0-1060067 

0*1059319 

0-1058572 

0*1057827 

0-1057084 

0-1056342 

0-1055062 

0-1054863 

0-1054120 

°' io 5339I 

0-1052657 

0-1051924 

0-1051193 

0-1050464 

0-1049736 

0-1049009 

0-1048284 

0*1047561 

0-1046839 

0-1046119 

0-1045400 

0-1044682 

0-1043966 

0-1043252 

0*1042539 

0-1041827 

0-1041117 

0-1040408 

0-1039701 

0-1038995 

0-1036279 

0-1035584 

0-1034889 

0-1034196 

0-1033505 

0-1032814 

0-1032126 

0-1031438 

0-1030752 

0-1030067 

0-1029384 

0-1028702 

0-1028021 

0-1027342 

0-1020063 

0-1025987 

0-1025311 

0-1024637 

0-1023905 

0-1023293 

0-1022623 

0-1021954 

0-1021287 

0-1020621 

0-1019956 

0-1019292 

0-1018630 

0-1017969 

0-1017309 

0-1016050 

0-1015993 

0-1015337 

0-1014682 

0-1014029 

0-1013377 

0-1012726 

0-1012076 

0-1011428 

0-1010780 

0-1010135 

0-1009490 

0-1008846 

0-1008204 

0-1007563 

0-1006923 

0-1006284 

0-1005647 

0-1005011 

0-1004376 

0-1003742 

0-3318506 

0-3316181 

0-3313861 

0-3311546 

0-3309235 

0*330693° 

0-3304629 

0-3302333 

0-3300042 

0 *3297755 

0*3295474 

o* 3293 i 97 

0-3290924 

0-3288657 

0*3286394 

0-3284136 

0-3281882 

0*3279633 

0-3277389 

o* 3275 i 49 

0-3272914 

0-3270684 

0-3268458 

0-3266236 

0-3264019 

0-3261807 

o*3259599 

o *3257396 

o* 3255 i 97 

0*3253002 

0-32508x2 

0-3248626 

0-3246445 

0-3244268 

0-3242096 

0-3239928 

0*3237764 

0*3235604 

0*3233449 

0*3231298 

0*3229152 

0-3227010 

0-3224872 

0-3222738 

0-3220608 

0-3218483 

0-3216362 

0-3214245 

0-3212132 

0-3210024 

0-3434881 

0*3432311 

0*3429747 

0-3427189 

0-3424637 

0-3422090 

o*34i9549 

0-3417013 

0-3414484 

o*34ii959 

0 - 340944 1 

0-3406927 

0-3404420 

0-3401918 

0*3399421 

0*3396930 

0*3394444 

0*3391904 

0-3389489 

0*3387020 

o*3384555 

0-3382097 

o *3379643 

0*3377195 

0*3374752 

0*3372315 

0-3369883 

o*3367455 

0*3365034 

0-3362617 

0-3360206 

0*3357799 

0*3355398 

0*3353002 

0'33506n 

0*3348226 

o*3345845 

0*3343409 

0-3341098 

o*3338733 

o*3336372 

o*33340i7 

0*3331666 

o*332932o 

0*3326979 

0-3324644 

0*3322313 

o* 33I9987 

0*3317665 

0*3315349 

1226898*5 

1251683-5 

1276969-2 

13027657 

1329083-3 

1355932*5 

1383324*2 

1411260-2 

1408864-2 

1498537*2 

1528809-7 

1559693*7 

1591201-6 

1623346-0 

1656139-7 

1689596-0 

1723728-1 

1758549*7 

1794074-8 

1830317-5 

1867292-4 

1905014-2 

1943498-0 

1982759-3 

2022813-7 

2063677-2 

2105366-2 

2147897*5 

2191287-9 

2235554*8 

2280716-0 

2326789-6 

2373793*8 

2421747*6 

2470670-2 

2520581-0 

2571500-1 

2623447*9 

2676445-1 

2730512-8 

2785672-8 

2841947*2 

2899358*3 

2957929*2 

3017683-4 

3078644-6 

3140837-4 

3204286-5 

3269017-4 

14-02 

14-04 

14-06 

14-08 

14-10 

14-12 

14-14 

14*16 

14*18 

14*20 

14*22 

14*24 

14-26 

14-28 

14-30 

14-32 

14*34 

14*36 

14*38 

14-40 

14-42 

14*44 

14-46 

14-48 

14-50 

14*52 

14*54 

i 4 * 5 o 

14-58 

14-60 

14-62 

ntt 

14*68 

14*70 

14-72 

14*74 

14*70 

14-78 

14-80 

14-82 

Hit 

14-88 

14-90 

14*92 

14*94 

14*96 

14- 98 

15- 00 
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Table II. Functions of imaginary argument, and e® 



<r®I 0 (#) e~ m I x (x) e x K 0 {x) 


e* K t (x) 


0-1038201 

0-1037588 

0-1036087 

0-1036186 

0-1035488 

0-1034791 

0-1034095 

0-1033400 

0-1032707 

0-1032016 

0-1031325 

0-1030636 

0-1029949 

0-1029203 

0-1028578 

0-1027895 

0-1027213 

0-1026532 

0-1025853 

0-1025175 

0-1024498 

0-1023823 

0-1023149 

0-1022476 

0-1021805 

0-1021135 

0-1020466 

0-10x9799 

0-1019133 

0-10x8468 

0-1017805 

0-1017143 

0-1016482 

0-1015822 

0-1015164 

0-1014507 

0-1013851 

0-1013x97 

0-1012544 

0-1011892 

0-1011241 

0-1010592 

0-1009944 

0-1009297 

0-1008651 

0-1008007 

0-1007363 

0-1006722 

0-1006081 

0-1005441 


0-099622 
0-0995609 
0-0994991 
0-0994375 

0-099376° 

0-0993146 

0-0992533 

0-0991921 

00991310 

0-0990701 

0-0990002 

0-0989485 

0-0988879 

00988274 

0-0987670 

0-0987067 



0-0982877 

0-0982203 

0-0981690 

0-0981097 

0-0980506 

0-0979916 

0-0979328 

0-0978740 

0-0978153 

0-0977567 

0-0976983 

0-0976399 

0-0975816 

0-0975235 

0-0974654 

o-0974°75 

0-0973496 


0*3207919 

0-3205819 


0-3201031 

0-3199543 

o- 3 i 97459 

o- 3 i 95379 

0 - 3 I 93303 

0-3191231 

0-3189164 

0-3187100 


L'J 


0-3182985 

°- 3 i 8 o 933 

0-3178885 

0-3176841 

0-3174801 

0-3172766 

0-3170734 

0-3168705 

0-3166681 

0-3164661 

0-3162644 

0-3160632 

0-3158623 

0-3156618 

0-3154617 

0-3152619 

0-3150626 

0-3148636 

0-3146650 

0-3144668 

0-3142689 

0-3140714 

0-3138743 

0-3136776 

0-3x34812 

0-3132852 

0-3130896 

•0-3128943 

0-3126994 

0-3125049 

0-3123107 

0-3121169 

0-3119235 

0-3x17304 

0-3115370 

o- 3 ii 3453 

0-3111533 

0-3109616 


0-3313037 

0-3310731 

0-3308429 

0-3306132 

0-3303839 

0-3301552 

0-3299269 

0-3296990 


0-329244 

0-3290184 

0-3287924 

0-3285670 

0-3283419 

0-3281174 

0-3278933 

0-3276696 

0-3274464 

0-3272237 

0-3270014 

0-3267796 

0-3265582 

0-3263372 

0-3261168 

0-3258967 

0-3256771 

0-3254580 

0-3252392 

0-3250210 

0-3248031 

0-3245857 

0-3243687 

0-3241522 

0-3239361 

0-3237204 

0-323505? 

0-3232903 

0-3230759 

0-3228620 

0-3226484 

0-3224353 

0-3222226 

0-3220103 

0-3217085 

0-32x5870 

0-3213760 

0-3211654 

0-3209552 

0-3207454 

0-3205300 


3335055-9 

3402428-5 

3471162-1 

354x284-2 

3612822-9 

3685806-8 

3760265-0 

3836227-4 

39 I 3724-4 

3992786-8 

4073446-5 

4155735-0 

4239687-0 

4325334-3 

4412711-9 

4501854-6 

4592798-1 

4685578-8 

.4780233-7 

4876800-9 

4975318-8 

5075826-9 

5178365-4 

.5282975-3 

5389698-5 

5498577-6 

5609656-2 

5722978-8 

5838590-7 

5956538-0 

6076868-1 

6199628-0 

6324869-8 

6452640-6 

6582992-6 

7-9 

9-6 
6990062-1 
7131270-7 
7275332-0 

7422303-4 

7572243-9 
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X 

Jut(x) 

Yyb ( x ) 

i<iwi 

argH^M 

«!/.(*) 

H 

0 

0*0000000 

T 00 

00 

- 90° 

00 

H 

0-02 

0 - 04 . 

0-00 

0-08 

O-IO 

+ 0*2412455 
+ 0*3038819 

+ 0*3477275 

+ 0*3825227 
+ 0*4117819 

- 3*8181574 

- 2*9641628 

- 2*5398832 

: Att 

3*8257712 

2*9796989 

2, 5635758 

2*2986264 

2*1088503 

- 86° 23' 4*72 

- 84° 8' 47*03 

- 82°12'15*46 

- 8o° 25'14*29 

- 78° 44 '23*54 

5-8973367 
4-5650965 
3-9129445 
3-4996x27 
3-2048056 

0-02 

O-O4 

0-00 

0-08 

O-IO 

0*12 

0-14 

0-16 

o-x8 

0-20 

+ 0*4372223 
+ 0*4598264 
+ 0*4802143 
+ 0*4988049 
+ 0*5158967 

- 1*9x40102 

: All 

- 1*5917752 

- 1*5118289 

1 '§633131 

1*8465050 

17499806 

1*0680991 

1 ‘5974279 

- 77 ° 7 ' 57-21 

- 75 ° 34 5 X*i 6 

- 74 0 4 7 23*06 

- 72 0 36' 3*21 

- 71 0 9'29*88 

2-9795927 

2-7996089 

2-0511003 

2-5256038 

2-4175728 

0-12 

0-14 

O-IO 

0*l8 

0-20 

0*22 

0-24 

0*26 

0-28 

0-30 

+ 0*5317088 
+ 0*5464087 
+ 0*5601271 
+ 0*5729677 
+ 0*5850148 

- 1*4405408 
" 1 *3761 797 

- 1*3174682 

- 1*2634392 
“ 1 *2133449 

1 ‘5355364 

1*4806867 

1*3872889 

1*3470145 

" 6 S 26 ‘57 

- 68 9 20 40*45 

- 66° 58' 1*30 

- 65° 36' 20*81 

- 64° 15' 32*17 

2-3231916 

2 - 239733 i 

2*165x805 

2-0980307 

2-0370894 

0-22 

0-24 

0-26 

0-28 

0-30 

0-32 

0-34 

0-36 

0-38 

0-40 

+ °‘5963375 

+ o.* 6 o 69935 

+ 0*6170312 
+ 0*6264920 
+ 0*63541X2 

- 1*1665964 

- 1*1227224 

- 1*0813409 

- 1*0421378 

- 1*0048529 

J‘3101777 
1*2763020 
1*2450002 

1 ' 2 lSi 53 7 

1*1888973 

“ f2° 55' 29*69 
" j* 36, 8*57 

- 60 17'24*70 

- 58° 59; 14-57 

- 57 4 i 35 r i 3 

1-9814363 

1-9303301 

1-8831600 

1 -8394587 

1-7987884 

0-32 

0-34 

0-36 

0-38 

0-40 

0-42 

0-44 

0-46 

0-48 

0-50 

+ 0*6438195 
+ 0*6517435 
+ 0*6592067 
+ 0*6662297 
+ 0*6728308 

- 0*9692681 

- 0*9351991 

- 0*9024892 

- 0*8710041 

- 0*8406278 

1*1636083 

1-1398978 

1 *x176047 
1*0965902 
1*0767342 

- 56° 24'23*72 
- 55 ° 7;38*oi 

- 53 ° 5 i 15-93 
" 52 35 15-65 

- 51° 19 ' 35*54 

1-7608136 

1-7252429 

1-6918274 

1-6603530 

1-6306366 

0-42 

o -44 

0-46 

0-48 

0-50 

0-52 

°"54 

0-56 

0-58 

o-oo 

+ 0*6790265 
+ 0*6848313 
+ 0*6902585 
+ 0*6953202 
+ 07000271 

- 0*8112601 

- 0*7828134 

- 07552112 

- 07283861 

- 07022788 

i‘ 05793 i 9 

1*0400917 

1*0231329 

1*0069839 

0-9915813 

-50° 4 ; 14-14 

- 48 49 xo*i 4 

- 47 ° 34 , 22*35 

- 46° 19' 491:69 
" 45 ° 5'31*20 

1-6025156 

I- 575850 I 

1-5505163 

1-5264049 

1-5034188 

0-52 

o -54 

0-56 

0-58 

o-6o 

0*62 

0-64 

o-66 

o-68 

070 

+ 0*7043893 
+ 07084159 
+ 0*7x21152 
+ o* 7 i 5495 i 
+ 0*7185627 

- 0-6768367 

- 0*6520129 

- 0*6277661 

- 0*6040589 

- 0*5808580 

0*9768685 

0*9627948 

0-9239742 

" 43 ° 5 i; 25*98 
~ 42 “ 37 : 33*23 

- 4 X ° 23; 52*19 

- 40° 10' 22*19 

- 38 ° 57' 2*60 

1-48x4718 

1-4604863 

1 -4403931 

1-4211296 

1-4026393 

0-62 

0-64 

o-6o 

o-68 

0-70 

072 

°74 

076 

078 

o-8o 

+ 0*7213248 
+ 07237876 
+ 0 *7259570 
+ 07278387 
+ 0*7294377 

" °* 558 i 337 
" °* 535 8 59 i 

- 0*5140100 

- 0*4925646 

- 0*4715032 

0*9120431 

0*9005629 

0*8895054 

0*87^453 

0*8685590 

~ 35°18 0*72 

- 34 ° 5 17*40 
- 32 52 42*00 

1-3848710 

1-3677782 

1-3513186 

1 *3354533 
1-3201469 

0-72 

o -74 

0-76 

078 

o-8o 

0-82 

0-84 

o*8b 

o-88 

0*90 

+ 07307591 
+ 0*7318076 
+ 07325877 
+ 07331037 
+ 0*7333598 

- 0*4508080 

- 0*4304628 

- 0*4104530 

- 0*3907653 

- 0*3713877 

0*8586249 

0*8490233 

0-8397359 

0*8307458 

0*8220374 

- 31° 40; 14*12 

- 30 27 53*39 

" 2 9 *5 39*47 

- 28“ • 3'32*02 
“ 26 0 51'30*76 

x-3053670 

1-2910835 

1-2772690 

1-2638979 

1-2509467 

0-82 

0-84 

o-86 

o-88 

0-90 

092 

0-94 

0-96 

0*98 

1-00 

+ 0*7333600 
+ 0*7331080 
+ 0*7326077 
+ 073x8627 
+ 0*7308764 

- 0*3523093 

- 0*3335201 

- 0*3150111 

- 0*2967741 

- 0*2788016 

0*8135962 

0*8054086 

07974623 

0’7897454 

07822472 

“ 2 5 ° 39 : 35*39 

- 24° 27' 45*66 

- 23 0 16' 1*32 

- 22° 4' 22*12 

- 20° 52'47*84 

1-2383936 

1-2262184 

1-2144022 

1-2029275 

1-19x7780 

0-92 

0-94 

0-96 

0-98 

1-00 


To compute functions of order -1/3, increase the phase by 6o°. 
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Table III. Functions of order one-third 


X 

Jila( x ) 


1 H,“w 1 

arg H y a {.*) 

eX Kya( x ) 


1*02 

1*04 

1*00 

1*08 

1*10 

+ 0-7296524 
+ 0-7281940 
+ 0-7265045 
+ 0-7245872 
+ 0-7224452 

- 0-2610869 

- 0-2436239 

- 0-2264069 

- 0-2094308 

- 0-1920912 

tmm 

0-7609657 

0-7542466 

0-7477012 

- IQ° 41' I 8-29 

- 18 0 29' 53*27 
-17° 18' 32*58 

- 16° 7' 16*06 

- 14 0 56' 3*54 

1-1809384 

I-I 703945 

1-1601329 

1-1501411 

1-1404073 


1*12 

lit 

1*18 

1*20 

+ 0-7200818 
+ 0-7175000 
+ 0-7147030 
+ 0-7116937 
+ 0-7084752 

- 0-1761839 

- 0-1599051 

- 0-1438514 

- 0-1280198 

- 0-1124076 

0-7413222 

0*7351026 

0-7290360 

0-7231162 

o- 7 i 73372 

- 13“ 44 ', 54;§6 

" 33 49*87 

- ii° 22' 48*44 

- io° n' 50*43 

- 9° o'55*70 

1-1309205 

1-1216703 

1-1126469 

1-1038412 

1-0952444 

I-I2 

lit 

1-18 

1-20 

1*22 

1*24 

1*26 

1*28 

1*30 

+ 0-7050506 
+ 0-7014229 
+ 0-6975950 

+ 0-6935699 

+ 0-6893506 

- 0*0970123 

- 0-0818317 

- 0-0668639 

- 0-0521072 

- 0-0375600 

0-7116936 

0-7061802 

0-7007921 

0-6955245 

0-6903730 

- 7 0 50' 4*15 

“ 0 3 §; 1 5^ 6 6 

- 5 0 28 30*11 

- 4 “ 17 ' 47-41 

- 3 7 7-45 

1-0868482 

1-0786451 

1-0706275 

1-0627885 

1-0551215 


1*32 

1-34 

1*36 

1-38 

1*40 

+ 0-6849400 
+ 0-6803413 
+ 0-6755573 
+ 0-6705909 
+ 0-6654453 

- 0-0232209 

- 0*0090889 
+ 0*0048372 
+ 0-0185581 
+ 0-0320747 

0-6853336 

0-6804020 

0-6755746 

0-6708477 

0-6662179 

- i 0 56 / 3°' ri 4 

- o° 45' 55*39 
o° 24' 36*88 
i° 35' 6*76 
2° 45' 34*33 

1-0476204 

1-0402790 

.1-0330918 

1-0260535 

1-0191588 

1-32 

nt 

i- 3 8 

1-40 

1*42 

1*44 

1*46 

1*48 

1*50 

+ 0*6601234 
+ 0-6546281 
+ 0*6489626 
+ 0-6431297 
+ 0-6371326 

+ 0-0453875 
+ 0-0584971 
+ 0*0714038 
+ 0*0841081 
+ 0*0906101 

0-6616819 

0-6572366 

0-6528790 

0-6486062 

0-6444156 

3 “ 55 ! 59*67 
5 0 b 22*83 

6° 16' 43*91 

7 ° 27' 2*94 
8° 37' 20*02 

1-0124030 

1-0057813 

0-9992894 

0-9929231 

0-9866783 

1-42 

1-44 

1-46 

1-48 

1-50 

x -52 

1-54 

1*56 

1-58 

i*6o 

+ 0*6309743 
+ 0-6246578 
+ 0*6181062 
+ 0*6115625 
+ 0-6047900 

+ 0*1089100 
+ 0*1210079 
+ 0*1329039 
+ 0*1445980 
+ 0-1560900 

0-6403046 

0-6362706 

0-6323113 

0-6284245 

0-6246079 

9 ° 47 ', 35-i8 
10 l 5 Z 48*50 

12 8 0*02 

13 0 18' 9*81 
14 0 28' 17*91 

0-9805512 

o- 974538 i 

0-9686354 

0-9628399 

0-9571482 

1-52 

lit 

1-58 

I-00 

i*6a 

1*64 

i*6o 

i*68 

1*70 

+ 0*5978715 
+ 0*5908104 
+ 0*5836096 
+ 0*5762725 
+ 0*5688020 

+ 0-1673799 
+ 0-1784675 
+ 0-1893528 
+ 0*2000354 
+ 0*2105152 

0-6208594 

0-6171771 

0-6135590 

0-6100034 

0*6065083 

15 0 38' 24*37 

16° 48' 29*23 
17 ° 58 ' 32*56 
19 “ 8' 34^38 
20 0 18 34*74 

0 - 9515574 ’ 

0-9460644 

0-9406663 

0-9353606 

0 - 930 I 444 

1-62 

1-64 

i-66 

i-68 

1-70 

1*72 

lit 

1*78 

i-8o 

+ 0*5612014 

+ 0-5534739 
+ 0-5456226 
+ 0*5376509 
+ 0*5295619 

+ 0*2207919 
+ 0*2308653 
+ 0*2407351 
+ 0*2504011 
+ 0-2598629 

0*6030722 

0-5996933 

0-5963702 

o- 593 IOI 3 

0*5898852 

21° 28' 33*69 
22° 38' 31*26 
23° 48'27*48 
24 ° 58 '22*40 
26° 8' 16*05 

0-9250154 

0-9199712 

0-9150093 

0-9101276 

09053239 

1-72 

lit 

1-78 

i-8o 

I : 82 

1*84 

i-8o 

1*88 

1*90 

+ 0-5213588 
+ 0-5130449 
+ 0-5046236 
+ 0-4900979 
+ 0-4874713 

+ 0*2691204 
+ 0-2781733 
+ 0-2870212 
+ 0-2956640 
+ 0*3041014 

0*5867204 

0*5836056 

0-5805395 

0*5775209 

0-5745485 

27 0 18' 8*47 
28° 27' 59*08 
29 ° 37 ' 49 * 7 2 
3 °: 47 ; 3 f ;62 
31 0 57' 26-41 

0-9005961 

0-89594.23 

0-8913605 

0-8868489 

0-8824057 

1-82 

1-84 

i-8o 

1-88 

1-90 

1*92 

1*94 

1*96 

1*98 

2*00 

+ 0-4787471 
+ 0-4699285 
*■ + 0-4610189 
+ 0-4520215 
+ 0-4429398 

+ 0*3123332 
+ 0*3203591 
+ 0-3281790 
+ 0-3357927 
+ 0-3432000 

0-5716212 

0-5687379 

0-5658974 

0-5630987 

0-5603409 

33 ° 7 ' J 3 * 12 

34°16;58*77 

35 26 43*39 
36° 36' 27*01 

37 ° 46 ' 9*65 

0-8780291 

0-8737176 

0-8694694 

0-8652832 

0-8611573 

1-92 

1-94 

1-96 

1- 98 

2- 00 


J-ua (2‘°°) =0*5603409 x 00s 97 0 46' 9*65 = -0*0757500. 
YZia (2*oo) =0*5603409 x sin 97 0 46' 9*65 = +0*5551971. 
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Table III. Functions of order one-third 


X 

J11 ai x ) 

Vi/tW 

1 1 



H 

2-02 

2*04 

2-06 

2-08 

2*10 

+ 0-4337771 
+ 0-4245367. 

+ 0-4152219 
+ 0-4058363 
+ 0-3963830 

+ 0-3504008 

+ 0, 3573949 
+ 0-3641824 
+ 0-3707631 
+ 0 - 377 I 37 I 

0-5576229 

0-5549437 

0-5523025 

0-5496984 

0-5471306 

38 ° 55 ' 5 i -34 
40° 5' 32*10 
4 i° 15 ; ii *95 
42“ 24 50*91 

43 34 29*00 

0-8570902 

0-8530808 

0*8491275 

0-8452290 

0-8413842 

2-02 

2-04 

2-06 

2-08 

2-10 

2*12 

2*14 

2 'IO 

2-i8 

2-20 

+ 0-3868655 
+ 0-3772872 
+ 0-3676514 
+ 0-3579615 
+ 0-3482210 

.+ 0-3833043 
+ 0-3892647 
+ 0-3950185 
+ 0-4005657 
+, 0-4059065 

0-5445981 

0-5421002 

0-5396362 

0-5372051 

0-5348065 

44“ 44; 6*25 
45 ° 53 42*67 
47 0 3' 18*29 
48° 12' 53*12 
49 0 22' 27*18 

0-8375917 

0-8338505 

0-8301592 

0-8265169 

0-8229225 

2-12 

2-14 

2-16 

2-18 

2*20 

2-22 

2-24 

2-20 

2-28 

2-30 

+ 0 - 338433 I 
+ 0-3286012 
+ 0-3187288 
+ 0-3080193 
+ 0^2988759 

+ 0-4110411 
+ 0-4159696 
+ 0-4206923 
+ 0-4252090 
+ 0-4295216 

0‘5324394 

0-5301033 

0-5277974 

0-5255212 

0-5232740 

50° 32' 0*49 
51 0 41'33*06 
52 ° 51; 4 - 9 i 
54 0 o'36*06 
55 0 10' 6*52 

0-8193748 

0-8158730 

0-8124159 

0-8090028 

0-8056325 

2-22 

2-24 

2-26 

2-28 

230 

2-32 

2-34 

2-36 

2-38 

2-40 

+ 0-2889021 
+ 0-2789012 
+ 0-2688766 
+ 0-2588316 
+ 0-2487696 

+ 0-4336289 
+ 0-4375318 
+ 0-4412307 
+ 0-4447262 
+ 0-4480187 

0-5210551 

0-5188041 

0-5167002 

0*5145631 

0-5124521 

56° 19' 36*32 

57 ° 29' 5*46 

5 »° 3 » 33*95 
59 0 48' 1*81 
oo° 57' 29*06 

0-8023043 

0-7990173 

0-7957706 

0-7925634 

0-7893949 

2*32 

m 

2-38 

2-40 

2*42 

2*44 

2-46 

2-48 

2-50 

+ 0-2386939 
+ 0-2286079 
+ 0-2185149 
+ 0-2084181 
+ 0-1983209 

+ 0-4511090 
+ 0-4539975 
+ 0-4566849 
+ 0-4591720 
+ 0-4614595 

0-5103666 

0-5083063 

0-5062705 

0-5042589 

0-5022709 

62° 6'55*70 
63° 16'21*75 
64° 25 47*23 
$ 5 “ 35 12*14 
66° 44' 36*50 

0-7862643 

07831710 

07801140 

0-7770928 

07741066 

2-42 

2-44 

2-46 

2-48 

2-50 

2-52 

2-54 

2-56 

2-58 

2-60 

+ 0-1882266 
+ 0-1781384 
+ 0-1680595 

+ 0-1579933 

+ 0-1479429 

+ 0-4635482 
+ 0-4654389 
+ 0-4671325 
+ 0-4686300 
+ 0-4699324 

0-5003061 

0-4983640 

0-4964442 

0-4945402 

0-4926698 

67° 54' 0*31 
69 3 23*59 

7°° 12' 46*35 
7I°22' 8*59 
72 0 31'30*34 

°oW 

07653515 

07624989 

07590781 

2-52 

2'54 

2-56 

2-58 

2-00 

2-62 

2-64 

2-66 

2-68 

2-70 

+ 0-1379115 
+ 0-1279023 
+ 0-1179186 
+ 0-1079633 
+ 0-0980398 

+ 0-4710406 

+ 0-4719557 

+ 0-4726788 
+ 0-4732111 
+ o -4735538 

0-4908144 

0-4889797 

0-4871653 

0-4853708 

o* 4 8 35959 

73 0 40' 51*60 
74° 50' 12*38 
75 59 32*68 
77° 8 52*52 
78°18'11*92 

0-7568886 

0-7541297 

0-7514009 

07487017 

0-7460315 

2-62 

2-64 

2-66 

2-68 

2-70 

2-72 

2-74 

2-76 

2-78 

2-80 

+ 0-0881509 
+ 0-0783000 
+ 0-0684899 
+ 0-0587238 
+ 0-0490046 

+ 0-4737081 
+ o -4736754 
+ 0-4734569 
+ 0-4730540 
+ 0-4724082 

0-4818402 

0-4801034 

0-4783851 

0-4766850 

0-4750028 

79 ° 27'30*86 
8°°36; 49*37 
81° 46 7*45 
82° 55'25*11 
84° 4'42*36 

°- 7433 8 98 

07407762 

07381900 

07356309 

0-7330983 

2-72 

2-74 

276 

278 

2-00 

2-82 

2-84 

2-86 

2-88 

2-90 

+ °*°393353 
+ 0-0297189 
+ 0-0201583 
+ 0-0106564 

+ 0-0012161 

+ 0-4717009 

+ °‘ 47°7537 
+ 0-4696281 
+ 0-4683256 
+ 0-4668400 

0*4733382 

0-4716909 

0-4700605 

0-4684469 

0-4668496 

§ 5 ° 13' 59 * 2 i 
86° 23'15*66 
87 ° 32' 31*72 
88° 41' 47*39 

89° 51' 2*69 

0-7305919 

07281m 

0-7256555 

07232247 

07208183 

2-82 

2-84 

2-86 

2-88 

2-90 

2-92 

2-94 

2-96 

2- 98 

3- 00 

- 0-0081598 

- 0-0174685 

- 0-0207073 

- 0-0358733 

- 0-0449638 

+ 0*4651970 
+ 0-4633741 
+ 0-4613813 
+ 0-4592203 
+ 0-4568930 

0-4652685 

0-4637033 

0-4621537 

0-4606194 

0-4591002 

9I o °' 

92 0 q' 32*20 
93° i8' 46*41 
94 0 28' 0*28 
95 ° 37 ' i 3 * 8 i 

0 - 7 IS 4359 

07160770 

0-7137413 

07114285 

0-7091381 

2-92 

2-94 

2-96 

2- 98 

3- 00 


To compute functions of order -1/3, inorease the phase by 6o°. 
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X 

Juai x ) 

^i/aW 

1 «£(*) 1 

arg H%(x) 

e x K in {x) 

X 

3-02 

304 

3*00 

3-08 

3-io 

- 0-0539763 

- 0-0629080 

- 0-0717564 

- 0-0805188 

- 0-0891928 

+ 0*4544013 

+ 0*4517471 

+ 0-4489323 

+ 0-4459590 

+ 0-4428292 

0*4575959 

0-4561061 

0*4546308 

0-4531696 

0-4517223 

96° 46' 26*99 
97 “ 55 ; 39*85 
■ 99 " 4 52-38 
100 14 4*59 

ioi° 23' 16*49 

0-7068697 

0-7046231 

0-7023978 

0-7001936 

0-6980101 

3-02 

3‘°4 

3-06 

3-o8 

3-10 

3-12 

3-14 

3-16 

3 *i 8 

3-20 

- 0-0977759 

- 0-1062656 

- 0-1146595 

- 0-1229552 

- 0-1311505 

+ 0-4395451 
+ 0-4361086 
+ 0-4325221 
+ 0-4287877 
+ 0-4249070 

0-4502888 

0-4488687 

0-4474619 

0-4460682 

0-4446874 

102 0 32' 28*08 
103° 41' 39*37 
104“ 50 50^36 
100 o' 1*05 
107° 9'11*40 

0-695847° 

0-6937040 

0-6015807 

0-6894769 

0-6873922 

3-12 

3-14 

3*16 

3 -i 8 

3-20 

3*22 
3-24 v 
3*20 
3*28 
3*30 

- 0-1392429 

- 0-1472303 

- 0-1551105 

- 0-1628813 

- 0-1705405 

+ 0-4208840 

+ 0-4167194 
+ 0-4124159 

+ 0-4079761 
+ 0-4034022 

0-4433192 

0-4419636 

0-4406202 

0-4392890 

0-4379697 

108 0 18' 21*58 
i° 9 ° 27'31 ; 4 2 
no 0 36' 40*99 
III 0 45 ' 5°* 2 9 
112 0 54 ' 59*32 

0-6853264 

0-6832792 

0-6812503 

0-6792394 

0-6772463 

3-22 

3*24 

3-26 

3-28 

3 ‘ 3 ° 

3*32 

3*34 

3.36 

3*38 

3 * 4 ° 

- 0-1780862 

- 0-1855162 

- 0-1928286 

- 0-2000215 

- 0-2070929 

4- 0-3986968 
+ 0-3938622 
+ 0-3889010 
+ 0-3838156 
+• 0-3786087 

0-4366621 

o* 435366 i 

0-4340816 

0-4328083 

0-4315461 

114 0 4' 8*09 
115 0 13' 16*61 
116 0 22' 24*87 
117 0 3 J/ 32*89 

118° 40' 40*66 

0-6752708 

0-6733124 

0-6713711 

0-6694465 

0-6675385 

3'32 

3-34 

3 - 3 ° 

3-38 

3 ' 4 ° 

3*42 

3*44 

3*46 

3-48 

3*50 

- 0-2140411 

- 0-2208042 

- 0-2275605 

- 0-2341283 

- 0-2405659 

+ 0-3732827 
+ 0-3678404 
+ 0-3622843 
+ 0-3566170 
’ + 0-3508413 

0-4302948 

0-4290543 

0-4278244 

0-4266049 

0-4253958 

1x9° 49' 48*19 
120 0 58' 55*48 
122° 8' 2*54 
X 23 °I 7 ; 9*37 
X24 0 26' 15*97 

0-6656467 

0-6637710 

0-6619111 

0-6600668 

06582379 

3-42 

3-44 

3 - 4 ° 

3-48 

3 ‘ 5 ° 

3*52 

3*54 

3*50 

3 * 5 8 

3-60 

- 0-2468718 

- 0-2530444 

- 0-2590821 

- 0-2649836 

- 0-2707474 

+ 0-3449599 
+ 0-3389754 

+ 0-3328906 
+ 0-3267083 
+ 0-3204313 

0-4241969 

0-4230080 

0-4218290 

0-4206598 

0-4195001 

125 0 35 '22*35 
126° 44' 28*51 
127 ° 53; 34*46 
129° 2 40-19 

130° II' 45*72 

0-6564241 

0-6546254 

0-6528413 

0-6510719 

0-6493168 

3-52 

3-54 

3-56 

3-58 

3-60 

3-62 

it* 

3-68 

3 * 7 ° 

- 0-2763722 

- 0-2818568 

- 0-2871997 

- 0-2924000 

- 0-2974564 

+ 0-3140623 
+ 0-3076042 
+ 0-3010598 
+ 0-2944320 
+ 0-2877236 

0-4183500 

0-4172093 

0-4.160778 

o- 4 I 49554 

0-4x38420 

131° 20'51*03 
I32 0 29' 56*15 

133 ° 39 ' i*°6 
134 ° 48 ' 5*78 
135 ° 57 IO * 3 ° 

0-6475758 

0-6458489 

0-6441357 

0-6424361 

0-6407500 

3-62 

Ut 

3-68 

37 ° 

3 - 7 2 

3*74 

3-76 

3 * 7 8 

3-80 

- 0-3023678 

- 0-3071333 

- 0-3x17518 

- 0-3x62224 

- 0-3205442 

+ 0-2809376 
+ 0-2740767 

4 0-2671440 
+ 0-2601423 
+ 0-2530746 

0-4127375 

0-4116417 

0-4105546 

0-4094760 

0-4084058 

137 0 6' 14*63 
138° 15'18*78 
139 0 24' 22*73 
140° 33' 26*51 
141° 42' 30*10 

0-6390771 

0-6374173 

0-6357703 

0-6341362 

0-6325146 

372 

374 

3.76 

' 37 8 

3-80 

3-82 

$ 

- 0-3247164 

- 0-3287383 

- 0-3326092 

+ 0-2459438 

+ 0-2387529 
+ 0-2315048 

0-407344° 

0-4062904 

0-4052448 

142° 5 1 ' 33*52 
144° °; 36*76 
145 9' 39*83 

146° 18' 42*72 
147 ° 27' 45*45 

0-6309054 
0-6293085 
0-6277236 
0-6261508 

3-82 

3-84 

3-86 

3-88 

3*88 

3-90 

- 0-3363283 

- 0-3398952 

+ 0-2242025 
+ 0-2168489 

0-4042073 

0-4031776 

0-6245897 

3-90 

3.92 

3*94 

3- 96 
3.98 

4- 00 

- 0-3433091 

- 0-3465698 

- 0-3496766 

- 0-3526292 

- 0-3554274 

+ 0-2094471 
+ 0-2020000 
+ 0 -I 945 I 06 

+ 0-1869819 
4- 0-1794168 

0-4021558 

0-4011416 

0-4001351 

0-3991361 

o- 398 i 444 

148° 36' 48*01 
1 49 ° 45 ' 5 °* 4 I 
15° 54 52-65 
152 0 3 54*73 
1 <53° 12' 56*65 

0-6230403 

0-6215023 

0-6199758 

0-6x84605 

0-6169562 

3.92 

3-94 

3- 96 
378 

4- 00 


J_ m ( 4 - 00 ) =0-3981444 X COB 213“ 12' 56*65 - 
F-i/ 3 (4-00) =0-3981444 xsm 2I 3 12 5 6 * 6 5 - 


-0-3330932. 

-0-2181008. 
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TABLES OF BESSEL FUNCTIONS 
Table III. Funotions of order one-third 


X 

Jil a ( x ) 


1 1 


& e K l / 3 ( x ) 

X 

4*02 

4*04 

4*06 

4*08 

4*10 

~ 0*3580707 

- 0*3605591 

- 0*3628923 

- 0*3650702 

- 0*3670927 

+ 0*1718183 
+ 0*1641895 

+ °' I 5 x 5333 
+ 0*1488527 
+ 0*1411506 

0 * 397 l 60 X 

0 * 390 X 83 X 

0 - 3952 I 32 

0-3942503 

0-3932945 

154 0 21'58*42 
155 3 i' 0*04 
156°40' 1*51 
I57°_49 / 2*83 
158°58' 4*00 

0*6154630 

0*6139805 

0*6125087 

0*6x10475 

0*6095967 

4*02 

4*04 

4*06 

4*08 

410 

4*12 
4 '14 
4*16 
4*18 
4*20 

- 0*3689599 

- 0*3706718 

- 0*3722285 
~ 0-3736302 

- 0*3748770 

+ 0*1334301 
+ 0*1256940 

+ 0*1x79455 

+ 0*1101873 
+ 0*1024224 

0-3923455 

0*3914034 

0-3904679 

0 - 389539 I 

0*3886169 

160 0 7' 5*03 
i 6 i ° i 6 ' 5*91 
162° 25' 6*66 
^ 3 ° 34 ' 7'26 
i6 4 43 7'73 

0*6081563 

0*6067260 

0*6053058 

0*6038956 

0*6024952 

4*12 

4*14 

4*ib 

4*18 

4*20 

4*22 

4' 2 4 

4*26 

4*28 

4 * 3 ° 

' 0*3759693 

- 0*3769073 

- 0 - 37769 I 4 

- 0*3783220 
-' 0-3787997 

4 * 0*0946539 
+ 0*0868845 
+ 0*0791172 
+ 0*0713550 
+ 0*0636006 

0-3877012 

0*3867919 

0*3858890 

0*3849923 

0*3841018 

165° 52.' 8*07 
167° 1' 8*27 
168 0 10' 8*34 
169° 19' 8*28 
170° 28'. 8*09 

0*6011045 

°' 5997 2 34 

0-5983518 

0*5969897 

0-5956368 

4*22 

4-24 

4*26 

4*28 

4*30 

4*32 

4'34 

4-36 

4’38 

4*40 

- 0*3791248 

- 0*3792981 

- 0*3793201 

- 0*3791916 
0*3789131 

+ 0*0558570 
+ 0*0481270 
+ 0*0404134 
+ 0*0327191 
+ 0*0250469 

0*3832175 

0-3823392 

0*3814669 

0*3806006 

0-3797400 

I 7 i° 37 / 7 r 78 
172 0 46' 7*34 

^ 3 ° 55 ' 6*78 
175 ° 4' 6*10 
176°13' 5T29 

0 ‘5942930 

0-5929584 

0-5916327 

0-5903159 

0*5890079 

4-32 

4-34 

4-36 

4-38 

4*40 

4*42 

4‘44 

4*46 

4*48 

4-50 

- 0*3784856 
~ 0*3779098 

- 0*3771866 

- 0*3763170 

- 0-3753019 

+ 0*0x73995 
+ 0*0097798 
+ 0*0021904 

- 0*0053659 

- 0*0128864 

0*3788853 

0-3780363 

0 - 377 X 930 

0-3703553 

0 - 375523 I 

177 ° 22 ' 4?37 
178 ° 3 i; 3'33 
179 ° 4°' 2*18 
l8o 0 4 9' 0*91 
181 0 57 ' 59<52 

0-5877086 

.0*5864178 

0-5851356 

0-5838617 

0*5825961 

4.42 

4-44 

4*46 

4-48 

4-50 

4-52 

4-54 

4-50 

4*58 

4*60 

- 0*3741423 

- 0*3728394 

- 0*3713941 

- 0*3698078 

- 0*3680815 

- 0*0203684 

- 0*0278093 

- 0*0352065 
“ 0-0425573 

- 0*0498592 

0-3746963 

0-3738750 

0 - 373059 I 

0*3722485 

0*3714431 

183° 6'58*03 

IK ^ 56-43 

qIo 2 4 54-72 

186 33 52*90 

187 42^50*97 

0-5813387 

0*5800895 

0*5788483 

0-5776151 

0-5703897 

4-52 

4-54 

4-56 

4 - 5 8 

4-60 

4*62 

4*64 

4*66 

4*68 

470 

- 0*3662167 

- 0*3642144 

- 0*3620762 

- 0*3598033 

- 0-3573972 

- 0*0571096 

- 0*0643061 

- 0*0714460 

- 0*0785270 

- 0*0855466 

0*3706420 

0*3698478 

0*3690578 

0*3682729 

0*3674929 

188 0 51' 48*94 
190° q' 46*81 
191 0 o' 44*58 
192 0 18' 42*24 
I 93 ° 27' 39*81 

0 ‘575i72 x 

0-5739622 

o -5727599 

0-5715652 

0-5703779 

4*62 

4-64 

4*66 

4*68 

4*70 

472 

474 

4*76 

4*78 

4*80 

- 0-3548595 

- 0*3521915 

- 0*3493949 

- 0*3464712 

- 0*3434221 

- 0*0925024 

- 0*0993921 

- 0*1062133 

- 0*1x29637 

- 0*1196411 

0-3667178 

0-3659476 

0-365x822 

0*3644216 

0-3636657 

194 ° 36 ; 37' 2 7 
* 95 ° 45 34 ? 6 4 
I 96 “ 54 31-91 
198° 3 29*09 
199 ° 12'26*17 

0-5691980 

0*5680255 

0*5668601 

0-5657019 

0-5645508 

472 

474 

476 

4*78 

4*80 

4*82 

fst 

4*88 

4*90 

- 0*3402493 

- 0, 3369544 

- 0 -3335393 

- 0*3300057 

- 0-3263554 

- 0*1262432 

- 0*1327677 

- 0*1392127 

~ 0,I 455758 
" 0*1518551 

0-3629145 

0*3621679 

0*3614258 

0*3606883 

0-3599553 

200 0 21'23*16 
201° 30'20*06 
202° 39' 16*87 
203° 48' 13*58 

204° 57' 10*21 

0*5634067 

0*5622696 

0*5611393 

0*5600158 

0-5588991 

4*82 

& 

4-88 

4-90 

4*92 

4-94 

4-96 

4*98 

5‘Oo 

- 0*3225903 

- 0*3187x24 

- 0*3147234 

- 0*3106254 

- 0*3064205 

- 0*1580485 

- 0*1641539 

- 0*1701695 

- 0*1760932 

- 0*1819232 

0-3592267 

0-3585026 

0-3577827 

0-3570672 

0-3563559 

206 0 6' 6*73 
207 °15' 3*21 
208 0 23'59*58 
209° 3 2'55*86 
210° 41'52*06 

0-5577890 

0*5566856 

o -5555886 

0*5544982 

0*5534141 

4*92 

4-94 

4*90 

4*98 

5*00 


To compute funotions of order -1/3, inorease the phase by 6o°. 




TABLES OE BESSEL FUNCTIONS 
Table III. Functions of order one-third 


J11 z( x ) 

Vi/ 3 (*) 

1 «,“(*) 1 

„U), \ 
arg # 1/3 (*) 

ePK^ix) 

- 0-3021105 

- 0-2976976 

- 0-293x838 

- 0-2885714 

- 0-2838023 

- 0-1876576 

- 0-1932947 

- 0-1988326 

- 0-2042696 

- 0-2096041 

0-3556489 

0-3549460 

0-3542473 

0-3535527 

0-352862I 

211 0 50' 48*18 
212° 59' 44*22 
214 0 8' 40*17 
215 0 17' 36*05 
216° 26'31*84 

0-5523364 

0-5512650 

0-5501998 

0-5491408 

0-5480078 

- 0-2790589 

- 0-274x632; 

- 0-2091776 

- 0-2641042 

- 0-2589454 

- 0-2148343 

- 0-2199588 

- 0-2249760 

- 0-2298843 

- 0-2346822 

0 - 352 I 756 

o^s 1 ^ 0 

0-3508144 

0-3501397 

0-3494688 

217“35'27*56 

218 44 23-20 
219 ° 53 ' 18*76 
221° 2'14*25 
222°II' 9*67 

0-5470410 

0-5460001 

o- 544965 i 

o- 543936 o 

0-5429127 

- 0-2537034 

- 0-2483807 

- 0-2429794 

- 0-2375020 

- 0-2319509 

- 0-2393685 

- 0-2439417 

- 0-2484004 

- 0-2527435 

- 0-2569696 

0-3488018 

0-348x386 

0-3474791 

0-3468234 

0-34617x4 

223 0 20' 5*01 
224° 29 ' 0*27 
225° 37 ' 55*46 
226° 46' 50*59 
227° 55 ' 45*64 

0-54x8952 

0-5408834 

0 -5398773 

0-5388767 

0-5378818 

- 0-2263285 

- 0-2206371 

- 0-2148793 

- 0-2090575 

- 0-203x741 

- 0-2610776 

- 0-2650604 

- 0-2689349 

- 0-2726820 

- 0-2763068 

0-3455230 

0-3448782 

0-3442370 

0-3435994 

0-3429653 

229° 4' 40*62 
230° 13' 35*53 
231° 22' 30-37 
232° 31; 25*14 

233 40 19-85 

0-5368923 

o- 5359 o 82 

o -5349296 

0-5339563 

0-5329883 

- 0-1972317 

- 0-1912327 

- 0-1851797 

- 0-1790751 

- 0-1729216 

- 0-2798083 

- 0-2831855 

- 0-2864378 

- 0-2895642 

- 0-2925640 

o -3423346 

0-3417075 

0-3410837 

0-3404634 

0-3398464 

234° 49; 14*49 

235 “ 58 9*07 

237° 7 3*58 

238° 15' 58-02 

239 0 24' 52*40 

0-5320256 
0-5310681 
0-5301157 
0-529168 5 
0-5282263 

- 0-1667216 

- 0-1604777 

- 0-1541924 

- 0-1478684 

- 0-1415082 

- 0-2954366 

- 0-29818x3 

- 0-3007974 

- 0-3032845 

- 0-3056420 

0-3392328 

0-3386224 

0-3380154 

0-3374116 

0-3368109 

240° 33' 46*72 
241° 42,40-97 
242*5* 35 ;^ 
244 0 0'29*30 
245 ° 9 ' 23*37 

0-5272892 

0-5263570 

0-5254298 

0-5245074 

0-5235899 

- 0-135x143 

- 0-128683; 

- 0-1222361 

- 0-1157569 

- 0-1092543 

- 0-3078695 

- 0-3099667 

- 0-3119330 

- 0-3137683 

- 0-3154723 

0-3362135 

o- 3356 i 93 

0-3350282 

0-3344401 

o -3338552 

246° 18' 17*38 
247 0 27'11*33 
248° 36' 5*22 
249° 44 ', 59*06 
250° 53 52-84 

o 1 5226772 

0-5217693 

0-5208661 

0-5199676 

o- 5 i 90737 

- o-xo273ix 

- 0-0961898 

- 0-0896330 

- 0 0830632 

- 0-0764830 

- 0-3170448 

- 0-3184857 

- 0-3197948 

- 0-3209721 

- 0-3220176 

o -3332733 

0-3326945 

0-3321186 

0 - 33*5457 

o -3309758 

252 0 2' 46*56 
253° 11' 40*22 
254° 20' 33*83 
255 0 29 27-38 
256° 38' 20*88 

0-5181844 

0-5x72997 

0-5164195 

0-5155438 

0-5146725 

- 0-0698951 

- 0-0633019 

- 0-0567061 

- 0-0501102 

- 0-0435x67 

- 0-3229313 

- 0-3237x34 

- 0-3243639 

- 0-3248832 

- 0-3252714 

0-3304088 

0-3298446 

0-3292834 

0-3287250 

0-3281694 

257 ° 47 ', * 4*33 
258 56 7*72 

260° 5' 1*06 
261° 13' 54*34 
262° 22' 47-57 

0-5138056 

0-5129432 

0-5120850 

0-51123x2 

0-5103816 

- 0-0369283 

- 0-0303473 

- 0-0237764 

- 0-0172181 

- 0-0106747 

- 0-3255288 

- 0-3256557 

- 0-3256526 

- 0-3255199 

- 0-3252580 

0-3276166 

0-3270667 

0-3265194 

o -3259749 

o- 325433 i 

263° 31; 40*75 

264° 40' 33*88 
265° 49' 26*96 
266° 58' 19*98 
268° ‘ 7' 12*96 

0-5095362 

0-5086951 

o- 5078 ' 58 i 

0-5070252 

0-5061964 


7 , f 6 -oo}=o-* 2 < 5433 l XOOS328 8 7' 12*96= +0-2763443. 
r:r»(6'S)=o. 3 325 4 433i><^ 3 ^ 8 ° 7' *2*<* = -0-1718736. 






























720 TABLES OF BESSEL FUNCTIONS 

Table HE. Functions of order tanq-third 


' • X 

Jm( x ) 

^i/*W 

1 «Jiw 1 

™&H l/3 {x) 

*>K in {x) 

D 

6-02 

6-04 

6-oo 

6-o8 

6-io 

- 0-0041490 
+ 0-0023568 
+ 0-0088402 
+ 0-0152987 
+ 0-0217298 

- 0-3248675 

- 0-3243490 

- 0-3237031 • 

- 9-3229304 

- 0-3220317 

0-3248940 

°-3243576 

0-3238238 

0*3232926 

0-3227640 

269° 16' 5*8g 

270° 24' 58-77 
271® 33'51*60 
272“ 42 44*39 
273 51 37 ?I2 

0-50537I7 

0-5045509 

0-5037342 

0-5029215 

0-5021126 

6-02 

6-04 

6-oo 

6-o8 

6-io 

6-12 

6-14 

6 -16 

6-i8 

6-20 

+ 0-0281313 
+ 0-0345007 
+ 0-0408356 
+ 0-0471337 
+ 0-0533927 

- 0-3210077 

- 0-3108593 

- 0-3185872 

- 0-3171924 

- 0-3156758 

0-3222380 

0-3217146 

0-3211936 

0-3206753 

0-3201594 

275 0 6' 29*81 
276° 9' 22*46 
277 0 18 7 15*05 
27b 0 27' 7*60 
279 0 30' 0*11 

0-5013077 

0-5005060 

0-4997094 

0-4989160 

0-4981263 

6-12 

6-14 

6-i6 

6-i8 

6-20 

6*22 

6-24 

6-20 

6-28 

6*30 

+ 0-0596103 
+ 0-0657842 
+ 0-0719122 
+ 0-0779920 
+ 0-0840213 

- 0-3140384 

- 0-3122813 

- 0-3104053 

- 0-3084118 

- 0-3063018 

0-3196460 
0-3191350 
• 0-3186265 
0-3181204 
0-3176167 

280° 44 ; 52*57 
2| J 53 44 99 
283° 2 7 37*36 
284° II 7 29*69 
285° 20 7 21*98 

0-4973404 

0-4965582 

0-4957796 

0-4950048 

0-4942335 

6-22 

6-24 

6-26 

6-28 

6-30 

6-32 

S3 * 

6-38 

6*40 

+ 0-0899981 
.+ 0-0959202 
+ 0-1017854 
+ 0-1075917 
+ 0-1133370 

- 0-3040764 

- 0-3017371 

- 0-2992849 

- 0-2967212 

- 0-2940474 

0-3171154 

0*3166164 

0-3161198 

0*3156255 

0 ' 3^335 

286° 29' 14*22 
287° 3§ 7 0*42 
28b 0 46' 58*58 
289° 55' 50-70 
291° 4 7 42*77 

o-4934659 

0-4927018 

0-4919413 

0-4911843 

0-4904308 

6-32 

.S3* 

6-38 

6-40 

6-42 

Sj* 

6*48 

6*50 

+ 0-1190192 
+ 0-1246363 
+ 0-1301863 
+ 0-1356673 
+ 0-1410775 

- 0-2912648 

- 0-2883748 

- 0-2853790 

- 0-2822787 
' - 0-27907.56 

0-3146438 

0-3141564 

0-3136712 

0-3131883 

0-3127076 

292 0 X3 7 34*80 
293 0 22 7 26*80 
294° 31 ' 18*75 
295 40 10*67 
296° 49 7 2*54 

0-4896807 

0-4889341 

0-4881909 

0-4874510 

0-4867145 

6-42 

sj* 

6-48 

6-50 

6*52 

6-54 

6-56 

6*58 

6-oo 

+ 0-1464147 
+ 0-1516774 
+ 0-1568635 
+ 0-1619714 
+ 0-1669992 

- 0-2757711 

- 0-2723669 

- 0-2088647 

- 0-2652659 

- 0-2615725 

0-3122291 

0-3117527 

0-3112786 

0-3108066 

0-3103367 

297°57'54 T 38 
299° 6 46*18 
3oo“15 7 37*94 
3oi‘ > 24 7 29*66 
302° 33'21*34 

0-4859814 

0-4852510 

0-4845250 

0-4838017 

0-4830817 

6-52 

S3* 

6-58 

6-6o 

6*62 

6-64 

6-66 

6-68 

6*70 

+ 0-1719453 
+ 0-1768080 
+ 0-1815856 
+ 0-1862766 
+ 0-1908793 

- 0-2577860 

- 0-2539082 

- 0-2499409 

- 0-2458860 

- 0-2417452 

0-3098690 

0-3094033 

°‘3o89398 

0-3084783 

0-3080189 

303° 42'12*98 
3°4°5i 4 ? 59 

3 ° 5 o 59' 16 

3°7° 8 7 47*70 
308° 17 7 39*20 

0-4823648 

0-4810511 

0-4809406 

0-4802333 

o-479529o 

6-62 

6-64 

6-66 

6-68 

6-70 

672 

S?* 

678 

6-8o 

+ 0-1953922 
+ 0-1998139 
+ 0-2041429 
+ 0-2083778 
+ 0-2125171 

- 0-2375205 

- 0-2332136 

- 0-2288267 

- 0-2243615 

- 0-2198201 

0-3075615 

0-3071062 

0-3066528 

0-3062015 

0-3057522 

309° 26' 30*66 
310° 35 7 22*08 
3U° 44' ; 13*47 
3I2 “53 4'»3 

314 0 i 7 56*15 

0-4788279 

0-4781298 

0-4774347 

0-4767427 

0-4760537 

6-7! 

t 7 4 

6-78 

6-8o 

6-82 

6-84 

6-86 

6-88 

6-90 

+ 0-2165596 
+ 0-2205041 
+ 0-2243491 
+ 0-2280935 
+ 0-2317362 

- 0-2152044 

- 0-2105105 

- 0-2057584 

- 0-2009321 

- 0-1960398 

0-3053048 

0*3048593 

0-3044159 

0-3039743 

0-3035347 

3*5° 10 7 47*44 
316° IQ 7 38*70 
317 0 2B 7 29*92. 
318° 37 7 21*11 
3I9 0 46' 12*26 

0-4753677 

0-4746846 

0-4740045 

0-4733273 

0-4726530 

6-82 

6-84 

6-86 

6-88- 

6-90 

6*92 

6-94 

6-96 

6-98 

7*00 

+ 0-2352760 
+ 0!2387ii8 
+ 0-2420426 
+ 0*2452074 
+ 0-2483853 

- 0-1910836 

- 0-1860655 

- 0-1809877 

- 0-1758524 

- 0-1706616 

0-3030969 

0-3026610 

0-3022271 

0-3017949 

0-3013646 

320“55' 3*38 
322“ 3 54-47 
323 0 12 7 45*52 
324° 21 7 36*55 
325 0 30 7 27*54 

0-4719815 

0-4713130 

0-4706472 

0-4699843 

0-4693242 



To compute functions of order -1/3, increase the phase by 6o°, 
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Table III. Functions of order one-third 


X 

Jua(. x ) 

Ym(*) 

1 h'” m 1 

arg H™{x) 

e*K v ,(x) 

X 

7-02 

7-04 

7-00 

7-08 

7-to 

+ 0-2513952 
+ 0-2542964 
+ 0-2570881 
+ 0-2597694 
+ 0-2623395 

- 0-1654177 

- 0-1601228 

: EJgas 

- o-i 43954 i 

0-3009362 

0-3005095 

0-3000847 

0-2996617 

0-2992404 

326° 39' 18*50 
327“ 4 8 ; 9^42 
328° 57 0*32 
330“ 5;51*19 

331° 14' 42*03 

0-4686668 

0-4680x22 

0-46^604 

0-4667x13 

0-4660648 


7-12 

TH 

7-16 

7-18 

7-20 

+ 0-2647979 
+ 0-2671439 
+ 0-2693769 
+ 0-2714962 
+ 0-2735015 

- 0-1384774 

- 0-1329609 

- 0-1274068 

- 0-1218174 

- 0-1161950 

0-2988209 

0-2984032 

0-2979872 

0-2975730 

0-2971604 

332® 23; 32*83 
333“ 32 23*61 

33 4“ 41 14*36 
335“ 50 5*07 
336° 58' 55*76 

0-4654211 

0-4647800 

o ; 464 I 4 I 5 

0-4635057 

0-4628725 

7-12 

7-*4 

7-16 

7-18 

7-20 

7-22 

7-24 

7-26 

7-28 

7-30 

+ 0-2753921 
+ 0-2771678 
+ 0-2788281 
+ 0-2803727 
+ 0-2818013 

- 0-1105419 

- 0-1048604 

- 0-0991527 

- 0-0934213 

- 0-0870683 

0-2967496 

0-2963405 

0-2959330 

0 - 2955 2 73 

0-2951232 

338® 7'46*42 
339° 16 37*05 

340° 25' 27*65 
' 341 ° 34 ; 18*22 
342 43 8*77 

0-4622419 

0-4616138 

0-4609884 

0-4603654 

0 - 459745 ° 

7-22 

7-24 

7-26 

7*28 

7 - 3 ° 

7’32 

7-34 

7 - 3 o 

738 

7-40 

+ 0-2831136 

+ 0-2843096 

+ 0-2853889 
+ 0-2863516 
+ ^-2871974 

- 0-08x8961 

- 0-0761070 

- 0-0703033 

- 0-0644874 

- 0-0586615 

0-2947207 

0-2943199 

0-2939207 

0-2935231 

0-2931272 

343 ° 5 i' 59*28 

345 ° 0 49*77 
346° 9 40*23 
347° 18' 30*66 
348 27'21*07 

0-4591271 

0-4585116 

0-4578986 

0-4572881 

0-4566801 

7-32 

7 r% 

7-38 

7-40 

7-42 

7‘44 

7 - 4 § 

7-48 

7-50 

+ 0-2879266 
+ 0-2885390 
+ 0-2890347 
+ 0-2894138 
+ 0-2896766 

- 0-0528279 

- 0-0469890 

- 0-0411470 

- 0-0353042 

- 0-0294630 

0-2927328 

0-2923400 

0-2919488 

0-2915592 

0-2911711 

349 ° 36 ' n *45 
350 45 1*80 

351 ° 53 ;52*12 
353° 2 42*42 
354 ii'32*70. 

0-4560744 

0 - 45547*2 

0-4548703 

0-4542718 

o -4536757 

7- 4 2 

7-44 

7-46 

7-48 

7 - 5 ° 

7-52 

7-54 

7 - 5 § 

7 ‘ 5 8 

7-60 

+ 0-2898232 
+ 0-2898538 
+ 0-2897689 
+ 0-28956.86 
+ 0-2892534 

- 0-0236256 

- 0-0x77943 

- 0-0119713 

- 0-0061589 

- 0 0003594 

0-2907845 

0-2903995 

0-2900160 

0-2896341 

0*2892536 

355° 20'22*95 
356 ° 29 ' 13**7 
357 ° 3 » 3*37 
358 ° 46 53*54 
359 ° 55 43*69 

0-4530819 

0-4524905 

0-4519013 

o- 45 i 3 i 45 

0-4507299 

7.52 

7-54 

7-50 

7-58 

7-60 

7-62 

& 

7-68 

7.70 

+ 0-2888237 
+ 0-2882799 
+ 0-2876227 
+ 0-2868525 
+ 0-2859699 

+ 0-0054250 
+ 0-0111920 
+ 0-0x69396 
+ 0-0226654 
+ 0-0283672 

O-2888746 

0-2884971 

0 - 288 I 2 II 

0-2877465 

0-2873734 

361° 4'33*81 
362° 13' 23*91 
363° 22'13*98 
364=31' 4*03 
365 39 ' 54*05 

0-450x476 

0-4495676 

0-4489898 

0-4484x42 

0-4478408 

7-62 

7 r lt 

7-68 

7-70 

7.72 

7 V 74 

7-76 

7-78 

7-80 

+ 0-2849756 
+ 0-2838702 
+ 0-2826545 
+ 0-28x3292 
+ 0-2798952 

+ 0-0340430 
+ 0-0396905 
+ 0-0453076 
+ 0-0508922 
+ 0-0564422 

0-2870018 

0-2806315 

0-2862627 

0-2858954 

0-2855294 

366° 48' 44*05 
367° 57 ' 34*03 
369° 6'23*98 
37 °= 15'13*91 
371=24' 3*82 

0-4472697 

0-4467007 

0-446x339 

0-4455692 

0-4450067 

7-72 

7*74 

7-76 

7-78 

7-80 

7-82 

$ 

7-88 

7-90 

+ 0-2783532 
+ 0-2767042 
+ 0-2749490 
+ 0-2730886 
+ 0-27x1241 

+ 0-0619554 
+ 0-0674298 
+ 0-0728635 
+ 0-0782542 
+ 0-0836001 

0-2851648 

0-2848017 

0-2844399 

0-2840794 

0-2837204 

372 ° 32 ' 53*70 
373 ° 4 * 43*56 
374 ° 5 °, 33*40 
375° 59 23*22 
377° 8'13*01 

0 - 444446.3 

0-4438880 

0 - 44333*8 

0-44277^7 

0-4422257 

7-82 

lit 

7-88 

7-90 

7.92 

7-94 

7-96 

7- 98 

8 - oo 

+ 0-2690564 
+■ 0-2668867 
+ 0-2646159 
+ 0-2622454 
+ 0-2597762 

+ 0-0888991 
+ 0-0941493 
+ 0-0993488 
+ 0-1044956 
+ 0-1095878 

0-2833627 

0-2830063 

0-2826513 

0-2822976 

0-2819453 

378= 17', 2*7.8 
379° 25; 52*53 
38 °° 34 42*25 
3 8x 43 3**?6 
382° 52'21*64 

0-4416757 

0-4411278 

0-4405819 

0-4400381 

0-4394962 



w. B. p. 


J-M (8-oo) =0-2819453 x cos 442= 52' 21*64= +0-0349823. 
T_ llt (8-oo) =0-2819453 x sin 442° 52' 21*64= +0-2797667. 
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Table HE. Functioiis of order one-third 


X 

Jm (*) 

Yy *(*) 

1 <iw 1 


#° K m ( x ) 

— 

X 

8*02 

8-04 

8-o6 

8-o8 

8-io 

8-12 

8*14. 

8-i6 

8-i8 

8*20 

8*22 

8*24 

8-26 

8-28 

8-30 

8^32 

lit 

8-38 

8'40 

8*42 

l# 

8-48 

8-50 

8-52 

i-s* 

8-58 

8-6o 

8-62 

8-64 

8-66 

8-68 

870 

872 

lit 

878 

8-oo 

8-82 

8-84 

8-86 

8-88 

8-go 

8-92 

lit 

8- 98 

9- 00 

+ 0-2572095 
+ d, 2545467 
+ 0-2517890 
+ 0-2489377 
+ 0-2459942 

+ 0-2429598 
+ 0-2398360 
+ 0-2366242 
+ 0-2333259 
+ 0-2299425 

+ 0-2264758 
+ 0-2229271 
+ 0-2192901 
+ 0-2155904 
+ 0-2118057 

+ 0-2079456 
+ 0-2040118 
+ 0-2000061 
+ 0-1959301 
+ 0-1917857 

+ o-i 875747 
+ 0-1832989 
+ 0-1789600 
+ 0-1745601 
+ 0-1701008 

+ 0-1655842 
+ 0-1610121 
+ 0-1563865 
+ 0-1517093 
+ 0-1469824 

+ 0-1422079 
+ 0-1373878 
+ 0-1325240 
+ 0-1276185 
+ 0-1226734 

+ 0-1176907 
+ 0-1126725 
+ 0-1076208 
+ 0-1025377 
+ 0-0974252 

+ 0-0922855 
+ 0-0871206 
+ 0-0819327 
+ 0-0767237 
+ 0-0714958 

+ 0-0662512 
+ 0-0609918 
+ 0-0557199 
+ 0-050437 5 
+ 0-0451467 

+ 0-1146236 
+ 0-1196012 
+ 0-1245187 
+ 0-1293743 
+ 0-1341664 

+ 0-1388931 
+ 0-1435528 
+■ 0-1481438 
+ 0-1526045 
+ 0-1571133 

4- 0-1614886 
+ 0-1657888 
+ 0-1700125 
+• 0-1741581 
+ 0-1782243 

+ 0-1822096 
+ 0-1861127 
+ 0-1899322 

4 - 0-1936668 

4 - 0-1973152 

4 - 0-2008763 

4 - 0*2043488 

4 - 0-2077315 

4 - 0 - 2 II 0234 

4 - 0-2x42234 

+ 0-2173304 

4 - 0-2203434 

4 - 0-2232615 

4 - 0-2260837 

4 - 0-2288092 

4 - 0-2314370 

4 - 0-2339664 
+ O-2363966 

4 - .0-2387270 

4 - 0-2409567 

4 - 0-2430852 

4 - 0-2451118 

4 - 0-2470360 
4 - 0-2488572 
+ 0-2505751 

4 - 0-252x890 

4 - 0-2536987 

4 - 0-255x038 

4 - 0-2564030 

4 - 0-2575988 

4 - 0-2586882 
4- 0-2596720 
4 - 0-2605500 
4 - 0-2613221 
+ 0-2619882 

0-2815942 

0-2812445 

0-2808961 

0-2805489 

0-2802030 

0-2798584 

0-2795151 

0-2791730 

0-2788322 

0-2784927 

0-2781543 

0-2778172 

0-2774813 

0-2771467 

0-2768132 

0-2764809 

0-2761498 

0-2758200 

0-2754912 

0-275x637 

°' 2 748373 

0-2745x21 

0-2741880 

0-2738651 

°‘ 2 735433 

0-2732227 

0-2729031 

0-2725847 

0-2722674 

0-27195x2 

0-2716361 

0-2713221 

0-2710092 

0-2706973 

0-2703866 

0-2700768 

0-2097682 

0-2694606 

0-2691541 

0-2608486 

0-2685441 

0-2682407 

0-2679383 

0-2676369 

0-2673365 

0 -267°37l 

0-2667388 

0-2664414 

6-2661450 

.0-2658496 

384° i'11*30 
385° 10' 0*94 
386° 18' 50*56 
387° 27,40*16 
388° 36' 29*74 

389° 45' I 9 ?2 9 
39°° 54 8-83 
392“ 2 / 58*35 
393° « 47;§4 
394 20 37*3 2 

395° 29' 26*78 
396° 38' 16*21 
397° 47' 5'63 
398° 55 55 ‘°3 
400° 4 44*41 

4 OI ° 13; 33;76 
402° 22' 23*10 
403° 31' 12^2 
4°4° 40 x*73 

405° 48' 51*01 

406° 57' 40*27 
408° 6'29*52 
4°9 0 15; 18*74 
410° 24 7*95 

4il°32' 57*14 

412° 41' 46*32 
4X3° 5° 35*48 
4X4° 59 24*61 
4i6 ° s t 3;Z3 
417 *7 2*83 

4i8“ 25'51*92 
4X9 34 4° *99 
420“ 43 30*04 
421 0 52' 19*08 
423 0 1' 8*xo 

4 2 4° 9'57 T xo 
425 0 18' 46*08 
426° 27; 35*04 
427° 36 23*99 
428° 45' 12*93 

429° 54' 1*85 
431° 2 50*75 
432 11 39*63 
433° 20' 28*50 
434 0 29' 17*36 

435° 38' 6*20 
436° 46 55*03 
437° 55 43*83. 
439° 4'32*62 
440° 13'21*40 

0-4389564 

0-4384185 

0-4378827 

0-4373487 

0-4368168 

0-4362867 

0“4357586 

0-4352324 

0-4347081 

0-4341857 

0-4336652 

0-4331466 

0-4326298 

0-432x148 

0-4316017 

0-4310905 

0-4305810 

0-4300733 

0-4295675 

0-4290^34 

0-4285611 

0-4280605 

0-4275617 

0-4270646 

0-4265693 

0-4260757 

0-4255838 

0-4250936 

0-4246051 

0-424x183 

0-4236331 

0-4231496 

0-4226678 

0-4221876 

0-4217090 

0-4212321 

0-4207568 

0-4202831 

0-4198109 

0-4x93404 

0-4188715 

0-4184041 

0-4179383 

°-4X7474° 

0-4170113 

0-4165501 

0-4160905 

0-4156323 

°-4i5i757 

0-4147206 

8-02 

8-04 

8-o6 

8-08 

8-io 

■ 

8-12 

8-14 

8-i6 

8-18 

8-20 

8-22 

8-24 

8-26 

8-28 

8-30 

8-32 

lit 

8-38 

8-40 

8*42 

I It 

8-48 

8-50 

8-52 

in 

8*58 

8-60 

8-62 

8*64 

8-66 

8-68 

8-70 

8-72 

lit 

8-78 

8-8o 

8-82 

8-84 

8 -86 
8-88 
8-90 

8-92 

8*94 

8-96 

8- 98 

9- 00 


To oompute functions of order -1/3, increase the phase by 6o°. 














TABLES OF BESSEL FUNCTIONS 

Table HI. Functions of order one-third 


Jva( x ) 


Y 1/3W 


»!," w 


+ 0-0398497 + 0-2625482 

+ 0-0345485 + 0-2630023 
+ 0-0292452 + 0-2633504 

+ 0-0239420 + 0-2635927 

+ 0-0186408 + 0-2637293 

+ 0-0133439 + 0-2637603 

+ 0-0080532 + 0-2636861 

+ 0-0027709 + 0*2635068 

- 0-0025010 + 0-2632227 

- 0-0077604 + 0-2628342 


0-0130053 + 0-2623417 

0-0182336 + 0-2617456 

+ 0-2610463 
0-028(5320 + 0-2602443 

0-0337991 + 0-2593402 


0-0389411 

0-0440566 

0-0491435 

0-0541999 

0-0592239 

0-0642137 

0-0691672 




0-0789581 


+ 0-2583346 
+ 0-257228I 
+ 0-2560212 
+ 0-2547148 
+ 0-2533095 

+ 0-2518062 
+ 0-2502055 
+ 0-2485083 
+ 0-2467156 
+ 0-2448282 


0-0885819 + 0-2428471 

0-0933266 + 0-2407732 

0*0980241 + 0-2386075 

+ 0-2363512 
0-I072700 + 0-2340052 


0-1118161 

0-1163076 

0-1207433 

0-1251217 

0-1294411 

0-1336999 

0-1378966 

0-1420297 

0-1460977 

0-1500990 

0*1540322 

0-1578960 

0-1616889 

0-1654096 



+ 0-2315707 
+ 0-2290489 
+ 0-2264409 

+ 0-2237479 

+ 0-2209712 

+ 0-2l8l 120 
+ 0-2151716 
+ 0-2x21514 


arg #!!!(*) 


441 0 22 10-17 


(FKnaix) 


0-2629487 


0-2626639 

0-2623799 

0-2620968 

0-2618147 

0-2615334 

0-2612531 

0-2609737 

0-2606951 

0-2604175 

0-260x407 

0-2598648 

0-2595898 

0-2593157 

0-2590424 

0-2587700 

0-2584984 

0-2582277 

0-2579579 

0-2576889 

0-2574207 


turn 

0-2566212 

0-2563563 

0-2560923 

0-2558290 

0-2555666 

'0-2553050 


+ 0-2026253 
+ 0-1992990 
+ 0-1959010 
+ 0 -IQ 243 11 
+ 0-1888915 


449° 

23 

5 1 ! 08 

450° 

32 

39*73 

451 

4i 

28*36 

452° 

5°; 

16*97 

453° 

59 

5157 


0-4142670 
0-4138148 
0-4133642 
0-4129150 
445° 57' 25-06 | 0-4124673 


0-4120210 

0-4115762 

0-4111328 

0-4106908 

0-4102503 

0-4098112 

0-4093735 

0-4089372 

0-4085023 

0-4080687 

0-4076366 

0-4072058 

0-4067764 

0-4063483 

0-4059216 

0-4054962 

0-4050722 

0-4046495 

0-4042281 

0-4038080 

0-4033893 

0-4029718 


0-402140 

0-4017272 

0-40x3149 


456° 16 42-74 
457 ° 25 3 i * 3 ° 

458 ” 3 < I 9 ;S 4 


460° 51 56-89 

o' A.S'a.0 


468° 53 36H5 

470° 2'24*56 
471 0 ii' 12*96 
472° 26' 1*35 
473 0 28' 49*72 
474 ° 37 ' 38-o8 


+ 0-2058768' I 0-2547042 


475 0 46' 26*43 0-4013149 I 

476° 55' I 4 ? 77 0-4009038 

478° 4' 3*09 0-4004940 

-rff.T 0-4000855 
0-3996782 

481° 30' 28*00 I 0-3992721 
482° 39' 16*27 0-3988673 

o_0 .6 > I 0-3984637 

0-3980614 
0-3976602 


0-2545250 

0-2542665 

0-2540089 

0-2537520 

0-2534959 


489° 32' 5-07 
490° 40 53*^7 
491 0 49' 42-05 


0-3972603 

0-3968616 

0-3964641 

0-3960677 

0-3956726 


0-1726290 I + 0-1852836 0-2532406 492° 58' 3°;22 
0-1761252 +0-1816090 0-2529860 494 7 18-37 

7 5 + 0-1778693 0-2527323 495 16 6-52 0-3944942 

+ 0-1740662 0-2524792 496° 24 54^66 0-3941037 

+ 0-1702011 0-2522270 497 33 4 2 -78 0-3937144 

J ... (xo-oo) =0-2522270 x ooa 557 0 33' 4 2 ;78 = -0-2404711. 

JCi/* (io-oo) =0-2522270 xain 557 ° 33 4 2t 7 8 = -0-0761059. 
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Table HI. Functions of order one-third 


X 

Jm( x ) 

■^iy a (x) 


jj-U) / . 

arg H vi {x) 

ea Kil&( x ) 

X 

10-02 

10-04 

±0-00 

10-08 

io-xo 

- 0-1893250 

- 0-1924230 

- 0-1954380 

- 0*1983690 

- 0-2012150 

+ 0-1662759 
+ 0-1622921 
+ 0-1582514 
+ 0-1541556 
+ 0-1500064 

0*2519755 

0-2517247 

0-2514747 

0-2512254 

0*2509769 

498° 42' 30-90 
499 0 51' 19*00 
501 0 0' 7*09 
5°2° 8'55*17 
503° 17' 43*24 

0-3933263 

0-3929393 

0-3925534 

0-3921687 

0-3917851 

10-02 

xo-04 

10-06 

10-08 

XO’IO 

10-12 

10-14 

I 0 -I 0 

io-i8 

10-20 

- 0*2039750 

- 0-2066482 

- 0-2092336 

- 0-2117305 

- 0-2141379 

+ o-i'458o 56 
+ 0-1415548 
+ 0-1372559' 
+ 0-1329x07 
+ 0-1285269 

0-2507291 

0-2504820 

0-2502357 

0-2499901 

0-2497452 

504° 26' 31*30 

5 ° 5 ° 35 ; 19^35 
506“ 44 7*39 
507“ 52 ' 55-41 
509° 1' 43*43 

0-3914026 

0-3910213 

0-3906411 

0-3902619 

0-3898839 

10-12 

10*14 

10-16 

io-i8 

10-20 

10-22 

10-24 

10-20 

10-28 

10-30 

- 0-2164551 

- 0-2186014 

- 0*2208160 

- 0-2228584 

- 0-2248078 

+ 0-1240885• 
+ 0-1196151 
+ 0-1151028 
+ 0-1105533 
+ 0-1059685 

0*2495010 - 

0-2492576 

0-2490148 

0-2487728 

0-2485314 

510° 10'31*43 
511 .10 19*42 
■'512 0 28' 7*41 
5 i 3 “ 36 ; 55*39 
514 45 43*35 

0-3895070 

0-3891311 

z&z 

0-3880101 

10-22 

10*24 

IO -26 

10-28 

10-39 

10-32 

10-34 

10-36 

10-38 

10-40 

- 0-2266637 

- 0-2284255 

- 0-2360928 

- 0-2316649 

- 0-2331416 

+ 0-10x3503 
+ 0-0967006 
+ 0-0920212 
+ 0-0873142 
+ 0-0825814 

0*2482908 
0-2480509 
0-2478x16 
0 ' 247573 i 
0*2473352 

515 “ 54 ' 31*30 

519 0 20' 55*11 
520° 29' 43*03 

0:3876386' 

0-3872681 

0-3868987 

0-3865304 

0-3861631 

10-32 

10-34 

10-36 

10-38 

10-40 

XO-42 

10-44 

10-46 

10-48 

10-50 

- 0-2345224 

- 0-2358069. 

- 0-2369948 

- 0-2380858 

- 0-2390797 

+ 0-0778247 
+ 0-0730400 
+ 0-0682473 
+ 0-0634306 
+ 0-0585977 

0-2470980 

0-2468615 

0-2466257 

0-2463905 

0*2461560 

521“ 38 ' 3°*93 ' 
522 0 47' 18*82 
523 0 56' 6*70 
52 f 4; 54*58 
526° 13' 42*44 

0-3857968 

0-3854316 

0-3850074 

0-3847043 

0-3843422 

10-42 

10-44 

10-46 

10-48 

10-50 

10-52 

10-54 

10-56 

10-58 

io-6o 

- 0-2399763 

- 0-2407753 

- 0-24x4768 

- 0-2420805 

- 0-2425864 

+ 0-0537506 
+ 0-0488913 
+ 0-0440217 
+ 0-0391437 
+ 0-0342593 

0-2459222 
0*2456891- 
0-2454566 
. 0-2452248 

0-2449936 

527 0 22' 30*30 
528° 31' 18*14 
529 ° 4 °; 5*98 
530 ° 48 53 ;|i 
53 i 57 4 1 * 62 

0-3839811 

0-3836210 

0-3832620 

0-3829039 

0-3825468 

10-52 

10-54 

10-56 

10-58 

io-oo 

10-62 

10-64 

10-66 

io-68 

10-70 

- 0-2429945 

- 0-2433049 

- 0-2435175 

- 0-2436325 

- 0-2436501 

+ 0-0293704 
+ 0-0244790 
+ 0-0195870 
+ 0-0146903 
+ 0-0098090 

0-2447631 

0*2445332 

0-2443040 

0-2440754 

0-2438474 

533“ 6'29*43 
534 “15 I 7;23 
535 24' 5*02 
536“ 32'52*80 
537 4 i 40*57 

0-3821908 

0-3818357 

0-3814816 

0-381x285 

0-3807764 

10-62 

10-64 

10-66 

xo-68 

10-70 

10-72 

10-74 

10-76 

10-78 

io-8o 

- 0-2435703 

- 0-2433934 

- 0-2431198 

- 0-2427495 

- 0-2422830 

+ 0-0049268 
+ 0-0000518 

- 0-0048141 

- o-0096692 

- 0-0145113 

0-2436201 

0-2433935 

0-2431674 

0-2429420 

0-2427172 

538° 56' 28*33 
539° 59 / 16*08 

54i° .8' 3*83 
542° X6; 51*56 
543 25' 39*29 

0-3804253 

0*3800751 

o -3797259 

0-3793777 

0-3790304 

10-72 

10-74 

10-76 

10-78 

io-8o 

10-82 

10-84 

10-86 

xo-88 

io-go 

- 0-2417207 

- 0-2410629 

- 0-2403100 
*- 0-2394626 

- 0-2385212 

- 0-0x93387 

- 0*0241495 

- 0-0289417 

■f- 0 - 0337 I 3 & 

- 0-0384633 

0-2424930 

0-2422695 

0*2420406 

0-2418242 

0-2416025 

544° 34' 27*00 
545 ° 43 14 7 * 
540-52 2*41 

548 0' 50*10 

549 ° 9 ' 37 * 7 8 

6-37868.41 

0-3783387. 

0-3779942 

0-3776507 

°; 3773°82 

10-82 

10-84 

10*86 

10-88 

10-90 

10-92 

10-94 

10-96 

10- 98 

11- 00 

- 0-2374863 
-- 0-2363584 

- 0-2351382 

- 0-2338264 

- 0-2324236 

- 0-0431888 

- 0-0478886 

- 0*0525606 

- 0-0572030 

- 0-0618143 

0-2413814 
0-2411610 
0-2409411 
0-2407218 
6-2405031 

550° 18' 25*46 
55 1° 27' 13*1^ 
552° 36; 0*78 
553 ° 44 48*43 
554 53 36*07 

0*3769665 

0-3766250 

0-3762860 

0-3759472 

0-3756092 

10-92 

10-94 

10- 96 
10*98 

11- 00 


To compute functions of order -1/3, increase the phase by 6o°. 
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Table III. Functions of order one-third 


X 

J11 a( x ) 

I 1 *02 

~ 0-230930(1 

11-04 

- 0-2293480 

11 -Of) 

- 0*2276768 

I 1*08 

- 0-2259176 

11-10 

- 0-2240715 

11*12 

- 0-2221392 

11*14 

- 0-2201217 

1 I • I(> 

- 0-2180199 

1 I*i8 

- 0-2158348 

11-20 

- 0-2135675 


F i/aW 


»»WI 


e«K m {x) 


- O-o6f)3024 0*2402850 556° 2' 23*69 0-3752722 11-02 

-0-0709358 0-2400675 557 0 ii'11*31 6-3749360 ii -04 

-0-0754426 0-2398506 558° 19' 58*93 0-3746008 11-06 

-0-0799111 0-2396342 559 0 28' 46*54 0-3742665 11-08 

-0-0843397 0-2394185 560° 37'34*13 0-373933° 


0 - 2 T 12189 

0-2087902 

0-2062824 

0-2036967 

0-2010343 

0-1982963 

0-195483*) 

0-1925985 

0-189641 2 

0-1866134 

0-1835164 

0-1803515 

0-1771202 

- 0-1738238 

- 0-1701*>36 

- o-i (>704 13 

- 0-1635582 

- O-ntoo I 58 

- 0-1504157 

- 0-1527593 

- 0*1490.182 

- 0-1452839 

- 0-1414681 

- o-i 37 *>o 24 

- 0-1336883 

- 0-1297276 

- 0-125721 7 

- O-1 216725 

- 0-1175816 

- 0-1134507 

- 0-1092815 

- 0-1050756 

- 0-1008350 

- 0-0965611 

- 0-0922560 

- 0-0879212 

- 0-0835585 

- 0-0791698 

- 0-0747568 

- 0-0703214 


- 0-0799111 0-2390342 

- 0-0843397 0-2394185 

- 0-0887266 0-2392033 

- 0-0930702 0-2389887 

- 0-0973689 0-2387747 

- 0-1010210 0-23856x3 

- 0-1058249 0-2383484 

- 0-X0Q9790 0-2381361 

- 0-1140819 0-2379244 

- 0 -IX 8 I 3 I 9 0-2377132 

- 0-I22T276 0-2375026 

- 0-1260674 0-2372926 

- 0-1299499 0-2370831 I 

- 0-1337736 0#2 35®74J 

- 0-1375373 0-2366658 

- 0-14x2393 0-2364579 

- 0-1448785 0-2362506 

- 0-1484535 0-2360439 

- 0-1519629 0-2358377 

- o*i 554°55 0-2356320 

- 0-1587801 0-2354269 

- 0-1620853 0-2352223 


559 0 28' 46*54 
560° 37' 34 ?1 3 

561° 46' 21*72 
562° 55' 9*31 
564° 3'56*88 
565° 12' 44*44 
566° 21' 32*00 

567° 30' 19*55 I 
568=39 7*09 

569 47 , 54*62 
570“56 42*15 
I 572 5*29*67 

573 ° H; 17**8 
574 23 '4-68 
575 ° 3 1 ’ 52*17 
576° 40' 39-66 
577 ° 49 '27*14 

578° 58' 14*61 
580° 7' 2*08 


0-3742665 11-08 

0 - 373933 ° 11,10 


0-3736005 11*12. 

0-3732688 11-14 

0-3729380 11-16 

0-3726081 11-18 

0-3722791 11-20 


0-3719509 

0-3716236 

0-3712972 

0-3709716 

0-3706469 

0-3703230 

6-3700000 

0-3696779 

0-3693565 

0-3690360 


578° 58'14*61 0-3687164 11-42 

580° 7' 2*08 0-3683975 11 -44 

581° 15' 49*53 0-3680795 11-40 

582° 24'36*98 0-3677623 11-48 

. 0-3674460 - 


0-1653202 

0-1(184833 

0-171 573 8 

0-1745904 

0-1775320 

0-1803977 

0-1831865 

0-1858973 

0-1885292 

0-1910814 


0-2350182 

0-23481^7 

0-2346117 

0-2344092 

0-2342072 

0-2340058 

0-2338049 

0-2336044 

o- 2334 ° 4 b 

0-2332052 


0-1935528 0-2330063 

0-1959428 0-2328070 

0-1082505 0-2326101 

0-2004750 0-2324127 

0-2026158 0-2322159 

0-2046720 0-2320195 

0-20(16430 0-2318237 

0-2085282 0-2316283 

■ 0-2103269 0-2314333 

■ 0-2120386 0-2312391 

- 0-2136627 0-2310452 

- 0-2151980 0-2308518 

- 0*2166464 0-2306589 

- 0-2180050 0-2304664 

- 0-2192744 0-2302745 


583° 33 ' 2 4 * 4 * | 

584° 42'11*86 
585° 50' 59-29 
586° 59 4 f >- 7 ° 
588° 8'34*11 
589°17' 21*52 

590° 26' 8*92 
591° 34'56*31 
592 = 43 43 ; 6 9 
593°52 3 i ;°7 
595 0 1'18-44 

596° 1 o' 5*81 
597 0 18'53*16 
598° 27 40-51 
599 0 36'27*85 


0-3671304 11-52 

0-3668157 n -54 

rv*66t;oi8 11-56 


0-3668157 

0-3665018 

0-3661886 

0-3658763 


0-3655648 11-62 

0-365254* 11 '64 

0-3649441 n-66 

0-3646350 II-68 

0-3643266 11-70 


0-3640190 

0-3637122 

0-3634062. 

0-3631009 


6oo° 45'15*18 0-3627964 


601 0 54' 2*51 
603= 2' 49*84 
604° it' 37**5 
605° 20' 24*46 
606° 29'11*76 


607= 37' 59*05 
6o8° 46'-46*34 
609= 55'33;62 

611° 4 20*90 

612= 13' 8*17 


0-3624927 

0-3621897 

0-3618875 

0-3615861 

0-3612854 

0-3609854 

0-3606862 

0-3603878 

0-3(100901 

0 - 359793 1 


J_x/3 (12-00) =0-2302745 J 3 ;'!£ 7 = +°:; 547365 ; 

F_i/3(i2-oo) =0-2302745 xsm 672 13817- 7 5 . 57.5 
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Table HE. Functions of order one-third 


X 

J11 a ( x ) 

^1/3 (#) 

l<WI 



X 

12-02 

I2-04 

12*06 

12-08 

12-10 

- 0-0658652 

- 0-0613901 

- 0-0568980 

- 0-0523905 

- 0-0478696 

- 0-2204540 

- 0-2215437 

- 0-2225430 

- 0-2234519 

- 0-2242700 

0-2300830 

0-2298920 

0-2297015 

0-2295114 

0-2293219 

6i 7 ° 57 ' 4*41 

0-3594968 

0-3592013 

0-3589065 

0-3586125 

0-3583191 

12*02 

12-04 

I2-o6 

12-08 

12*10 

12-12 

I2-I4 

12-16 

12-18 

12-20 

~ 0-0433371 

- 0-0387947 

- 0-0342443 

- 0-0296877 

- 0-0251267 

- 0-2249971 

- 0-2256333 

- 0-2261782 

- 0-2266326 

- 0-2269945 

0-2291327 

0-2289441 

0-2287559 

0-2285682 

0-2283809 

619° 5' 51*64 
620° 14' 38*86 
621° 23' 25*08 
622° 32" 13*29 
623° 41' 0*50 

0-3580265 

0-3577346 

0-3574434 

o- 357 i 529 

0-3568631 

12-12 

12-14 

I2*l6 

12-l8 

12-20 

12-22 

12-24 

12-26 

12-28. 

12-30 

- 6-0205632 

- 0-0159989 

- 0-0114356 

- 0*0068753 

- 0-0023196 

- 0-2272658. 

- 0-2274458 

- 0-2275347 

- 0-2275326 

- 0-2274397 

0-2281941 

0-2280078 

0-2278219 

0-2276365 

0-2274515 

624° 49' 47*70 
^ 58; 34*80 
627° 7' 22*08 
628° 16' 9*26 
629°-24' 56*43 

0-3565741 

0-3562857 

0-3559980 

0 - 3557 H 0 

0-3554248 

12-22 

12-24 

12-26 

12-28 

12-30 

I 2-32 

M *34 

12-36 

12-38 

12-40 

+ 0-0022296 
+ 0-0067705 
+ 0-0113014 
+ 0-0158205 
+ 0-0203259 

- 0-2272560 

- 0-2269819 

- 0-2266176 

- 0-2261634 

- 0-2256196 

0-2272670 

0-2270829 

0-2268993 

0-2267161 

0-2265333 

630 “ 33 ' 43*6o 
631“ 42 30*76 
632°51 17*92 

635° l-Ml 

0 - 355 I 392 

o -3548543 

0-3545700 

0-3542865 

0-3540036 

12-32 

12-34 

12-36 

12-38 

12-40 

12-42 

12-44 

12-46 

12-48 

12-50 

+ 0-0248159 
+ 0-0292889 

+ °‘° 3374 2 9 
+ 0-0381763 
+ 0-0425874 

- 0-2249866 

- 0-2242647 

- 0-2234544 

- 0-2225562 

- 0-2215705 

0-2263510 

0*2261692 

0-2259877 

0-2258067 

0-2256262 

6 $%\PA 

638° 35' 13*61 
* 39,44 0*73 

640° 52' 47*84 

0 - 35372 I 5 

0-3534400 

0 - 353 J 59 I 

0-3528790 

o -3525995 

12-42 

12-44 

12-46 

12-48 

12-50 

12-52 

* 2-54 

12-56 

12-58 

12-60 

+ 0-0469744 
+ 0-0513356 
+ 0-0556694 
+ 0-0599741 
+ 0-0642479 

- 0-2204979 

- 0-2103390 

- 0-2180943 

- 0-2167645 
~ 0-2153502 

0-2254460 

0-2252664 

0-2250871 

0-2249082 

0-2247298 

1; 34-95 
643° io' 22*05 
644 ° i 9 ; 9*15 
6 45 27' 56*24 
646° 36' 43*33 

0-3523206 

0-3520424 

0-3517049 

0-3514881 

0-3512118 

12-52 

12-54 

12-56 

12-58 

12-60 

12-62 

12-64 

12-66 

12-68 

12-70 

+ 0-0684894 
+ 0-0726967 
+ 0-0768684 
+ 0-0810028 
+ 0-0850983 

- 0-2138521 

- 0-2122710 

- 0-2106077 

- 0-2088628 

- 0-2070373 

0-2245518 

0-2243743 

0-2241971 

0-2240204 

0-2238441 

<? 47 ° 45 ; 30*41 
648 54 17*49 
650° 3 ' 4*56 
651° 11' 51*62 
652° 20' 38*68 

0-3509363 

0-3506614 

0-3503871 

O- 350 II 35 

0-3498405 

12-62 

12-64 

12-66 

12-68 

12-70 

12-72 

12-74 

12-76 

1278 

12-80 

+ 0-0891534 
+ 0-0931665 
+ 0-0971361 
+ 0-1010607 
+ 0-1049380 

- 0-2051320 

- 0-2031477 

- 0-2010854 

- 0-1989460 

- 0-1967305 

0-2236682 

0-2234927 

0-2233176 

0-2231429 

0-2229087 

653° 20' 25*73 

654° 38' Aii 

655 46 ' 59*»2 

656° 55 46*86 
658 0 4 ' 33*89 

0-3495681 

0-3492964 

0-3490254 

0-3487549 

0-3484851 

12-72 

12-74 

12-76 

12-78 

I2-8o 

12-82 

12-84 

12-86 

12-88 

12-go 

•+ 0-1087869 
+ 0-1125496 
+ 0-1162795 
+ 0-1199571 
+ 0-1235811 

- 0-1944399 

- 0-1920752 

- 0-1896374 

- 0-1871278 

- 0-1845472 

0-2227948 

0-2226214 

0-2224484 

0-2222757 

0-2221035 

659 ° 13' 20*92 
66o° 22' 7*94 
66i° 30' 54*96 

0-3482159 

0-3479473 

o -3476794 

0-3474120 

0-3471453 

12-82 

12-84 

12-86 

12-88 

12-90 

12-92 

12-94 

12-96 

12- 98 

13- 00 

+ 0-1271502 
+ 0-1306029 
+ 0-1341180 
+ 0-1375142 
+ 0-1408503 

- 0-1818970 

- 0-1791782 

- 0-1763920 
" °*i 735397 

- 0-1706224 

0-2219317 
0-2217602 
0-2215892 
0-2214186, 
0-2212483 

669° 32' 23^92 

0-3468792 

0-3466137 

0-3463488 

0-3460846 

0-3458209 

12-92 

12-94 

12- 96 
12*98 

13- 00 


To compute functions of order -1/3, increase -the phase by 6o°. 
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Table III. Functions of order one-third 



Vi/.w ! »!/!<*) I 





13*02 + 0*1441250 

13*04 + 0*1473371 

13*0(1 + 0*1504854 

13*08 + 0*1535608 

13*10 + 0*1565861 

13*12 + 0*1595363 

13*14 + 0*1624183 

13*16 + 0*1652310 

13*18 + 0*1679735 

13*20 + 0*1706447 


0*1676415 0*2210785 670° 41' 10*89 0*3455578 13*02 

0*1645982 0*2209090 671° 49' 57'S6 0*3452954 13*04 

0*1614938 0*2207399 672° 58' 44*82 0*3450335 13*06 

0*1583297 0*2205712 674° 7' 31*78 0*3447722 13*08 

0*1551071 0*2204029 675° 16'18*74 0*3445115 I3‘i° 


0*1451029 0*2199003 070“ 42- 39*57 0‘3437330 

0*1416606 o*2|97335 679°51'26*50 0*3434747 

0*1381670 0*2195671 68i° o'13*43 0*3432169 


+ 0*1732437 - 

+ 0*1757696 
+ 0*1782214 
+ 0*1805984 
-i- 0*1828996 


13*32 + 0*1851244 - 

13*34 ■*' 0*1872718 - 

13*36 -V 0*1893413 - 

13*38 + 0*1913320 - 

13*40 *t* 0*1932433 - 

13*42 +0*1950745 - 

13*44 + 0*1908252 - 

13*46 + 0*1984946 - 

13*48 + 0*2000822 

13*50 + 0*2015875 - 

13*52 + 0*2030101 

13*54 0-2043496 - 

13*56 -1 0*2056054 - 

13*58 + 0*2067772 - 

13*00 + 0*2078647 - 

13*62 + 0*2088676 - 

13*64 + 0*2097855 - 

13*6() + 0*2106183 - 

13*68 +0*2113658 - 

13*70 + 0*2120278 


- 0*1346234 

- 0*1310315 

- 0*1273926 

- 0*1237083 

- 0*1199802 

- 0*1162097 

- 0*1123985 

- 0*1085481 

- 0*1046601 

- 0*1007361 

- 0*0967777 

- 0*0927066 

- 0*0887643 

- 0*0847125 

- 0*0806329 


+ 0*2126040 
-I- 0*2130946 

+ 0*2134993 

+ 0*2138181 
+ 0*2140510 

+ 0*2141981 

+ 0*2142594 

+ 0*2142350 
+ 0*2141251 
+ 0*2139298 

+ 0*2136494 

+ 0*2132840 

+ 0*2128339 
+ 0*2122994 
+ 0*2116809 


- 0*0765272 

- 0*0723969 

- 0*0682438 

- 0*0640696 

- 0*0598759 

- 0*0556645 

- 0*0514370 

- 0*0471951 

- 0*0429407 

- 0*0386752 

- 0*0344006 I 

- 0*0301184 

- 0*0258305 

- 0*0215384 

- 0*0172440 

- 0*0129489 

- 0*0086548 

- 0*0043635 

j - 0*0000766 
+ 0*0042041 


0*2194011 ( 

0*2192355 ( 

0*2190702 ( 

0*2189053 I 
0*2187408 i 

0*2185766 I 
0*2184128 
0*2182494 
0*2180864 
I 0*2179237 

0*2177613 

0*2175994 

0*2174378 

0*2172765 

0*2171157 

0*2169551 

0*2167949 

0*2166351 

0*2164757 

0*2163166 

0*2161578 

0*2159994 

0 - 2 I 584 I 3 

0*2156836 

0*2155262 

0*2153692 
0*2152125 
0*2150561 I 
0*2149001 

0*2147445 

i 0*2145891 

i 0*2144341 

; 0*2142795 

> 0*2141251 

[ o* 2 i 397 12 


682° 9' 0*35 ( 

683°17'47*27 < 

684° 26' 34*18 ( 

685°35'21*09 1 

686° 44' 8*00 i 

687° 52' 54*90 
689° i' 41*79 
690° 10' 28*60 
691“ 19' 15257 
692 0 28' 2*45 

693° 36' 4 9;33 
694 ° 45 36; z o 
695 ° 54 , 2 32 o6 
697“ 3, 9*92 
698° ll'56*78 

699° 20' 43*63 
700° 29' 30*48 
701° 38' 17*33 
702° 47 4 ;i 7 

703 55 5 **°° 

7 ° 5 ° 4 ', 37*83 
706° 13' 24*65 
707° 22' 11*47 
708° 30' 58*29 
709° 39 ' 45 *” 

710° 48' 31*92 
711 0 57' 18*72 
7 i 3 ° o' 5 ;52 
714 0 14' 52- 3 1 
715 0 23 39 * 10 

716° 32' 25*89 
717 0 41' 12*67 
718° 49' 59*45 
t 719° 58' 46*22 
J 721 0 7 32*99 


o *3429597 1 

0*3427031 1 

0*3424471 i 
0*3421917 i 
0*3419368 ] 

0*3416825 

0*3414288 

0*3411756 

0*3409230 

0*3406709 

°' 34 0 4 I 94 

0*3401685 

0-3399181 

0*3396683 

°‘ 3394 I 9 0 

0 - 33 Q 17 02 

0*3389221 

o* 33 8 6744 

0-3384273 

0*3381808 

0-3379347 

0*3376892 

0-3374443 

0 " 337 I 999 

0*3369560 

0-3367126 

0-3364698 

0*3362275 

0*3359857 ! 

0*3357444 

0*3355037 

' 0*3352635 

i 0*3350237 
! 0*3347845 

) 0*3345459 


+ 0*0084770 
+ 0*0127404 
+ 0*0169926 

+ 0*0212319 

+ 0*0254567 


0*2138175 

0*2136642 

0*2135112 

0*2133585 

0*2132061 


722° 16' I9*7 6 
723 0 25' 6*52 
724° 33' 53*2® 
725 42 40*03 
726° 51' 26*78 


o*3343°77 

0*334070° 

0*3338329 

0-3335962 

0*3333600 


J I (I4*00) =s 0 * 2 I 3206 l X 00 ^ 786 ° 5 1 ' 26 ^ 78 — + 0 - 9837943 * 
061 x^ 786 e 51 ' 26*78 = + 0 * 1960494 * 
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TABLES OP BESSEL FUNCTIONS 
Table III. Functions of order one-t hir d 


X 

Jmi x ) 

^1/ 3 ( x ) 

i*£mi 


eX 7 ^ 1/8 i X ) 

X 

14*02 

14*04 

14*06 

14*08 

14*10 

+ 0*2109787 
+ 0*2101933 
+ 0*2093250 
+ 0*2083743 
+ 0*2073417 

+ 0*0296652 
+ 0*0338559 
+ 0*0380272 
+ 0*0421773 
+ 0*0463046 

0-2130541 

0*2129024 

0*2127510 

0*2120000 

0*2124493 

728° o' 13I52 
729 0 9' 0*26 
73 °° 17' 47<oo 
73i° 26' 33*73 
732 ° 35 '20*46 

0-3331244 

0*3328892 

0-3326546 

0*3324204 

0*3321867 

14*02 

14*04 

14*06 

14*08 

14*10 

14*12 

14*14 

14*16 

14*18 

14*20 

+ 0*2062277 
+ 0*2050330 
+ 0*2037580 
+ 0*2024034 
+ 0*2009699 

+ 0*0504076 
+ 0*0544847 

+ °-° 6 ° 534 2 
+ 0*0625547 
+ 0*0665445 

0*2122980 

0-2I2I488 

0*2119990 

0*2118495 

0*2117004 

733 “ 44 ' 7*iS 
734 ° 52 ' 53 ? 90 
730 1' 40*62 

IO ,' 2 7!33 
73 »°19'14*04 

o- 33 i 9536 

0*3317209 

0*3314887 

0*3312570 

0*3310257 

14*12 

14*14 

14*16 

14*18 

14*20 

14*22 

14-24 

14*26 

14*28 

14*30 

+ 0*1994581 
+ 0*1978687 
+ 0*1902020 
+ 0*1944604 
+ 0*1926429 

+ 0*0705021 
+ 0*0744259 
+ 0*0783145 
+ 0*0821664 
+ 0*0859801 

0*2115516 

0*2114031 

0*2112549 

0 - 2 III 070 

0*2109594 

739 ° 28' 0*75 
740 ° 36; 47*45 
741 “ 45 34**4 
742 54 20*83 
744 3 ' 7 ? 5 2 

0-3307950 

0*3305648 

0-3303350 

0-3301057 

0*3298769 

14*22 

14*24 

14*26 

14*28 

14*30 

14*32 

1 4'34 

14*36 

14*38 

14*40 

+ 0*1907510 
+ 0*1887856 
+ 0*1867475 
+ 0*1846376 
+ 0*1824509 

+ 0*0897541 
+ 0*0934869 
+ 0*0971773 
+ 0*1008236 
+ 0*1044246 

O* 2 I 08 l 2 I 

0*2106652 

0*2105185 

O* 2 I 0372 I 

0*2102261 

74 lo II , , 54 ; 2 i 
746° 20'40*89 

747 ° 2 7;57 
74 » 38 '14*24 
749 47 0*91 

0*3296485 

0*3294206 

0-3291932 

0*3289663 

0*3287398 

14*32 

I 4-34 

14-36 

I 4-38 

14*40 

14*42 

14*44 

14*46 

14*48 

14*50 

+ 0*1802063 
+ 0*1778868 

+ 0*175.4995 
+ 0*1730454 
+ 0*1705256 

+ 0*1079789 
+ 0*11x4852 
+ 0*1149420 
+ 0*1183482 
+ 0*1217023 

0*2100804 

0*2099349 

0*2097898 

0*2096449 

0*2095004 

750 ° 55 ' 47 ? 58 
752 4 34*24 

753 °13 20*90 
754 °22 7*55 

755 30'54*20 

0*3285138 

0*3282883 

0*3280632 

0*3278386 

0*3276145 

14*42 

14*44 

14-46 

14*48 

14-50 

I 4-52 

I 4-54 

14*56 

14*58 

14*60 

+ 0*1679410 
+ 0*1652930 
+ 0*1625825 
+ 0*1598109 
+ 0*1569792 

+ 0*1250032 
+ 0*1282497 
+ 0*1314404 

+ °- I 345743 
+ 0*1376501 

0*2093562 

0*2092122 

0*2090686 

0*2089252 

0*2087822 

756 ° 39 ' 40*85 
757 48'27*49 
75 »° 57' 14*13 
760° 6' 6*77 
761° 14' 47*40 

0*3273908 

0*3271676 

0*3269448 

0*3267225 

0-3265006 

14-52 

14-54 

14*56 

14*58 

14*60 

14*62 

Ifet 

14*68 

I 4 * 7 ° 

+ 0*1540886 
+ 0*1511404 
+ 0*1481359 
+ 0*1450763 
+ 0*1419629 

+ 0*1406666 
+ 0*1436229 
+ 0*1465178 
+ 0*1493501 
+ 0*1521190 

0*2086394 

0*2084960 

0*2083548 

0 - 2082 I 29 

0*2080713 

762 ° 23' 34103 
763° 32' 20*65 
7 ^ 4 ° 41 ' 7*27 
765 ° 49 ; 53*89 
766° 58' 40*51 

0*3262792 

0*3260583 

0-3258378 

0*3256177 

0*3253981 

14*62 

Hit 

14*68 

14*70 

14*72 

x 4'74 

14*76 

I 4 " 7 8 

14*80 

+ 0*1387070 
+ 0 " I 355 °oo 
+ 0*1323131 
+ 0*1289979 
+ 0*1256355 

+ °- I 54 82 33 
+ 0*1574621 
+ 0*1600344 
+ 0*1625393 
+ 0*1649758 

0*2079300 

0*2077889 

0*2076482 

0*2075077 

0*2073676 

768° 7' 27*12 
769° 16' 13*73 
770=25' 0*33 
771 ° 33 46*93 
772° 42' 33*53 

0*3251789 

0*3249602 

0*3247419 

0*3245240 

0*3243066 

14*72 

I 4"74 

14-76 

I4 7 8 

14*80 

14*82 

Hit 

14*88 

14*90 

+ 0*1222275 
+ 0*1187753 
+ 0*1152803 
+ 0*1117439 

+ 0*1081677 

+ 0*1673432 
+ 0*1696405 
+ 0*1718669 
+ 0*1740217 
+ 0*1761041 

0*2072277 

0 * 207088 i 

0*2069488 

0*2068097 

0*2066710 

773 ° 51'20*12 
775 ° 0' 6*71 
776 ° 8' 53 * 3 ° 
777 ° 17' 39*88 
778° 26' 26*46 

0*3240896 

0-3238731 

0-3236570 

0-3234413 

0*323226! 

14*82 

Hit 

14*88 

14*90 

I 4"92 

14*94 

14*96 

14*98 

15*00 

+ °’i 04553 o 
+ 0*1009014 
+ 0*0972143 
+ 0*0934933 
+ 0*0897400 

+ 0*1781133 
+ 0*1800487 
+ 0*1819095 
+ 0*1836952 
+ 0*1854051 

0*2065325 

0*2063943 

0*2062564 

0*2061187 

0*2059813 

7 Z 9 ° 35 ' 13*04 
7»o= 43 59*61 
781°52'46*18 
783° i' 32*75 
784° 10' 19*3? 

0*3230112 

0*3227969 

0*3225829 

0*3223694 

0*3221562 

14*92 

14-94 

14*96 

14*98 

15*00 


To compute functions of order -1/3, increase the phase by 6o°. 
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Table HE, Functions of order one-third 


J V 3 i x ) 


^i/sW 


<(*) 


«ss2w 


15-02 + 0-0859558 + 0-1870386 

15-04 + 0-0821423 + 0-1885953 

15-00 + 0-0783010 + 0-1900745 

15-08 + 0-0744336 + 0-1914758 

15-10 + 0-0705416 + 0-1927988 


0-1870386 0-2058442 785° 19' 5*87 0-3219435 15- 

0-1885953- 0-2057074 786° 27' 52*42 0-3217313 15- 

0-1900745 0-2055709 787° 36' 38*97 0-32x5194 15* 

0-I9I475 8 0-2054346 788°45'25*52 0-3213080 15- 

2052986 789° 54'12*07 


0-2055709 

0-2054346 

0-2052986 


15-12 + 0-0666265 

15-14 + 0-0626899 

15-16 + 0-0587336 

15-18 + 0-0547589 

15-20 + 0-0507677 

15-22 -f 0-04676x4 
15-24 + 0-04274x6 

15-26 + o-o^S-viot 

15-28 + 0-0346684 

15-30 + 0-0306181 

15-32 + 0-0265609 

i'5-34 + 0-0224983 

15-3(1 >* 0-0184321 

15-38 + 0-0143638 

15-40 + 0-0102950 

15-42 -1- 0-0062274 

15-44 + 0-002^626 

15*46 - 0-0018978 

15-48 - 0-0059522 

15-50 - 0 0099990 

15*52 - 0-0x40366 

15-54 - 0-0180634 

15-50 - 0-0220777 

15 • 58 - 0-0260781 

15-60 - 0-0300630 

15-62 - 0-0340307 

15-64 - 0-0379798 

15-66 - 0-0419086 

15-68 - 0-0458157 

1 15-70 - 0-0496995 

15-72 -0-0535585 

15-74 - 0-0573911 

15-76 - 0-0611960 

15-78 - 0-0649716 

15-80 - 0-0687165 

15-82 - 0-0724292 

15-84 - 0-0761082 

15-86 - 0-0797522 

15-88 - 0-0833597 

15-90 - 0-0869294 

15-92 - 0-0904599 

15-94 - 0-0939498 

15-96 - 0-0973977 

15- 98 - 0-1008025 

16- 00 - 0-1041627 


+ 0-1940430 
+ 0-1952080 
+ 0-1962935 
+ 0*1972992 
+ 0-1982247 

+ 0-1990697 
+ 0-1998342 
+ 0-2005178 
+ 0-2011203 
+ 0-2016418 

+ 0-2020820 
+ 0-2024408 
+ 0-2027184 
+ 0-2029145 
+ 0-2030294 

+ 0-2030630 
+ 0-2030154 
+ 0-2028867 
+ 0-2026772 
+ 0-2023869 

+ 0-2020162 
+ 0-2015652 
+ 0-2010343 
+ 0-2004237 
+ o-I 997338 

+ 0-1989651 
+ 0-1981178 
+ 0-1971924 
+ 0-1961894 
+ 0-1951093 

H 0 -I 939526 

+ 0-1927x99 

+ 0-1914118 
4- 0-1900289 
+ 0-1885717 

+ 0-1870411 

+ 0-1854377 

+ 0-1837622 
+ 0 -T 820 T 54 
+ 0-1801980 

+ 0-1783110 
+ 0-1763550 

+ 0-1743311 

+ 0-1722400 
+ 0-1700828 


0-2051628 

0-2050273 

9-2048921 

0-2047572 

0-2046225 

0-2044881 

0-2043540 

0-2042201 

0-2040865 

0-2039531 

0-2038206 

0-2036872 

£>•2035546 

0-2034223 

0-2032902 

0*2031584 

0-2030269 

0-2028956 

0-2027646 

0-2026338 

0-2025032 

0-2023730 

0-2022429 

0-2021132 

0-2019836 

0-2018544 

0-2017253 

0-2015965 

0-2014680 

0-2013397 

0-20121I7 

0-2010839 

0-2009563 

0-2008290 

0-2007019 

0-2005751 

0-2004485 

0-2003221 

0-2001960 

0-200070X 

0-1999445 

0-1998191 

0-1996939 

0-1995690 

0-1994442 


791 0 2' 58*61 
792“ 11; 45-15 
793 0 20' 31*69 
794 0 29' 18*22 
795° 38' 4*75 

796° 46' 51*28 
797° 55' 37*8o 
799° 4 24*32 
8oo° 13' 10*84 
8oi° 21' 57*35 

802° 30' 43*86 

8o8° 14' 36*36 
809° 23' 22*85 
8xo° 32' 9*34 
8 ix° 4 o; 55*83 
8X2° 49 42*31 

813° 58' 28*79 
| 815° 7' 15*27 
816 16 1*74 

817° 24' 48*21 

8 x8° 33 ' 34*68 

819° 42' 21*15 
820° 51' 7*6x 
821° 59' 54*°7 
823° 8' 40*52 
824° 17' 26*98 

825° 26' 13*43 
826° 34' 59*88 
M < 46*32 
828° 52' 32*76 
830° i' 19*20 

831° 10' 5*63 
832° 18' 52*06 
833“ 2/ 38*49 
834 36 24-92 
835° 45' 11 *34 

836° 53', 57*76 
838° 2'44*18 
839° II' 30*60 
84O 0 20 / 17*01 
84I 0 29' 3*42 


0-3215194 15-06 

0-3213080 15-08 

0-3210970 I5-I0 

0-3208864 I5-X2 


0-3206762 15-14 

0-3204664 15-10 

0-3202570 15-18 

0-3200481 15-20 

0-3198395 15*22 
0-3196314 15-24 

0-3194237 15-26 

0-3192164 15-28 

0-3190094 15-30 

0-3188029 15-32 

0-3185968 15-34 

0-3183911 15-36 

0-3181857 15-38 

0-3179808 15-40 

0-3177763 15-42 

0-3175721 15-44 

0-3173684 15-46 

0-3171650 15-48 

0-3169621 15-50 

0-3167595 15-52 
0-3165573 15-54 
0-3163555 15-56 

0-3161541 15-58 

0-3159531 15-60 

0-3157524 15-62 
0-3155522 15-64 

0-3153523 15-66 

0-3151528 15-60 

0-3149537 15-7° 

0-3147549 15-72 
0-3145565 15-74 
0-3143586 15-76 

0-3141609 15-70 

0-3139637 15-80 

0-3137668 15-82 

o-3i357°3 i 5"84 

o-3i3374i 15-80 

0-313x784 i5-8e 

0-3129830 15-90 

0-3127879 I5-95 

0-3125932 15-9^ 

0-3123989 15-90 

0-3122050 15-9* 

0-3120114 i6-ot 


J (16-00) =0-1994442 xoos 901° 29' 3*42— -0-1993773- 
y”[,“ (16-00) =0-1994442 x sin 901° 29' 3*42- -0-005x66 . 








730 


TABLES OE BESSEL FUNCTIONS 
Table IV. Values of J n (x) 


X 

Ji (*) 

/»(*) 

/<(*) 

/.(*) 

X 

- 

0*1 

0-2 

0-3 

o -4 

o -5 

o-6 

o-l 

o -9 

1*0 

i*i 
1*2 
i *3 
• 1-4 
r *5 

1*6 

3 

i *9 

2-0 

2*1 

2*2 

2 - 3 
2*4 

2*5 

2*6 

n 

2*9 

3 - o, 

3 *i 

3*2 

3*3 

3*4 

3*5 

3*6 

U 

3*9 

4 *o 

4 *i 

4*2 

4*3 

4*4 

4*5 

4*6 

3 

4*9 

5 *° 

+ 0*0012490 
+ 0*0049834 
+ 0*0111659 
+ 0*0197347 
+ 0*0300040 

+ 0*0436651 
+ 0*0587869 
.+ 0*0758178 
+ 0*0945863 
+ 0*1149035 

+ 0*1365642 
+ 0*1593490 
+ 0*1830267 
+ 0*2073559 
+ 0*2320877 

+, 0*2569678 
+ 0*2817389 
+ 0*3061435 
+ 0*3290257 
+ 0*3528340 

'+ 0*3746236 

+ 0*3950507 

+ 0*4139146 
+ 0*4309800 
+ 0*4460591 

+ 0*4589729 

+ 0*4095615 

+ 0*4776855 
+ 0*4832271 
+ 0*4860913 

+ 0*4862070 
+ 0*4835277 
+ 0*4780317 
+ 0*4607226 
+ 0*4580292 

+ 0*4448054 

+ 0*4283297 

+ 0*4093043 
+ 0 - 38 7 8 5 47 
+ 0*3641281 

+ 0*3382925 
+ 0-3105347 
*+ 0*2810592 
+ 0*2500861 
+ 0*2178490 

+ 0*1845931 
+ 0*1505730 
+ 0*1160504 
+ 0*0812915 
+ 0*0465651 

+ 0*0000208 
+ 0*0001663 
+ 0*0005593 
+ 0*0013201 
+ 0*0025637 

+ 0*0043997 
+ 0*0069297 
+ 0*0102468 
+ 0*0144340 
+ 0*0195634 

+ 0*0256945 
4 * 0*0328743 
+ 0*0411358 
+ 0*0504977 
+ 0*0609640 

+ 0*0725234 
+ 0*0851499 
+ 0*0988020 
+ 0,1 134234 
+ 0*1289432 

+ 0*1452767 
+ 0*1623255 
+ 0*1799780 
+ 0*1981148 
+ 0*2166004 

+ 0*2352938 
+ 0*2540453 
+ 0*2726986 
+ 0*2910926 
+ 0*3090627 

+ 0*3264428 
+ 0*3430064 
+ 0*3587689 

+ °*3733889 

+ 0*3867701 

+ 0*3987627 
+ 0*4092251 
+ 0*4180256 
+ 0*4250437 
+ 0*4301715 

+ °’ 4333 I 47 
+ °‘4343943 
+ °‘ 433347 o 
+ 0*4301265 
+ 0*4247040 

+ 0*4170686 
+ 0*4072280 
+ 0*3053085 
+ 0*381055! 

+ 0*36483x2 

+ 0*0000003 
4* 0*0000042 
+ 0*0000210 
+ 0*0000661 
+ 0*0001607 

+ 0*0003315 
+ 0*0000101 
+ 0*0010330 
+ 0*0016406 
+ 0*0024766 

+ 0*0035878 
+ 0*0050227 
+ 0*0068310 
+ o*oogo629 
+ 0*0117681 

+ 0*0149952 
+ 0*0187902 
+ 0*0231965 
+ 0*0282535 
+ 0*0339957 

+ 0*0404526 
+ 0*0476471 

+ °-°555957 
+ 0*0643070 
+ 0*0737819 

+ 0*0840129 
+ 0*0949836 
+ 0*1066687 
+ 0*1190333 
+ 0*1320342 

+ OT456177 
+ 0*1597218 

+ 0,I 742754 
+ 0*1891991 
+ 0*2044053 

+ 0*2197990 
+ 0*2352786 
+ 0*2507362 
+ 0*2660587 
+ 0*2811291 

+ 0*2958266 
+ 0*3100286 
+ 0*3236110 
+ 0- 33 O 450 i 
+ 0*3484230 

+ °’ 3594°94 
+ 0*3692925 

+ 0, 37796 o 3 

+ 0*3853066 
+ 0*3912324 

+ 0*0000001 
+ 0*0000006 
+ 0*0000026 
+ 0*0000081 

+ 0*0000199 
+ 0*0000429 
+ 0*0000831 
+ 0*0001487 
+ 0*0002498 

+ 0*0003987 
+ 0*0000101 
+ 0*0009008 
••+ 0*0012901 
+ 0*0017994 

+ 0*0024524 
+ 0*0032746 
+ 0*0042936 
+ °‘ 00 55385 
+ 0*0070396 

+ 0*0088284 
+ 0*0109369 
+ 0*0133973 
+ 0*0162417 
+ 0*0195016 

+ 0*0232073 
+ 0*0273876 
+ 0*0320690 
+ 0*0372756 
+ 0*0430284 

+ 0*0493448 
+ 0*0562380 
+ 0*0637169 
+ 0*0717854 
+ 0*0804420 

+ 0*0896796 
+ 0*0994854 
+ 0*1098400 
+ 0*1207178 
+ 0*1320867 

+ °’I 439079 
+ 0*1561363 
+ 0*1687200 
+ 0*1810009 

+ 0*1947147 

+ 0*2079912 
+ 0*2213550 
+ 0*2347252 
+ 0*2480108 
+ 0*2011465 

0*1 

0*2 

0*3 

o *4 

o -5 

o*6 

n 

o *9 

1*0 

i*i 

1*2 

1 - 3 

I *5 

1*6 

3 

1*9 

2*0 

2*1 

2*2 

2*3 

2*4 

2*5 

2*6 

n 

2- 9 
3.0 

3 - i 
3*2 
3-3 
3‘4 
3-5 

3-6 

3 - 7 
3*8 
3*9 

4 *o 

4 *i 

4*2 

4 - 3 
4'4 
4-5 

4*6 

3 

4 - 9 

5 - o 


^- 1 






TABLES OE BESSEL FUNCTIONS 731 


Table IV. Values of J n (x) 


JM 

JM 

/*(*) 

JM 

ns 

/.w 

■ 

+ 0-765198 
+ 0-223891 

- 0-260052 

- 0-397150 

- 0-177597 

+ 0-150645 

+ 0-300079 
+ 0-171651 

- 0-090334 

- 0-245936 

- 0-171190 
+ 0-047689 

+ 0-440051 
+ 0-576725 
+ 0-339059 

- 0-066043 

- 0-327579 

- 0-276684 

- 0-004683 
+ 0-234636 
+ 0-245312 
+ 0-043473 

- 0-176785 

- 0-223447 

+ 0-114903 
+ 0-352834 
+ 0-486091 
. + 0-364128 
+ 0-040565 

- 0-242873 

- 0-301417 

- 0-112992 
+ 0-144847 
+ 0-254630 
+ 0-139048 

- 0-004930 

+ 0-019563 
+ 0-128943 
+ 0-309063 
+ 0-430171 
+ 0-364831 
+ 0-114768 

- 0-167556 

- 0-291132 

- 0-180935 
+ 0-058379 
+ 0-227348 
+ 0-I95I37 

+0-002477 
+0-033996 
+0-132034 
+0-281129 
+0-391232 
+ 0-357642 

+0-157798 

- 0-105357 

- 0-265471 

- 0-219003 
~ 0-015040 
+0-182499 

+ 0-000250 
+ 0-007040 
+0-043028 
+0-132087 
+ 0-201141 
+ 0-362087 

+0-347896 
+0-185775 

- 0-055039 

- 0-234062. 

- 0-238286 

- 0-073471 

1 

2 

3 

4 

5 

6 

l 

9 

10 

11 

12 


X 

JM 

JM 

JM 

JM 

J\M 

JxM 

X 

1 

2 

3 

+ 0-000021 
+ 0-001202 
+ 0-011394 

+ 0-049088 

+ 0-000002 
+ 0-000175 
+ 0-002547 

+ 0-015176 

+ 0-000022 
+ 0-000493 

+ 0-000002 
+ 0-000084 

+ 0-000013 

+ 0-000002 

1 

2 

3 

4 

+ 0-004029 

+ 0-000939 

+ 0-000195 

+ 0-000037 

4 


+ 0-131049 

+ 0-053376 

+ 0-018405 

+ 0-005520 

+ 0-001468 

+ 0-000351 

5 

‘ b 

+ 0-245837 

+ 0-129587 

+ 0-056532 

+ 0-02II65 

+ 0-006964 

+ 0-002048 

6 

l 

9 

+ 0-339197 
+ 0-337570 
+ 0-204317 

+ 0-233584 
+ 0-320589 
+ 0-327461 
+ 0-2167II 

+ 0-I2797I 

+ 0-223455 
+ 0-305067 

+ 0-058921 

+ 0-12632I 

+ 0-214881 

+ 0-023539 
+ 0-060767 
+ 0-124694 
+ 0-207480 

+ 0-008335 

+ 0-025597 
+ 0-0622I7 

l 

9 

to 

- 0-614459 

+ 0-317854 

+ 0-291856 

+ 0-I23II7 

lo 

ii 

- 0-201584 

+ 0-018376 

+ 0-224972 

+ 0-308856 

+ 0-280428 

+ 0-20I0I4 

11 

12 

- 0-243725 

- 0-170254 

+ 0-045095 

+ 0’23030I 

+ 0-300476 

+ 0-270412 

12 


X 

JxM 

J\A X ) 

JxM 

JxM 

JxM 

Jxxi x ) 

X 

4 

+ 0-000006 

+ 0-000001 


_ 

_ 


__ 

4 

5 

+ 0-000076 

+ 0-000015 

+ 0-000003 

— 

— 


— 

5 

6 

+ 0-000545 

+ 0-000133 

+ 0-000030 

+ 0-000006 

+ 0-000001 


— 

() 

7 

+ 0-002656 

+ 0-000770 

+ 0-000205 

+ 0*000051 

+ 0-000012 

+ 

0-000002 

7 

8 

+ 0-009624 

+ 0-003275 

+ 0-001019 

+ 0-000293 

+ 0-000078 

+ 0-000019 

8 

9 

+ 0-027393 

+ 0-016836 

+ 0-003895 

+ 0-001286 

+. 0-000393 

+ 

0-000112 

9 

10 

+ 0-063370 

+ 0-028972 

+ 0-011957 

+ 0-004508 

+ 0-001567 

+ 

0-000506 

10 

11 

+ 0-121600 

+ 0-064295 

+ 0-030369 

+ 0-01300q 

+ 0-005110 

+ 

0-001856 

II 

12 

+ 0-195280 

+ 0-120148 

+ 0-065040 

+ 0-031613 

+ 0-013991 

+ 0-005698 

12 


cr<ui-£> 







































732 TABLES OF BESSEL FUNCTIONS 


Table IV. Values of J n (x) and Y n (x) 


X 

ZiaW 

Jib i x ) 

Jao( x ) 

X 

l 

+ o-oooooi 
+ 0-000005 

+■ o-oooooi 


l 

9 

+■ 0-000030 

+ 0-000007 

+ 0-000002 

9 

IO 

+ 0-000152 

+ 0-000043 

+ 0-000012 

10 

ii 

+ 0-000628 

+ 0-000199 

+ 0-000059 

11 

12 

+ 0-002152 

+ 0-000759 

+ 0 - 00025 I 

12 


X 

m*) 

ViW 

v.W 


Y<(*) 

X 

6 

~ 0-2881947 

- 0-1750103 

+ 0-2298579 

+ 0-3282489 

+ 0-0983910 

6 

7 

- 0-0259497 

- 0-3026672 

- 0-0605206 

+ 0-2680806 

+ 0-2903100 

7 

8 

+ 0-2235215 

- 0-1580605 

- 0-2630366 

+ 0-0265422 

+ 0-2829432 

8 

9 

+ 0-2499367 

+ 0-1043146 

- 0-2267557 

- 0-2050949 

+ 0-0900258 

9 

1 

+ 0-0556712 

+ 0-2490154 

- 0-0050081 

- 0-2513627 

- o-i 449495 

10 

m 

- 0-1688473 

+ 0-1637055 

+ 0-1986120 

- 0-0914830 

- 0-2485118 

11 

12 

~ 0-2252373 

- 0-0570992 

+ 0-2157208 

+ 0-1290001 

- 0-1512177 

12 


X 

v.(*) 

y.w 

Y 7 (*) 

v.W 


X 

6 

- 0-1970609 

- 0-4268259 

- 0-6565908 

- 1-1052194 

- 2-2906609 

6 

7 

+ 0-0637022 

- 0-1993068 

- 0-4053710 

- 0-6114352 

- 0-9921953 

7 

8 

+ 0-2564011 

+ 0-0375581 

- 0-2066639 

- 0-3876699 

- 0-5752760 

8 

9 

+ 0-2851178 

+ 0-2267718 

+ 0-0172446 

- 0-1999469 

- 0-3727057 

9 

H 

+ 0-1354030 

+ 0-2803526 

+ 0-2010200 

+ 0-0010755 

- 0-1992993 


m 

- 0-0892528 

+ 0-1673728 

+ O-27184I4 

+ 0-1786071 

- 0-0120492 

8M 

12 

- 0-2298179 

- 0-0402973 

+ 0-1895207 

+ 0-2614047 

+ 0-1590189 

12 


X 

YM 

V11W 

Yu(x) 

v ia (*) 

D 

6 

- 57667633 

- 16-9318836 

- 56-3168097 

- 208-3353554 

6 

l 

- 1-9399240 

- 0-9067010 

- 4-5504447 

- 1-6914765 

- 12-3614737 

- 3744«595 

- 1-5064942 

- 37-8317507 

- 9 - 543 ioi 8 

l 

9 

- 0-5454645 

- 0-3598142 

- 0-8394376 

- 3-1778801 

9 


- 0-5203290 

- 0-7849097 

- I -3634543 



- 0-1983240 

- 0-3485399 

- 0-4987558 

- 0-7396546 

HB 

12 

- 0-0228763 

- 0-1971461 

- 0-3385583 

- 0-4799704 

12 
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TABLES OE BESSEL FUNCTIONS 

Table IV. Values of 7 n ( x ) 



1-5342387 

1-0811053 


•6060246 
•4445x87 

- 0-3085099 

- 0-1906649 

- 0-0868023 
+ 0-0056283 
+ 0-0882570 

4 - 0-1621632 
4 - 0-2280835 
+ 0-2865354 
+ 0-3378951 
+ 0-3824489 

+ 0-4204269 
4 0-4520270 


4 0-4968200 

+ 0-5103757 

4 0 - 5 I 82937 
+ 0-5207843 
4 0-5180754 
4- 0-5104147 
4- 0-4980704 

4 - 0-4813306, 
4 0-4605035 
4 0-4359160 
4- 0-4079118 
4 0-3768500 

4- 0-3431029 

+ 0-3070533 

4 0-2690920 
4 0-2296153 

4 0 -I 8902 I 9 
4 0 -I 477 IOO 

4 0-1060743 
4- 0-0645032 
4 0-0233759 

- 0-0169407 

- 0-0560946 

- 0-0937512 

- 0-1295959 

- 0-1633365 

- o-I 947 ° 5 ° 

- 0-2234600 

- 0-2493876 

- 0-2723038 

- 0-2920546 


- 6-4589511 

- 3 - 3 2 3825 0 

- 2-2931051 
_ 1-7808720 

- 1-4714724 

- 1-2603913 

- 1-1032499 

- 0-9781442 

- 0-7^12128 

- 0-6981196 

- 0-6211364 

- 0-5485197 

- 0-479147° 

- 0-4x23086 


- 0-2847262 

- 0-2236649 

- 0-1644058 

- 0-1070324 

- 0-0516786 
4- 0-0014878 
4 0-0522773 
4 0-1004889 
4 0-1459181 

+ 0-1883635 
4 0-2276324 

4 0-2635454 
4 0-29594°! 
4- 0-3246744 

4 0-3496295 

4 0 - 3707 II 3 

4 0-3878529 
4 0-40X0IS3 
4 0-4101884 

4 0 - 4 I 539 I 8 
4 0-4166744 
4 0-4141147 
4 0-4078200 
4 0-3979257 


4 0 - 384594 ° 
4 0-3680128 
4 0-3483938 
4 0-3259707 

4 0-3009973 

4 0-2737452 
4 0-24450X3 

4 0-2T35652 
4 0-1812467 
4 0-1478631 


127-6447832 

- 32 -i 57 I 446 

- 14-4800940 

- 8-2983357 

- 5 ‘ 44 i 37°8 

- 3-8927946 

- 2-9614776 

- 2-3585562 

- 1-9459096 

- 1-6506826 

- I- 43 I 47 I 5 

- 1-2633108 

- 1-1304119 

- 1-0223908 

- 0-9321938 

- 0-8548994 

- 0-7869991 

- 0-7259482 

- 0-6698787 

- 0-6174081 

- 0-5675115 I 

- 0-5194317 

- 0-4726169 

- 0-4266740 

-0-3813358 

- 0 -3364356 

- 0-2918869 

- 0-2476693 

- 0-2038152 
0-1604004 


5099-3323786 o-x 

- 639-8190662 0-2 

- 190-7748150 0*3 

- 81-2024845 0-4 

- 42-0594943 °’5 


- 24-6915728 

- I 5 - 8 I 9479 I 

- 10-8146466 


o-6 
°-7 

10-8146400 0-8 

- 7 - 7753 O 05 0-9 

- «;- 82 l 5 i 76 ro 


- 0 .-II 75355 

- 0-0753587 

- 0-0340296 
+ 0-0062760 

+ 0-0453714 

+0-0830632 
+ 0 -H 9 I 55 1 


+ 0-1857626 
+ 0-2159036 

+ o-2437 OI 5 
+ 0-2689954 
+ 0-2916395 
+ 0-3115049 

+ 0-3284816 

+ 0-3424796 
+ 0 - 353430 8 
+ 0-3612893 
+ 0-3660328 
+ 0-3676629 


4-5072313 I’l 
3.5898996 1-2 

2-9296706 1-3 

2-4419696 1-4 

2-0735414 l "5 

1-7896705 i-6 

1-5670362 1-7 

I-3895534 
1-2458651 x-9 

1-1277838 2-0 

1-0292956 2-1 

O -9459092 2-2 

0-8742197 2-3 

0-8116122 2-4 

07560555 ,2-5 


0-6173586 

0 - 53854 IO 

0-50x2882 3-1 

0-4649097 3'2 

0-4291009 3*3 

0 - 39363 I 7 3‘4 

0-3583353 3*5 

0-3230993 3*6 

■ 0-2878581 3-7 

- 0-2525864 3-8 

- 0-2172943 3*9 

- 0-1820221 4-0 


- 0-1468365 

- 0-1118267 

- 0-0771012 
-< 0-0427844 

- 0-0090137 

+ 0-0240631 


+ 0-0875092 

+ 0-1175556 

+ 0-1402672 



nsnnm 












TABLES OE BESSEL FOTTOTIONS 


Table IV. Values of Y n (x) 



305832-2979 
- 19102-4148 

- 3801-0162 

- 1209-7389 

- 499-2726 

- 243-02293 

- 132-63406 

- 7875129 

- 49-88983 

- 33 ’ 2 7 <M 2 

: imi] 

- 12-391145 

- 9-443193 

- 7*301972 

- 5-856365 

- 4 ‘ 743 Z I 7 

- 3-905897 

- 3 - 2 6443 2 

- 2-765943 

- 2-3733331 

- 2-0603205 

- 1-8079562 

- 1-6023566 

- 1 -4331973 

- 1-2926953 

- 1-1749076 

- 1-0752421 

- 0-9901112 

- 0-9166828 

- 0-8526997 

- 0-7963470 

- 0-7461539 

- 0-7009203 

- 0-0596606 

- 0-6215621 

- 0-5859520 

- 0-5522725 

- 0-5200615 

- 0-4889368 

- 0-4585842 

- 0-4287478 

- 0-3992226 

- 0-3698472 

- 0-3404998 

- 0-3110929 

- 0-2815701 

- 0-2519027 

- 0-2220872 

- 0-1921423 


■ 24461484*502 

- 765850-775 

- 101169-657 
- 24113-576 
- 794 O- 30 I 

3215-6142 

1499-9983 

- 776-6983 

- 435-6898 

- 260-4059 

- 163-88133 

" io 7'65 i 35 

- 73-32353 

- 5 I- 5 I 9 I 3 

- 37 " I 903 i 

- 27-492154 

- 20756338 

- 15-909987 

- 12-499113 

- 9-935989 


- 6-546165 

- 5-414324 

- 4-529570 

- 3-830176 

- 3-271567 

- 2-821130 

- 2-454762 

- 2-154277 

- 1-905946 

- 1-6992271 

- 1 *5259577 

- I " 379757 I 

- 1-2555924 

- 1-1494603 

- 1-0581497 

- 0-9790651 

- 0 -QIOP 926 

- 0-8494985 
■ 0-7958514 

• 07479619 

: 

0-6296652 

0-5963194 

0-5650943 

°" 535559 i 

0-5073471 

0-4801469 

0-4536948 


- 2443842617-9 

- 38273676-3 

- 3368520-9 

- 601629-7 

- 158426-8 

53350-547 

21295-913 

- 9629-977 

- 4791-108 

- 2570-780 

- 1466-6768 

- 880-4084 

- 551-0360 

“ 358-5506 

- 240-5734 

- 165-96960 

- 117-35239 

- 84-81625 

- 62-52037 

- 46-91400 

" 35-77892 

- 27-69498 
" 21-73258 

- 17-27088 

- 13-86751 

- 11-290256 

- 9*273796 

- 7-691764 

- 6-438430 

“ 5-436470 

- 4-628678 

- 3-972271 

- 3-434928 

- 2-991999 

- 2-624512 


- 2-0601699 

- 1-8427079 

■ 1-6581398 
• 1-5006918 

■ 1 -3657130 
1 - 2 494327 


1-0012100 

0-9846543 

0 - 9 X 73730 

0 - 8579 X 74 

0-8050705 

0 -7578045 

0 - 7 l 52474 


- 293476652667 

- 2295654722 

- I34639666 

- 18024776 
- 3794296 

1063795-33 
~ 363572-80 

- X 43072-96 

“ 634 ^*75 

- 30588-96 

- 15836-229 

- 8696-433 

- 5018-701 

- 3021-772 

- 1887-397 

- 1217-2798 

- 807-6135 

: Itmv 

- 271-5480 

- 196-43901 

- 1 44-5x734 

- I ° 7 - 973 o 6 

- 81-82481 

- 62-82986 

- 48-83731 

- 38-39572 

- 30-50994 

" 24-48750 

- 19-83994 

- 16-218237 

- 13-370058 

- 11-110890 


6-667659 

5-702567 

4-908985 

4-252470 

3-706224 


- 3-249247 

- 2-864972 
2-540242 
2-264544 
2*029425 

1-8280526 
1-6548682 
1 '5053290 
1 -3757009 
1-2628988 
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Table IV. Values of F n (*) 


X 


y.w 



- 4io8428553o8[2] 

- 1606575569 V 

- 62798159 a. 

- 63026552 

- io6o8i9[2j 

- 24768540-5 

- 7250160-1 

- 2504646-8 

- 982142-7 

- 425674-6 

- 200085-33 

- 100577-97 

- 53495-91 

- 29859-17 

- 17375-13 

- 10485-229 
“ 6533-582 

- 4188-852 

- 2754-916 

- 1853-922 

- 1273-8144 

- 891-9608 

- 635-4947 

- 460-0405 

- 337-9597 

- 251-67985 

- 189-81514 

- 144-85794 

- 111-77710 

- 87-14989 

- 68-61497 

- 54-52173 

- 43-70218 

- 35-32025 

- 28-77095 

- 23-612043 

- 19-517110 

- 16-243027 I 

- 13-607138 I 

- 11-471092 

- 9-729277 

- 8-300474 

- 7-121782 

- 6-144157 

: - 5 - 329 II 4 

) - 4-646265 

r “ 4-07I477 

5 - 3-585472 

j - 3-172769 

> - 2-820869 


65731922082783, 
- 128503088953 
- 3347888753, 
- 25192597 3, 

- 339082513] 

- 659430617 

- 165354373 

- 49949263 

- 17396869 
- 6780205 


- 2894495‘9 

- I 332343-2 

- 653392-5 

- 338225-9 

- 183447-3 


- 103635-01 

- 60684-92 

- 36684-77 

- 22816*93 

- X 4559-83 

- 9508-814 
" 6 342 - 47 i 

- 4312-860 

- 2985-112 

- 2100*112 

- 1499-9618 

- 1086-4347 
“ 797-2497 

- 592-2137 

- 444*9595 

- 337‘92355 

- 259-23861 

- 200-77848 

- 156-90853 

- 123-67548 

- 98-27476 

- 78-69575 

- 63-48271 

- 51-57168 

- 42-17814 

- 34-71866 

- 58-75588 

- 23-95941 

- 20-07785 

- 16-91853 


- 14-332870 

- 12-205480 

- 10-446246 

- 8-984362 

- 7-763883 


- H831335132045K 

- *1563671430,3. 

- 200810527^5 

- 113303603' 

- 1219636I3 

- I9758i500[2 

- 42447194 2, 

- 11213538.2, 

- 3469552 2] 

- 1216180 2 


- 47164393 

- 19884570 

- 8993478 

- 4318759 

- 2183993 

1155408-6 

- 630012-7 

- 362658-9 

- 213405-5 

- 129184-5 

- 80230-30 

- 51000-98 

- 33 II 7*32 

- 21928-30 

- 14782-85 

- 10132*671 

- 7053-083 

- 4980-319 

- 3564*032 

- 2582-607 

- 1893-5218 

- I 403-6955 

- 1051-4532 

- 795-3720 

- 607-2744 

- 467-7617 

- 363-3271 

- 284-46^5 

- 224-4160 

- 178-3306 

- 142-69412 

- 114-93902 

- 93-17343 

- 75-99248 

- 62-34502 


- 35-58795 

- 29-83101 

- 25-12911 


The numbers to t J »■» *» 

points. For example, the integral part of x 10 [ o . i ) ib a uuiu 
Erst 14 are given. 
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Table TV. Values of e~®J n ( x) 




• 

X 



*-*I *(*0 


X 


O'l 

0-2 

0-3 

o- 4 

o-5 

o-6 

3 

o-g 

i-o 

i-l 

1-2 

1-3 

i'4 

i-5 

1*6 

ll 

1- g 

2- 0 

2-1 

2-2 

2-3 

2-4 

2- 5 

2-6 

3 

2'9 

3- 0 

3'i 

3'2 

33 

3-4 

35 

3-6 

n 

3- 9 

4- o 

4-i 

4-2 

4-3 

4-4 

4*5 

4-6 

U 

4*9 

5*o 

0-0011320 

0-00*11073 

0-0083969 

0-0135860 

0-0193521 

0-0254458 

0-0316770 

0-0379022 

0-6440151 

0-0499388 

0-0556193 

0-0610206 

0-0661209 

0-0709088 

0-0753811 

0 -°795406 

°-°»33947 

0-0869539 

0-0902306 

0-0932390 

00959939 

0-0985103 

0-1008034 

0-1028881 

0-1047787 

0-1064892 

0-1080327 

0-1094217 

01106680 

0-1117825 

0-1127758 

0-1136572 

°-i i 44358 

0-1151197 

0-1x57167 

0-1162339 

0-1166776 

0-1170540 

0-1173686 

0-1176265 

0-1x78323 

0-1179905 

0-1181048 

0-1181791 

0-1182166 

0-1182204 

0-1181933 

0-1181380 

0-1180568 

0-1,1795x9 

0-ooooi8q 

0-000x368 

0-0004191 

0-0009027 

0-0016043 

0-0025257 

0-0036505 

0-0049877 

0-0064938 

0-0081553 

0-0099497 

0-0118547 

0-0138486 

0-0159110 

0-0180231 

0-020x679 

0-0223299 

0-0244955 

0-0266527 

0-0287912 

0-0309022 
. 0-0329781 
0-0350x27 
0-0370010 
0-0389387 

0-0408227 

0-0426507 

0-0444207 

0-0461318 

o-°477833 

°*°49375o 

0-0509071 

0-0523802 

°*°537949 

0*0551523 

°* 0 5&4535 

0-0576990 

0-0588928 

0-0600338 

0-061x243 

0-0621661 

0-0631607 

0*0641090 

0-0650147 

0-0658774 

0-0666994 

0*0674822 

0-0682274 

0-0689364 

0-0696107 

0-0000002 

0-0000034 

0-0000157 

0-0000450 

o-oooiooo 

0-0091886 

0-0003182 

0-0004948 

0-0007233 

0-0010069 

0-0013479 

0-0017471 

0-0022045 

0-0027189 

0-0032885 

0-0039110 

0-0045834 

0-0053023 

0-0060642 

0-0068654 

0-00770x9 

0-0085701 

0-0094659 

0-0x03857 

0-0113259 

0-0122829 

°*oi32534 

0-0142344 

0-0152228 

0-0x62159 

0-0172x12 

0-0182063 

o-oigigio 

0-0201876 

0-0211700 

0-0221447 

0-0231102 

0-0240654 

0-0250090 

0-0259400 

0-0268576 
0-02 77610 
0-0280495 

0-0295227 

0-0303800 

0-03I22I2 

0-03:20458 

0-0328538 

°'°336449 

0-0344x90 

0-000000X 

0-0000005 

0-0000018 

0-0000050 

0-0000113 

0-0000222 

0-0000394 

O-OOOO647 

0-0000999 

0-OOOX468 

0-0002072 

0-0002826 

0-0003746 

0-0004843 

0-0006I29 

0-00076IX 

0-0009298 

0-00III92 

0-0013298 

0-00156x5 

0-0018142 

0-0020879 

0-0023819 

0-0026960 

0-0030293 

0-0033813 

o* oo 375ix 

0-0041380 

0-0045409 

0-0049590 

0-0053913 

0-0058369 

0*0062947 

0-6067638 

0-0072431 

0-0077318 

0-0082288 

0-0087333 

0-0092443 

0-00976x1 

0-0102826 

0-0108082 

0-0113371 

0-0118685 

0-0x24017 

0-0x29361 

o-oi347ix 

0-0140060 

0-0145403 

O-I 

0-2 

0-3 

0-4 

P *5 

o-6 

3 

o-g 

i-o 

i-i 

1*2 

i-3 

1-4 

1-5 

i-6 

3 

1- 9 

2- 0 

2-1 

2-2 

2-3 

2-4 

2-5 

2-6 

3 

2- 9 

3- o 

3*i 

3*2 

3*3 

3-4 

3*5 

3-6 

U 

3- 9 
40 

4*i 

4*2 

4- 3 
4*4 
4-5 

4-6 

U 

4- 9 

5- 0 
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O'l 

0-2 

0-3 

o -4 

o -5 

o*6 

°o% 

o-g 

1*0 

i-i 
1-2 
1*3 
i *4 
i *5 

1-6 

a 

1- 9 

2 - 0 

2*1 

2-2 

2*3 

2*4 

2*5 


K 0 (*) 

Ki(*) 

K* W 

2-4270690 

1-7527039 

1-3724601 

1-1145291 

0-9244191 

9 * 853844 8 

4.7759725 

3*0559920 

2-1843544 

I- 65644 II 

199-5039646 7 

49-5124293 
2 i- 74574 0 3 
12-0363013 
7-5501836 

07775221 

0-0605199 
o- 565347 i 
0-4867303 
0-4210244 ■ 

I.3O28349 

I- 05 O 2835 

0-80I78I6 

0 - 7 I 65336 

0-60X9072 

5-1203052 

3-6613300 

2-7198012 

2*0790271 

1-6248389 

0*3656024 

0-3185082 

0-2782476 

0-2436551 

0-2138056 

O- 5 O 9760 O 

0-4345924 

0-3725475 

0-3208359 

0-2773878 

1-2924388 

1-0428289 

0-8513976 

0-7019921 

0-5836560 

0-1879548 

0-1654963 
o-1 4593 1 4 
0-1288460 

0-1138939 

0-2406339 

0 - 2 O 93625 

0-I82623I 

0-I596602 

0 -I 398659 

0-4887471 

0-4118051 

0-3488460 

0-2969093 

0-2537598 

0-1007837 

0-0892690 

0-0791399 

0-0702173 

0-0623476 

0 -I 227464 

O-IO78968 

0-0949824 

0-08372.48 

0-0738908 

0-2176851 

0-1873570 

0-16x7334 

o-x399080 
0-1214602 

0-0553983 

0-0492554 

0-0438200 

0-0390062 

0-0347395 

0-0652840 

0-0577384 

0-05III27 

0-0452864 

OO4OI564 

0-1056168 

0-0920246 

0-0803290 

0*0702383 

0-0015105 

0-0309547 

0-0275950 

1 0-0246106 

. 00219580 

0-0195989 

0 - 035634 X 

0 - 03 I 6429 

0-028ll69 

0’0249990 

0-0222394 

0*0539444 

0-0473718 

0-0416512 

0-0366633 

0-0323071 

5 0-0174996 

0-0156307 
0-0139659 
9 0-0124823 

0 0-0111597 

0 - 0 X 97950 

0-0I70280 

0 - 0 I 57057 

0*0139993 

0 -OI 24835 

0-0284968 

0-0251593 

0-0222321 

0-0196614 

0-0174014 

1 0-0099800 

2 0-0089275 

3 0-0079880 

4 0-0071491 

5 0-0063999 

0-OIH363 

0-0099382 

0-OO88722 

0-0079233 

0*0070781 

0-0154123 

0-0136599 

0-012x146 

0-0107506 

0-0095457 

6 0-0057304 

7 0-0051321 

8 0-0045972 

9 0-0041189 

0 0-0036911 

0-0063250 

0-0056538 

0-0050552 

0-00452I2 

0-0040446 

0-0084804 

0-0075380 

0*0067036 

0-0059643 

0-0053089 


K» (*) 


0*1 
0-2 
0*3 
°‘4 

62-0579095 0-5 

35*4382031 o-6 

21-9721690 o- 
14-4607876 o- 
9-9560542 o-g 
7-1012628 i-o 


5 3 » 

2-9922325 

2-3265275 

I -8338037 


I-I 

1-2 

1-3 

1-4 

1-5 


1-4625018 1-6 

1-1783157 1-7 

0-9578363 I "8 

0-7847324 1-9 

0-6473854 


2-0 


0-5373847 2-1 

0-4485459 2- 

o-3762579 2-3 

0-3170382 2-4 

0-2682271 2-5 


0 - 22777 X 4 
0-1940711 
0-1658685 
o-142166b 

0 -I 22 I 704 

O-X 052398 

0-0908577 

0-0786032 

0-068x32- 

o-059i6ic 


2-6 
2- 
2- 

2 - 9 

3 - o 

3 " 1 

3-2 

3-3 

3-4 

3-5 

3-6 


0-0514581 
0-0448273 3*7 

0-0391079 3-8 

0-0341649 3*9 

0-0298849 4-0 


0-0261727 
0-0229477 
0-0201416 
0-0176965 
0-0x55631 

0-0136993 

0-0120691 

0-0106415 

0-0093900 

0-0082918 


4 -i 

4-2 

4-3 

4*4 

4*5 

4-6 

4-2 

4 -b 

4*9 

5 *o 


W. B.T. 
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Table IV. Values of AT n (a;) 


* 

Ki M 

*5 <*) 

*.(*) 

K , ( x ) 

X 

o-i 

0-2 

0-3 

o -4 

o-5 

479600-2498 

29900-2492 

5881-7297 

1850-2468 

752-2451 

38376010-00 

II 97 O 04-99 

I 57 i 39 -i 2 

37127*48 

12097-98 

3838080599-8 

59880149-8 

5243852-5 

930037-3 

242711-8 

460608047990 
3594005995 
209911239 
27938248 
5837182 

O-I 

0*2 

0-3 

o*4 

o*5 

o-6 

o-l 

o-g 

1*0 

359*502336 

191*994207 

111*175708 

68*456722 

44*232416 

4828-8027 

2216-1917 

1126*2179 

618-4609 

360-9606 

80839*547 

3 i 8 5 oo 75 

14188-899 

0940-244 

3653-83S 

162161974 

548248-34 

213959 * 7 ° 

93i55*°5 

44207-02 

o-6 

U 

o -9 

1-0 

i-i 
1-2 
i *3 
1-4 
i-5 

29-708098 

20*596272 

14*661702 

10*672824 

7*918871 

221-26843 

141-21917 

93-21809 

63-31409 

44-06778 

2041-2393 

1197-4227 

7317239 

462-9164 

301-7041 

22489-333 

12115-446 

6847-593 

4031-169 

2457-700 

i-i 

1-2 

1*3 

i*4 

i*5 

1-6 

1 7 
1-8 

1 - 9 

2- 0 

5-973129 

4*570567 

3*541634 

2*775011 

2*195916 

31-328146 

22-686864 

16-698431 

12-468991 

9-431049 

201-77404 

138-02271 

96-31069 

68-40128 

49*35116 

I544-6334 

996-9648 

658-7697 

444*4771 

3°5*538° 

1-6 

;:i 

1 - 9 

2- 0 

2-1 

2-2 

2-3 

2-4 

2*5 

1*7530699 

1*4106641 

1-1432756 

0*9325836 

0-7652054 

7-215746 

5*578234 

4*352869 

3-425650 

2-716884 

36*113765 

26-766271 

20*068791 

15-206127 

11-632743 

213-58012 

151-57608 

109-05961 

79*45628 

58-55405 

2-1 

2-2 

2-3 

2*4 

2*5 

a»6 

3 

2 - 9 

3 - o 

0-6312432 

0*5232937 

o*43576i5 

0*3643764 

0*3058512 

2-1700581 

1 * 744571 1 
1-4109012 
i*i 473430 
0*9377736 

8-977621 

6-984668 

5-474694 

4-320732 

3*43i763 

43-60523 

32*7 8 754 

24*87388 

19-02623 

14*66483 

2-6 

ll 

2 - 9 

3- 0 

3‘i 

32 

3-3 

3*4 

3‘5 

0-2576343 

0-2177299 

0-1845662 

0-1568967 

o*I 337274 

0-7701024 

0*0351824 

0-5260364 

0 '4373on 

0-3648244 

27418356 

2-2026750 

1-7786158 

1 ’ 443 0 764 
1-1760828 

11 *383660 
8-895214 
6*993730 
5*530512 
4-397108 

3*i 

3*2 

3*3 

3*4 

3*5 

3*6 

13 

3 - 9 

4 - o 

0*1142604 

0-0978523 

0*0839814 

6-0722228 

0-0622288 

°* 30537 01 

0-2563998 

0-2159108 

0-1823141 

°* i 543425 

0-9625106 

0-7908246 

0-6521676 

0 *5396949 

0-4480852 

3*513739 

2*821236 

2*275387 

1-842914 

1-498598 

3*6 

n 

3*9 

4 *o 

4‘i 

4-2 

4*3 

4‘4 

4‘5 

4-6 

n 

4- 9 

5 - o 

0 * 0537 I 39 

0-0464423 

0-0402191 

0-0348822 

0-0302965 

0-0263491 

0-0229453 

0-0200054 

0-0174623 

0*0152591 

0-1309802 

0-1114092 

0-0949678 

0-0811187 

0-0694230 

0*0595239 

0-0511250 

0-0439839 

0-0378998 

0-0327063 

0, 373 i 778 

0-3117023 

0-2610745 

0-2192429 

°’ i 8457 i 3 

0 ,i 55749 o 

0*1317219 

0-1116385 

0-0948088 

0-0806716 

1-2232080 

1-0019872 

0*8235478 

0-6790539 

0-5616138 

0-4658258 

0*3874361 

0-3230800 

0-2700847 

0-2263181 

4-1 

4*2 

4*3 

4*4 

4*5 

4*6 

n 

4*9 

5 *o 
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Table IV. Values of K n (x) 


X 

K a (x) 

K 6 (x) 

K 10 [x) 

i 

X 

0-1 

0-2 

0-3 

o-4 

o*5 

o*6 

SI 

0-9 

i-o 

1- i 
1-2 

i'4 

i*5 

1-6 

11 

i*9 

2- 0 

2-1 

2-2 

2*3 

2-4 

2-5 

2-6 

n 

2- 9 

3- 0 

3-i 

3.2 

3‘3 

3- 4 
3'5 

36 

11 

39 

4- 0 

4-1 

4-2 

4'3 

4’4 

4‘5 

4-6 

H 

4-9 

5*0 

644889647992 [2] 
2516402998E2] 
98011017E2] 

?»] 

37918633-59 

10996818-09 

3758483-72 

1456018-75 

622552-12 

288269-12 

142544-29 

74475-03 

40774-60 

23240-24 

13717-316 

8348-321 

5220-075 

3343-496 

2188-117 

1459-9812 

99I-34I3 

683-9099 

478-7011 

339-5354 

243-7750I 

1 70-99414 

129-84408 

96-17151 

71-86702 

54-I5I9I 

41-11023 

31-44899 

24-21577 

18-76452 

14-627050 

11-465773 

9"°35 I 74 

7-I55283 

5 " 693 i 79 

4-549986 

3-051659 

2-942393 

2-379869 

1-931814 

;:i i^iii 

1-0539552 

0-8664794 

0-7143624 

I03i8694975920[3] 

20134817990F3] 

522935335.3] 

39I78686[3] 

5243719C3J 

1012785182 

251904104 

75383634 

25977933 

10005041 

4 2I 5494’7° 

1912706-01 

923463-36 

470026-62 

250353-61 

138717-80 

79569-4° 

47059-44 

28600-23 

17810-48 

11337-247 

4866*694 

3270-797 

2231-581 

1543-7592 

1081-6417 

766-8400 

5.49-6277 

397-9588 

290-87739 

214-49139 

I59-47366 

119-48709 

90-17775 

6852285 
52-40296 
40-31822 
31-19792 
24-27131 # 

18-979250 

14-913071 

11-771986 

9-333122 

7-430286 

5-93S798 

4-704583 

3-836264 

3-099405 

2-512278 

18574295846304E5] 

18123852594E5] 

313859212F5] 

1764019715] 

i 889376 [ 5 J 

3?42i474i [2] 
64885309 2] 
16998902 2] 
5210147I2] 

1807133 [2] 

69269092 

28833134 

12860891 

6083974 

3027484 

I574292-56 

850847-84 

475814-46 

274293-04 

162482-40 

98636-38 

61220-4I 

38771*08 

25009-68 

16406-92 

I093I-338 

7387-939 

5059-530 

3507-654 

2459-620 

I743-II74 

1247-6333 

90I-3053 

656-7945 

482-5358 

357-24I3 

266-399I 

200-0I62 

15I-I457 

114-9X41 

87-87352 

67-56482 

52-22047 

40-56082 

31-65296 

24-812255 

I9-533I25 

15*439940 

12-252049 

9-758503 

o-i 

0-2 

0-3 

o-4 

°-5 

o -6 

SI 

0-9 

1-0 

i-i 

1-2 

1-3 

1-4 

i-5 

1-6 

1-7 

i -8 

1- 9 

2- 0 

2-1 

2-2 

2-3 

2-4 

2-5 

2-6 

u 

2- 9 

3- o 

31 

3-2 

3*3 

3-4 

3-5 

3*6 

11 

3- 9 

4- 0 

4 -i 

4-2 

4-3 

4-4 

4-5 

4*6 

11 

4- 9 

5- o 


The numbers in [ ] are the numbers of digits between the last digits given and the decimal 
points. For example, the integral part of (o-r) is a number containing 19 digits of whioh the 
first 14 are given. 


47—2 




740 


TABLES 03? BESSEL FUNCTIONS 


Table V. Values of «/ ±(n + i) (x) 


X 

A ( *> 

S-tM 


J -5 (*) 

Jt £ ( x ) 

-/-l« 

X 

1 

2 

3 

4 

5 

+ 0*671397 
+ 0*513010 
+ 6*065008 

- 0*301921 

- 0*342168 

+ 0*431099 

- 0*234786 

- 0*456049 

- 0*260706 
+ 0*101218 

+ 0*240298 
+ 0*491294 
+ 0*477718 
+ 0*185286 
- 0*169651 

- 1*102496 

- 0*395623 
+ 0*087008 
+ 0*367112 
+ 0*321925 

+ 0*049497 
+ 0*22392 5 
.+ 0*412710 
4 - 0*440885 
+ 0*240377 

+ 2*876388 
+ 0*828221 
+ 0*369041 

- 0*014568 

- 0*294372 

1 

2 

3 

4 

5 

6 

l 

9 

io 

- 0*091016 
+ 0*198129 
+ 0*279093 
+ 0*109608 
-- 0*137264 

+ 0*312761 
+ 0*227356 

- 0*041045 

- 0*242326 

- 0*211709 

- 0*327930 

- 0*199052 
+ 0*075931 
+ 0*254504 
+ 0*197983 

+ 0*038889 

- 0*230608 

- 0*273962 

- 0*082683 

+ 0-158435 

- 0*072950 

- 0*283437 

- 0*250619 

- 0*024773 
+ 0*196659 

- 0*332205 

- 0*128524 
+ 0*143781 
+ 0*269886 
+ 0*164179 

6 

l 

9 

10 

11 

12 

13 

14 

15 

- 0*240569 

- 0*123589 
+ 0*092980 
+ 0*211241 
+ 0*133968 

+ 0*001064 
+ 0*194364 
+ O*20o8l2 
+ 0*029158 
- 0*156506 

- 0*022934 

- 0*204603 

- 0*193660 

- 0*014070 
+ 0-165437 

+ 0*240472 
+ 0*107392 

- 0*108427 

- 0*213323 

- 0*123534 

• + 0 - 2343 I 4 
+ 0*072423 

- 0-137671 

- 0*214256 

- o* 100880 

- 0*066647 

- 0*221212 
- 0*175790 

+ 0*016554 
+ 0*l8l212 

11 

12 

13 

14 

15 

16 

ll 

19 

20 

- 0*057428 

- 0*106045 

- 0*141233 
+ 0*027435 
+ 0*162881 

- o*igi025 

- 0-053248 
+ 0*124181 
+ 0*180980 
+ 0*072807 

+ 0*187436 
+ 0*042305 

- 0*132027 

- 0*179536 

- 0*064663 

+ 0*069367 
+ 0*1891*78 
+ o-i 34334 

- 0*036960 

- 0*166521 

+ 0-092573 
+ 0*193511 
+ 0*119229 

- 0*055782 

- 0*172580 

+ o*i78oi9 / 
+ 0*019864 

- 0*146570 

- 0 -i 75 i 44 

- 0*047829 

16 

\l 

19 

20 

21 

22 

23 

24 

25 

+ 0*145672 

- 0*001506 

- 0*140786 

- 0*147489 

- 0*021120 

- 0-095367 

- 0*170103 

0*088648 
+ 0*069085 
+ 0*158173 

+ 0*102303 
+ 0*170034 
+ 0*082527 

- 0*075230 

- 0*159018 

- 0*141131 
+ 0*009238 
+ 0*144640 
+ 0*144611 
+ 0-014793 

- 0-131058 
+ 0-024692 
+ 0*151550 
+ 0*138086 
+■ 0*002038 

+ 0*115528 
+ 0*168843 
+ 0*069782 

- 0*087161 

- 0*159948 

21 

22 

23 

24 

25 

26 

ll 

29 

3 ° 

+ 0*119324 
+ 0*146854 
+ 0*040849 
- 0*098326 
" 0 -I 43930 

+ 0-101229 

- 0-044859 

- °- I 45 i 47 

- 0*110835 
+ 0*022470 

- 0*096639 
+ 0*050298 
+ 0*146606 
+ 0*107444 

- 0*027268 

- 0*123217 

- o-i 45 i 93 

- 0*035665 
+ 0*102148 
+ 0*143181 

- 0-130474 

- 0*141266 

- 0*025141 
+ 0*109441 
+ 0*141203 

- 0*087011 
+ 0*060991 
+ 0*148969 
+ 0*100268 

- 0*036788 

26 

ll 

29 

30 

3 1 

32 

33 

34 

35 

- 0*057900 
+ 0*077777 
+ 0*138882 
+ 0*072398 
~ 0*057748 

+ 0-131087 
+ 0-117665 

- 0*001844 

- 0*116115 

- 0*121878 

- 0*132954 

- 0*115235 
+ 0*006057 
+ 0*118244 
+ 0*120228 

+ 0*053672 

- 0*081454 

- 0*138826 

- 0*068982 
+ 0*061230 

+ 0*045034 

- 0*088581 

- 0*138331 

- 0*061964 
+ 0*068053 

- 0*136281 

- 0*110029 
+ 0*014465 
+ 0*122202 
+ 0-II6630 

31 

32 

33 

34 

35 

36 

ll 

39 

4 ° 

- 0*131887 

- 0*084414 
+ 0*038360 
+ 0*123138 
+ 0*094001 

- 0*017017 
+ 0*100400 
+ 0*123619 
+ 0*034067 

- 0*084139 

+ 0*013353 
- 0*102082 
- 0*122610 
- C^O 309 I 0 

+ 0*086489 

+ 0*132360 
+ 0*081700 

- 0*041013 

- 0*124012 

- 0*091898 

+ 0*133000 
+ 0*076088 

- 0*048040 

- 0*125516 

- 0*087514 

+ 0*005987 

- 0*107025 

- 0*120334 

- 0*024528 
+ 0*091031 

36 

ll 

39 

40 

4 1 

42 

43 

44 

45 

- O-OI9766 

- 0 -II 2839 

- 0*101207 
+ 0*002 r 29 
+ 0*101208 

- 0*123031 

- 0*049245 
+ 0*067544 
+ 0*120267 
+ 0*062483 

+ 0*122549 

+ 0*046558 

- 0*069898 

- o*i 20218 

- 0*060234 

+ 0*022766 
+ 0*114011 
+ 0*099636 

- 0*004863 

- 0*102596 

+ 0*028733 
+ 0*116164 
+ 0*096331 

- 0*010326 

- 0*105223 

+ 0*121365 

+ 0 - 04 II 0 I 

- 0*074495 

- 0*119958 

- 0*055643 

4 1 

42 

43 

44 

45 

46 

% 

49 

5 ° 

+ 0*106088 
+ 0*014382 

- 0*088476 

- 0*108712 

- 0*029606 

- 0*050842 

- 0*115491 

- 0*073722 
+ 0*034263 
+ 0*108885 

+ 0*053148 
+ 0*115797 
+ 0*071879 

- 0*036481 

- 0*109477 

- 0*104983 

- 0*011925 
+ 0*090012 
+ 0*108013 
+ 0*027428 

- 0*102622 

- 0*006991 
+ 0*092968 
+ 0*106479 
+ 0*023037 

+ 0*057689 
+ 0*116253 
+ 0*068096 

- 0*040876 

- 0*110530 

46 

H 

49 

50 










TABLES OF BESSEL FUNCTIONS 
Table V. Values of J ± ( u +\) (®) 


X 

ii M 

i-i<*> 

i t <*> 

i-»W 

X 

1 

2 

3 

4 

5 

+ 0-007186 

+ 0-068518 

+ 0 - 2 IOI 32 

+ 0-365820 

+ 0 - 4 I 0029 

- I 3'279444 . 

- 1-674928 

- 0-702076 

- 0-348902 

- 0-027552 

+ 0-000807 
+ 0-015887 

+ 0-077598 

+ 0-199300 
+ 0-333663 

+ 90-079718 
+ 5-034028 
+ 1-269137 
+ 0-625147 
+ o- 33 2 945 

1 

2 

3 

4 

5 

6 

l 

9 

IO 

+ 0 - 267 I 39 

- 0-003403 

- 0-232568 

- 0-268267 

- 0-099653 

+ 0-237949 
+ 0-322411 
+ 0-184099 

- 0-067254 

- 0-240524 

+ 0-384612 
+ 0-280034 
+ 0-047122 

- 0-183879 

- 0-266416 

+ 0-054598 

- 0-193887 

- 0-304868 

- 0-217577 

+ 0-004188 

6 

9 

10 

11 

12 

13 

14 

15 

+ 0 -I 29440 

+ 0-234840 
+ 0-140709 
- 0-002450 
- 0 -I 99063 

- 0-210178 

- 0-015220 

+ 0-176039 

+ 0-2074II 
+ 0-063130 

- 0-151943 

+ 0-064567 

+ 0-213437 

+ 0-183031 
+ 0-007984 

+ 0-200397 
+ 0-230091 
+ 0-001000 

- 0-120260 

- 0-210673 

11 

12 

13 

14 

15 

l6 

ll 

19 

20 

- 0-158507 
+ 0-014610 
+ 0-165146 
+ 0-164856 
+ 0-02I5I8 

- 0-124998 

- 0 -I 95020 

- 0-093620 
+ 0-083050 
+ O-I78478 

- 0-161920 

- 0-187495 

- 0-055005 

+ 0-116519 
+ o-180111 

- 0-123323 
+ 0-060438 
+ 0-182978 
+ 0-144546 

- 0-014639 

16 

ll 

19 

20 

21 

22 

23 

24 

25 

- 0-133507 

- 0-164423 

- 0-04958! 

+ 0-103998 
+ 0 -I 59426 

+ 0-113625 

- 0-047611 

- 0-I598IO 

- 0-I26452 

+ OOI7I96 

+ 0-086555 

- 0-077008 

- 0-166640 

- 0-107753 

+ 0-042601 

- 0-153403 

- 0-153694 

- 0-021144 
+ 0-124043 
+ 0 -I 55 I 33 

21 

22 

23 

24 

25 

26 

ll 

29 

39 

+ 0-071548 

- 0-076458 

- 0-151096 

- 0-088575 
+ 0-050802 

+ 0 -I 39950 

5- 0-133898 
+ 0-009064 

- 0-119436 

- 0-137049 

+ 0-149737 
+ 0-121443 

- 0-012633 

- 0-130821 

- 0-129349 

-1- 0-049333 

- 0-095706 

- 0.151235 

- 0-071438 
+ 0-068766 

26 

ll 

29 

3 ° 

3 1 

32 

33 

34 

35 

+ 0-I402I8 
+ 0-101394 

- 0 - 0270 I 2 

- 0-127357 

- 0-110507 

- 0-031691 
+ 0-098646 

1- 0-136634 

+ 0 - 05 IOI 2 

- 0-077891 

- 0-013372 
+ 0-110760 
+ 0-132602 

+ 0-035744 

- 0-090154 

+ 0-143437 

+ O-08845O 

- 0-043448 

- 0-132704 

- 0 -I 0 I 062 

3 1 

32 

33 

34 

35 

36 

H 

39 

40 

+ 0-005119 
+ 0-112964 
+ 0-116289 
+ 0-014818 
- 0-097428 

- 0-133192 

- 6-067238 
+ 0-057447 
+ 0-127156 
+ 0-080519 

- 0-132005 

- 0-054717 
+ 0-069461 
+ 0-128176 
+ 0-070464 

+ 0-0I99I2 

+ 0-119745 
+ 0-109751 
+ 0-001705 
- 0-105122 

3 6 

P 

39 

40 

4 1 

42 

43 

44 

45 

- 0-119045 

- 0-032729 
+ 0-081099 
+ 0-119045 
+ 0-048542 

- 0-037567 

- 0-118904 

- 0*090974 
+ 0-018494 
+ 0-108779 

- 0-049057 

- 0-121619 

- 0-083128 
+ 0-029265 
+ 0-112774 

- 0-114951 

~ 0-021284 
+ 0-089305 
+ 0-117016 
+ 0-038744 

4 1 

42 

43 

44 

45 

46 

% 

49 

5 ° 

- 0-064303 

- 0-116541 

- 0-062195 
+ 0-047346 
+ 0-111781 

+ 0-098712 

- 0-000443 

- 0-082918 

- 0-103842 

- 0-016375 

+ 0-092836 

- 0-010367 

- 0-102038 

- 0-099715 

- 0-007388 

- 0-072710 

- 0-116187 

- 0-056004 
+ 0-055710 
+ 0-112833 

46 

ii 

49 

50 
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TABLES OF BESSEL FUNCTIONS 


Table V. Values of J ± ^ n+ ^ ( x) 


X 

J^[x) 

/-JjL (*) 

J>y (*) 


X 

1 

2 

3 

4 

5 

6 

I 

9 

10 

II 
12 

13 

14 

15 

16 

1 1 

19 

20 

21 

22 

23 

24 

25 

26 

11 

29 

30 

3 1 

32 

33 

34 

35 

36 

U 

39 

40 

43 

42 

43 

44 

45 

46 

12 

49 

50 

+ 0*000074 
+ 0*002973 
+ 0*022601 
+ 0*082606 
+ 0*190564 

+ 0*309779 

+ 0 ‘ 3§3446 
+ 0*285580 
+ 0*084388 

- 0*140121 

~ °* 2 53757 • 

- 0*186414 
+ 0*007055 
+ 0*180113 
+ 0-203854 

+ 0*067428 

- 0*113872 

- 0*192649 

- 0*109603 
+ 0-059532 

+ 0*170603 
+ 0*132919 

- 0*015626 

- 0-144405 

- 0*144089 

- 0*019716 
+ 0*116939 
+ 0*147035 
+ 0*047975 

- 0*089606 

- 0*144100 

- 0-070242 
+ 0*063176 
+ 0*136818 
+ 0*087324 

- 0*038120 

- 0*126274 

- 0*099837 
+ 0*014761 
+ 0*113283 

+ 0*108276 
+ 0*006608 

- 0*098498 

- .0*113059 

- 0:025987 

+ 0*082467 
+ 0*114556 
■f 0*04,^002 

- 0*005662 

- 0*113110 

- 797 - 4380 I 9 
- 20*978200 
“ 3 -I 05334 

- 1*057678 

- 0*571750 

- 0*319846 

- 0 - 073 I 27 

+ 0*158877 
+ 0*284832 
+ °‘ 2 30755 

+ 0*046217 

- 0*157348 

- 0*232116 

- 0*130102 
+ 0*063274 

+ °- 1 94373 
+ 0*163023 
+ 0*002131 

- 0*151520 

- 0*171891 

- 0*047880 
+ 0*110486 
+ 0*168084 
+ 0*079936 

- 0-073044 

- 0*157027 

- 0*101996 
+ 0*039548 
+ 0*141606 
+ 0*116419 

- 0*009951 

- 0*123523 

- 0*124785 

- 0*015884 
+ 0*103879 

+ 0*128214 
+ 0*038110 

- 0*083440 

- 0*127550 

- 0*056806 

+ 0*062800 
+ 0*120424 
+ 0*072282 

- 0*042429 

- 0*116528 

- 0*084486 
+ 0*022091 
+ 0*093419 
+ 0*093609 

- 0-003933 

+ 0*000006 
+ 0*000467 
+ 0*005493 
+ 0*027866 
+ 0*085579 

+ 0*183316 
+ 0*291096 

+ °'345551 
+ 0*287020 
+ 0*112283 

- 0*101814 

- °‘ 2 35447 

- 0*207468 

- 0*041513 
+ 0*141509 

+ 0*208276 
+ 0*113813 

- 0*062725 

- o*i 80008 
" °-i 47369 

+ 0*002808 
+ 0*143468 
+ 0*159167 
+ 0*041567 

- 0*106000 

- 0*158079 

- 0*073801 
+ 0*070397 
+ 0*149019 
+ 0*096493 

- 0*037760 

- 0*134906 

- 0*111543 
+ 0*008521 
+ 0:117599 

H* 0*120357 
+ 0*017176 

- 0*098362 

- 0*124012 

- 0*039312 

+ 0*078107 
+ 0*123365 
+ 0 - 05793 I 

- 0-057530 

- 0*119127 

- 0*073116 
+ 0*037178 
+ .0*111907 
+ 0*084974 

- 0*017496 

+ 8681*738496 
+ 110*346069 
+10*117087 
+ 2*283448 
+ 0*924903 

+ 0*531787 
+ 0*308802 
+ 0*086412 
- - 0*130550 

- 0*264018 

- 0*246614 

- 0*085855 
+ 0*115406 
+ 0*222482 
+ 0*164272 

- 0*010308 

- 0*165924 

- 0*184280 

- 0*056824 
+ 0*109179 

+ 0-178483 
+ 0*098451 

- 0*059244 

- 0*160681 

- 0*122994 

+ 0*017102 
+ 0*137260 
+ 0*135698 
+ 0*017726 

- 

- 0*139905 

- 0-045989 
+ 0*085043 

t °'*37843 
+ 0*068414 

- 0*059088 

- 0*131075 

- 0*085598 
+ 0*034271 
+ 0*120760 

+ 0*098102 

- 0*010256 

- 0*107796 

- 0*106408 

- 0*010259 

+ 0*092913 
+ 0*110876 
+ 0*034596 

- 0*076725 
-0*111958 

1 

2 

3 

4 

5 

6 

I 

9 

10 

II 

12 

13 

1 4 

15 

1 6 

;i 

19 

20 

21 

22 

2 3 

2 4 

2 5 

26 

11 

29 

30 

3 1 

3 2 

33 

34 

35 

36 

ll 

39 

40 

4 1 

4 2 

43 

44 

45 

46 

ll 

49 

50 
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Table V. Values of J n+ $ (*) 


Jip (*)' Jijl (#) Jy. (*) . 


Jafi ( x ) 


+ 0*000063 + 0*000008 + o-oooooi V- — — 

+ 0*001140 +0*000207 +0*000034 +0*000005 +o*oooooi — 

+ 0*007957 + 0*001974 + 0*000434 + 0*000086 + 0*000015 + 0*000002 
+ 0*031941 + 0*010243 +0*002887 + 0*000727 + 0*000165 + 0*000034 


+ 0*087406 
+ 0*177161 
+ 0*275940 
-+ 0*330196 
+ 0*286089 

+ 0*133432 

- 0*068653 

- 0*214523 

14 - 0*218061 

15 - 0*081213 

16 + 0*101797 
+ 0*200900 
+ 0*147348 

19 - 0*013500 

20 - 0*155322 


+ 0*035199 
+ 0*088535 
+ 0*171837 
+ 0*263308 
+ 0*316850 

+ 0*283766 
+ 0*149030 

- 0*040059 

- 0*192766 

- 0*222722 

- 0*112842 
+ 0*063457 
+ 0*185515 
+ 0*169350 
+ 0*030877 


+ 0*012324 
+ 0*037852 
+ .0*089213 
+ 0*167162 
+ 0*252556 

+ 0*305116 
+ 0*280630 
+ 0*162139 

- 0*015412 

- 0*171205 

- 0*221691 

- 0 -I 37449 
+ 0*027861 
+ 0*165024 
+ 0*181568 


+ 0*003827 + 0*001069 
+ 0*014265 + 0*004763 
+ 0*015904 
+ 0*009590 + 0*041882 
+ 0*163007 + 0*089759 

+ 0*243253 + 0*159277 
+ 0*294700 + 0*235095 
+ 0*277030 + 0*285372 
+ 0*273186 
+ 0*065862 | + 0*179412 

+ 0*024269 

- 0*217076 - 0*130704 

- 0*156106 - 0*209985 

- 0*004326 - 0*169805 
+ 0*141612 - 0*032875 


+ 0*000272 
+ 0*001446 
+ 0*005080 
+ 0*017442 
+ 0*043438 

+ 0*089780 
+ 0*155899! 12 
+ 0*227859 113 

14 

15 



Jaj. (*) J»f. (*) ■ W Jv w Jy (*) /v (*) 


+ 0*000007 + 0*000001 


+ 0*000063 
+ 0*000402 
+ 0*001846 
+ 0*006508 
+ 0*018837 

11 + 0*044768 

12 +0*089695 

13 + 0*152818 

14 + 0*221379 
.15 + 0*269315 

1 5 + 0*265267 
ig + 0*189882 

19 

20 


+ 0*000014 
+ 0*000103 
+ 0^000551 
+ 0*002201 
+ 0*007421 

+ 0*020106 
+ 0*045914 
+ 0*089532 
+ 0*149989 

+ 0-2I5531 

+ 0-262335 
+ 0*261336 
+ 0*193419 
+ 0*066273 
- 0*078969 


+ 0*000003 + 0*000001 
+ 0*000024 + 0*000005 
+ 0*000152 + 0*600039 
+ 0*000718 + 0*000212 
+ 0*002683 + 0*000898 

+ 0*008237 + 0*003I08 

+ 0 - 02 I 2&3 + 0*009017 

+ 0*046907 + 0*022324 
+ 0*089312 + 0*047774 
+ 0*147378 + 0*089050 


+ 0*000001 - 

+ 0*000009 + 0*000002 
+ 0*000058 + 0*000015 
+ 0*000280 + 0*000082 


+ 0*210215 + 0*144957 
+ 0*255927 + 0*205354 
+ 0*257478 + 0*250016 
+ 0*196122 + 0*253715 
+ 0*076893 + 0*198153 


+ 0*001086 
+ 0*003532 
+ 0*009760 
+ 0*023297 
+ 0*048533 

+ 0*088758 
+ 0*142701 
+ 0*200084 
+ 0*244541 
+ 0*250059 


+ 0*000355 ii 
+ 0*001288 12 
+ 0*003955 13 
+ 0*010469 14 
+ 0*024193 15 

+ 0*049201 16 
+ 0*088443 
+ 0*140594 
+ 0*196755 119 

+ 0*23945 1 20 






































TABLES OF BESSEL FUNCTIONS 


Table V. Fresnel's integrals 







+ 0-550247 
+ 0-72I700 
+ 0-779084 
+ 0753302 
+ 0-670986 

+ 0-56I020 
+ 0-452047 

+ 0-368193 
+ 0-325249 
+ 0-328457 

+ 0-372439 
+ 0-443274 
+ 0-522202 
+ 0 - 590 II 6 
+ 0-631845 

+ 0 - 63930 I 
+ 0-612868 
+ 0-560804 
+ 0-496895 
+ 0-436964 

+ 0-395087 
I- 0-380390 
+ 0-395149 

+ °‘434557 

+ 0-488146 


+ 0-584583 
+ 0-604721 
+ 0-598071 
+ °' 5 6 9335 

+ 0-524009 
+ 0-474310 


+ 0-407985 
+ 0-406589 

+ °‘427837 
+ 0-465971 
+ 0-511332 

+ °\552774 

+ 0-580389 
+ 0-587849 


+ 0-092366 
+ 0-247558 
+ 0-415348 
+ 0-562849 
+ 0-665787 

+ 0-711685 
+ 0-700180 
' + 0-642119 
+ 0-556489 
+ 0-465942 

+ 0*391834 
+ 0749852 
+ 0-3^7099 
+ 0-381195 
+ 0-441485 

+ 0-512010 

+ 0-575457 
+ 0-617214 
+ 0-628573 
+ 0-608436 

+ 0-563176 
+ 0-504784 
+ 0-447809 
+ 0-405810 
+ 0-388217 

+ 0-398268 
+ 0-432489 
+ 0-481770 
+ 0-533736 
+ 0-575803 

+ 0-598183 
+ 0-596126 
+ 0-570890 

+ 0-529259 

+ 0-481750 

+ 6-439989 

+ 0-413893 

+ 0-409336 
+ 0-426853 
+ 0-461646 

+ 0-504875 

+ 0-545885 
+ 0 ‘ 5748 xi- 
+ o -584939 
+ 0-574246 

+ 0-545782 
+ 0-506824 
+ 0-467029 
+ 0-436051 
+ 0-421217 



+ 0-526896 
+ 0-558628 

+ 0-575524 

+ 0-573766 

+ 0 - 554 I 27 

+ 0-521695 
+ 0-484566 
+ 0-451832 
+ 0 - 43 I 358 
+ 0-427908 

+ 0-442034 
+ 0-470019 
+ 0-504844 

+ 0-537944 
+ 0-561307 

+ 0-569407 
* + 0-560508 
+ 0-537026 
+ 0-504881 
+ 0-472012 

+ 0-446415 
+ 0-434212 
+ 0-438182 
+ 0-457140 
+ 0-486272 

+ 0-518359 
+ o- 54556 o 
+ 0-561321 

+ 0-561957 
+ 0-547503 

+ 0-521665 
+ 0-490870 
+ 0*462670 
+ o -443897 
+ 0-439006 

4 - 0-449025 
+ 0 - 47 I 34 I 
+ 0-500382 
+ 0-529002 

+ 0'550239 

+ 0-559004 

+ 0-553301 

+ 0-534676 
+ 0-507802 
+ 0 ' 4793 i 3 

+ 0-456160 

+ O -443930 

+ 0-445486 
+ 0-460311 
+ 0-484658 


+ 0-425797 
+ 0-448300 
+ 0-482927 
+ 0*521054 
+ 0-553369 

+ 0-572142 
+ 0-573060 
+ 0-556212 
+ 0-525995 
+ 0-489969 

+ 0-456974 

+ 0-434973 
+ 0-429129 
+ 0-440605 
+ 0-466343 

+ 0-499873 

+ 0-532930 
+ 0-557490 
+ 0-567709 
+ 0-561313 

+ 0-540094 
+ 0-509417 
+ 0-476871 
+ 0-450396 
+ 0-436345 

+ 0-437971 

+ 0-454670 
+ 0-482187 
+ 0-513690 
+ 0-541464 

+ 0-558790 
+ 0-561608 
+ 0-549384 
4 0-525282 
+ 0-495309 

+ 0-466829 
+ 0 -446755 
+ 0-439878 
+ 0-447720 
+ 0*468209 

+ 0-4962x5 

+ 0-524837 

+ O-547099 
+ 0 -557650 
+ 0-554044 

+ 0-537309 
+ 0-5116 57 
+ 0-483428 
+ 0-459523 
+ 0-445722 
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Table V. Fresnel’s integrals 


X 


i/'/jW* 

0*02 

0*04 

0*06 

0*08 

0*10 

+ 0*1128334 
+ 0 -I 5955 I 4 
+ 0*1953707 
+ 0*2255314 

4- 0*2520611 

4- 0*0007522 
+ 0*0021274 
+ 0*0039078 
+ 0*0000153 

4- 0*0084044 

0*12 

0*14 

0*10 

0*18 

0*20 

+ 0*2759976 
+ 0*2979565 
+ 0*3183378 
+ 0*3374186 
+ 0*3554002 

-t- 0*0110444 

4 - 0*0139124 

4 - 0*0109904 

4 - 0*0202639 

4- 0*0237204 

0*22 

0*24 

0*20 

0*28 

0*30 

+ 0*40410x2 

H- 0*4189028 
+ 0*4331026 

+ 0*0273496 
+ 0*0311421 
+ 0*0350898 
+ 0*0391853 
-1- 0*0434218 

0*32 

0*34 

0*30 

0*38 

0*40 

+ 0*4467517 
+ 0 - 459893 2 
+ 0*4725635 
+ 0*484794! 

4- 0*4966x21 

+ 0*0477932 
+ 0*0522937 
+ 0*0569181 

4- 0*0016612 
-I- 0*0665185 

0*42 

o *44 

0*46 

0*48 

0-50 

4 0*5080410 

4 0*5191018 

4 0*5298125 
+ 0*5401895 

4 0*5502472 

+ 0*0714853 

4 - 0*0765575 
+ 0*0817309 

4- 0-0870016 
+ 0*0923658 

0*52 

o -54 

0*56 

1 0-58 

I o*6o 

+ 0*5599985 

+ 0*5694551 

4 0*5786275 

+ 0*5875253 

+ 0*5961571 

H 0*0978198 
+ 0*1033602 
+ 0*1089835 
+ 0*1146863 
+ 0*1204654 

0*62 

0*64 

o*6o 

o*68 

0*70 

4 0*6045308 

4 0*6126537 
+ 0*6205324 

4 0*6281731 
+ 0*6355815 

-I- 0*1263x76 

4 - 0*1322398 

4- 0*1382290 

4 0*1442820 
+ 0*1503961 


0-72 

0-74 

0-76 

0-78 

o*8o 

0-82 

0-84 

o*86 

o-88 

0*90 

0*92 

0-94 

0-96 

0*98 

i*oo 


+ 0*6427627 
+ 0*6497217 
+ 0*6564631 
■h 0*6629910 
+ 0*6693095 

+ 0*6754224 
+ 0*6813330 
4- 0*6870448 
+ 0*6925609 
+ 0*6978843 

+ 0*7030179 
+ 0*7079643 

+ 0*7127261 

+ 0*7173059 
+ 0*7217059 


+ 0*1565683 
+ 0*1627958 
+ 0*1690757 

+ 0*1754054 

+ 0*1817820 

+ 0*1882030 
+ 0*1946656 
+ 0*2011673 
+ 0*2077055 
4- 0*2142775 

+ 0*2208809 
4- 0*2275131 
4- 0*2341717 
4- 0*2408543 
+ 0*2475583 


Maxima and minima 
of Fresnel’s integrals 


x = 




dt 


1-570796 

4*712389 

7*853982 

io *995574 

14*137167 

17*278760 

20*420352 

23-56I945 

26*703538 

29*845130 

32*986723 

36*128316 

39*269908 

42*411501 

45-553093 

48*694686 


4- 0779893 
+ 0*321056 
4- 0*640807 
+ 0*380389 
+ 0*605721 

+ 0*404260 
+ 0*580128 
4- 0*417922 

+ o* 577 i2 i 

+ 0*427036 


0-569413 

0*433666 


+ 

+ o*433C 
+ 0-563631 
+ 0*438767 

4- 0*559088 
+ 0*442848 


X — «TT 


9*424778 

12*566371 

15-707963 

+ 0*713972 

+ °'3434 I 5 
+ 0*628940 

+ 0*387969 

4- 0*600361 

18*849556 

21*991149 

25" I 3 2 74 I 

28*274334 

3 I '4 I 59 2 7 

4- 0*408301 

+ 0-584942 

+ 0*420516 

+ °-574957 
+ 0*428877 

34-5575 I 9 

37-699112 

40*840704 

43*982297 

47*123890 

+ 0*567822 
+ o*435°59 
+ 0*562398 

+ 0*439868 
4 0*558096 

50*265482 

+ 0*443747 
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T AB T .E S OF BESSEL FUNCTIONS 

Table VI. Functions of equal order and argument 


9 

10 

11 

12 

13 

14 

15 

16 
ll 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

ll 

39 

40 

41 

42 

43 

44 

45 

46 

% 

49 

50 


Jn (n) 


0*4400506 

0*352834° 

0*3090627 

0*2811291 

0*2611405 

0*2458369 

0*2335836 

°* 22 3455° 

0*2148806 

0*2074861 

0*2010140 

0*1952802 

0*1901489 

0*1855174 

0*1813063 

0*1774532 

0*1739079 

0*1706299 

°* I §75?57 

0*1647478 

0*1620927 

0*1596009 

0*1572555 

0*1550422 

0-1529484 

0-1509633 

0*1490774 

0*1472823 

0 *i 455706 

0*1439359 

0*1423721 

0*1408742 

o* I i94373 

0*1380567 

0*1367305 

0*1354531 

0*1342222 

0*1330349 

0*1318885 

0*1307805 

0*1297089 

0-1280716 

0-1276067 

0*1266925 

°* I2 57473 

0*1248297 

0*1239383 

0*1230719 

0T222291 

0*1214090 


For values of n 
aoouraoy: 

•M») 

J* '(»)- 


Jn ( n ) 


0*4400506 

o*.4445430 

0*4457456 

0*4462646 

0*4465441 

0*4467152 

0-4468293 

0-44691,00 

0*4469696 

0*4470153 

0*4470512 

0*4470800 

0*4471036 

0-4471233 

0*4471399 

o* 447 i 540 

0*4471662 

0*4471768 

0*4471861 

0*4471943 

0-4472015 

0*4472080 

0*4472138 

0*4472191 

0-4472239 

0*4472282 

.0*4472321 

o*4472358 

o*447239i 

0*4472422 

0*4472450 

0-4472476 

0*4472500 

0*4472523 

o*4472544 

0-4472564 

0*4472583 

0*4472600 

0*4472616 

0*4472632 

0*4472646 

0*4472660 

0*4472673 

0*4472685 

0*4472697 

0*4472708 

0*4472718 

0*4472728 

0-4472738 

o*4472747 


JJ («) 


0-3251471 

0*2238908 

0*1770285 

0*1490424 

0*1300918 

0*1162502 

0*1056130 

0*0971341 

0*0001805 

0*0843696 

0*0794142 

0*0751323 

0*0713880 

0*0680806 

0*0651336 

0*0624879 

0*0600909 

0*0579234 

0-0559374 

0*0541141 

0-0524332 

0*0508777 

0*0494332 

0*0480874 

0*0468301 

0*0456522 

0*0445460 

0-0435048 

0*0425226 

0*0415942 

0*0407151 

0*0398812 

0*0390889 

0*0383350 

0-0376165 

0*0369309 

0*0362758 

0-0356491 

0-0350489 

0-0344734 

0*0339210 

0-0333904 

0*0328800 

0*0323888 

0-0319156 

0-0314594 

0*0310192 

0*0305941 

0*0301833 

0*0297861 


nJn' ( n ) 


0*3251471 

0-3554045 

0-3682342 

o-3755633 

0-3803908 

6*3838497 

0*3864704 

0*3885364 

0*3902143 

0*3916089 

0*3927897 

0-3938047 

0*3946882 

0-3954655 

0-3961557 

o-3967734 

o-39733oo 

°-397»347 

0-3982948 

0*3987163 

0*3991041 

0*3994624 

0-3997940 

0*4001035 

0*4003917 

0*4006614 

0*4009143 

0*4011521 

0*4013762 

0*4015877 

0*4017879 

0*4019775 

0*4021576 

0*4023288 

0*4024918 

0*4026472 

0*4027956 

0*4029374 

0-4030732 

0*4032033 

0*4033281 

0-4034479 

O- 403503 I 

0*4036738 

0*4037805 

0*4038833 

0*4039824 

0*4040781 

0*4041705 

0*4042599 


9 

10 

11 

12 

13 

14 

15 

16 

ll 

19 

20 

21 

22 

23 

24 

25 

26 

3 

29 

3° 

31 

32 

33 

34 

35 

36 

ll 

39 

40 

41 

42 

43 

44 

45 

46 

H 

49 

50 


———- - -■—1-L_ I I 

exceeding 50, the following approximations may be used with seven-£ 
°*44730 73184 T I 1 __ 


^-l 


* * 1 

0*00586 92885 r 

, 12x3 1 

225»*J 

«* I 

I4625n*j ’ 

23 - 

1 0*0894614637 r 

i- 947 1 

3X50»», 

J »* L 

6930Oft»J 
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Table VI. Functions of equal order and argument 


9 

10 

n 

12 

1 3 

14 

15 

16 

17 
10 

19 

20 

21 

22 

23 

24 

25 

26 

s 

29 

30 

31 

32 

33 

34 

35 

36 

11 

39 

40 

41 

42 

43 

44 

45 

46 


- V.. in) 


07812128 
0*0174081 
°*53854 l6 
0*4889368 
0*4536948 

0*4268259 
0*4053710 
0*3876699 
0*3727057 
0*3598142 

0, 3485399 

0-3385583 

0*3296303 
0 - 32 I 5755 
0*3142546 

0-3075580 
0*3013982 
0*2957040 
0*2904173 
0*2854894 

0*2808800 
0*2765546 

0*2724839 

0*2686456 
0*2650095 

0*2615652 

0*2582933 
0-2551791 

0*2522100 

0*2493744 

0*2466622 
0*2440643 
0*24x5724 
°-239i794 
0*2368784 

0*2346635 
0*2325292 
0*2304705 
0*2284828 
0*2265620 

0*2247042 
0*2229059 
0*2211637 
0*2194748 
0*2x78364 

0*2162458 

47 I 0*2147007 

48 I 0*213x988 

49 

50 


0*2117381 

0*2103166 


-n* Y n ( n ) 


0*7812128 

0-7778855 

0*7767x14 

0*7761387 

0*7758072 

0-775594 1 

0*7754469 

0-7753399 

0-7752590 

0-7751961 

0-7751458 

0*7751049 

° , 775°7 11 

0-7750426 

0*7750184 

o-774997 6 

0*7749796 

0-7749638 

0*7749499 

0-7749374 

0-7749266 

0*7749168 

0-7749079 

0-7748999 

0*7748925 

0*7748859 

0*7748798 

0*7748742 

0*7748690 

0*7748642 

0-7748598 

o-7748557 

0-7748319 

0*7748483 

0*7748450 

0*7748419 

0-7748389 

0-7748362 

07748336 

0*7748312 

0-7748289 

07748267 

07748246 

07748227 

07748200 

0*7748191 

07748174 

07748158 

0 - 7748 i 43 

07748128 


Yn' in) 


0-8694698 

o- 5 io 3757 

0-3781412 

0-3069147 

0*2615525 

0-2297650 

0-2060642 

0*1876000 

0-1727588 

0*1605149 

0*1502159 

0*1414121 

0*1337852 

0*127x029 

0*1211915 

0*1159184 

0*1111803 

0*1068955 

0*1029907 

0-0994367 

0*0961658 

0*0931499 

0-0903586 

0*0877663 

0*08535x4 

0*0830953 

0*0809819 

0-0789973 

0*0771295 

0*0753678 

0-0737029 

0-0721267 

0-0706318 

0-0692116 

0-0678605 

0-0665732 

0-0653451 

0-0641718 

0-0630496 

0-06x9751 

0-0609450 

0-0599505 

0-0590071 

0*0580942 

0-0572157 

0-0563695 

0-0555539 

0-0547671 

0-0540074 

0-0532735 


«* («) 


0-8694698 

0-8101709 

0-7865654 

077337'65 

0-7647843 

0-7586672 

0-7540520 

0-7504241 

0-7474840 

o- 745044 i 

0-7429809 

0-7412092 

07396683 

07303135 

0-7371112 

0-7360358 

0-7350670 

07341890 

o -7333887 

0-7326559 

07319817 

07313591 

07307820 

0*7302453 

0*7297446 

07292763 

07288371 

0*7284242 

07280352 

0-7276680 

0-7273206 

07269914 

07266790 

07263820 

07260991 

0-7258295 

07255720 

0-7253259 

0*7250904 

07248647 

0*7246483 

0*7244405 

07242407 

07240486 

07238636 

07236853 

0-7235134 

07233475 

0*7231873 

0-7230324 


9 

10 

IX 

12 

13 

14 

15 

16 

\l 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

32 

39 

40 

41 

42 

43 

44 

45 

46 

% 

49 

50 


For values of n exceeding 50, the following approximations may be used with seven-figure 
aoouraoy: 0*77475 00021 


1 


1 

0-010x6 59059 

fx- 1213 1 

225»®_ 

+ 7 i 

L,. 1462571®J 


v , /_v 0*7116134100 r 23 I 0*1549518004 r_947_ 

r, <„) -— |_I + 3 -i5SiJ + 3 L 1 6930cm’ 


U • 


The coeffioients are numerically equal to \/3 times the corresponding coefficients in J n (n) and 
J. fnh 




TABLES OF BESSEL FUNCTIONS 


Table VII. Zeros, j 0> n ,y 0in , j lt n , y lt n , of J 0 (x), 7 0 (x), J x (x), 7 X (x) 


n 

■ Jo, * 

y 0 ,n 

jt,n 

Vl.n 

n 

1 

2 

3 

4 

5 

6 

1 

ii 

11 

12 

13 

1 4 

15 

16 
\l 

IQ 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

. 31 

32 

33 

34 

35 

36 

ii 

39 

40 

2*4048256 

5*5200781 

8*6537279 

H’791'5344 

14*9309177 

18*0719640 

21*2116366 

24-35247I5 

27'493479i 

30*6346065 

33-7758202 

36*9170984 

40*0584258 

43-I9979I7 

46*3411884 

494826099 

52*6240518 

55-7 6 55io8 

58*9069839 

62*0484692 

65*1899648 

68*3314693 

71*4729816 

74*6145006 

777500256 

8o-8975559 

84-0390908 

87*1806298 

90*3221726 

93"4637 i 88 

96*6052680 

99-7468199 

102*8883743 

106*0299309 

109*1714896 

112*3130503 
Ir 5-4546127 
118*5961766 
121*7377421 
!24-8793 o 89 

0-8935770 

3-9570784 

7*0860511 

10*2223450 

13-3610975 

16*5009224 

19-6413097 

22*7820280 

25-9229577 

29*0640303 

32*2052041 

35-3464523 

38-4877567 

41*6291045 

44*7704866 

47*9118963 

51-0533286 

54*1947794 

57-3362457 

00-4777252 

63-6192158 
6a* 7607100 
69*9022246 

73- 0 4374°3 

76*1852624 

79*3267901 

82*4683228 

85*6098598 

88-7514008 

91*8929453 

95-0344930 

98*1760436 

101*3175968 

104*4591523 

107*6007100 

110*7422697 

113*8838313 

117*0253944 

120*1669592 

123*3085253 

3*8317060 

7*0155867 

10*1734681 

I3*3 2 309I9 

16*4706301 

19*6158585 

22*7600844 

25-9036721 

29*0468285 

32*1896799 

35-3323076 

38*4747662 

41*6170942 

44'7593I90 

47*9014609 

5I-0435352 

54T855536 

57.3275254 

60*4694578 

63*6113567 

66*7532267 

69*8950718 

73*0368952 

76*1786996 

79-3204872 

82*4622599 

85*6040194 

88*7457671 

91*8875043 

95*0292318 

98*1709507 
IOI*3I266 i 8 
io 4-4543658 
107-5960633 
11 07377548 

113*8794408 

117*0211219 

120*1627983 

I2 3-30447°5 

126*4461387 

2*1971413 

5*4296811 

8*5960059 

II "749 I 54o 

14*8974421 

18*0434023 

21*1880689 

24-33I9426 

27-4752Q50 

30*6182865 

33*7610178 

36-9035553 

40*0459446 

43*1882181 

46-3303993 

49-4725057 

52*6145508 

55-7565449 

58*8984962 

62*0404111 

65*1822951 

68*3241522 

71*4659861 

74-6077996 

77-7495953 

80*8913753 

§4-0331412 

87*1748947 

90*3166370 

93-4583692 

96*6000923 

99*7418072 

102*8835147 

106*0252153 

109*1669097 

112*3085985 

II 5'45 0 3820 

118*5919607 

121*7336349 

I2 4-875305i 

1 

2 

3 

4 

5 

6 

I 

9 

10 

II 

12 

13 

14 

15 

16 

\l 

19 

20 

21 

22 

23 

24 

25 

26 

% 

29 

30 

31 

32 

33 

34 

35 

36 

11 

39 

40 




TABLES OF BESSEL FUNCTIONS 


749 


Table VII. Zeros, j 2t „, 


V% n> 3z, n > y %, n > Jl { x )> 3T2 ( x )> ^8 (* C )> ^8 (®) 



jt, n 

y%,» 

/», » 

yz,n 

n 

1 

2 

3 

4 

5 

6 

I 

9 

10 

n 

12 

13 

14 

15 

16 

II 

19 

20 

21 

22 

23 

24 

25 

26 

11 

29 

30 

31 

32 

33 

34 

35 

36 

ll 

39 

40 

VI356223 

8-4172441 

11-6198412 

147959518 

I7-9598I95 

2I-II6997I 

24-2701123 

27-4205736 

30-5692045 

337165195 

36-8628565 

40-0084467 

43'1534538 

46-2979967 

49-4421641 

52-5860235 

55-7296271 

58-8730158 

62-0162224 

65*1592732 

68-3021898 

7I-4449899 

74-5876882 

77-7302971 

80*8728269 

84-0152867 

87-1576839 

90-3000252 

93-4423160 

96-5845614 

99-7267657 

102-8689327 

106-0110655 

109-1531673 

112-2952406 

115-4372877 

118-5793107 

121-7213115 

124-8632917 

128-0052530 

3-3842418 

5-7938074 

10-0234780 

13-2099868 

16-3789666 

19-5390400 

22-6939559 

25-8456137 

28-9950804 

32-1430023 

35-2897939 

38-4357335 

41-5810149 

44-7257771 

47-8701227 

51-0141287 

54-1578545 

57-3013461 

60-4446401 

63-5077058 

66-7307471 

69-8736034 

73-0163509 

76-1590031 

79-3015713 

82-4440651 

15'5%9J7 

88"7288bI2 

91-8711766 

95-013444! 

98-1556685 

101-2978536 

104-4400031 

107:5821201 

110-7242073 

113-8662672 

117-0083021 

120-1503138 

123-2923041 

126-4342746 

6-3801619 

9-7610231 

I3-0I52007 

16-2234640 

19-4094148 

22-5827295 

25-7481667 

28-9083508 

32-0648524 

35-2186707 

38-3704724 

41-5207197 

44-669743^ 

47-8177857 

50-9650299 

54-1116156 

'57-2576516 

60-4032241 

63-5484022 

66-6932417 

69-8377884 

72-9820804 

76T26I492 

79-2700214 

82-4137195 

85*5572629 

88-7006678 

91-8439487 

94-9871177 

98-1301857 

101-2731621 

104-4160552 

107-5588722 

110-7016197 

113-8443633 

116-9869284 

120-1294994 

123-2720205 

126-4144954 

129-5569276 

4-5270247 

8-0975538 

11-3964667 

14-6230726 

17-8184543 

20-9972845 

24-1662357 

27-3287998 

30-4869896 

33-6420494 

36-7947910 

39*9457672 

43*0953675 

40-2438744 

49-39I4980 

52*5383976 

55*6846964 

58-8304911 

61-9758587, 

65-1208612 

68-2655491 

71-4099642 

74-5541409 

77-6981084 

80-8418910 

83*9855095 

87-1289817 

90-2723230 

93-4I55465 

96-5586637 

99-7016848 

102-8446186 

105-9874728 

109-1302542 

112-2729691 

115-4156229 

118-5582204 

121-7007659 

124-8432635 

127-9857167 

1 

2 

3 

4 

5 

6 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

2 7 

28 

29 

30 

31 

32 

33 

34 

35 

36 

ll 

39 

40 




TABLES OF BESSEL FUNCTIONS 
Table VH. Zeros, j^ n) y^ nt j B , ni y 6fn , of J A (x), 7 4 (x), J 5 (x), Y 5 (x) 


n 

ji ,» 

y*,n 

7 b, » 

y*,H 

n 

1 

2 

3 

4 

5 

6 

2 

9 

10 

11 

12 

13 

14 

15 

16 

ll 

19 

20 

21 

22 

23 

24 

25 

26 
u 

29 

30 

31 

32 

33 

34 

35 

36 

H 

39 

40 

7-5883427 

11*0647005 

i 4‘37 2 5367 

17*6159660 

20*8269330 

24-0190195 

27*1990878 

30*3710077 

33-5371377 

36-6990011 

39-8576273 

43-0137377 

46*1678535 

49-3203607 

52*4715514 

55-6216509 

587708357 

61-9192462 

.65-0669953 

68-2141749 

71*3608607 

74-5071I55 

77-6529918 

80-7985341 

83-9437799 

87-0887615 
90-2335065 
93-3780390 
' 96-5223797 
99-6665468 

102-8105563 

105-9544223 

109-0981571 

112-2417718 

115*3852762 

118-5286792 

121-6719886 

124-8152114 

127-9583541 

131-1014225 

5-6451479 

9-3616206 

12*7301445 

15*9996271 

19*2244290 

22*4248106 
25-6102671 
. 28-7858937 
31-9546867 
35*1185295 

38-2786681 

41*4359606 

44-5910182 

47-7442881 

50-8961052 

54-0467255 

57-1963482 

60-3451302 

63-4931972 

66-6406512 

69-7875753 

72-9340384 

76-0800980 

79-2258022 

82*3711919 

85-5163019 

88*6611620 

91*8057980 

94*9502321 

98-0944839 

101-2385704 

104-3825064 

107-5263053 

110-6699788 

113-8135372 

116-9569899 

120-1003451 

123-2436104 

126-3867924 

129-5298972 

8-7714838 

12-3386042 

15-7001741 

18-9801339 

22-2177999 

iimn 

31-8117167 

34-9887813 

38-1598686 

41-3263833 

44-4893191 

47-0493998 

50-8071652 

53-9630266 

57-1173028 

60-2702451 

63-4220540 

66-5728919 

69-7228912 

72-8721613 

76-0207934 

79-1688641 

82-3164380 

85-4635703 

88-6103082 

91-7566925 

94-9027585 

98-0485369 

101-1940546 

104-3393353 

I0 7-4843998 

110-6292667 

H3'7739523 

116-9184713 

120-0628368 

123-2070606 

126-3511534 

129-4951246 

132-6389830 

6-7471838 

10-5971767 

14-0338041 

17-3470864 

20-6028990 

23-8265360 

27-0301349 

30-2203357 

33-4011056 

36*5749725 

39-7436277 

42-9082:482 

46-0696791 

49*2285437 

52*3853121 

55-5403458 

58-6939271 

61*8462803 

64-9975855 

68-1479890 

71*2976113 

74-4465520 

77-5948946 

80-7427095 

83-8900562 

87-0369859 

90-1835423 

93-3297633 

96-4756819 

99-6213260 

102-7667232 

105-9118934 

109-0568569 

112-2016312 

115*3462317 

118-4906725 

121-6349657 

124-7791228 

127-9231536 

131-0670674 

1 

2 

3 

4 

5 

6 

I 

9 

10 

II 

12 

13 

14 

15 

16 

11 

19 

20 

21 

22 

23 

24 

25 

26 

ll 

29 

30 

31 

32 

33 

34 

35 

36 

ll 

39 

40 




TABLES OF BESSEL FUNCTIONS 


Table VII. Zeros, 2/1,3, n> of ( x )> zer08 » 

s n) d n , of J-nz( x ) + J a a (*)» ^-i/a (*) “ ^1/3 (®) 

[Noth. The lest two functions are equal to 

n/3 ■ {Jut (*) cos 30° " Ym (*)d*3° J b ^3 • {Jut (*) cos 120 0 - ?»,.(*) sin 120 0 } 

respectively.] __ 




9 

10 

11 

12 

13 

14 

15 

16 

Si 

19 

20 

21 

22 

23 

24 

25 

26 

ll 

29 

30 

31 

32 

33 

34 

35 


2-9025862 

6-0327471 

9-1705067 

12-3101938 

15-450649° 

18-5914863 

2 I- 73254 12 

24-8737314 

28-0150117 

31-1503549 

34-2977437 

37-4391666 

40-5806158 

43-7220857 

46-8635719 

50-0050715 
53-1465821 
56-2881019 
59-4296294 
62-5711634 


^1/S.H 


3 6 

ll 


I- 3530 I 96 

4-4657883 

7-6012412 

10-7402128 

13-8803575 

17-0210330 

20-1619929 

23-3031228 

26-4443623 

29-5856767 


65-7127030 

68 - 854 2 475 

71-9957961 

75 -i 3734 8 4 

78-2789040 

81-4204625 

84-5620234 

87-7035867 

90-8451519 

93-9867191 

97-1282878 

100-2698581 

103-4114297 

106-5530025 

109-6945765 


112-8361516 
115-9777275 

38 II9-II93044 

39 122-2608821 

40 125-4024605 


356767 

32-7270444 
35-8684514 

29-0098884 
42 -I 5 I 3485 
45-2928269 

48-4343202 

51-5758256 

57-8588648 

61-0003956 

64-1419325 

67-2834747 

70-425021; 

73-56657!* 

76-7081259 

79-8496829 

82-9912426 

86-1328048 

89-2743691 

92 - 4 I 59353 

9 

9 .. . 

101-8406437 
104-9822160 
108-1237894 

111-2653639 

114-4069394 

117-5485159 

120-6900931 

123-8316712 


2-3834466 
•6101956 
•6473577 
11-7868429 
14-9272068 

18-0679953 

21-2090210 

24-3501925 

27-4914601 

30-632794! 

33-7741762 

36 - 9 I 5594 1 

40-0570394 

43-1985061 

46-3399899 

49-4814874 

52-6229964 

55 - 7645 I 47 

58-9060410 

62-047574° 

65-1891127 

68-3306564 

71-4722044 

74-6137562 

77 - 7553 H 2 


0-8477186 

3-9441020 

7-0782997 

10-2169407 

I 3 - 356953 2 

I9 .«6 

22-7795923 

25-9208l65 

29 - 062 I 20 I 

32 - 203480 I 

imhi 

41-6277704 

44-7692461 

47-9107371 

51-0522406 

54-1937545 

57.3352769 

60-4768067 


9 

10 

11 

12 

13 

14 

15 

16 

\l 

19 

20 


80-8968692 

84-0384298 

87-1799926 

90-3215576 

93-4631244 

96-6046929 

99-7462629 

102-8878343 

106-0294070 

109-1709808 

II 2 - 3 I 25557 

II 5 - 454 I 3 I 5 

IIS -5957082 

121-7372858 

124-878864! 


66-759^40 22 

69-9014299 23 

73-0429798 24 

76 -I »45333 25 

79-3260899 26 

82-4676492 27 

85-6092109 28 

88-7507749 29 

91-8923408 30 


95-0339085 

90-1754777 

101-3170485 

104-458620'" 

107-600193? 


31 

32 

33 

34 

35 


110-7417681 

H 3-0033435 

117-0249197 I 3 l 

120-1664969 39 

123-3080748 | 40 


36 

ll 


751 



752 


TABLES OF BESSEL FUNCTIONS 
Table VIII. Integrals of functions of order zero 


A' 

i r jo ( t ) ^ 

J 0 

if ‘ o Y 0 ( 1 )di 

0-02 

0*0.1 

0*06 

o*o8 

0*10 

+ 0*0099997 
+ 0*0199973 
+ 0*0299910 
+ 0*03997 87 
+ 0*0499583 

- 0*0320078 

- 0*0551846 

- 0*0750205 

- 0*0926801 

- 0*1087153 

0*12 

0*1.1 

0*10 

o*x8 

0*20 

+ 0*0599280 
+ 0*0698858 
+ 0*0798295 
+ 0*0897573 

4 0*0996672 

- 0*1234500 

- OT370979 

- 0*1498103 

- 0*1017001 

- 0*1728544 

0*22 

0*24 

0*26 

0*28 

0*30 

+ 0*1095571 
+ 0*1194252 
+ 0*1292695 
+ 0*1390880 
+ 0*1488788 

- 0*1833430 
-.0*1932224 

- 0*2025397 

- 0*2113348 

- 0*2196416 

0*32 

o -34 

0*36 

0*38 

0-40 

+ 0*1586399 
+ 0*1683694 
+ 0*1780654 
+ 0*1877260 
+ 0*1973493 

- 0*2274894 

- 0*2349040 

- 0*2419080 

- 0*2485215 

- 0*2547624 

0*42 

o -44 

0*46 

0*48 

o- 5 o 

0*2069333 
+ 0*2164763 
■h 0*2259764 

+ °‘ 2 3543 I & 

+ 0*2448403 

- 0*2606471 

- 0*2661901 

- 0*2714049 

- 0*2763037 

- 0*2808977 

0*52 

o -54 

0*56 

0*58 

o*6o 

4 0*2542004 

4 0*2635103 

4 0*2727682 

4 0*2819722 
+ 0 - 29 II 206 

- 0*2851974 

- 0*2892124 

- 0*2929516 

- 0*2964234 

- 0*2996358 

0*62 

0*64 

0*66 

o*68 

0*70 

4 0*3002117 

4 0*3002437 

4 0*3182150 

4 0*3271238 
+ 0-3359684 

- 0*3025960 

- 0*3053111 

- 0*3077877 

- 0*3x00316 

- 0*3120498 

0*72 

0*74 

0*76 

0-78 

o*8o 

4 0*3447472 
+ 0*3534586 
4 0-36210x0 

4 0*3706727 
4 0*3791722 

- 0 - 3 I 3847 I 

- 0*3154290 

- 0*3l68oiO 

- 0*3179678 

- 0*3189344 

0*82 

0*84 

0*80 

o*88 

0*90 

+ 6*3875979 

+ 0*3959484 

4 0*4042220 
4 0*4124174 
4 0*4205330 

- 0*3197054 

- 0*3202852 

- 0*3206781 

- 0*3208884 

- 0*3209^61 

0-92 

o -94 

0-96 

0*98 

1*00 

4 0*4285674 
4 0*4365192 
4 0*4443870 
4 0*4521694 
4 0*4598652 

- 0*3207771 

- 0*3204634 

- 0*3199827 
~ 0*3193386 

- 0*3185347 


Maxima and minima of 
11 0 J o (0 dt and \ j ‘ r 0 (t) dt 


X — jo , II 

t f Jo (0 dt 

2*4048256 

5*5200781 

3-6537279 

11-7915344 

14-9309177 

+ 0*7352208 
+ 0*3344230 

+ 0*6340842 

+ 0*3845594 

+ 0*6028269 

18*0710640 

21*2116306 

24*3524715 

27-4934791 

30*6346065 

+ 0*4064156 
+ 0*5864441 
+ 0*4x92836 

+ 0*5759911 
+ 0*4279931 

33*7758202 

36*9170984 

40*0584258 

43 -I 9979 I 7 

46*3411884 

+ 0*5685888 
+ 0*4343856 
+ 0*5629957 
‘+ 0*4393331 

+ 0*5585784 

49*4826099 

+ 0*4433085 


* = Ye, n 

i J*Y 0 (, t) dt 

°- 893577 ° 

3-9576784 

7*0860511 

10*2223450 

13*3610975 

- 0*3209291 
f 0*1920149 

- o-i 474447 

H- 0*1237411 

- 0*1085949 

16*5009224 

19*6413097 

22*7020280 

25-9229577 

29*0640303 

+ 0*0978827 

- 0*0898633 
+ 0*0834339 

- 0*0782474 
+ 0*0739188 

32*2052041 

35-3464523 

38*4877567 

41*6291045 

44*7704866 

- 0*0702357 
+ 0*0670523 

- 0*0642652 
+ 0*0617985 

- 0*0595953 

47*9118963 

+ 0*0576118 


from aelirndL* 0^7^74) ''“ d ’ 6 ’ ''“'S™'* be oa “* ted ”*«> *•“ Mp of T«Ue 

ij'JJ‘)<U-irr;j„(x)H.'t*h-J l (z)H,(x)l, r,W= ln|r,MH,'W + I'.MH.M) 
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Addition theorems, 888-372 (Chapter xx) ; for Bessel coefficients of order zero, 128, 859; for Bessel 
coefficients of order n, 29; for Bessel functions of the first kind (Gegenbauer’s type), 862, 867; 
for Bessel functions of the first kind (Graf's type), 180,143, 859; for Bessel functions or cylinder 
functions of any kind (Gegenbauer’s type), 368; for Bessel functions or oylinder functions of any 
kind (Graf’s type), 148, 861; for hemi-cylindrical functions, 364; for Lommel's functions of two 
variables, 548; for Schlafli’s function T„(r), 844; for Sehlafii’s polynomial, 289; integrals de¬ 
rived from, 367; physical significance of, 128,130, 361, 863, 366; special and degenerate forms 
of, 868, 868 

Airy’s integral, 188; expressed in terms of Bessel functions of order one-third, 192 ; generalised by 
- Hardy, 320 ; Hardy’s expressions for the generalised integral in terms of the functions of Bessel, 
Anger and Weber, 821; references to tables of, 659 
Analytic theory of numbers associated with asymptotic expansions of Bessel functions, 200 
'Anger’s function (z), 808; connexion with Weber’s function, 810; differential equation satisfied 
by, 812; integrals expressed in terms of, 812; recurrence formulae for, 811; representation of 
Airy’s integral (generalised) by, 821; with large argument, asymptotic expansion of, 318; with 
large argument and order, asymptotic expansion of, 816 
Approximations to Bessel coefficients of order zero with large argument, 10,12; to Bessel functions 
of large order (Carlini), 6, 7; (extensions due to Meissel), 226, 227,282, 247, 521 ; (in transitional 
regions), 248; to functions of large numbers (Darboux), 288; (Lajfiaoe), 421; to Legendre func¬ 
tions of large degree, 65,155,157,158 ; to remainders in asymptotic expansions, 213; to the sum 
of a series of positive terms, 8. See also Asymptotic expansions, Method of stationary phase and 
Method of steepest descents 

Arbitrary functions, expansions of, see Neumann series mid Kapteyn Beries (for complex variables); 

Dial series, Fourier-Bessel series, Neumann series and Bohlbmiloh Beries (for real variables) 
Argument of a Bessel function defined, 40 

Asymptotic expansions, approximations to remainders in, 218; conversion into convergent series, 
204; for Bessel coefficients of order zero with large argument, 10, 12, 194; for Bessel functions 
of arbitrary order with large argument, 194-224 (Chapter vn); (functions of the first and second 
kinds), 199; (functions of the third kind), 196; (functions of the third kind by Barnes’ methods), 
220; (functions of the third kind by Scnlaiii’s methods), 215; (functions with imaginary argu¬ 
ment), 202; for Bessel functions with order and argument both large, 225-270 (Chapter vui); 
(order greater than argument), 241; (order less than argument), 244; (order nearly equal to argu¬ 
ment), 245; (order not nearly equal to argument, both being complex), 262; for combinations of 
squares and products of Bessel functions of large argument, 221, 448; for Fresnel’s integrals, 
545 ; for functions of Anger and Weber (of arbitrary order with large argument), 313; (with order 
and argument both large), 816; for Lommel’s functions, 851; for Lommel’s functions of two 
variables, 649; for Struve’s function (of arbitrary order with large argument), 882; (with order 
and argument both large), 883; for Thomson’s functions, her (z) and bei (z) , 208; for Whittaker’s 
funotion, 340; magnitude of remainders in, 206, 211, 218, 236, 314, 882, 852, 449; sign of 
remaindera in, 206, 207, 209, 215, 816, 388, 449. See also Approximations 

Basic numbers applied to Bessel functions, 43 

Bateman’s type of definite integral, 379, 882 

Bei (z ), Ber (z). See Thomson's functions 

Bemoullian polynomials associated with Poisson’s integral, 49 

Bernoulli’s (Daniel) solution of Bicoati’s equation, 85, 89,128 

Bessel coefficient of order zero, <7 0 (*), 8, 4; differential equation satisfied by, 4, 6 ; (general solu¬ 
tion of), 5, 12, 59, 60; expressed as limit of a Legendre function, 65, 155, 157; oscillations of a 
uniform heavy chain and, 8, 4; Parseval’s integral representing, 9; with large argument, asymp¬ 
totic expansion of, 10,12,194; zeros of, 4, 5. See also Bessel coefficients, Bessel f un ctions and 
Bessel’s differential equation 

Bessel coefficients J n (z), 5, 6,13,14—87 (Chapter n); addition theorem for, 29; Bessel’s integral 
for, 19; expansion in power series of, 15; generatlhg function of, 14,22,28; inequalities satisfied 
by, 16, 81, 268; notations for, 18, 14; order of, 14; (negative), 16; recurrence formulae for, 17; 
square of, 82; tables of (of orders 0 and 1), 662,666-697; (of order n), 664, 780-782; (with equal 
order and argument), 664, 746; tables of (references to), 654, 655, 656, 658. See aim Bessel 
coefficient of order zero, Bessel’s differential equation and Bessel functions 
Bessel functions, 88-84 (Chapter in) ; argument of, defined, 40; differential equations of order 
higher than the second satisfied by, 106; expressed as limits of Lam4 functions, 159; expressed 
as limits of P-functions, 158; history of, 1-18 (Chapter x); (compiled by Maggi and by Wagner), 
I 8 L lte 1 integl ’ Rlfi containing, 132-188 ; order of, defined, 88, 58, 68, 67, 70; rank of, de¬ 
fined, 129; relations between the various kinds of, 74 ; representation of cylinder functions in 
terms of, 82; solutions of difference equations in terms of, 88, 355; solutions of Laplace’s 
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equation containing, 88,124; solutions of the equation of wave motions containing, 126 ; throe- 
term relations connecting, 800; with negative argument, 75. See also the two preceding and ten 
following entries , and Cylinder functions 

Bessel functions of the first hind, Jv (z), 88 ; addition theorems for, 148, 869, 362, 868 , 367,868; 
Barnes’ type of integral representing, 190; Bessel’s type of integral representing, 176; ‘ out in 
plane to render uniform, 46; differential equation (Bessel’s) satisfied by, 88 ; expansion of, in 
ascending series, 40; expansion of, in descending series, see Asymptotio expansions; expressed 
as a generalised hypergeometric function, 100 , 101 ; expressed as the limit of a hypergeometrio 
function, 164; expressed as the limit of a Legendre function, 166; (physical significance of), 166;' 
expressed as the limit of a Lommel polynomial, 802; functional properties of, 45; generalisations 
of, 48,44,808-857; inequalities satisfied bf, 49,265, 259,270,406; infinite integrals containing, 
Chapter xrn, passim ; of complex order, 46; of order n-h 41; (expressed in finite terms), 52, 
65; (notations for), 55, 80; Poisson’s integral representing, 47, 48; (modifications of), 161,188, 
164, 169, 170; produots of, see Products of Bessel functions; quotient of two, expressed as a 
continued fraction, 168, 154, 808; recurrence formulae for, 45, 294; relations with Lommel’s 
polynomial, 297; represented by integrals containing Legendre functions, 178, 174; symbolic 
formulae for, 170; tables of (of orders 0 and 1), 662, 666-697 ; (of order »), 664, 780—782; (of 
order n+4), 664, 74(1-746; (of order $), 664, 714-729; (of order -•&, method of computing), 664; 
(with equal order and argument), 664, 746; (zeros of), 664, 748-751; tables of (references to), 
654, 655, 656, 658, 669, 660; Weierstrassian product representing, 497; with large argument, see 
Asymptotic expansions; zeros of, see Zeros of Bessel functions 
Bessel functions of the second hind, Y„ (z) (after Hankel), 57, 63; 0„ ( 2 ) (after Heine), 65; F<"> (*) 
(after Neumann), 67; F„ (z) (after Weber-Schlafli, the canonical form), 68 ; addition theorems 
for, 144, 861, 865, 868 ; Bessel’s type of integral representing, 177; component parts of, 71, 72, 
840; continuity of (qua function of their order'), 68 ; differential equation (Bessel’s) satisfied by, 
69, 68 ; expansion of, in ascending series, 59, 80, 61, 89, 72 ; expansion of, in descending series, 
see Asymptotic expansions; expressed as an integral containing functions of the first kind, 5, 
188, 382, 488; infinite integrals containing, 885, 387, 898, 394, 424, 425, 426, 428, 429, 480, 488; 
Poisson’s typo of integral representing, 68 , 73, 165; (modifications of), 169, 170; products of, 
149; (represented by infinite integrals), 221, 441,' 446 ; (asymptotic expansions of), 221, 448; 
recurrence formulae for, 66 , 71; represented by integrals containing Legendre functions, 174; 
symbolic formulae for, 170; tables of (of orders 0 and 1), 602, 666-697; (of order 11 ), 664, 782- 
786 ; (of order 4 ), 664, 714-729; (of order - method of computing), 064; (with equal order 
and adamant), 664, 747; (zeros of), 748-751; tables of, references to, 655, 656, 658; with large 
argument, see Asymptotic expansions; with negative argument, 75; zeros of, see Zeros of 
Bessel functions. See also Neumann’s polynomial 
Bessel functions of the third kind, H v a) ( 2 ), /!„<*> ( 2 ), 78; Barnes’ integrals representing, 192 
Bessel’s typo of integral representing, 178; Poisson’s tvpo of integral representing, 166 ; (modi¬ 
fications of), 168, 169, 170; represented by integrals containing Legendre functions, 174; 
symbolic formulae for, 170; tables of (of orders O'and 1), 602, 666-697; (of order J), 664, 714- 
729; tables of (references to), 657; with large argument, asymptotio expansions of, 199, 210, 
216; with large argument and order, asymptotic expansions of, 244, 245, 262; with negative 
argument, 75 

BeBsel functions whose order and argument ore equal, approximations to, 229, 281,282, 259, 260, 
448, 516; asymptotio expansions of, 245; integrals representing, 258; tables of, 658, 664, 746, 
747-; tables of (references to), 658 

Bessel functions whose order la a fraction. Of orders =*» J (and Airy’s integral), 190; (and the 
stability of a vertical pole), 96; tables of, 064, 714-729 ; tables of (references to), 659 ; zeros of, 
751. Of orders ±tables of (references to), 659. Of orders tables of (references to), 

669. Of small fractional orders, tables of zeros of (references to), 502, 600. See also 'Bessel 
functions whose order Is * (n+ J) 

Bessel functions whose order is large, 226-270 (Chapter vm); asymptotic expansions of, 241, 244, 
246,262; Carlini’s approximation to, 6, 7 ; (extended by Meissel), 226, 227 ; Horn’s (elementary) 
approximation to, 225; Laplaco’s approximation to, 7, 8 , 9 ; method of stationary phase applied 
to, 232; method of Hteopest descents applied to, 287; miscellaneous properties of, 252-201; 
tables of (reference to), 658; transitional formulae for, 248; zeros of, 518, 516, 517, 618. See 
also Bessel funotions whose order and argument are equal 
Bessel functions whose order Is t-|), 10, 02, 80; expressible in finite tonne, 62; notations for, 
65, 80; tables of, 604, 740-745 ; tables of (references to), 658, 609 
Bessel funotions with Imaginary argument, I,.(z), K k [z), K v (;), 77, 78; differential equation 
satisfied by, 77; integrals representing (of Bessel’s typo), 181; (of Poisson’s*type), 79,171,172; 
(proof of equivalence of various types), 185-188; monotonic property of, 446 ; of order ^ (» + 4), 
80; recurrence formulae, 79 ; tables of (of orders 0 and 1), 688 , 698-718; (of order 4), 664, 714— 
729; (of various integral orders), 664, 736, 787-789; tables of (references to), 057, 668 ; with large 
argument, asymptotic expansions pf, 202; zeros of, 511; (computation of), 512; (references to), 
660 

Bessel's differential equation, 1, 19; (generalised), 88 ; for funotions of order zero, 5, 12, 59, 60; 
for funotions with imaginary argument, 77 ; fundamental system of solutions of, 42, 75; has no 
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algebraic integral, 117; soluble in finite terms when and only when the functions satisfying it 
are of order n + 52, 119; solution of, in ascending series, 89, 40, 57, 59-61; solution of, in 

descending series, see Asymptotic expansions; symbolic solution of, 41 ; transformations of, 94, 
97. See also Bessel coefficients and Bessel functions 
Bessel's integral representing Bessel coefficients, 19, 21; generalisations and extensions of, see 
Anger's function, Bourget’s function, Bruns' function and Weber's function; modifications of, 
to represent Bessel functions of arbitrary order, 175,176, 177,178,181; TheiBinger’s transforma¬ 
tion of, 184; used in theory of diffraction, 177 ; used to obtain asymptotic expansions, 215. See 
also Farseval’s integral 
Bounds, upper, see Inequalities 

Bourget’s function «!*,*(«), 826 ; differential equation satisfied by, 827 ; recurrence formulae for, 
826 

Bruns’ function J(x; v, k), 827 

Oarlini’a approximation for Bessel functions of large order, 6 , 7; extended by Meissel, 226, 227 

Oauchy’B numbers 824; recurrence formulae for, 325 

Cayley’s solution of Riocati’s equation, 88 

Chain, oscillations of a uniform heavy, 8 , 4, 576 

Cognate Biocati equations, 91 

Complex variables, expansions of arbitrary functions of, see Kapteyn series and Neumann series 
Complex zeros of Bessel functions, 488; of Bessel functions with imaginary argument, 511; of 
Lommel’s polynomials, 806 

Composition of Bessel functions of the Beoond kind of integral order, 840 

Computation of zeros of Bessel functions by various methods (Graeffe’B), 600, 502; (Stokes’), 608; 

(Sturm’s, for the smallest zero), 516. See also Zeros of Bessel functions 
Constant phase, Snhlafli’s method of, 216 

Constants, discontinuity of arbitrary (Stokes’ phenomenon), 201, 208, 288, 886 
Continuants, connected with Schlafli’s polynomial, 288 

Continued fractions representing quotients of Bessel functions, 158; oonvergenoe of, 154, 808 
Convergent series, Hadamard’s conversion of asymptotic expansions into, 204 
Oreller’s Integral for Sohlfifli’s polynomial, 288. See also Neumann’s integral for Neumann’s 
polynomial 

Cross-ratio of solutions of Ridcati’s equation, 94 
Cube of a Bessel function, expansion of, 149 
Cat necessary for definition of Bessel functions, 45, 77 
Cylinder (circular), motion of heat in, 9,10, 576, 577 

Cylinder functions, 9$ v (z), 4, 82, 480; addition theorems, 148, 861, 865; connexion with Bessel 
funotions, 83; origin of the name, 88 ; rank of, 129; solutions of differential equations of order 
higher than the seoond by, 106; three-term relations connecting, 300. See also BeBsel functions 
and He mi-cylindrical functions 

harbour’ method of approximating to funotions of large numbers, 233 

Definite Integrals, containing Bessel funotions under the integral si^n, 378-382 (Chapter xir); 
evaluated by geometrical methods, 874, 876, 878; the Ramanujan-Hardy method of evaluation, 
882. See also Infinite integrals 

Definite Integrals representing special funotions, see Bessel funotions and Integrals 
Determinants, representing Lommel’s polynomials, 294; Wronskian, 42, 76, 77 
Difference equations (linear with linear coefficients) solved |>y means of Bessel funotions, 88 . See 
also Functional equations and Recurrence formulae 
Differentiability of Fourier-Bessel expansions, 606; of speoial Sohlomilch series, 635 
Differential coefficients, fractional, 107, 125 

Differential equations (ordinary), linear of the second order , 1 equivalent to the generalised Riccati 
equation, 92; of order higher than the seoond solved by Bessel functions, 106; oscillation of 
solutions of, 618; satisfied by the product of two Bessel functions, 146,146; solved by elemen¬ 
tary transcendants, 112; symbolic solutions of, 41, 108. See also under the varies of special 
equations, such as Bessel’s differential equation, and under the names of various functions aiul 
polynomials satisfying differential equations, such as Anger’s function 
Differential equations (partial), solution of by an integral containing Bessel funotions, 99; see also 
Laplace’s equation and Wave-motions, equation of 
Diffraction, theory of, connected with Airy's integral, 188; with Bessel’s type of integral, 177; with 
Sohlflmiloh series, 688 ; with Struve’s funotions, 417 
Dlffhsion of Balts in a liquid, and infinite integrals containing Bessel functions, 487 
Dini expansion, 580. See also Dinl series - 



GENERAL INDEX 


799 


Dial series, 577, 580, 696-605, 615-617- (Chapter xvm), 651-658; expansion of an arbitrary func¬ 
tion of a real variable into, 580,600; methods of theory of functions of complex variables applied 
to, 596, 602; Eiemann-Lebesgue lemma, analogue of, 599; Riemann’s theorem, analogue of, 
649; summability of, 601,615; uniformity of convergence of, 601, 604; uniqueness of, 616, 651; 
value at end of range, 602 
Dlrichlet’s discontinuous factor, 406 

Discontinuity of arbitrary constants (Stokes’ phenomenon), 201, 208, 288, 886 
Discontinuous factor (Diriohlet’s), 406; (Weber’s), 406 
Discontinuous integrals, 898, 402, 406, 408, 411, 415, 421 
Domain K (Kapteyn’s), 669; diagram of, 270 

Du Bois Raymond’s integrals with oscillatory integrands expressed in terms of Bessel functions, 188 

Electric waves, 56, 226, 449 
Electromagnetic radiation, 551, 556 

Elementary transoendants, definition of, 111; order of, 111; solution of differential equations by, 
112 

Equal order and argument, Bessel functions with, 281, 282, 258, 260; tables of, 746, 747; tables 
of (references to), 658, 664 
Euler's solution of Biccati’s equation, 87 

Exponential function, tables of, 698—718; tables referred to, 668, 664 * 

Factors, discontinuous (Diriohlet’s), 406; (Weber’s), 405; Neumann’s e n (=1 or 2), 22; expression 
of Bessel functions as products of WeierstraBsian, 497 
Fqjdr’s theorem, analogue of, for Fourier-Bessel expansions, 610 

Finite terms, Bessel functions of order i (n + 1) expressed in, 52; Bessel functions of other orders 
not so expressible, 119 ; solutions of Bicoati’s equation in, 85, 86, 89; the solution of Biccati’s 
equation in, not possible except in Daniel Bernoulli’s oases and their limit, 123 
Flights, problem of random, 419 

Fourier-Bessel expansion, 580. See also Fourier-Bessel series 
Fourier-BesBel functions, 4, 84 

Fourier-Bessel integrals, see Multiple infinite integrals 

Fourier-Bessel series, 676-617 (Chapter xvm), 649-651; expansion of an arbitrary function of a 
real variable into, 576, 580; Fejdr’s theorem, analogue of, 610; Knoser-Sommerfeld expansion 
of a combination of Bessel functions into, 499 ; methods of theory of functions of complex vari¬ 
ables applied to, 582, 607; order of magnitude of terms in (Bheppard’s theorem), 595; lliemann- 
Lebesgue lemma, analogue of, 589 ; Riemann’s theorem, analogue of, 049; summability of, 578, 
606 , 618; tenn-by-temi differentiation of, 578, 605 ; uniformity of convergence of, 598, 694; 
(near origin), 615; uniformity of summability of, 612; uniqueness of, 616, 649; value at end of 
range, 594, 608 

Fractional differential coefficients, 107, 125 

Fresnel’s integrals, 644; asymptotio expansion of, 545; tables of, 744 , 746; tables of maxima 
and minima of, 745; tables of (references to), GOO, 661, 604 
Functional equations defining cylinder functions, 82 ; generalised by NiolBen, 865 
Functions of large numbers, approximations duo to Darboux, 238; approximations duo to Laplace, 
8,421. See also Approximations, Asymptotic expansions, Method of stationary phase and Method 
of steepeBt descents 

Fundamental system of solutions of Bessel’s differential equation, 42, 75, 78 

aallop’s discontinuous infinite integrals, 421 

Gamma functions, representation of BobhoI functions by integrals containing, 190,192, 221; appli¬ 
cations to determination of asymptotic expansions, 220,223 ; applications to evaluation of infinite 
integrals, 883, 484, 436 

G amm a functions, representation of Lonuncl’s functions by integrals containing, 851; applications 
to determination of asymptotic expansions, 852 
Gegenbauer’s addition theorem for Bessel functions, 802, 363, 867 
Gegenbauer’s discontinuous infinite integrals, 415, 418 
Gegenbaner’s function C n v ( z ), 60, 129, 868, 865, 867, 808, 869, 878, 407 

Gegenbauer’s polynomial A n , v (£), 288; contour integrals containing, 284, 524; differential equa¬ 
tion satisfied by, 288; equivalence with special" forms of Lommol’s funotion, 851; reourrenoe 
formulae for, 288 

Gegenbauer’s polynomial Bn, n,v (0* ‘198, 525 

Gegenbauer’s-representation of <J V (*) by a double integral resembling PolsBon’S integral, 51 
Gegenbauer’s type of definite integral, 378 y 

GeneraliBed-hypergeometric functions, see Hypergeometrio functions (generalised) 
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Generalised integrals (with implied exponential factor), 1^8, 441, 468, 464 

Generating function of Bessel coefficients, 14, 22, 28; of Neumann’s polynomials, 281, 282 

Gilbert’s integrals, 548, 549 

Giuliani’s function, tee Bom-get's function 

Graeffe’s method of calculating zeros, 500, 502 

Grafs addition'theorem for Bessel functions, 859, 861 

Gronp velocity, 229 

Growth of zeros of Bessel functions, 485 

Hankel’s infinite integrals, 884, 386, 889, 890, 893, 895, 424, 427, 428, 484 
Hansen’s upper bound for J n {x}, 31; generalised, 406 

Hardy’s functions Ci n (ct), Si-(a), Ei n (a), (generalisations of Airy’s integral), 320; expressed in 
terms of functions of Bessel, Anger and Weber, 821, 322 
Hardy’s Integrals representing Lommel’s functions of two variables, 546 
Hardy's method of evaluating definite integrals, 882 
Heat, conduction of, 9,10, 450, 576, 577, 616 

Hemi-oylindrical functions 8 n («), defined, 358; expressed in terms of the function of order zero, 
353; addition theorem for, 854 

Hypergeometric functions, limiting forms expressed as Bessel functions, 154 
Hypergeometric functions (generalised), 90,100; BesSel functions expressed in terms of, 100,101; 
notations for, 100; relations between (Kummer’s formulae), 101,102; Sharpe’s differential equa¬ 
tion solved by, 105 

Imaginary argument, Bessel functions with, eee Bessel fun c ti o ns with imaginary argument ; 
Struve’s functions with, 329, 832 

Indefinite integrals containing Bessel functions under the integral sign, 132-138, 850, 581; tables 
of, 744, 745, 752; tables of (references to), 660, 661, 664 
Inequalities satisfied by Bessel functions, 16, 81, 49, 255, 259, 268, 406; by Neumann’s poly¬ 
nomial, 278, 282; by Struve’S function, 828, 887, 417; by zeros of Bessel functions, 485, 489, 
490, 492, 494, 515, 516, 521 

Infinite integrals containing Bessel functions under the integral sign, 388-449 (Chapter xm); dis¬ 
continuous, 898, 402,406,408,411, 415,421; generalised, 441; methods of evaluating, described, 
388; Ramanujan’s type (integrals of Bessel functions with respect to their order), 449. See also 
under the names of various integrals, e.g. Upschlts-Hanhel infinite Integral 
Infinity of the number of zeros of Bessel functions and cylinder functions, 4, 478, 481, 494, 495 
Integrals, expressed in terms of Lommel’s functions of two variables, 540; expressed in terms of 
the functions of Anger and Weber, 812; Fresnel’s, 544, 545, 660, 661, 664, 744, 745; Gilbert’s, 
548, 549 ; values of, deduced from addition theorems, 867; with oscillatory integrands, 183; 
with the polynomials of Neumann and Gegenbauer under the integral Bign, 277, 285. See also 
Definite Integrals and Infinite integrals 
interference, 229 

interlacing of zeros of Bessel functions and of cylinder functions, 479, 480, 481 
Irrationality of 90, 485 

Jaoobi's transformation connecting sin n$ with the (n - l)th differential coefficient of sin 2 " -1 0 with 
respect to cos 6, 26; erroneously attributed to Rodrigues, 27; various proofs of, 27, 28 

Kaptcyn’s domain K, 559; diagram of, 270 

Kaptcyn aeries, 6,18 , 551-575 (Chapter xvn); connexion with Kepler’s problem, 551; expansions 
into, derived from Kepler’s problem, 564, 555; expansion of an arbitrary analytic funoiiion into, 
570; fundamental expansions into, 557, 559, 561, 564, 566, 568, 571; Kapteyn’s domain K, of 
convergence of, 659; (diagram of), 270; nature of convergence outside and on the boundary of 
K , 674; second kind of, 572 

Kapteyn’s polynomial 49* ( t ), 568; expressed in terms of Neumann’s polynomial, 569 
Kapteyn's type of definite integral, 880 

Kepler’s problem, 6, 551, 554; Bessel’s solution of, 18; Lagrange’s solution of, 6 
Kinds of Bessel functions, (first) 40; (seoond) 58, 63, 64, 65, 67; (third) 78 
Kneser-Sommerfeld expansion of a combination of Bessel functions as a Fourier-Bessel series, 499 
Kummer’s formulae connecting generalised hyjiergeometrio functions, 101, 102 

L&ml functions, limiting forms expressed as Bessel functions, 159 

Laplace's equation, general solution due to Parseval, 9; general solution due to Whittaker, 124; 
solutions involving Bessel functions, 83,124; used to obtain addition theorems for Bessel func¬ 
tions, 127 
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Laplace’s methods of approximating to functions of large numbers, 8, 421 

Laplace’s transformation, 280, 395 

Large numbers, methods of approximation to functions of (Darboux), 233: (Lanlaoel. 8 . 421. See 
also Approximations and Asymptotic expansions y 

Large order, see Anger’s function, Bessel’functions whose order is large, Struve's f unc tion and 
Weber’s function 

Lebesgue’s lemma, see Biemann-Lebesgue lemma 

Legendre functions, Barnes’ notation for, 156; integrals containing, 50,178,174, 389, 475; limits 
of, expressed as Bessel functions, 65,155, 167 ; (physical significance of), 155 ; of large degree 
approximations to, 158; relation between two kinds of, 174; Whipple’s transformation of 887 
See also Oegenbauer’s function C n v (z) " ... 

Lipsohitz-Hankel infinite integral, 884; generalised, 889 

Lommel’s functions s^v («), v (z), 845, 347; cases of expression in finite terms, 850; integr als 
representing, 846, 850; recurrence formulae, 848; special oases expressible by the polynomials 
of Gegenbauer, Neumann and Sohlafii, 850; Bpeoial oases with p.±v an odd negative integer 
848; with large argument, asymptotic expansion of, 851 ’ 

Lommel’s functions of two variables, U v (w, z), V v (w, a), 537, 588; addition formulae for, 543; 
integrals representing, 540, 646; reciprocation formulae, 642 ; recurrence formulae, 589; special 
oase of, 581, 762; tables of, 752; tables referred to, 660; with large argument, asymptotic expan¬ 
sions of, 549 * 

Lommel s polynomial Rm, v ( z ) , 294, 295; differential equation satisfied by, 297; Hurwitz’ notation 
9m, v ( 2 ), 808; limit of, expressed as a Bessel function, 802; of negative order, R_ m v (*), 299 • 
recurrence formulae, 298; recurrence formulae in Hurwitz’ notation, 808; relations with Bessel 
functions, 295, 297, 802; throe-term relations connecting, 800, 801; zeros of, 804, 805, 806 

Magnitudes of remainders in asymptotio expansions, 206, 211, 218, 286, 814, 882, 862, 449 

Maxima of Bessel functions, 488; of Fresnel’s integrals, table of, 745; of integrals of Bessel func¬ 
tions, table of, 762 

Mean anomaly, expansions of elements of an orbit in trigonometrical series of, 6,18, 552, 564, 656 

Mehler-Dlrlohlet integral representing Legendre functions, limiting form expressed os PoiBson’B 
integral, 157 

Mehler-Sonine Integrals representing Bessel functions, 169, 170 

Melssel’s approximations to BosboI functions of largo order, 226, 227, 232, 247, 521: types of 
Kaptoyn series, 557, 561,664,560 ’ ’ ^ 

Membrane, vibrations of a circular, 5, 676, 618; vibrations of a sootoriol, 510 

Method of constant phase (Sohlafli’s), 216 

Method of stationary phase, 225, 229; applied to BohhoI functions, 281, 28B 

Method of steepest descents, 285; applied to Bessel functions, 237, 241, 244,245, 262; applied to 
funotions of Anger and Weber, 810; appliod to Struve’s funotion, 388; connexion with Laplaoe’s 
method of approximation, 421 

Minima of Bessel funotions, 488; of Fresnel’s integrals, table of, 745 ; of integrals of BosboI func¬ 
tions, 752 

MmUtonio properties of J v [vx)jj v („), 257; of <J V (?) and J v ' {?), 260; of K t) (.r), 440 

Multiple Infinite Integrals, 450-476 (Chapter xiv); investigated by Neumann, 458, 470; (generalised 
by Hankel), 458, 456, 406; (generalised by Orr), 455; (modified by Weber), 408; Itiomann- 
Lebosgue lemmas, analogues of, 457, 471 ; Weber’s type of, 450 


Neumann series, 522-537 (Chapter xvi); expansion of an arbitrary analytic funotion into, 528; 
generalised, 525; (speoiat series), 80, 31,86, 69, 71,151; Lauront’s expansion, analogue of, 524; 
Pinohorle’s theorem on the singularities of, 520; speoial series, 18, 23, 25, 83, 84, 85,128,180, 
188,189,140,527,581; Wobb-Kapteyn (real variable) theory of, 683. See also Addition theorems 
and Lommel’s funotions of two variables 


Neumann’s factor «„ ( = 1 or 2), 22 

Neumann’s Integral for ./ w a (z), 82; for Neumann’s polynomial, 278, 280 
Neumann’s polynomial O n («), 271, 272, 278 ; connected with Kaptoyn’s polynomial, 569; connected 
with Neumann’s polynomial il„(t), 292; connected with Hohlttfli’s polynomial, 285, 286; contour 
integrals containing, 277; differential equation satisfied by, 276; expressed in terms of Lommel’s 
funotionB, 850; formerly oalled a Bessel funotion of tlio second kind, 67, 278; generalised by 
Gegenbauer, see Oegenbauer’s polynomial A n<v (t)i generating funotion of, 281, 282; inequali¬ 
ties satisfied by, 278, 282; infinite integrals containing, 488 ; Noumann’s integral representing, 
278, 280; of negative order defined, 278 ; roourrenoo formulae for, 274’ 

Neumann’s polynomial O rt (t) , 290, 291; expressed as integral containing Noumann’s polynomial 
P» (*)» 222 « Gegenbauer s generalisation of, see Oegenbauer’s polynofixlal Bn, *T, ? it) ; reourrenoe 
formula for, 292 '' 

Nioholson s Infinite Integrals, 481, 441 
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Nielsen-Hankel functions, see Bessel functions of the third kind 

Null-ftuictions, Lerch’s theorem on integrals representing, 382; represented by Sohlttmiloh series, 
684, 686, 642, 647 

Numbers, analytio theory of, associated with asymptotic expansions of Bessel funotions, 200 
Numbers, Cauchy’s, 324; recurrence formulae for, 326 ‘ 


Order of a Bessel function defined, 38, 68 , 68 , 67, 70; integrals with regard to, 449 
Ordinary differential equations, see Differential equations 
Oscillation of solutions of linear differential equations, 518 
Oscillations of membranes, 5, £510, 576, 618; of uniform heavy ohains, 3, 4, 576 
Oscillatory integrands, Du Bois Raymond's integrals with, expressed in terms of Bessel functions, 
188 

P-functions, limiting forms expressed as Bessel funotions, 158 
Parseval's integral representing J 0 (z), 9, 21; modifications of, 21 

Partial differential equations, see Differential equations 

Phase, method of stationary, general principles.of, 225, 229; applied to Bessel functions, 281, 283 
Phase, Sohl&fli’s method of constant, 216 

Pincherle’s theorem on singularities of funotions defined by Neumann series, 526 
PolBBon’s integral for Bessel coefficients, 12,24, 25; for Bessel functions, 47,48,49; (generalised by 
Gegenbauer), 50; (symbolic form of), 60; for Bessel functions of imaginary argument, 80; for 
Bessel funotions of the second kind, 68 , 73; limit of the Mehler-Diricklet integral for Legendre 
funotions as, 157; transform ition into contour integrals to represent Bessel functions of any order 
(of the first kind), 161,168,10i; (of the second kind), 165; (of the third kind), 166,167; (with 
imaginary argument), 171, 172; transformations of the contour integrals, 168, 169, 170. See 
also Parseval’s integral and Struve’s function 

Polar coordinates, change of axes of, used to obtain transformations of integrals, 51, 374, 376,878; 

used to express Bessel functions as limits of Legendre funotions, 166 
Probl&me de moments of Stieltjes, 464 

Products of Bessel.funotions, 80, 81,82, 82, 146,147,148,149/, Bateman’s expansion of, 130,370; 
expansions of arbitrary functions into series of, 525,572; integrals representing, 81,150, 221, 488, 
489, 440, 441, 446, 446, 448; series of, 80,151,152; with large argument, asymptotio expansions 
of, 221 , 448 

Products of Weierstrassian factors, Bessel functions expressed as, 497 
Quotient of Bessel functions expressed as a continued fraction, 168, 154, 808 


Radius vector of an orbit, expansions* trigonometrical series of the mean anomaly, 6,13,552,553,554 

Ramanujan's integrals of Bessel funotions with respect to their order, 449 

Ramanujan’s method of evaluating definite integrals, 882 

Random flights, problem of, 419 

Rank of Bessel functions and cylinder funotions, 129 

Real variables, expansions of arbitrary funotions of, see Dini series, Fourier-Bessel scales, 
Neumann series (Webb-Kapteyn theory), and SchlOmilch series ™ 

Reality of zeros of Bessel functions, 482, 488, 511 
Reciprocation formulae for Lommel’s funotions of two variables, 542 

Recurrence formulae for Anger’s functions, 811; for Bessel coefficients, 17; for Bessel functions 
of the first kind, 45; for Bessel functions of the second kind, 66,71; for Bessel functions of the 
third kind, 74; for Bessel funotions with imaginary argument, 79; for Bourget’s functions, 826; 
for Cauchy’s numbers, 825; for cylinder,funotions, 82; for Gegenbauer’s polynomials, 283; for 
Lommel’s funotions, 348; for Lommel’s funotions of two variables, 589; forLommePs poly¬ 
nomials, 298, 803; for Neumann’s polynomials 0„ (t), 274; for Neumann’s polynomials SI ft) 
288; for SchlSfli’s funotions, 71, 842 , 348 ; for Sohlafli’s polynomials, 285; for Struve’H func¬ 
tions, 829; for Weber’B funotions, 811; for Whittaker’s funotions, 389. See also Functio nal 
equations, Heml-cylindrical functions and Three-term relations 
Reduced functions, Oailler’s, 586 


Remainders In asymptotic expansions, magnitudes of, 206, 211, 286, 814, 832, 852; signs of 206 
207, 209, 216, 815, 838; Stieltjes’ approximations to, 213 ’ ’ 

Repetition of zeros of Bessel functions and cylinder functions’, impossibility of, 479 

Rlocati’s differential equation, 1, 2, 85-94; connexion with Bessel’s equation, 1, 90; equation 
cognate to, 91; limiting form of, 86; soluble qases.of (D. Bernoulli’s), 85; soluble cases of, 
exhausted by D. Bernoulli’s formula and its- lipnit, 128; solutions by various mathematicians 
(D. Bernoulli), 2, 85, 89; (Cayley), 88; (Euler), 87; (Sohlafli), 90; solved by means of infinite 
senes by James Bernoulli, 1; transformatibns of, 86 

Riocati’s differential equation generalized, 3, 92, 94; cross-ratio of solutions, 94; equivalence 
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with the linear equation of the second order, 92 ; singularities of, 94 ; soluble by various num¬ 
bers (two, cure or none) of quadratures, 8, 98 
Riemann-Lebesgue lemma, analogues of the, 457, 471, 589, 599 

Riemann’s theorem on trigonometrical series, analogues for SohlOmiloh series, 642, 647; analogues 
for series of Fourior-Bessol and Dini, 649 
Rodrigues’ transformation, zee Jacobi’s transformation 


Schafheitlln's discontinuous Infinite integral, 808 , 402, 405, 406, 408, 411 
Scbafheitlln’B integrals representing BesBel functions and oylinder functions, 168,169,490,491,493 
So hlafll ’s fionotions T n (z) and U n (z), 71, 840, 848; addition theorems for, 844, 845; differential 
equations satisfied by, 842, 348; of negative order, 848 ; recurrence formulae for, 71, 842, 848 


Schlafli’s hypergeometrlo function, 90 

SchlafU’s polynomial (t), 284, 286; addition theorem for, 289; connexion with Neumann’s 
polynomial O n (t), 285, 286; Crelier’s integral representation of, 288; differential equation 
satisfied by, 285; expression by means of Bessel functions, 287; expression in terms of Lommel’s 
function, 850; integrals evaluated in terms of, 850; recurrence formulae for, 285 
Sohl&fli’s solution of Biccati’s equation, 90 

Sohlfimilch series, 618-649 (Chapter xix); definition of, 621; definition of generalised, 628 ; ex¬ 
pansion of an arbitrary function of a real variable into, 619, 628, 629; nature of convergence of, 
687, 645; null-functions expressed by, 684; Biemann’s theorem on trigonometrical aeries (ana¬ 
logue of), 642, 647; special cases of, 682; symbolic operators in the theory of, 626, 627; theory 
of functions of oomplex variables connected with, 623; uniqueness of, 648, 647 
Series containing Bessel functions, see Dini series, Fourier-Beasel series, Kapteyn series, Neumann 
series and Schldmilch series 


Series of Bessel functions, definition of, 580 


Series of positive terms, approximation to the sum of (greatest term method), 8 
Sharpe's differential equation, 105; solution by generalised hyper geometric functions, 105 
Sign of remainders in asymptotio expansions, 206, 207, 209, 215, 815, 338, 449 ; of Struve’s func¬ 
tion, 837, 417 

Sine-integral expressed as a series of squares of Bessel coeiliciontH, 152 

Singularities of functions defined by Neumann series (i’inchorlo’B theorem), 526; of the generalised 
Biooati equation, 94 

Smallest zeros of Bossel functions, 6, 500, 516 
Sommerfeld’s expansion, are KneBer-Sommerfeld expansion 
Sonine-Dlehler integrals representing Bessel functions, 160, 170 
Sonlne’s definite integral, 878 ; generalised, 882 


Sonina’s discontinuous infinite integrals, 415 
Sonlne’H infinite integrals, 482 

Spherical geometry used to obtain transformations of integrals, 51, 374, 876, 878; used to oxpross 
Bessel functions as limits of Legendre functions, 155 , 

Sound, Sharpe’s differential equation in the theory of, 105 
Squares of Bessel functions, see Products of Bessel functions 
Stability of a vertical pole associated with Bessel functions of order ono-third, 96 
Stationary phase, method of, 225, 229 ; applied to Bessel functions, 231, 288 
SteepeBt descents, method of, 235 ; applied to Bossel funotions, 237, 241, 244, 245, 262; appliod 
to functions of Anger and Weber, 310; applied to Htmvo’B funotion, 838; connexion with 
Laplace’s method of approximation, 421 

Stokes’ method of computing zeros of Bessel functions and cylinder functions, 503, 505, 507 
StokeB’ phenomenon of th(! discontinuity of arbitrary constants, 201, 203, 238, 380 
Struve’s funotion H„ (z), 328 ; connexion witii Weber’s funotion, BB0 ; differential equation satisfied 
by, 329; inequalities connected with, 328 ; infinite integrals containing, 302, 897, 417, 426, 486; 
integral representations of, 328, 330; occurrence in generalised Bohldmilch series, 622, 028, 631, 
646, 646, 647; of order -t (n H J), 333 ; recurrence formulae for, 829; sign of, 837, 417 ; tables of, 
868, 666-697; Theisinger’s integral for, 838; with imaginary argument, 329, 832; with largo 
argument, uHymptotio expansions of, 882; with largo argument and order, asymptotic expan¬ 
sions of, 383 ; zeros of, 479 
Struve’s Infinite Integrals, 890, 897, 421 

Sturm’s methoda applied to determine the reality of zeros of Bessel functions, 483 ; of Lommol’s 
polynomials, 304, 306, 806 ; applied to estimate the value of the smallest zero of Bessel funotions 
and oylinder functions, 517, 518 

Bymbolio operators in expressions representing Bessel functions, 60, 170; in expressions repre¬ 
senting solutions of various differential equations, 41, 61, 108; in the theory of Hohlouiiloh 
Beries, 627 
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K AffiTflAfilftoV. ; i V/r ; of SeBBel c - ---\.. - 

arcamentf^fvU n) l ® 64 ’Jf 82 ~ 785 5 M order *), 004, 714-729 ; (with equal order and 

Ae7 6 t’,T n&i £ Bessel functions of the third kind (of orders 0 and 1), 602, 660-697; (of 
«<KL 7 ia./ * Ji\°f Beesel functions with imaginary argument (of orders 0 and 1), 608, 

££2f„ : fef&Si? 64 '/? 6 ; 737 t 739 ; orte «.««». n^ 729 !»*«*.«<». Ms-Tin : of nmol’; 

’ a ' k ! °f m tegrals of Bessel functions of order zerp, 664, 752 ; of Struve's func- 

order n a^dtf’order t. Sef748-751 9? 5 ° f aer0B ° f BeSB61 °° effloient8 and functio,1K of integral 

^tegr'd, 659; of Bessel coefficients and functions derivable from 
lirJtffSJR f 6, i 5 ? ; of , Bessel factions (of orders »+*, -»-i), 658, 669; (of orders -4 
fnw\! 0rd ?y? 659; of Bessel functions of the second kind, 656, 056, 668; of 

Fresnel’s integrals . ? k + ind ’ f 57 j“ f Be f sel functions with imaginary argument, 657, 658; of 
i I? o£ “tegrals of Bessel functions and Struve’s functions, 661; of Lonmin! ’h 

3 wS^^°, Vtt r AbI ^’ m \ ot Thomson’s functions ber.r and boi», etc , 658; ofiroHof 

Bessel coefacients, functions and associated functions, 659, 660 ’ 

T ^ e ^ ta ^ er 8 integrfiJ representation of Bessel functions, 184; of Struve’s and Wobcr’s functions, 
T2 sattoM , be i'/’ 1)61 *> 81 5 connexion with Bessel functions, 81; genomli- 

SSWtoVSSES 5, SM* 0t ' “ 8! “ 4 f 101 " 018 o1 ' 8a ' 118 > »“ h 4nS, 

Tluee-fem relations connecting Bessel functions, cylinder functions and Lommoi’s polynomials, 
Tienscendants, elementary, definition of, 111; order of, 111; solutions of differential equations 
Transitional regions associated with Bessel functions of large order, 248 

ff “ri?S“3[S!?S l8er, “' 601; ofKaptay,,™, 

DM 8W ' W9 ' 651 * 01 S °™»»°b «»■ 847 

viscous fluid, motion of, associated with Airy’s integral, 189 

g6n6mIi * B410 * 128 • — to 

Waber’i^fH^tH’ 56,226 ’ 446 ’ 011 Wftter » an ^ method of stationary phase, 229 
Weber’s (H.) discontinuous factor, 406 1 

W 40^ 41? lT,flTllta hitegTais, 891, 893, 895, 396; (discontinuous typos of), 398, dOy, 405, 406 , 


W f!Sti<S; 386 f ^flereSiS ) eq2aiion I StkSf ’ 81 ° “°? nexion w ‘ th Hlmvo’s 

ourrence formulae for, 811 • renrewfin^Hnn I- > • ^^grals expressed in torms of, 312 ; ro- 

iBrtta! xS£tai5ra2SSt‘mTMf* 1 < e8neml r , > k * 321 i taw™ oi,2 

with large argument fnd ordS^SnpSenanSfoTS ’ ,u,Jm9 ‘ < ' tio u *P„ltalon of, 


ourrence: 

Struve’B 1 

WeiirtIl!!» larg l!i r8Ument ^ ° rder ’ as J rm P totio expansion of, 816 
Weierstrassian products, expression for Bessel functions as 497 

Whipple a transformation of Legendre functions, 887 

Iff.»»»i recurranoo fortm.liu, f„,, 

Wronsklan determinant, 42, 76, 77 ' 

^SOS,°’oo^miU° f ( T ioU8 of), 142, r,n» 50*> 

e* 2*'™2i n&Dity ire. 49 (,; 4 « 1 ’K?: 

^°^e sis )> 48 4; non-repetition of, 479 ■ number of iAnla- n o n 'OOiuoidonoe of (Bourgot’s 
482,483; tables of, 664,748-761; tables ofhsfemio«* ri ? tw V width, 41)6; reality of 
MW argument, 611 ; with uarestrioted fC ° f ’ 4 ’ “• “*.««! with 

or PolyaomtalB (reality of), SOlf 30? 806 ' 

Zeros of Struve’s function, 479 6 
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